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Timing requirements for long-range quantum networking are driven by the necessity of synchroniz-
ing the arrival of photons, from independent sources, for Bell-state measurements. Thus, characteristics
such as repetition rate and pulse duration influence the precision required to enable quantum network-
ing tasks such as teleportation and entanglement swapping. Some solutions have been proposed utilizing
classical laser pulses, frequency combs, and biphoton sources. In this article, we explore the utility of the
latter method since it is based upon quantum phenomena, which makes it naturally covert, and poten-
tially quantum secure. Furthermore, it can utilize relatively low performance quantum-photon sources and
detection equipment, but provides picosecond-level timing precision even under high loss and high noise
channel conditions representative of daytime space-Earth links. Therefore, this method is relevant for day-
time space-Earth quantum networking and/or providing high-precision secure timing in global positioning

system—denied environments.
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I. INTRODUCTION

Precise synchronization of remote clocks is at the heart
of position, navigation, and timing, high-speed transac-
tions, distributed computing, and as of late, quantum net-
working. To enable global-scale quantum networking, one
needs to distribute entanglement between distant quantum
nodes [1,2], which will likely require a series of entangle-
ment swapping operations between different arrangements
of ground and satellite quantum nodes [3,4]. If ultranar-
row spectral filtering is utilized then each entanglement
swapping operation could require Bell-state measurements
with as little as nanosecond-scale timing precision. This
can be achieved utilizing single-photon avalanche-diode
(SPAD) detectors and synchronization provided by current
global positioning system (GPS) public signals [5]. How-
ever, ultranarrow spectral filtering is not currently compat-
ible with entangled photon sources, which are generally
broader band, and would result in considerable attenuation.
An alternate approach is to increase the timing precision to
the picosecond or femtosecond level, along with choosing
the appropriate pulse duration and spectral-temporal filter-
ing. This would result in a higher probability of success
per pulse and maintain the rejection of noise photons that
scatter into the channel. Therefore, techniques to precisely
synchronize remote clocks are an important ongoing area
of research.
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Perhaps the most straightforward optical-time-transfer
technique uses laser pulses, photodetectors, and software-
based correlation methods. For example, time trans-
fer by laser link (T2L2) demonstrations have achieved
picosecond-scale precision between remote ground sta-
tions operating in common view with the Jason-2 satellite
[6]. In contrast, there are also hardware-based methods
such as optical two-way time and frequency transfer (O-
TWTEFT) [7,8], which utilizes frequency combs and linear
optical sampling to synchronize two remote clocks to fem-
tosecond precision. Demonstrations of O-TWTFT have
been performed between stationary sites [7,8] or slow
moving drones, < 25 m/s. The conclusions in Refs. [9,10]
suggest that O-TWTFT can maintain femtosecond-scale
precision despite the high orbital velocities and nonre-
ciprocity of two-way Earth-satellite links, but a demon-
stration over channel conditions representative of an Earth-
satellite link has yet to be performed.

The concept of using quantum phenomena has also
emerged as a possible solution for precise synchroniza-
tion. One example is the Earth-satellite synchronization
demonstration that used quantum key distribution (QKD)
with attenuated laser pulses and a high powered sync pulse
[11]. However, this technique relies on extraneous com-
ponents and classical pulsing, making it more complex
and less covert. Another example relies on Hong-Oh-
Mandel quantum interference between entangled photon
pairs [12]. However, it is challenging to utilize this tech-
nique over freespace-atmospheric channels due to aber-
rations of the photon transverse momentum and the very
high level of attenuation characteristic of the double-pass
geometry.
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Another technique consists of utilizing the femtosecond-
scale temporal correlations of photon pairs created in
spontaneous-parametric down-conversion (SPDC) photon
sources [13] and has recently been considered for global-
scale networks [14]. In this case, the relative time offset
between two remote clocks is measured with the follow-
ing procedure: (1) a series of photon pairs are separated
and transmitted to two remote sites, (2) the photons are
detected and time tagged based on the respective local
clock, (3) after enough detection events are collected, the
series of arrival times from each site are combined and
correlation methods are used to find the clock offset. This
technique was demonstrated in Refs. [13,15,16] and it is
referred to as quantum time transfer (QTT) for the remain-
der of this paper. One-way QTT [15] can provide relative
clock synchronization and two-way QTT [16] can provide
absolute clock synchronization.

