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Imaging systems measuring intensity in the far field succumb to Rayleigh’s curse, a resolution limitation
dictated by the finite aperture of the optical system. Many proof-of-principle and some two-dimensional
imaging experiments have shown that, by using spatial mode demultiplexing (SPADE), the field infor-
mation collected is maximal, and, thus, the resolution increases beyond the Rayleigh criterion. Hitherto,
the SPADE approaches are based on resolving the lateral splitting of a Gaussian wave function. Here,
we consider the case in which the light field originates from a biphoton source, i.e., spontaneous para-
metric down-conversion, and a horizontal separation is introduced in one of the two photons. We show
that a separation induced in the signal photon arm can be superresolved using coincidence measurements
after projecting both photons on Hermite-Gauss modes. Remarkably, the Fisher information associated
with the measurement is enhanced compared to the ordinary SPADE techniques by ~/K, where K is the
Schmidt number of the two-photon state that quantifies the amount of spatial entanglement between the

two photons.
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I. INTRODUCTION

The resolution of far-field optical imaging systems
based on direct intensity measurements is limited by the
point spread function (PSF), a diffraction phenomenon
dictated by light wavelength and aperture width of the
optics involved [1]. The accuracy of this measurement
diverges for small separations of two-point sources; an
effect also referred to as “Rayleigh’s curse.” The discov-
ery of this phenomenon has encouraged research efforts in
other fields of imaging, such as near-field imaging [2,3]
or imaging based on electronic effects [4,5], which goes
beyond the optical Rayleigh limit. In 2016, Tsang and his
colleagues proposed a simple spatial mode demultiplex-
ing (SPADE) scheme, which is robust to the resolution
curse [6]. It shows that our ability to estimate a separa-
tion between two incoherent point sources collapses as
the separation approaches zero when using conventional
intensity measurements, thus assimilating Rayleigh’s curse
to an intrinsic loss of Fisher information at small sepa-
rations. The SPADE scheme proposed uses spatial mode
sorting, with mode projections tailored to the PSF of
the imaging system, which collects maximal Fisher infor-
mation regardless of the separation magnitude. This has
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prompted many further theoretical and experimental find-
ings in recent years, exploring applications and modifi-
cations of SPADE for different imaging systems [7—10],
coherent point sources [11—13], limitations in the pres-
ence of cross-talk or other noise sources [14,15], and
even extensions to higher-dimensional objects [16,17].
Although the explicit model estimating all points of an
arbitrary two-dimensional (2D) object is vastly compli-
cated to derive in terms of Fisher information, 2D imaging
simulations [18] and experiments [19] using postprocess-
ing algorithms (deconvolution, machine learning) have
shown an increase in resolution beyond the Rayleigh limit.
This solidifies the intuition relating the distinguishabil-
ity of two-point sources to the overall resolution of a 2D
imaging system.

The main idea behind SPADE is to estimate the separa-
tion between two-point sources by looking at the alteration
of the field’s phase, in particular, at the change in phase
symmetry, which can be efficiently probed by the Hermite-
Gauss (HG) decomposition for the usual Gaussian PSF.
In this work, we address the following question: can the
spatial correlations emerging from two-photon sources
enhance the resolution sensitivity? We show that it is possi-
ble to superresolve a separation using mode sorting in coin-
cidence measurements with a PSF that is itself entangled
in the form of spontaneous parametric down-conversion
(SPDC) light. More specifically, we consider a two-photon
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wave function that allows a Schmidt decomposition in HG
modes, with Schmidt number K. An incoherent displace-
ment, which mimics the effect of a transmitting sample,
is applied on one of the two photons, and the displace-
ment is estimated by projecting the resulting state on direct
products of HG modes. We note that the somewhat related
inverse problem of generating a spatially or temporally
shaped pure photon state in one beam of an entangled
pair (ghost interference) likewise requires the projection
on pure states in the other beam of the entangled pair
[20]. Our main result shows that the Fisher information,
whose inverse gives a lower bound on the estimation error,
scales as v/K /2, where K = 1 corresponds to the separa-
ble case of a Gaussian point spread function. Hence, any
spatially entangled two-photon source provides an advan-
tage with respect to the ordinary SPADE. Here, we derive
this result and present a first proof-of-principle experi-
mental implementation. We conclude by discussing the
possible settings in which the two-photon SPADE can give
a practical advantage.

