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Neurons in the brain show nonlinear oscillatorlike behaviors, inspiring the development of neuromor-
phic computing with spin-torque oscillators for their low power consumption and high integration density.
The time-multiplexing technique enables utilizing only one device to achieve neuromorphic computing,
further reducing power consumption and simplifying device fabrication. However, optimizing such sys-
tems remains a challenge and needs further development. A controversial hypothesis claims that dynamic
systems possess the optimal computational capacity to address the information at the dynamical phase
transition. Here, we apply this hypothesis to improve a reservoir computing system based on an alternating
input-driven spin-torque oscillator. The input-driven property of reservoir computing allows us to exploit
the dynamics of a spin-torque oscillator by manipulating the input stream. By tuning the ac amplitude in
inputs, the system can exhibit diversified dynamic regimes indicated by the largest Lyapunov exponent
and echo-state property spectra. Our findings demonstrate that the proper configuration of ac inputs for
reservoir computing based on a single spin-torque oscillator can adjust its information-processing capacity
profile and enhance its computational performance for specific tasks.
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I. INTRODUCTION

Along with the rapid development and flourishing
of artificial intelligence and big-data technologies, the
demands of computing are increasing and expanding
tremendously. Traditional computing systems face chal-
lenges when handling data-centric tasks, suffering from
large power consumption and delays in data transfer due to
the separation of memory and processing units in the con-
ventional von Neumann structure. A revolutionary solution
is to integrate these two units to break the bottleneck,
giving rise to emerging nonvolatile memory devices and
alternative computing paradigms. In other words, we aim
to enable memory devices to process, i.e., compute, the
saved information directly to cut off the requirement of
information shuffling [1].

*xwubx@connect.ust.hk
†eeqshao@ust.hk

Spintronic devices are promising candidates for
implementing in-memory logic and neuromorphic comput-
ing for their natural nonvolatility, high-speed, low power
consumption, high integration density, and rich nonlin-
ear dynamics [2]. Recently, there has been significant
interest in computing systems that utilize different spin-
tronic devices, including skyrmion [3], spin wave [4,5],
domain wall devices [6], spin-torque oscillators (STOs)
[7,8], and typical magnetic tunnel junctions (MTJ) [9,10].
Among these devices, STOs have gained popularity due
to their nonlinear oscillating behavior, which is similar
to neurons in the brain, making it a natural choice to
construct a neuromorphic system with crossbar arrays of
nonlinear oscillators [7,11]. It has been reported that the
amplitude, frequency, and even phase of STOs can all
be modulated for computing purposes [12]. Moreover,
the effect of magnetic or electronic interaction, couple
strength, and the thermal noises between STOs have also
been studied [13]. Although the crossbar structure has
achieved many successes in various scientific fields, it
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simultaneously introduces some challenges, such as par-
asitic resistance and sneaky-path current, which may limit
their application.

Recently, the proposal of the time-multiplexing method
provides opportunities for implementing reservoir comput-
ing (RC) on a single STO, strongly reducing and even
eliminating the drawbacks of fabrication, power consump-
tion, and secondary effects [14]. RC [15] is a special
recurrent neural network (RNN) with fixed input and recur-
rent layers, possessing a lower training cost than the typical
RNNs. The reservoir, comprising many randomly con-
nected neurons, can be constructed using various physical
systems, including STOs [16]. However, optimizing RC
with a single device is still a challenge. A general idea
of improving the computing system for complex informa-
tion processing is tuning the dynamic systems to oper-
ate in the so-called “edge of chaos,” a unique critical
dynamic regime between orders and chaos. Several reports
[13,17–19] claim the best computational performance is
achieved near the edge of chaos. However, recent find-
ings indicate that the underlying principle of this enhanced
capacity is generated at the edge of the echo-state prop-
erty (ESP) [20–22]. Section IV will discuss these details
further.

In this paper, we first introduce the concept of STO
and create a nonlinear STO numerically by solving the
Landau-Lifshitz-Gilbert (LLG) equation with the spin-
transfer torque (STT) effect. We then utilize the time-
multiplexing technique to the amplitude of a single STO,
achieving the physical reservoir computing based on a sin-
gle device. We employ short-term memory (STM) and
parity-check (PC) tasks to quantify its computational per-
formance. We demonstrated that diversified dynamical
regimes of our computational system, indicated by the
largest Lyapunov exponent (LLE) and ESP spectra, can
be tuned by adjusting the ac configurations of inputs. The
information-processing capacity (IPC) analysis shows that
RC based on a single STO can perform well for STM
and PC tasks by tuning the ac amplitude to a dynamic
transition regime. Our findings will pave the way to
the future design of neuromorphic applications based on
STOs.

II. SPIN-TORQUE OSCILLATOR

STO is one type of MTJ whose oscillation is driven
by charge currents with spin-torque effects, such as STT
[11,23]. The typical structure of MTJ consists of two ferro-
magnetic layers (pinned layer and free layer) and a tunnel
barrier, as shown in Fig. 1(a). The magnetization of the
pinned layer is fixed in a specific direction, which can be
done through the exchange bias effect from the interface of
antiferromagnetism and ferromagnetism [24]. Oppositely,
the magnetization vector in the free layer can be controlled
by the direction of charge current through the STT effect

[25]. The magnetization in the free layer is governed by
the LLG equation incorporating spin-transfer dampinglike
torque, shown in Eq. (1).

∂m
∂t

= −γ m × Heff + αm × ∂m
∂t

+ γ aj m × (m × ex).