One can think of QTT as a quantum analog of T2L2,
where the laser pulses of T2L2 are replaced with randomly
arriving, but correlated, photon pairs. A continuous-wave
(cw) biphoton source creates pairs that are distributed ran-
domly over the acquisition time. Therefore, correlating the
signals with QTT reveals a single peak corresponding to
the clock offset, whereas deterministic pulsing results in
a collection of peaks repeating at the pulse period. It is
possible to perform QTT using pulsed-biphoton sources,
provided the photon pairs are still created probabilisti-
cally. The key requirement is that some of the pulses must
be empty and Alice must register that information. For
pulsed-biphoton sources that are probabilistic, one typi-
cally keeps the probability of pair creation per pulse low
in order to suppress multipair events. This results in many
empty pulses, and the coincidence peak corresponding to
the clock offset will be larger than the peaks correspond-
ing to the pump-pulse cycle. Similarly, the algorithm will
work for weak-coherent-pulse quantum-key-distribution
photon sources, provided that enough random vacuum-
decoy pulses are used to suppress the side peaks.

In this article, we propose a simple and computationally
fast method of QTT and investigate the cw biphoton-
source approach. In Sec. II we introduce a potential
freespace architecture, outline the algorithm, and dis-
cuss the expected precision. In Sec. III we assume sev-
eral different heralding efficiency sources and perform
a simulation spanning a large space of channel attenu-
ation and noise-photon rates. We consequently discuss
the probability of success per acquisition, the standard
error of the mean of the measured clock offset, and the
overlapping Allan deviation, which conveys the stabil-
ity and noise profile of the two-clock system. In Secs.
IV and V we interpret the results in the context of fiber
channels and space-to-Earth downlinks with sky-noise
photons and slant-path turbulence, thereby demonstrating
the relevance of this method for global-scale quantum
networking.
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FIG. 1. Diagram of relevant components and phenomena

present when performing QTT over daytime atmospheric chan-
nels. Alice uses a type-II SPDC biphoton source to create
temporal correlations that facilitate QTT. She keeps one of the
biphotons locally and records its detection time with a detection
system consisting of a detector, a time tagger (TT), and rubid-
ium frequency standard (RbFS), collectively with jitter o;,. With
heralding efficiency nperaid, she sends the companion photon to
Bob who similarly records the detection event, subsequent to his
total channel attenuation, which includes the atmospheric trans-
mission 7yans [see Eq. (2)]. The atmosphere also causes sky noise
photons N, to scatter into the channel. Bob announces the time
tags over a classical channel and Alice uses this information
to perform a correlation measurement to determine the relative
clock offset 7.

II. QUANTUM TIME TRANSFER

A. Example architecture

QTT has several advantages over the aforementioned
techniques that make it promising for freespace channels.
Namely, the architecture is relatively simple, low size,
weight, and power, and the algorithm is robust to loss and
noise photons. Figure 1 depicts some of the relevant com-
ponents and phenomena comprising QTT over daytime-
freespace channels. We assume for the moment that Alice
and Bob both utilize SPAD detectors, time-tagging units,
and rubidium frequency standards to provide initial system
stability, which is discussed more in the following subsec-
tion. Alice records one of the biphotons locally subsequent
to spectral, detector, and heralding efficiencies

14 = TNspecldet!Iherald- (1

Bob similarly records detection events with extra attenua-
tion imposed by the optical receiver and the atmospheric
effects