II. THEORY

To understand the resolution limits of a given experi-
mental technique, one must evaluate the lower bound on
the achievable uncertainty of the estimator § (which, in our
case, is the lateral displacement). This limit is given by the
Cramer-Rao bound [6,21]: the estimator’s standard error
is lower bounded by the inverse of the Fisher information
A8 > 1/+/nFT [22,23], where n corresponds to the num-
ber of repeated measurements and the Fisher information,
FZ, can be calculated from the probabilities 7P; of a given
measurement outcome j as FZ = Zj(1/73j)(873j/85)2.
In the following, we consider the problem of resolving
an incoherent transverse displacement of a photon that is
in a spatially correlated state with another idler photon.
We calculate the Fisher information for a biphoton spatial
mode demultiplexing scheme and compare the result with
the classical SPADE, which emerges from the uncorrelated
limit of our scenario.

In a typical imaging setup, the image plane of a point
source is described by a two-dimensional PSF W (r) [with
r = (x,y)]. In the case of two incoherent point sources
separated horizontally by a distance s, the wave func-
tion in the image plane can be described by the mixed
state p = 3(|WF)(WF| + |W)(¥]), where (x| U¥) :=
W(x £5/2,y). An intensity measurement, which corre-
sponds to a projective measurement in the position bases,
results in outcomes with distribution /(x,y) = %(|‘~IJ’L|2 +
|W~|?). The Fisher information for the direct imaging
method is known to rapidly fall to zero for separations
smaller than the width of the point spread function [6].
However, by mode sorting using modes that form orthog-
onal bases for space containing the PSF (SPADE), the

total Fisher information remains constant across all val-
ues of s [6]. Optimal bases are ones in which most of the
Fisher information for small s is captured in the first cou-
ple of measurements, making schemes like binary SPADE
[10] simple and attractive. We show in Appendix A how
a projection on the derivative of the PSF with respect
to the coordinate associated with the direction of the
displacement is an optimal projection for the small sepa-
ration regime. More rigorous ways to determine optimal
measurement bases have been developed [7].

In a coincidence imaging setup with entangled SPDC
photon pairs, there is no pure wave function describing one
of the single photons’ quantum states. The single particle
state is maximally mixed, which can mimic a Gaussian in
its intensity pattern when viewed on the camera. The pure
state describing the entangled particles is a biphoton state
of signal and idler that can be expressed in the Schmidt
basis of HG modes [24]:

(W) = Gy Im, 1) @ I, n); )

m,n

Here the C,,, coefficients are the Schmidt coefficients
of the HG decomposition and |m,n) states are the
2D HG modes of order (m,n) with a beam waist
parameter w: (x,y|m,n) := HG,,,(x,y) = N exp(—(x* +
%) /wz)Hm(«/Ex/w)H,,(\/zy /w) with the H,,(x) Hermite
polynomials and N a normalization constant. In this basis,
the correlations are diagonal: a signal photon in a particular
li,j ) mode is entangled with an idler photon in that exact
mode (see Appendix B). In practice, any action occur-
ring on one photon, such as the typical diffraction causing
PSFs, is also reflected in the biphoton wave function. The
Schmidt coefficients can be given an analytical expression
(see Refs. [25,26]): Cp = [(y — D)/(y + DI""4y /(1 +
y)? with y = (1/w,)/LA,/27 a parameter defined by
crystal length L, pump beam waist w,, and wavelength A,,.
Here, we investigate how two-photon SPADE allows us
to superresolve separation introduced in one of the pho-
ton paths as if the PSF was of the form of the source (just
as in Refs. [9,10])—which is the biphoton wave function
described above.

Finding the optimal basis of projection for SPADE
is not as straightforward as in the single-photon PSF
cases. Although the derivative of the biphoton PSF with
respect to the signal photon’s coordinates can be calcu-
lated directly (Appendix B), this is a nonseparable state
for which it is challenging to devise a single-shot projector
experimentally. However, we note that interesting progress
is being made in that direction [27]). Instead, as in ordinary
SPADE, we consider the projection on the basis of direct
products of HG modes {|m, n), (m,n| ® |m,n); (m,n|}. The
expression for a projection onto mode HGy,(x;, ;) in the
idler arm and HGy y (xs, y,) in the signal arm can be derived
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With s = 0, the correlations are diagonal: only projec-
tions where k = k' have nonzero outcomes. As s increases,
contributions from the first off-diagonal modes appear.
Equation (2) can be given an analytical expression using
the result (m|n®) = /ml/nl 20=1/2(Lg/2)n—me=s/16
Lr=m(s?/8), where £ is the ath generalized Laguerre
polynomial of order i, and n > m (see Appendix C for
the derivation).