(1)

Here, γ and α are gyromagnetic ratios and damping fac-
tors, respectively. m = M/Ms is the normalized magneti-
zation vector of the free layer. Due to the tunnel magne-
toresistance effect, an MTJ will show high (low) resistance
when the magnetization in the free layer is antiparallel
(parallel) to the pinned layer. aj is the STT magnetic field
induced by charge current density J , including the dc and
ac components in Eq. (2). Equation (3) depicts the rela-
tionship between STT magnetic fields aj and the charge
current density J . P, tf , and Ms are the spin polarization,
thickness of the free layer, and magnetization saturation,
determined by materials and fabrication process. � is the
reduced Planck constant, e is the elementary charge, and
μ0 is the vacuum permeability. We always set the mag-
netization vector of the pinned layer along the x axis and
presume that the effective field Heff includes only the exter-
nal field Hext and demagnetization field, as expressed in
Eq. (4). From the view of dynamics, the first and sec-
ond terms of the LLG equation [Eq. (1)] will lead the
m to precess and gradually move toward the direction of
the effective field, repectively. A continuous precession
of magnetization in the free layer will occur when the
amplitude of spin-transfer dampinglike torque induced by
charge current is balanced with the Gilbert-damping torque
[26]. Besides, we can obtain diversified dynamics of STO
by adding an ac component to the dc charge current, as
shown in the three insets of Fig. 1(a). The purple, blue,
and red curves indicate the ordered, chaotic, and transi-
tional dynamics of STO [27]. For the sake of narration, we
directly encode the inputs as STT effective field aj in the
construction of our STO-based computing system. The two
STT DC field values adc in Table I correspond to the binary
inputs, which render the STO oscillate in two different tra-
jectories. As a result, the responses of STO are nonlinear
for the given input signal, which is a crucial requirement
of RC [3]. We utilize the fourth Runge-Kutta method to
establish the MTJ model with the physical parameters in
Table I from Ref. [27]. The corresponding values of cur-
rent densities used in our work can be calculated (see
Appendix A).

aj = adc + aac cos(ωact). (2)

aj = �PJ
2eμ0MStf

. (3)

Heff = Hextex − 4πMsmzez. (4)
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FIG. 1. (a) The illustration of a typical magnetic tunnel junction. We generate spin-transfer torque (field) by applying the charge
current. It exhibits oscillating behavior when the amplitude of the spin-transfer torque gets balanced with the dampinglike torque.
As depicted in the three insets, the different ac and dc field configurations of inputs will induce diversified dynamics. (Purple curve,
adc = 200 Oe, aac = 0 Oe; red curve, adc = 269 Oe, aac = 26 Oe; blue curve, adc = 260 Oe, aac = 26 Oe.) (b) Schematic of classical
reservoir computing framework. Win, W, Wout are weights of the input layer, recurrent layer (reservoir), and readout layer, respectively.
In RNN, all of them need to be adjusted. In RC, we train only Wout to reduce the difference between outputs and targets. The solid lines
indicate the fixed weights. (c) Diagram of reservoir computing framework based on a single spin-torque oscillator. The magnetization
amplitude of the spin-torque oscillator roles as a reservoir in this system.

III. PHYSICAL RESERVOIR COMPUTING BASED
ON A SINGLE SPIN-TORQUE OSCILLATOR

RC is generated from RNN with fixed input and recur-
rent layer, proposed by Herbert Jaeger [15] and confirmed

TABLE I. Parameters of spin-torque oscillator in simulation.

Parameter Symbol Valuea

Gilbert-damping constant α 0.02
Gyromagnetic ratio γ 1.7 × 107 Oe−1 s−1

External field Hext 200 Oe
Demagnetization field Hdeg 8400 Oe
ac frequency ωac 32 GHz
STT field induced by current adc 200 Oe/100 Oe

aThese values are from Ref. [27]

by the later discovery that the dominant weights changes
are located in the readout layer during the training of RNN
[28]. Figure 1(b) shows the classical structure of reservoir
computing. Based on this specific structure, an exciting
idea is proposed to replace the reservoir with physical
systems to achieve alternative computing. Typically, we
require the physical reservoir to satisfy two main prop-
erties, ESP and nonlinear response of given inputs [22].
ESP refers to the fact that the reservoir should gradually
fade the influence of the initial values. This feature can
be controlled by the spectral radius of the weight matrix
in Eq. (5). W and Win are the weight matrix of recurrent
and input layers. f is the activation function, generating
the nonlinear mapping of the previous reservoir state X (n)

and the current input U(n + 1). A general idea to establish
the STO-based reservoir computing system (STO RC) is to
employ the amplitude of the oscillator’s responses [7]. This
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FIG. 2. Building reservoir computing based on a single spin-torque oscillator. (a) A random input signal Sin will be generated with
a specific distribution. (b) Then it is encoded as the dc effective field adc with constant input widths. (c) The magnetization mz in the
free layer shows diversified oscillation behaviors corresponding to the effective field aj , and (d) its amplitudes will be utilized to build
the reservoir states X (the black dots) through time multiplexing. The number of nodes is 16 and the input width is 10 ns here.

experimental configuration works as Fourier transforma-
tion, introducing the memory and influencing the nonlinear
mapping of STO externally. The binary inputs induce the
STO to switch between two trajectories, generating the
dependency of the inputs’ history in STO’s amplitude. The
complete computational framework is shown in Fig. 1(c).

Figure 2 depicts the details of constructing the reservoir
states from one STO. We encode each binary random input
Sin(n) as the STT dc effective field adc. The STT effective
field aj will then be created by ac field aac and dc field adc
through Eq. (3), in which the ac field aac is independent to
the input series Sin. The STO will generate its responses
for the given STT magnetic fields aj , following the rule
of the LLG equation with STT effect [Eq. (1)]. We collect
the amplitude of z axis component of magnetization mz of
STO free layer under given STT magnetic fields aj and
sample it periodically with a constant time interval. The
sampling results act as the reservoir state X (n) correspond-
ing to the transient input Sin(n). This method is called the
time-multiplexing technique [14,29], replacing the chain
reactions of neurons with a chain reaction in the time of a
single STO to simplify the hardware cost. Finally, we can
generate the reservoir matrix X = [X (1), X (2), . . . , X (n)]
based on the total input Sin = [Sin(1), Sin(2), . . . , Sin(n)]
and obtain the output Yout. The reservoir matrix X and Ytrain
will be used to update the weight in readout layer. The
matrix Ytrain is determined by the specific computational
task and delay time Tdelay, which will be described clearly

later. During the training, we utilize the ridge regression
algorithm [Eq. (8)] to reduce the mean square error [LMSE,
Eq. (7)] between the expected output Ytrain and the actual
output Yout. One decisive advantage of this algorithm is
that YtrainX T and XX T are irrelevant to the length of inputs,
providing access for us to observe all middle weight states
during the training [30].