1B = MNchnerald» (2)

where nch = Nspec?detNrecNrans 1S Bob’s channel attenua-
tion. Background-noise photons N, which can be calcu-
lated using radiometric equations [17], scatter to Bob’s
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FIG. 2. (a) Data stream depicting the phenomena underpin-
ning QTT. Alice records a stream of detection events represented
by the time tags (see the top row). Bob records the same events as
Alice with efficiency 1z (see the bottom row). In Bob’s stream,
potential detection events that are lost are grayed out, and events
corresponding to background-noise photons are colored red. The
infrequent true coincidences that give rise to a correlation peak at
7 are colored green. (b) An example correlation histogram (black
curve). The green curve is a Gaussian fit of the correlation peak,
which establishes the clock offset ¢ and its standard deviation o
resulting from the total systematic detection time jitter (see Sec.
o).

detector subsequent to attenuation fspecNdetrec. Figure 2(a)
shows the effect of these phenomena on the time series
of detection events registered by Bob. Alice records a
stream of detection events represented by the time tags in
the top row. Bob records the same events as Alice with
efficiency np. In Bob’s stream, potential detection events
that are lost are grayed out, and events corresponding to
background-noise photons are colored red. The infrequent
true coincidences that give rise to a correlation signal at the
clock offset t are colored green.

B. Algorithm

The QTT algorithm presented in Ref. [15] measures
the total clock offset T with a series of increasingly pre-
cise cross-correlations. Their algorithm can be summarized
as follows. First, judiciously choose an acquisition time
depending on the rate of Alice’s and Bob’s detection
events and divide it into an empty array of N bins of
width w, one array each for Alice and Bob. Second, for
each array, assign a 1 to every bin where a time tag is
present and a 0 otherwise. Third, calculate the discrete
cross-correlation of the arrays to find a peak that corre-
sponds to the relative offset between the Alice and Bob

clocks. The algorithm can be repeated again with a nar-
rower bin width to increase the measurement precision, but
it is very sensitive to the choice of bin size, acquisition
time, etc. In the regime of high channel attenuation, high
background rates, and large, unknown t, we found this
algorithm to be difficult to optimize and extremely compu-
tationally intensive. This is because a very large number of
bins, that is, N > 224 for a 1-s acquisition time, is required
to isolate enough “true” coincidences from the randomly
arriving background photons in order to bring the correla-
tion peak above the noise. Nevertheless, this algorithm can
be used in situations with low background rates, such as
QTT in optical fiber.

In order to investigate the extreme conditions of
daytime-freespace quantum links, we developed the fol-
lowing coincidence-finding algorithm that is based on a
simple arrival-time-difference histogram. Our algorithm
is quick, computationally efficient, and maintains sub-
nanosecond timing precision over the parameter space we
investigate in Sec. III.

(1) Concatenate the Alice and Bob time-tag arrays, 4
and 75, respectively, and sort the resulting array M from
the earliest to latest time.

(2) Find the indexes k of 75 in M, where M, returns the
array tz of Bob’s time tags.

(3) Calculate the time differences 7;; between each of
Bob’s time tags M} and the neighboring Alice time tags
M.+, preceding and trailing each Bob time tag,

= My — M;, 3)

where index i goes from 0 to an upper limit #, which must
be large enough to contain the offset.

(4) Histogram the resulting time differences t;; with bin
size Ty, over a range large enough to include the expected
clock offset.

(5) When the algorithm is successful, there is a Gaus-
sian feature in the histogram with mean corresponding
to the relative clock offset T and standard deviation o,
corresponding to the system jitter.

QTT can be used as a stand-alone protocol, or to under-
pin other quantum protocols, such as entanglement-based
QKD or entanglement distribution. In the latter case, one
would want to find and isolate the coincidence detection
events from the background, and use them for further pro-
cessing. To do this, Bob adjusts his time tags 7z according
to

tp = (13 + 1) x (14 AU), )

where AU is the clock drift estimated by subtracting suc-
cessive clock offset measurements t; and dividing by the
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acquisition time,

Tit1 — T
T, ’

AU = (5)

The procedure outlined in this section, culminating in Eq.
(4), is a relative clock synchronization since the time of
flight of the photons between Alice and Bob is not known
with high precision. If instead one performs QTT in both
directions, that is, two-way QTT, the propagation time can
be measured and the clocks can be synchronized absolutely
[16].