For small values of s, we consider the expan-
sion of fjl/Pcomc to the order of (s/2)> by substitut-

ing [m*) = |m) £s|m)’ /4 + O(s*/16) into Eq. (2). The
result Pf" &~ C2, (8u{1l — 2 (2K + 1)/8} + 81k /2 +
Sk +1 (K + 1)/2}8;y implies that, for each mode & consid-
ered in the signal beam, only the neighboring &’ modes
give nonzero coincidence counts: P ~ C¢ (1 — s*(2k +

Kl
1/8), P~ s2C (k+1)/8, P ~s2C k/8.
Of these terms, only the k =%,k £ 1 modes varying
quadratically with the separation will translate to a nonzero
Fisher information in the small separation regime, s — 0

(see Appendix D):

[CF, 2k + 1)s/2]?

kl ~
T~ v % G
T Leoine = 2+ DCiyy s (3b)
N FLeine = SkCE_ . (3¢)

Since the Fisher information in these particular projections
is independent of the separation s, the variance of our sepa-
ration estimates does not suffer from the so-called Rayleigh
curse, similar to the SPADE technique for a single photon.
The total Fisher information can then be obtained by
summing the individual contributions from all of the
detected modes. Interestingly, for small values of s, the
total has an upper bound dictated by the strength of the spa-
tial correlation between the photon pair. More precisely,

t2(}5~¢.z—coinv:: =y + V71 = (4)

~|5

1
>_9
-2

where K = ‘1—1[)/ + 1/y7? is the Schmidt rank often used
to quantify the strength of bipartite entanglement (see

CRLB for entangled SPADE measurements, N = 1
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FIG. 1.

Cramer Rao lower bounds (CRLBs) versus the sep-
aration (units of the Schmidt waist, w = o). Classical SPADE
measurements (lower bounded by K = 1) attain the SQL preci-
sion. Higher values of entanglement provide an advantage over
classical SPADE. Kexp, experimental Schmidt number.

Appendix B for the derivation). This leads to a correspond-
ing lower bound in the achievable precision as

AR > 2, 5)
VK

where A3? is the variance in the separation estimates. The
result suggests that the precision in the measurement of
near-zero separations is limited only by the strength of the
spatial correlations, thereby suggesting high-dimensional
entanglement as a promising resource for superresolu-
tion measurements. Not only does the method circumvent
the so-called “Rayleigh curse” like the ordinary SPADE
(which is bounded by the special case of K =1; see
Fig. 1), but it also offers further enhancement proportion-
ate to the correlations in the system. In what follows,
we describe in detail an experimental implementation and
results of the method outlined above, along with some
simulation results.

III. METHODS

For the purpose of a simpler experimental implementa-
tion in the laboratory, we considered a smaller subspace
spanned by modes with / = 0 (i.e., HGgo, HG¢;, HGqp, . . .,
HGy,) for both the signal and idler photons. The total
Fisher information associated with this set of joint projec-
tive measurements can be written as (see Appendix D)

. 11/1=p)\
t1]3‘F:Z—coinc:_+_(—>-

6
2 2\1+4y ©)
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Experimentally, we reconstructed the correlation matri-
ces in the HG basis for a biphoton state generated via
SPDC for different traverse separations. The separation
was then inferred from the observed correlation matrices
using maximum likelihood estimation.