X (n + 1) = f (WX (n) + WinU(n + 1)). (5)

Yout(n) =
N∑

i=1

Wixi(n) + b = Wout(X (n) + b). (6)

LMSE = 1
T

T∑

n=1

(Ytrain(n) − Yout(n))2. (7)

Wout = YtrainX T(XX T)−1. (8)

We use STM and PC tasks to evaluate the capacity of
nonlinear mapping and memory effect of our RC system.
An example of these two benchmark tasks is illustrated in
Fig. 3. We obtain the expected output Ytrain by using Eqs.
(9) and (10) and define the correlation coefficient (Cor)
and memory capacity (MC) to quantify our computing
system’s performance through Eqs. (11) and (12).

Figure 4 shows the results of MC values with differ-
ent numbers of nodes versus the delay time Tdelay in four
input configurations. The input setting of Fig. 4(a) involves
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FIG. 3. Schematic of short-term memory and parity-check
tasks with delay time Tdelay = 1. (a) Random input Sin will be
generated. Then, the corresponding train signal Ytrain and output
Yout of STO RC from (b) short-term memory [Eq. (9)] and (c)
parity-check tasks [Eq. (10)] are shown.

only the dc field without any ac STT field component. In
Figs. 4(b)–4(d), different ac STT field aac will be applied
to the STO all the time. We set the value of the maximum
Tdelay as 15 to preserve the accuracy of our memory capac-
ity measurement. The results of Cor square values versus
the different delay time Tdelay are displayed in Fig. 5. It can
be observed that the setting of the maximum delay time
Tdelay,max = 15 for the calculation of MC in STM and PC
tasks is reasonable and sufficient because the Cor2 is really
close to zero from Tdelay ≥ 8. One property evaluated by
the STM and PC tasks is nonlinear mapping, depending on
the number of neurons in the neural network. An abstract
explanation is that each input will induce particular reac-
tion chains between neurons during the classification, and
more neurons have more reaction chains, increasing the
classification ability. Since we utilize only the chain reac-
tion within one STO and the nonlinearity of its amplitude
is finite, it can be observed from the results in Fig. 4 that
the MC will saturate after a specific number of nodes. The

nodes in a single device correspond to the neurons in the
general neural network, sampled periodically from its non-
linear responses. Since we cannot generate infinite inputs
to tune the readout layer, the actual computational perfor-
mance of a trained STO RC will significantly vary due to
the random inputs. We draw the error bar to describe this
unavoidable phenomenon.

Ytrain, STM(n) = Sin(n − Tdelay). (9)

Ytrain, PC(n) = Sin(n − Tdelay) ⊕ Sin(n − Tdelay + 1)

⊕ · · · ⊕ Sin(n). (10)

Cor2(Tdelay) = Cov2(Ytrain(Tdelay), Yout(Tdelay))

Var(Ytrain(Tdelay))Var(Yout(Tdelay))
. (11)

CMEM =
Tdelay, max∑

Tdelay=0

Cor2(Tdelay). (12)

IV. EDGE OF CHAOS INDICATED BY THE
LARGEST LYAPUNOV EXPONENT AND

ECHO-STATE PROPERTY INDICATED BY
SYNCHRONIZATION INDEX

It is common to improve computational performance
by adjusting the neural-network parameters, such as the
number of neurons, as mentioned in Fig. 4. However, this
method cannot effectively find the best parameter configu-
ration and thus enormously increases the training cost for
searching parameters.

Recently, a more exciting viewpoint is to improve RC
by adjusting the input streams. It can increase the toler-
ance margin for device fabrications and strongly influence
computational performance without deliberate control of
physical systems [20,31–33]. As shown in Fig. 4, the ac
component is a significant factor for the total MC. The
underlying principle is related to the dynamics of STO,
which is strongly sensitive to the amplitude of ac current.
To quantify the difference between the dynamic state of our
system, we calculate the largest Lyapunov exponents and
ESP index of reservoir states. As shown in Eq. (13), the
LLE describes the exponential convergence or divergence
of two trajectories with slightly different initial states, pre-
dicting the influence of perturbation on a system [34]. γ0 is
the initial perturbation between two trajectories, and γt is
the difference as a function of evolution time. When λ < 0,
the trajectories will converge towards each other over time,
indicating a stable, nonchaotic system. When λ ≈ 0, the
system is in a critical transition regime between chaos and
order. When λ > 0, the trajectories will diverge from each
other over time, indicating a chaotic system.

λ = lim
t→∞

1
t

ln
γt

γ0
. (13)
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FIG. 4. The influence of nodes on the memory capacity of STO RC with different ac components (a) aac = 0 Oe, (b) aac = 30 Oe,
(c) aac = 50 Oe, and (d) aac = 100 Oe. Each task will be calculated 10 times for different random inputs. The maximum delay time
Tdelay, max is 15, and the input width is 4 ns. The standard errors are depicted as error bars for short-term memory and parity-check
tasks.