C. Precision

Our QTT algorithm generates a Gaussian correlation
feature with mean equal to the clock offset 7 and standard
deviation ;. Consequently, the central limit theorem sug-
gests that the uncertainty of our clock offset measurement
Tis

oF = ar/\/JVT, (6)

where, for the remainder of the paper, we refer to o7 as the
standard error of the mean (SEM), Nt = N¢c — Njc is an
estimate of the number of true coincidences, Nc is the num-
ber of measured coincidences, and Nac is an estimate of
the number of accidental coincidences. The standard devi-
ation of the correlation o, is primarily a measure of the
systematic timing error of all the detection components in
the system

Gt(SYS) =y Uti + Utés (7

where o;, and oy, are the timing jitters of Alice’s and Bob’s
systems, respectively.

In Fig. 2(b) we present an example correlation moti-
vated by challenging channel conditions and timing jitter
observed in our testbed [18]. Namely, we assume a 2-
MHz biphoton source rate, channel attenuation n, = —23
dB, background photons N, ~ 9 x 10°, and a total system
jitter o, = 405 ps. From the Gaussian fit we see that
o = 396 ps, which is consistent with the systematic jitter
o,(sys) within the fitting errors. In fact, the correlation width
is characteristic of the system and is relatively unchanged
regardless of the channel conditions. Therefore, the width
of the correlation feature can be used as a test to deter-
mine if the algorithm was successful. For example, if QTT
and the peak-finding algorithm obtain a noise peak then
the width would likely be much narrower than a true peak,
and the erroneous t could be disregarded. We use this
technique in finding the probability of success in Sec. IIT F.

I11. SIMULATION

A. Clock offset

In principle, the performance of QTT is unaffected by
the value of the clock offset, assuming that the range of
the correlation histogram is large enough to include it.
However, in practice, measuring large clock offsets could
require a prohibitively large amount of computation time
unless treated properly. For example, measuring a 1-s
clock offset with 100-ps bins would require the correlation
histogram to have at least 10'° bins. Therefore, in practice
one divides large clock offsets into coarse and fine compo-
nents [13], and if available, one can use GPS or estimates
of the propagation time to narrow the searching space.
Since we are interested in the fundamental performance of
the QTT algorithm, we consider only the fine component
of the clock offset 7, and without loss of generality, we let
T =0.

B. Clock drift

The observed frequency drift between Alice’s and Bob’s
clocks AU can be caused by clock drift or relative motion.
For systems with large clock drift AU, it is important to
model AU and preemptively subtract it from the measured
time series using Eq. (4). For example, it is common prac-
tice for GPS and laser-communication systems to model
and remove the effects of Doppler shift, gravitational fre-
quency shift, and other effects in order to prevent large
timing errors [19]. Consequently, we omit the effects due
to relative motion. In other words, we assume that course
clock drift correction has been performed and study the
performance of QTT subject to the clock drift AU contri-
butions that are inherent to the QTT system. This includes
modeling errors and frequency jitter, which we assume to
be a Gaussian-distributed random variable with zero mean
and standard deviation 0. We discuss how the remaining
AU contributions can negatively impact performance and
limit the acquisition time 7, in Appendix A 1. We consider
three different clock stabilities: rubidium frequency stan-
dards (RbFSs), cesium frequency standards (CsFSs), and
perfectly stable clocks (that is, oy = 0). For the RbFS case,
we performed QTT in our testbed and measured AU =
3.4 x 1071 and frequency jitter oy = 3 x 1072, For the
CsFS case, we used the same AU but oy =5 x 10713
based on manufacture specifications [20,21].

C. Heralding efficiency

We investigate the performance of QTT considering
sources with different heralding efficiencies. This is a piv-
otal consideration, because unlike sky noise photons that
can be filtered with tighter spectral and spatial filtering, the
photon source itself produces noise photons perfectly in
band with probability 1 — nperaia. We consider four differ-
ent cw sources with heralding efficiencies that range from
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readily available commercial-off-the-shelf units to special-
ized one-off devices, namely, 20%, 40%, 60%, and 80%,
respectively.