A. Experimental realization

The down-converted photon pairs are generated by
pumping a 0.5-mm-thick type-I barium borate crystal
(BBO) with a 200-mW 405-nm pump beam obtained from
the second harmonic generation (SHG) of a 1-GHz 100-fs
laser beam. The pump beam is focused to a waist of w, =
40 nwm at the BBO crystal, which sets a value of y = 0.15.
The value of y determines the waist of the Schmidt modes,
the Schmidt coefficients in the Hermite Gauss basis, and
the Schmidt rank K [26,28]. The generated photon pairs
are then split into two paths by a 50:50 beam splitter
(BS), and the signal photon travels through an asymmetri-
cal Mach-Zender interferometer (MZI), which introduces
a transverse separation between the horizontal and the ver-
tical polarization components of the beam. Two mirrors
are placed on translation stages, specific combinations of
which allow us to generate a tunable symmetric separa-
tion about the center of the undisplaced beam. The MZI
also ensures that a path difference of approximately 20 cm
exists between the horizontal and the vertical polarization
components, which ensures that we have two incoherent
point sources. In each of the signal and the idler arms,
projections onto the spatial Schmidt modes are realized
via the amplitude flattening technique [29,30], whereby a
combination of appropriate holograms displayed in spatial
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light modulators (SLMs) along with suitable demagnifica-
tion to the fibre plane approximates the ideal projective
measurement for a particular spatial mode. The first order
of the diffracted light is selected with a pinhole and cou-
pled into a single-mode fibre (SMF) after being filtered
by bandpass filters 810 ==5 nm to ensure the collection
of degenerate pairs. Each SMF is then connected to a
single-photon avalanche-diode (SPAD) detector (Excelitas
SPCM-AQRH-14-FC), and coincidence counts are regis-
tered via a time-correlated single-photon counting system.
Further details on the experimental setup with the essential
components are illustrated in Fig. 2.

To determine the experimental Schmidt waist, multiple
sets of data for differing waists of projection were taken
for a zero displacement, and the experimental projection
waist was chosen so as to have as close to a diagonal den-
sity matrix as possible. For each applied separation, the
setup was realigned so that the center of the displaced
beam was coupled to the fibre. The coincidence counts in
the diagonal modes for zero separation account for at least
82% of the total counts in the 7 x 7 cross-talk matrix. The
deviation from a perfectly diagonal decomposition can be
attributed to several factors, including a deviation of the
pump beam shape from a Gaussian mode and modal cross-
talk in the detection scheme. These factors can be tackled,
in principle, by improved control of the pump shape (e.g.,
through spatial filtering or the use of SLMs) and the use of
other detection schemes, respectively. Indeed, the recent
advances in spatial mode sorting through multiplane con-
verters allow, in principle, a lossless and low cross-talk
detection scheme [31].

s =0.232w, 5 =0.465w; 5 =0.697ws 5 =0.93w;

5 =0.232w, 5 = 0.465W, 5 =0.697w, s =0.93w, 0.15

0.00

Theoretical (top) and experimental (bottom) correlation matrices

(a) A 405-nm laser shines a 1-mm type-I BBO crystal generating degenerate down-converted photon pairs. Idler and signal

photons are separated by a 50:50 beam splitter (BS). An unbalanced MZI interferometer implements an incoherent lateral displacement
on the signal photon. The two photons are then projected on HG modes by coupling to single-mode fibers (SMFs) after being spatially
modified by holograms displayed on spatial light modulators (SLM1 and SLM2). The photons are then detected by a pair of single-
photon avalanche-diode (SPAD) detectors and then the coincidence events are detected via a coincidence counting module. PBS,
polarizing beam splitter; M1-M3, mirrors; L1-L4, lenses. (b) Theoretical (top) and experimental (bottom) cross-talk matrices showing
coincidence counts for the first 7 x 7 joint projections on signal and idler photons for five different values of separation s between 0
and 0.93w. We can see the off-diagonal coefficients becoming more prominent as the separation increases.

024077-4



SUPERRESOLUTION ENHANCEMENT... PHYS. REV. APPLIED 20, 024077 (2023)
1.4
- Sei=5 0.14 ® Direct imaging: Gaussian PSF
. ¢ Experimental (Diagonal model) ‘,‘.'"/. L] = Direct imaging: SPDC
1.2 1 . . A ° 5
\% + Experimental (Fitted model) f: N 0.12 ® Biphoton SPADE
g E -
< 1.0 . o
<} e ? * i o 0.10 -
o ee ® * t
B et ?® i )
© 0sp ¢ e ¥ 0.08 1
o » E .
g " ‘,/t/ % ®e
2 061 G 2 0.06 1 "a
- * 7 (oo}
* 7 - Py
8 i // wn ° o U
@ 0.4 i 0.04 1 ™
7 * 7 ° *%g »
M 0.2 54 0.02 1 .0' Oozs!n!!u
.'... O(;OOOE.ggﬂ-
0.00 ©0000000000002000 8
0.0 T T T T T T ' i ‘ i i i i
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 0.0 0.2 0.4 Se Zf6ation0tZ/w) 1.0 1.2 1.4
Actual separation (s/w) p
FIG. 3. Estimates from the data versus the actual separation FIG. 4. Simulation results for biphoton SPADE compared