The reservoirs should maintain their stability for differ-
ent initializations due to the untrained input and recurrent
layers [16]. In other words, the physical system acting as

reservoirs should be insensitive to the different initial val-
ues and generate the synchronization between inputs and
outputs, confirmed by the phenomena of common-signal

(a) (b)
ac Field
ac Field
ac Field
ac Field

ac Field
ac Field
ac Field
ac Field

FIG. 5. The correlation coefficient square value of STO RC versus STM (a) and PC (b) tasks with the different delay time Tdelay.
Here, we show four input configurations (ac: 0, 30, 50, and 100 Oe). The Cor2 values decrease with the increment of delay time Tdelay,
and the four colored curves are overlapped and close to zero starting at Tdelay = 8.
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FIG. 6. The largest Lyapunov exponent spectra of STO RC and (b) results of the echo-state property with the different ac effective
fields and different input ratios. The ESP value indexes are normalized to 1. The input ratio is defined as the ratio of 100 Oe in inputs
(the probability P in Bernoulli distribution).

synchronization [35]. Otherwise, the reservoir will be use-
less and impractical if its performance depends strongly
on the initialization. Recently, the quantified methods of
ESP for the input-driven system have been proposed and
utilized [20,31,35–37]. Moreover, the results of them are
called the ESP index or synchronization index, defined as
Eq. (14). Here, m1 and m2 are two STOs with common
inputs but different initial values. The reservoir possesses
the ESP only when the ESP index F is approximately equal
to zero [31]. Additionally, the boundary between F = 0
and F > 0 is defined as the edge of the ESP [21].

F(T, L) = 1
L − T

∫ L

T
d(m1(t), m2(t))dt. (14)

The rich dynamics of STO have already been reported
in the previous literature. For example, Refs. [27,33,
38] revealed that an STO works at diversified dynam-
ics regimes when adjusting the input configuration. In
this paper, the input configuration is changed by tuning
the magnitude of the ac current applied. According to
the Poincare-Bendixson theorem, chaotic behavior is pro-
hibited in a system with less than 3 degrees of freedom
[31,32]. However, since the norm of m is fixed to 1, there
are only 2 degrees of freedom in a dc-driven STO (two
components among mx, my , and mz in Cartesian coordi-
nates or θ and φ in spherical coordinates). By introducing
ac components into the input, an extra degree of freedom
can be obtained. Thus, an STO can be driven into a chaotic
regime by increasing ac amplitude. The results of LLE
spectra with different input ratios are depicted in Fig. 6(a),
and the calculation details are as follows:

(1) Two identified STO RC modules are created with
the same initial values and then evolved with the same time
duration.

(2) A perturbation is then added to one of the STO
RCs. Since the magnetization vector in the free layer sat-
isfies ‖m‖ = 1, the difference between two trajectories
can be expressed as the Euclidean norm of the difference
between two magnetization vectors. Thus, it is defined that
γt = ∥∥mt − mp,t

∥∥ in which mt and mp,t refers to the mag-
netization vector of the unperturbed and perturbed STO at
timestep t, respectively. Similarly, we also define the differ-
ence between the two reservoir states as γ

′
t = ∥∥Xt − Xp,t

∥∥.
The initial values of γt and γ

′
t , denoted as γ0 and γ

′
0, are

also calculated at this time.
(3) A series of random inputs is generated to drive both

STO RC systems. The systems will evolve for T time steps,
during which ln(γ

′
t /γ

′
0) is calculated and recorded.

(4) When the evolution is finished, the perturbated STO
will be reinitialized to restrict the expansion rate of LLE
[32,39], according to the following equation: mp,T+1 =
m + γ0/γT(mp,T − mT).

(5) Steps (3) and (4) will be iterated many times until
the average value of γ

′
t in each iteration converges. The

average of γ
′
t in the final iteration will be the LLE value

calculated.

The calculation details of the ESP index for our input-
driven STO RC are below. Firstly, we randomly gen-
erate the input sequence Sin = [S1, S2, S3, . . . , SL] and
51 initial values [mo, m1, m2, m3, . . . , m50] of magne-
tization in the free layer of STO. A transient time
T is set, and its value should be smaller than the
length of input sequence L. Then, the input sequences
Sin will be continuously applied on the STO with
each initial value mi, while the corresponding outputs
of them will be collected as [O0, O1, O2, O3, . . . , O50].
We define the outputs of STO as the evolution
of reservoir states Oi = [X1, X2, X3, X4, . . . , XL]. Also,
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FIG. 7. The computational performance of STO RC for short-term-memory (a) and parity-check (b) tasks with different input ratios
and ac components. The colors indicate the magnitude of memory capacity following Eq. (12) and the maximum delay time Tdelay,max
used to calculate is 15. The number of nodes in STO RC is 100, and the constant input width is 4 ns. Each point is the average value
of 10 times calculations.

We define the trajectories distance as the differ-
ence ζi = ∑L−T

j =1 ‖Oi(T + j) − O0(T + j)‖ for all reser-

voirs except the O0. Finally, the average result F =
1/50

∑50
i=1(ζi/L − T) will be the ESP index. The result of

the ESP index of STO RC is shown in Fig. 6(b).
To ensure the accuracy of our calculations, we have

explored the LLE and ESP results with varying num-
bers of nodes (see Fig. 10 at Appendix B and Fig. 11 at
Appendix C). Our results reveal that as the ac effective
field aac increases, the STO RC gradually transits from
orders to chaos in the STO RC. The amplitude of LLE is
influenced globally by the input ratio, possibly because the
inputs always follow the Bernoulli distribution. Both the
LLE and ESP index results indicate that the STO RC can
exit diverse dynamic regions by adjusting the ac effective
field. The LLE and ESP index are two related, yet distinct
measures, as highlighted in a recent study [21] that exam-
ined STO dynamics. Specifically, while the zero LLE of
STO is well known, the same system can exhibit a nonzero
ESP index, demonstrating the subtle differences between
these two measures. Much research [17,40,41] has sug-
gested that computational systems may perform optimally
at or near the dynamical transition regime. However, not all
computational tasks may benefit from it [42], and there is
no conclusive evidence that it is a necessary condition for
optimal performance [22]. Another hypothesis argues that
the optimal conditions may be more closely aligned with
the edge of the ESP, rather than the edge of chaos, which
possibly explains the previous discoveries [21]. Our results
reveal a significant overlap between the two edges of STO
RC, suggesting that the echo-state property of STO RC is
maintained before the dynamics become chaotic. The ESP
of this system is primarily determined by the dynamics of
STO, which is controlled by the ac effective field.

V. INFORMATION PROCESSING CAPACITY
ANALYSIS FOR RESERVOIR COMPUTING

BASED ON A SINGLE SPIN-TORQUE
OSCILLATOR DRIVEN BY DIFFERENT INPUT

STEAM

We have found that a range of ac field values can
drive the system towards diverse dynamical regions. The
boundary between orders and chaos is known to be a
region where several basic information processing proper-
ties, such as information dynamics [41,43], susceptibility
[17], sensitivity, synaptic variability [44], and correlation
length [42], obtain their maximum values. The result in
Fig. 7 shows computational performances of STO RC han-
dling with the STM and PC tasks, quantified by the MC in
Eq. (12). The STO RC performs best for these two tasks
near the edge of the ESP in all input ratios, although the
specific optimal ac points can vary for different input ratios.
For instance, in the STM results, the 50-Oe ac effective
field provides the largest MC in the input ratio range from
0.1 to 0.6, but this best ac point shifts to smaller ac field
regions in the ratio range of 0.7 to 0.9. Similar phenomena
are observed in the PC task. In general, ac effective fields
slightly before the transitional region provide the STO RC
with better computational ability than other regions. Fur-
thermore, our analysis shows that there is a steeper decay
of performance when the system moves from the edge of
the ESP to the chaotic region compared to the movement
to the ordered region. This behavior is consistent with the
active information storage measurement of the echo-state
network [41] and the information transfer measurement
of random Boolean networks [45]. Additionally, the STO
RC performs better in the ordered region than the chaotic
region for both tasks. These behaviors can be attributed to
the disappearance of ESP [36], which means that the STO
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ac Effective Field (Oe)

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

FIG. 8. Significant IPC values Ctotal of reservoir states in STO RC driven by different input ratios (a)–(i) and ac components. Each
degree di indicates the sum of [[di, ζdi ,j ]] IPC terms for all delay setting ζdi ,j .

cannot effectively serve as a reservoir in the chaotic region
and thus leads to poor performance.

In order to further validate our findings, we calculated
the IPC profile of our STO RC and displayed the results in
Figs. 8 and 9. The IPC is a variable tool for assessing the
ability of dynamic systems to process information, provid-
ing a detailed analysis of the unknown process within the
black-box systems [46,47]. The presence of ESP means
that a system’s dynamic state will ultimately become inde-
pendent of its initial states after an infinite number of input
streams, indicating that the dynamic state is solely deter-
mined and controlled by its input history. The IPC method
decomposes the dynamic states of a system into a series of
basis vectors generated by the input history, with the cor-
responding squared coefficients of those vectors defined
as the IPC values. Additionally, the ideal outputs of all
time-series tasks should be determined by the input signals,
which can also be divided into several input-history-based
vectors. Therefore, a system can be considered to have
excellent computational capacity for a specific time-series
task if its dynamic states consistently possess high IPC
values for corresponding components of the ideal expected

outputs [20]. In our case, serval orthogonal polynomials zi
are created based on the probabilistic distribution of inputs
(Bernoulli distribution), delay setting ζdi , and degree di.
(See Appendix D for the generation of orthogonal poly-
nomials zi.) The reservoir states X were then decomposed
using these orthogonal polynomials zi, as expressed in Eq.
(15).

X =
∞∑

i=1

cizi. (15)

Here, X is the reservoir state. ci and zi are the ith coef-
ficient vector and orthogonal polynomials, respectively.
The typical way of measuring the IPC is to evaluate how
well reservoirs can generate outputs that match the pre-
vious inputs [16]. This quantity is commonly used in
echo-state networks with nonlinear activation functions in
both continuous-time [48] and discrete-time configurations
[44,49].

The IPC profile of STO RC is calculated as follows.
The 10000-length independent identically distributed (IID)
random signal Sin with a specific distribution (Bernoulli
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(a)

ac Effective Field (Oe)

(b)

ac Effective Field (Oe)

FIG. 9. Significant IPC values with degree di = 1 (a) and di = 2 (b) of reservoir states in STO RC driven by different input ratios and
ac components. The larger IPC value Ci indicates the better ability to process the information. The degree and delay settings [[di, ζdi,j ]]
are shown in the list. The components with IPC values less than 0.05 (0.1) will be summarized as the rest of the degree di = 1
(di = 2).

distribution) is created and written into the STO with a con-
stant input width (4 ns in our case). The degree di and delay
set ζdi = [

ζdi,1, ζdi,2, ζdi,3, . . . , ζdi,di

]
will be configured first.

The length of delay set ζdi is equal to the value of the
degree di. According to the degree di and delay set ζdi , the
orthogonal polynomials will be generated by inputs Sin as
zi = ∏di

j =1Sin(t − ζdi,j ) − 〈Sin〉 through the Gram-Schmidt

orthogonalization procedure [37]. Then the reservoir states
X are extracted by using the single value decomposition
(SVD) to obtain the r-normalized matrix X r. The average
value of reservoirs 1/i

∑
Xi will be removed from reser-

voirs X before the SVD process to remove the constant-
induced capacity. The r is the rank of reservoir states X .
Equation (15) will be rewritten as Eq. (16), showing that

024069-10



OPTIMIZING RESERVOIR COMPUTING BASED. . . PHYS. REV. APPLIED 20, 024069 (2023)

the r-normalized reservoirs X r can be expanded with the
basis of normalized polynomials zi/||zi||.

X r =
∞∑

i=1

ci
zi

‖zi‖ , (16)

Ci = ‖ci‖2 , (17)

Ctotal =
∑

Ci = r. (18)

The ith IPC is defined as the norm of the coefficient vector
in polynomials [Eq. (17)], while the sum of the compete
IPC should be equal to the rank value of reservoir states
[Eq. (18)]. IPC value of Ci quantifies the computational
ability of STO RC. To avoid the numerical error of IPC
calculation from the finite length of the input series, the
shuffle surrogate procedure will be applied to all the IPC
values [37,46]. After obtaining the reservoir states X with
inputs, we will randomly shuffle the input signals but not
transfer them to the STO RC anymore. The alternative
orthogonal polynomials zi will be put in Eq. (16) to cal-
culate the reference IPC (Cshuffle). We repeatedly calculate
this procedure 200 times to get 200 Cshuffle with the same
reservoir states X but different input sequences Sin. The
maximum values of Cshuffle will be used to generate the
threshold value of IPC results through Eq. (19). The scale
factor σthresold will be set as 1.2–3 in our experiments. Note
that all IPC results shown in the figures are significant IPC
(Csignificant).