(units of the Schmidt waist, w = o). The estimation was first
performed assuming an ideal theoretical model, i.e., a per-
fectly diagonal mode decomposition (red) where probabilities are
defined by Eq. (2). We see a significant deviation from the ideal
Sest = § estimates, most likely due to modal cross-talk, attenua-
tion, and dark counts. Therefore, in order to account for these
effects, a linear fitting of the counts, as functions of the theoreti-
cal probabilities, was performed before the estimation, the results
of which closely match the ideal curve (green).

IV. RESULTS

We applied evenly spaced lateral displacements at incre-
ments of 0.04650,, from a separation s = 0 to s = 1.3505,
and recorded the outcomes of the joint measurements onto
modes HG,, ,,, in the idler arm and HG,_,, in the signal
arm for n;; = 0 and m,;;;, = 0,1,...,6. Each set of data
is then a 7 x 7 matrix containing 49 joint projection out-
comes, the coincidence counts for each of which were
accumulated for up to 60 s. The 7 x 7 matrix sums were
normalized to account for laser intensity fluctuations. For
such small separations, to a very good approximation, it
can be safely assumed that almost all of the generated
photons are in the 7 x 7 Hilbert space. In total, for each
separation, approximately 37 000 photons were collected.
The results for a few sets of displacements, along with
the corresponding theoretical predicted outcomes [Eq. (2)]
are illustrated in the form of correlation matrices [see Fig.
2(b)]. The figure shows that the experimental outcomes
closely match the corresponding theoretical predictions.
We also see the modes just outside the diagonal starting
to increase in significance symmetrically with increasing
separation. In order to obtain the estimates of the sep-
aration parameter s, first, we perform the least-squares
fitting for the normalized counts (or, equivalently, prob-
abilities) to the expression Pj; = a;;Pj; + pBjj, where the
P, are the theoretical probabilities given by Eq. (2), «;

with direct imaging of both Gaussian and SPDC PSFs for N =
37000 photons (separation scaled in units of the Schmidt waist,
w = 0;). A 50-pixel array was used for direct imaging simu-
lation, corresponding to intensity measurements at 50 different
points. Similarly, for the biphoton SPADE (K = 11.6), the sim-
ulation was done for 49 mode projections with combinations
of Hermite-Gauss modes with indices n =0,m =0,...,6 for
each signal and idler. A maximum likelihood estimation was
performed on generated samples, and the standard error in the
separation estimates was plotted.

is a scaling factor to account for attenuation for dif-
ferent modes, and B; is an additive factor to account
for the spurious photon counts. For each separation, we
then applied a maximum likelihood estimation procedure,
maximizing the likelihood function defined as L(s) :=
W/ TTniH ]_[ij Pj; (s)"i, where the n;; are the photon
counts for the joint projection onto HGy; for the signal and
HGy; for the idler, and N is the total photon counts in all
of the modes for that particular separation. The results of
the estimation are shown in Fig. 3.

In order to compare the precision in the estimates
obtained from this method with direct imaging, we also
performed simulation runs of the experimental outcomes
for the direct imaging of the SPDC point sources whose
mode decomposition is characterized by y = 0.15. The
simulation results are plotted in Fig. 4. We see that the
biphoton SPADE outperforms the direct imaging of the
SPDC and also the direct imaging of the Gaussian with
the same waist as the Schmidt waist, offering an order-of-
magnitude advantage especially for near zero separations.