Csignificant,i =
{

Ci, σthresold ∗ Cshuffle, max < Ci
0, otherwise . (19)

Figure 8 illustrates the IPC profile of reservoir states for
STO RC driven by different ac effective fields and input
ratios. As described in Eq. (18), the completeness property
of IPC ensures that the total IPC should be equal to the
rank of the reservoir states’ matrix r (r = 46 in our case).
However, due to the presence of a threshold [Eq. (19)],
IPC values below the threshold are disregarded, leading
to lower total IPC values in Fig. 8 than the corresponding
ideal values [50]. Additionally, the loss of the ESP would
also decrease the total IPC of reservoir states. The fact that
the total IPC of reservoir states is less than the number of
nodes (100) indicates that some reservoir states are not lin-
early independent. It is worth noting that the total IPC of
output in a fixed reservoir remains constant (see a good
example at Appendix E), and the additional ac effective
field provides a way to modify its IPC profile. By adjusting
the IPC profile of the system’s output to match the target,
we can effectively increase its computational capacity. As
described in Eq. (6), the readout layer connecting the reser-
voir states with the output can be trained, enabling us to
extract the computing capacity from the reservoir states to
the output.

We find that the sum of significant IPC values Ctotal
is largest near the transition between order and chaos for
all input ratios, indicating the rich computing capacity of
STO RC induced by the edge of the ESP. Specifically, the
STO RC driven by an ac STT effective field of around 50
Oe exhibits better computational ability than the condition
without ac or with extremely high ac fields, consistent with
the memory capacity results of STM and PC tasks in Fig. 7.
According to Eq. (9), the IPC profile with degree di = 1
strongly supports the accuracy of our memory capacity
results in Fig. 7 and the reasonability of the configuration
of maximum delay time Tdelay,max = 15 in the results from
Figs. 4 and 6. Furthermore, we observe that the reduction
in significant IPC is more robust when the system moves
from the edge of the ESP to the chaotic region compared
to the transfer to the ordered regime. Figure 9 shows the
IPC values for different input ratios with degree di = 1
and di = 2. Similarly, we observe that the significant IPC
decays faster as it moves from the transition point to the
chaotic region.

Interestingly, we find a trade-off that the significant IPC
value increases with di = 1 but decreases with di = 3 as
the input ratio increases. This suggests that smaller input
signals (adc = 100 Oe) tend to drive the STO’s dynamic
states into the low-rank level, suppressing the nonlinear
mapping ability of the reservoir. In addition, the optimal ac
field points with different input ratios in Fig. 8 exhibit some
inconsistency with the edge of chaos regimes (and the edge
of ESP), particularly for high input ratios. For instance,
the STO RC driven by an input stream with a high input
ratio (from 0.7 to 0.9) achieves its highest significant IPC
in the ordered regime. This discrepancy between dynami-
cal transition and the best optimization has been previously
reported and observed in software-based continuous-time
[48] or discrete-time [49] reservoir computing neural net-
works, as well as in hardware-based on-chip neuromorphic
computing systems [42]. The shift is attributed to the static
or dynamic suppression of chaos due to the input noise.
The stochastic external input can alter the transition of the
edge of chaos by forcing the system to move to differ-
ent unstable phase spaces. However, our input streams do
not include stochastic signals and consist only of ac and
dc components. Nonetheless, ac current-induced phase-
locking behavior has been reported in STO, where it is
controlled by the input strength and ac frequency [51].
More components around the external ac frequency would
occur while the STO operates outside the phase-locking
regimes by adjusting the dc amplitude [27]. Therefore, we
suggest that configurations of dc effective fields adc may
cause the shift of the optimal point in high-input ratios
due to the presence of different redundant responses of
the STO. The impact of the dc effective field on the IPC
profile can be observed by comparing the IPC results for
different input ratios. For example, the IPC of [[di, ζdi,j ]] =
[[1, 2]] increases with the input ratio, and more types of
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significant IPC occur when the input ratio is either 0.1
or 0.9.

As shown in Fig. 8, not all IPC components with dif-
ferent ζdi,j attain their maximum values at the edge of the
ESP, despite their sum being the highest at that location.
For example, the IPC values of component [[di, ζdi,j ]] =
[[1, 1]] remain constant at most ac fields, especially for
cases with an input ratio of 0.9. Furthermore, the IPC of
component [[di, ζdi,j ]] = [[1, 3]] achieves the best values
in the ordered region instead of the edge of the ESP in the
input ratio range from 0.7 to 0.9. Similar failures have been
reported in previous studies [18,42,52] for some simple
tasks in which the performance at the dynamical transition
regime is either equal or worse than that in the ordered
region. The computation may be disturbed if the input
information stored in the reservoir is inconsistent with the
task requirements, i.e., the system retains an abundance of
task-irrelevant information [41]. Based on our significant
IPC results, it is easy to explain this task-related property.
For instance, our STO RC would not benefit from tuning
the ac field when addressing the simplified STM task with
only Tdelay = 2 in the input ratio range from 0.7 to 0.9. In
fact, the STO RC without any ac component performs even
better for this simplified task in the input ratio range from
0.7 to 0.9. Although the sum of IPC is the largest and IPC
components are the most abundant at the edge of the ESP,
the task-irrelevant IPC term would not contribute to the
information processing of the STO RC. Another example
is the simplified STM task with only Tdelay = 1, for which
the STO RC cannot achieve higher computational perfor-
mance at the edge of the ESP. The similar phenomena can
be found in the significant IPC results of degree di = 3 and
di = 4 in Appendix D. It is commonly believed that the
dynamical transition point is where a system performs best
when handling complicated tasks [18,44]. This is because
complicated tasks may require systems with more and dif-
ferent IPC components, and the edge of the ESP, which
includes the richest IPC components, should benefit the
dynamic system when addressing such tasks. Moreover,
the abundant components of IPC at the edge of the ESP
demonstrate the potential of spintronics in neuromorphic
computing.