V. DISCUSSION AND CONCLUSION

We have theoretically derived optimal projective mea-
surements for separation estimation using a biphoton wave
function generated via the SPDC process. The Fisher infor-
mation for projection onto these modes remains constant
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even for near zero separation, which shows that the mea-
surement scheme is not plagued by the so-called “Rayleigh
curse” inherent in direct imaging. Moreover, the precision
in the proposed method is limited only by the strength of
the spatial correlations inherent in the photon pairs. In par-
ticular, we show that the total Fisher information of the
separation estimation is proportional to the square root of
the Schmidt rank (K) of the system. Therefore, depend-
ing upon the strength of the correlations in the system, the
method even offers further enhancement that scales with
K compared to ordinary SPADE, which corresponds to the
trivial case of K = 1. As a proof of concept, we also exper-
imentally implemented the scheme using down-converted
photon pairs and obtained results that are in good agree-
ment with the theoretical predictions. We also performed
simulations comparing the precision in our estimates with
the case of direct imaging, where we indeed observed at
least an order-of-magnitude improvement, especially for
near zero separations, where the errors start to diverge.
Our theoretical and experimental results suggest the poten-
tial of using high-dimensional entanglement for further
enhancing superresolution measurements. Combined with
neural networks (see, e.g., Ref. [19]), this technique can
provide a new tool for high-resolution imaging in low-light
conditions of passive samples with variable transmissiv-
ity. As a perspective, we believe that these ideas may
also have an appeal in electron microscopy where the
resolution problem is very relevant, especially when try-
ing to separate two close pointlike objects such as atoms.
Optimal measurements (to which SPADE belongs) in the
single electron framework have been already studied [32],
but the recent advances in controlling entangled electrons
[33,34] could pave the way to increase the resolution
below 10 pm, which would be the highest spatial resolution
achieved so far. More generally, the Schmidt decomposi-
tion of an electron pair could provide a new framework
for advanced metrology in quantum transmission electron
microscopy.

ACKNOWLEDGMENTS

E.K. acknowledges scientific discussions with Profes-
sor Aephraim Steinberg. This work was supported by the
Canada Research Chair (CRC) Program, NRC-uOttawa
Joint Centre for Extreme Quantum Photonics (JCEP) via
the Quantum Sensors Challenge Program at the National
Research Council of Canada, and the European Union’s
Horizon 2020 Research and Innovation Programme under
Grant Agreement No 766970 (QSORT).

APPENDIX A: OPTIMAL PROJECTION

Fisher information describes the amount of informa-
tion a measurement contains about a certain parameter
being estimated. The Cramer-Rao lower bound, which is

the minimum possible variance on the unbiased estimation
of the parameter, is given by the inverse of the Fisher
information [22],

1 1
crlb = > s Al
el = T = /90 /00)] (A

where p is the state of the system, § is the parameter to
be estimated, and L is the so-called symmetric logarith-
mic operator defined as pL + Lp = 29p/08. The higher
the Fisher information associated with a particular set of
measurements, the better the precision in the estimates.

In superresolution schemes for separation estimation
with the so-called spatial mode demultiplexing, a projec-
tive measurement is carried out in spatial modes (most
commonly in the Hermite-Gauss basis). The Fisher infor-
mation of a parameter §, in the basis of such a set of spatial
modes {|j) {(j |}, is given by

1 (0P \?
7 = —
d ,Zﬂ(a(s)’

where P; is the probability associated with the successful
projection in the corresponding mode | ).

In the small separation regime, where errors from direct
imaging start to diverge, one can find an optimal basis
of projective measurements for which the Fisher infor-
mation remains constant. For a general PSF |W(x)), the
“optimal” mode of projection is proportional to its deriva-
tive, which can be seen as follows. The displaced PSFs
(x| W)*E = (x;| W(x £ 5)), where § = 2s, can be expanded
in terms of the derivatives of the original PSF as

(A2)

n (n)
(x| W)* =ZM, (A3)

n!
n

where (x| W)™ is the nth derivative in x, of (x,| ¥).
For small separations, we can consider only up to the

first-order term in the separation,
Ol W)F & (x| W) 5 (4| W)V + 067, (Ad)
If the two displaced PSFs are incoherent then the resulting
state is characterized by a completely mixed state,
p =3[9 (W] + W)~ (@], (A5)
where |W)* refer to the wave functions displaced by +£s in

the x axis.
If we substitute Eq. (A4) into Eq. (AS), we find the
density matrix approximated for small separations,

2
o~ W) (W] 4 57 [ W) D (@D 4 %(m@) (W] + W) (WD),
(A6)
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The probability of successful projection onto the normal-
ized first derivative mode is

1
Per & 77 (W[ ppr W)

=

S2

R

| (@D w2

%

%, 2% =

= (A7)

where N is the normalization factor. The Fisher informa-
tion can be calculated as

1 (9Paer\”
ﬁ( 28 ) =N

We see that in the small separation regime, the Fisher infor-
mation in the derivative mode is a constant regardless of
the separation.

fl—der =

(A8)

APPENDIX B: SCHMIDT DECOMPOSITION OF
SPDC

The biphoton state generated in the SPDC process can
be decomposed into a superposition of the tensor product
of two linear combinations of Hermite-Gauss modes [Eq.

(BD)],

(B1)

W) =" " Cmr mn), ® |m, ),

mn m' n/

Hermite-Gauss HG modes |m,n) = |m) ® |n) form an
orthonormal basis of spatial modes for the transverse
plane and have the following expressions (2D and 1D,
respectively) in adimensional coordinates:

1

_x2 _2
(xaayo| m,n) = WHm(xo)e Yo/2 ® Hn(yo)e ya/2’
m:n. 7w

(B2)

(x| m) = H,,(x,)e /2,

(B3)

1
V2mrm! /7

Here H;(xy) is the ith-order Hermite polynomial for vari-
able x;, and x, = \/fx/os and y, = \/Zy /oy, as defined in
the main text. When expressed in the Schmidt basis of Her-
mite Gauss HG modes, the original SPDC state can be

simplified to [24,26,28]

(W) =" Cpn . n)s @ |m. n);, (B4)
where
4 1— (m+n)
Cpp=—2V |-V
(I+y)2|1+y

and y is a constant determined by source parameters such
as the crystal length and pump beam waist. When per-
forming any sort of joint measurement (i.e., coincidence
counts or coincidence imaging) on the entangled state,
we consider a PSF of the form of the biphoton expres-
sion given in Eq. (B4). If a separation is introduced in the
signal beam, it becomes a mixed state of two separated
beams with the signal photon displaced in the x; axis. The
two-photon density matrix pp; resembles Eq. (AS), with

(gl m*)s = T/ @l ) o, 2 s)e™ 05912,
pBI = Z Z Coun Gy Ims ) i, v]

mn  uv

® [m™,n)y s{u®, vl + m~,n)g s, v]].  (BS)

The derivative of the PSF [Eq. (B4)] in x, has the form

(0)D =" Con [m) ) [n) @ |m, m);,

m,n

where we can find from the recurrence relations of the
Hermite polynomials that

m
) = \E jm — 1), —

So, the derivative becomes a maximally entangled state
with the expression

1
|q1>(1):m2r;cm’n(\/?|m — 1>S — % |m + 1)g)|n>s

(B7)

m—+1

— Im+1),.  (B6)

® |m’ n)i .

Projecting onto such a state is not trivial and is outside the
scope of this experiment. We instead chose to use measure-
ments readily available to us experimentally in a setup with
entangled photon pairs. A variety of measurements (either
categorized as joint or single-photon measurements) are
possible that will determine the projection outcomes P;.
Using a joint basis of HG modes as the mode sorting basis,
with elements |k, ), (k,I|; ® |k’, l’) (15, !'|., the projection

i

i
ry
outcomes P,fll can be expressed as

Pht = Tillk, D), (k, 1|, ® [k, 1), (K, 1|, pui]

(k’ l|s ® (k/’ I/L- PBI |k’ l)s ® ’k/) l/)i
L2 10K K)o+ 16k K P15

(B?)
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APPENDIX C: ANALYTICAL EXPANSION OF
(m| n™)

The inner product between an HG function of mode m
and a displaced HG function of mode n can be written as

+o0

HGm()HG,(x £ s)dx.