To confirm our discovery, we utilize our STO RC
to emulate the nonlinear autoregressive-moving-average
(NARMA) model defined in Ref. [53], which is often
used to quantify computing capacity [46,50,54]. It is worth
noting that we still use binary random inputs to handle
NARMA tasks, as we did in the IPC calculation, STM,
and PC tasks. The testing results and IPC analysis of
NARMA2, NARMA3, and NARMA5 are also consistent
and described in Appendix E. For all the tasks mentioned
in this paper, the IPC spectra accurately quantify or predict
the corresponding results of the STO RC.

These results demonstrate that the edge of the ESP can
be a guideline for optimizing the STO RC. We demonstrate

that not only stochastic signals but also ac signals can be
used to approach the edge of the ESP of STO-based com-
puting systems. In our STO RC, the two edges of chaos
and ESP almost overlap, and the best computational per-
formance for STM and PC tasks is not aligned with these
two edges. We suggest that this phenomenon is generated
by the dc configuration and the dynamic properties of the
STO itself. To further clarify the relationships between
these factors, we need more powerful tools to gain accurate
insights in the future.

VI. CONCLUSION

We establish an RC system based on a single STO by
solving the LLG equation with the STT term and employ-
ing time multiplexing. We show that tuning the ac input
streams can adjust the dynamic states of STO, as indicated
by the LLE and ESP index, and enhance the compu-
tational performance of the STO RC for STM and PC
tasks. Our IPC analysis reveals that the additional ac sig-
nals allow us to adjust the IPC profile of the STO RC,
indicating that using extra ac inputs can improve computa-
tional performance of specific tasks. We hope our findings
can contribute to the future design and applications of
neuromorphic computing with STOs.
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APPENDIX A: THE CHARGE CURRENT DENSITY
CORRESPONDING TO THE STT MAGNETIC

FIELD USED IN THE SPIN-TORQUE
OSCILLATOR SIMULATION

In our configuration, the random inputs are first encoded
as STT field aj induced by the charge current density J . To
prove the experimental reasonability of our simulation, we
calculate the current density values corresponding to the
STT dc effective field by utilizing the parameters shown
in Table II. The calculation results of current density are
3.84 × 1010 A/m2 for adc = 100 Oe and 7.68 × 1010 A/m2

for adc = 200 Oe, which is normal for current-drven STO
[55].
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TABLE II. Parameters used in the calculation of charge
current density.

Parameters Symbols Valuesa

Spin polarization P 0.58
STT magnetic field aj 200 Oe/100 Oe
Vacuum permeability μ0 1.2566 × 10−6 H/m
Saturation magnetization Ms 6.68 × 105 A/M
Free layer thickness tf 1.1 nm

aThese values are from Ref. [56]

APPENDIX B: THE LARGEST LYAPUNOV
EXPONENT WITH DIFFERENT NUMBERS OF

NODES AND INPUT WIDTHS

Figure 10 shows the relationship between the LLE and
the numbers of nodes or input widths. The LLE is irrelative
to the number of nodes, demonstrating that the LLE results
are converged and reasonable to present the dynamic
regions of STO RC. The dependency on input width (evo-
lution time) further verifies that the SOT RC is an input-
driven system. The input width change should significantly
influence the RC system’s dynamics and performance.

APPENDIX C: THE ECHO-STATE PROPERTY
SPECTRA WITH DIFFERENT NUMBERS OF

NODES

Figure 11 is the result of the ESP index of STO RC with
different numbers of nodes. To present the results more
clearly, the fake ESP (FSP) values will also be calculated.
During the ESP calculation, we define the results of the
ESP index as FSP if the input sequences are different for
different initial values mi [37]. The FSP can work as an
ESP reference because the 51 STOs with different initial-
izations are irrelative in the calculation [37]. Therefore, the

reservoir will possess ESP if the FSP value is far away
from the ESP index. Otherwise, the RC should not have
any ESP. The results depicted in Fig. 11 demonstrate that
the number of nodes does not have any influence on the
ESP index, similar to the results of LLE in Appendix B.
It is reasonable that the ESP originates from the reservoir
itself and is irrelevant to the RC configurations.

APPENDIX D: THE INFORMATION PROCESSING
CAPACITY (IPC) RESULTS IN HIGHER RANK

The IPC values of STO RC reservoirs with degree di =
3 and di = 4 are depicted in Fig. 12. The IPC results with
different input ratios also support our conclusions that the
STO RC shows the best computational performance near
the edge of the ESP. Similar to the results of degree di = 1
and di = 2, the chaotic region decays the significant IPC
of STO RC more strongly. The edge of the ESP gives rise
to the more and richer IPC components of the dynamics
system, which are more remarkable in degree di = 3 and
di = 4 than the cases in degree di = 1 and di = 2. The con-
dition when input ratio of 0.1 shows some difference. The
ordered dynamics could provide the almost equivalent IPC
at the edge of the ESP, although the largest one is still in
the transitional regions. Besides, STO RC still possesses
the significant IPC values in chaotic regions in input ratios
of 0.1, 0.8, and 0.9, indicating the influence of dc effective
field configuration in STO RC.

zdi = Sin,t −
di−1∑

j =0

Cj zj , (D1)

Cj =
〈
zj , Sin,t

〉
〈
zj , zj

〉 . (D2)
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FIG. 10. The LLE values under different numbers of nodes (a) and input widths (b) with different ac effective fields.
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FIG. 11. (a) ESP results with the different numbers of nodes. (b) Results of the ratio between the ESP and FSP index. During the
ESP calculation, we will get the FSP results if we use different input sequences for different initial values mi. The reservoir loses its
ESP if the FSP is close to the ESP index value. The input width is 4 ns for the calculation.

During our calculations of significant IPC for STO RC,
the orthogonal polynomials zi are determined by inputs

TABLE III. Examples of orthogonal polynomials built by
the Gram-Schmidt procedure.

Degree Delay Orthogonal polynomials
di ζdi ,j zi

1 [1] Sin(t − 1)− < Sin >

1 [2] Sin(t − 2)− < Sin >

2 [1,2] (Sin(t − 1)− < Sin >)(Sin(t − 2)− < Sin >)

2 [2,3] (Sin(t − 2)− < Sin >)(Sin(t − 3)− < Sin >)

3 [1,2,3] (Sin(t − 1)− < Sin >)∗
(Sin(t − 2)− < Sin >)(Sin(t − 3)− < Sin >)

sin based on the Gram-Schmidt orthogonalization proce-
dure following Eqs. (D1) and (D2). The Gram-Schmidt
orthogonalization procedure is suitable for generating arbi-
trary polynomials for any probability distribution [46].
To describe our calculation more clearly, Table III shows
examples of orthogonal polynomials zi for Bernoulli dis-
tribution (z0 = [1, . . . , 1]).

APPENDIX E: THE STO RC PROCESSING
NARMA2, NARMA3, AND NARMA5 TASKS

We utilize our STO RC to address the NARMA2,
NARMA3, and NARMA5 tasks. The corresponding per-
formance is displayed in Fig. 13. The definitions of
NARMA tasks follow Eq. (E1) (for the NARMA2 task)
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FIG. 12. The information processing capacity decomposition of STO RC reservoirs for degree di = 3 (a) and di = 4 (b). Each color
bar in the figures corresponds to the specific different degree and delay settings [[di, ζdi ,j ]]. The input width is 4 ns, and the number of
nodes is 100. Note that the IPC values less than 0.01 will be removed.

and Eq. (E2) (for n-rank NARMA tasks) [53,54]. The
computational performance is quantified by normalized
mean-square errors (NMSEs), as depicted in Eq. (E3).
Besides, each ideal IPC component of these tasks will be
calculated and shown in Fig. 14 to analyze these tasks.
As described in Fig. 14(a), the degree di = 2 IPC com-
ponent could be ignored in the NARMA2 task, indicating
that NARMA2 task is not sensitive to the change in our
input distribution (Bernoulli distribution). However, the
requirement of reservoirs become more complicated due
to high-order terms in the NARMA3 and NARMA5 tasks.
The binary input sin in these tasks is normalized to 0 and
0.2 to avoid numerical divergence. The IPC profile of these
NARMA tasks presents the completeness property of IPC
itself, indicating that the change of input influence only the
IPC profile, rather than the constant total IPC. The slight
difference of total IPC is generated by the configuration

of threshold during the IPC calculation, as mentioned in
Sec. V.

yk+1 = 0.4yk + 0.4ykyk−1 + 0.6S3
in,k + 0.1. (E1)

yk+1 = 0.3yk + 0.04yk

n−1∑

j =0

yk−j + 1.5Sin,k−n+1Sin,k + 0.1.

(E2)

LNMSE =
∑

k(yk − ŷk)
2

∑
ky2

k
. (E3)

The IPC analysis in Fig. 14(d) reveals that the dynamic
system requires four IPC components to handle the
NARMA2 task. The IPC profile with degree di = 1 is
shown in Fig. 9. We find that the STO RC performs best
for this task near the edge of the ESP for input ratios
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FIG. 13. Results of (a) NARMA2, (b) NARMA3, and (c) NARMA5 tasks. The normalized mean-square error quantifies the com-
putational performance [NMSE, Eq. (S5-3)]. The smaller values of NMSE indicate better computational performance. The number of
nodes is 100, and the input width is 4 ns.

range from 0.1 to 0.6, as this region corresponds to the
largest values of the four required IPC terms. However, we
observe that the [[di, ζdi,j ]] = [[1, 3]] IPC value gradually
increases in the ordered region with an increment of the
input ratio. As a result, the best performance of the STO
RC is achieved in the ordered region for the input ratio
range from 0.8 to 0.9, which is consistent with the results
shown in Fig. 13(a). The optimal point in the input ratio
of 0.7 is difficult to determine, as the sum of [[di, ζdi,j ]] =
[[1, 1]], [[di, ζdi,j ]] = [[1, 2]], and [[di, ζdi,j ]] = [[1, 3]] IPC
components is equivalent in most ac regions. Additionally,
while the [[di, ζdi,j ]] = [[1, 4]] IPC component of the STO

RC is still the largest at the edge of the ESP, its contribution
to the NARMA2 task is minimal.

The IPC analysis also provides insight into the perfor-
mance of the STO RC in the NARMA3 and NARMA5
tasks. Specifically, we find that the [[di, ζdi,j ]] = [[1, 1]]
and [[di, ζdi,j ]] = [[1, 3]] IPC values of the STO RC are
too small to meet the requirements of the NARMA3 task,
which is driven by high ac effective fields. Moreover, for
the input ratio of 0.9 with small ac regions, the required
IPC mainly comes from degree 2, whose value is very low
in STO RC, as shown in Fig. 9. Consequently, the STO
RC can handle only this task well near the edge of the ESP

NARMA2 NARMA3 NARMA5

Input Ratio Input Ratio Input Ratio

Input Ratio Input Ratio Input Ratio

(a) (b) (c)

(d) (e) (f)

FIG. 14. Ideal IPC components of training signals ytrain for different NARMA tasks. (a),(d) for NARMA2. (b),(e) for NARMA3.
(c),(f) for NARMA5. Note that the finite input length and numerical error may cause the fluctuation of values.
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with a high input ratio. Similar results are observed for the
NARMA5 task. It is worthwhile to note that the systems
cannot be used to handle the NARMA tasks if the NMSEs
are too large. Nevertheless, the quantification of the STO
RC performance still peaks at the edge of the ESP in these
complex tasks.
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