(m|n*) =

Applying a change of variables u = x £ s/2 and inserting
the expressions into Eq. (B3), we obtain

_ 2 2
(m| n*)y = (1/D0Fs/2)2 +(uks /)]

N2m2Mm! n! /

Hm(u T %)'Hn(u + )du

—s2/4 +00

e 2

= — e
V2 rmlnlr J s

Hm(u F %)Hn<u + - )du

The integral in Eq. (C1) is given in a table of integrals [35],
where, for n > m,

/+oo
—00

=2"am! """ L) (—2yz)

(ChH

¢ Hp(x + y)Ho(x + 2)dx
(C2)

with £ the oth generalized Laguerre o polynomial of
order i,«. So, the analytical expression for the inner
product for n > m is

Im 2
(mlnzl:> — 2(m n)/Z(:l:S)n P /4£n m<2> (C3)

APPENDIX D: BIPHOTON SPADE BASED ON
PROJECTION ONTO HG MODES

Here, we derive the main result showing the relation
between the Fisher information and the Schmidt rank (K)
in biphoton SPADE. In the small separation limit [using
Egs. (A4) and (B6)] only three terms in Eq. (B8) are
nonzero:

2
Py~ [3“/{ —~ %(2k’—|— 1)}

K K+1
+8ep_1 3 8kk’+lT]8zl” (DD
s k+1
PH ~ c@(l — 5 @k + 1)), PEr 2C§HJT,
Py~ sC L5 (D2)

For k = I, the FZ about the parameter § = 2s tends to 0.
For k = k' £ 1, the projection outcome has the same form
as for optimal measurements, where P; is proportional
to 82

_[a,@k+1s]’

FIis) ~ 0, D3
R ver; Ty (D3a)
k
Fo~ e (D3b)
k
FIi VM ~ ~ G (D3c)

For example, projecting the signal photon onto |1, 0), and
coupling the idler photon into a single-mode fiber (projec-
tion onto |0, 0);) would give a constant Fisher information,
for small separations, of %C(Z)’O. The total FZ is obtained
by summing the nonvanishing FZ across all HG mode
measurements. Writing out the coefficients explicitly,

k+1C2 (l—y)Z(kH)(l—)/)z’
2 \14y l+y)°

i [ 1_)/ 2(k—1) 1—)/ 21
FIy! kc2 —,
“ 00<1+V> <1+V)

k1
FIL, '~

and using

(1= +y)°
16y2 ’

1 —p\%

P -

k Ty
Z(l—y>”‘=<1+w2
—\1+y 4y

we can calculate the sum over & for the 1D case,

2
Z FIHY = <1+—y) ~ 027, (Déda)
1%
_ 1
Y FIiM = > (D4b)
k
or the sum over all &, /,
2
Zfz"“l 8—”) ~ 0.60, (D5a)
1%
1 2
Y FI M= (;F—V) ~ 1.10. (D5b)
1%

The numerical values correspond to the Fisher informa-
tion value for y = 0.15, as in the experiment. Note that,

024077-8
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for strong spatial correlations, the value of y gets closer
to 0 and the total Fisher information increases. In fact, the
Schmidt number K = (y + y~!)?/4, which is often used
as a measure to describe the strength of spatial entangle-
ment in the SPDC pair, can be found in the total Fisher
information sum:

1

1 1
D Flaime=3(r+y H=sVK=2. (D6
k.l

APPENDIX E: GAUSSIAN CASE (y = 1)

Note that y = 1 corresponds to a simple separable prod-
uct state of a two Gaussian wave functions for the sig-
nal and idler. In that case, the total Fisher information
according to Eq. (D6) reduces to %(N /osz), which can be
briefly seen as follows. The state after displacement can
be represented by a density matrix p = %[|0+0) <0+0| +
|0’0) <0’0|]. At the small separation regime the optimal
mode of the projection is the first-order Hermite-Gauss
mode HGg;, for which the probability for a successful
projection is given by

Py = (10| p [10) = 3| (1] 0F)[> + [ (1] 07)[*].

Using Eq. (C3), we have (1]07)=(17]0) = —/1/2

se="* and (1107) = (1*] 0) = /T/2Zse™*"/%. The proba-
bility outcome P is given by

2
P = %Sze /2

with Fisher information

1/ aP; 1 s P 1/N
FI,=— =(2-2+= )P -(—= ).
! P1<8(2s)> 4( s +2>e 2\ 52

The total Fisher information for the simple Gaussian case
does indeed correspond to the total Fisher information
when y = 1. The entanglement scheme thus provides an
advantage over classical SPADE for any level of entangle-
ment with y < 1.
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