D. Photon detection statistics
1. Photon source

Photon-pair sources have different observed statistics
depending on their spatiotemporal mode structure and
the temporal resolution of the detection system [22]. For
example, theory predicts that a single-mode biphoton
source, when generalized to a two-mode squeezed vacuum
state, has thermal statistics. However, this is only observed
if the detection system has resolution finer than the coher-
ence time of the photons; otherwise, Poissonian statistics
are observed [23-25]. In the former case, it may be neces-
sary to simulate thermal statistics to determine if there is
a significant effect on the QTT algorithm. In this simula-
tion, regardless of whether the source is to be considered
single or multimode, the system jitter is much larger than
the few picosecond coherence time of the photons assumed
here. Therefore, it is sufficient to model the photon detec-
tion streams with Poisson statistics as we describe in the
next section.

2. Attenuation

The phenomenon of a fluctuating atmospheric transmis-
sion, characterized by the probability distribution of the
transmission coefficient, simply modulates the temporal
detection signal depending on the atmospheric conditions
and properties of the optical receiver system [26]. How-
ever, Eq. (3) indicates that the QTT correlation histogram
is sensitive to the difference of detection times at Alice and
Bob, but is insensitive to where the pairs are located in
the acquisition time 7,. Consequently, modulation of the
pair arrival rate during the acquisition time 7, should not
impact QTT. Thus, it is sufficient to model the channel
attenuation during the acquisition time 7, by a mean value.

E. Simulation methods
1. Time-tag series

We assume a cw biphoton source with a 2-MHz pair
rate R and a 1-s acquisition time 7,. We assume the
source generates photon pairs that obey Poisson statistics,
which is equivalent to distributing the biphoton time tags
randomly in 7, according to a uniform probability distribu-
tion. Therefore, each of the Alice and Bob time series are
generated in the following way. First, we create an array
of 2 million uniformly distributed random times between
0 and 1 s. The array is then sorted from the smallest to
largest time, becoming the unattenuated Alice time series.
An identical copy is made for Bob, which would be shifted
appropriately relative to the Alice time series for cases
where the clock offset 7 is nonzero.

The effects of the total systematic timing jitter are now
included by adding a Gaussian-distributed random vari-
able with standard deviation o,, and o, to each time
tag of Alice’s and Bob’s time series, respectively. Unless
otherwise noted, we assume SPAD detectors and time
taggers with timing jitter at(det) = 287 ps and a,(tt) =4
ps, respectively. These values were chosen to match the
typical timing jitters we observe with Excelitas SPCM-
AQRH single-photon counting modules and PicoQuant
HydraHarp 400.

Next, time tags are randomly removed from Alice’s
and Bob’s time series equivalent to their respective chan-
nel attenuation and the heralding efficiency of the source
Nherald- Alice’s channel attenuation is set to the product of
the detection efficiency 74t = 0.6 and the losses due to the
transmission of the spectral filter ngpec = 0.9. Bob’s chan-
nel attenuation and background-photon rate are set to span
—10 to —50 dB and 0 to 800 kHz, respectively. We show
that these values include conditions commensurate with a
daytime space-to-Earth downlink.

2. Dead time

We include the effect of dead time, which can reduce
the probability of Alice and Bob detecting true coinci-
dences as the heralding efficiency or the background rate
at Bob increases. We chose an 84-ns dead time to match
the total systematic dead time that we have observed in
our hardware. It is worthwhile to note that single-photon
detectors can be paralyzable or nonparalyzable, which
can complicate the simulation procedure. Nonparalyzable
detectors are not affected by a photon that arrives during
the dead time, whereas paralyzable detectors reset if a pho-
ton arrives during the dead time [27]. In this simulation,
we assume a worst-case scenario by modeling paralyz-
able detectors and removing all time tags from Alice’s and
Bob’s time series that are within the dead time of another
time tag. However, we note that, for Bob’s channel con-
ditions assumed here, we find that the paralyzable and
nonparalyzable cases give similar results.

3. After pulsing

For the components modeled in this simulation, the
after pulsing probability is much less that 1072 after the
dead time has elapsed [28]. The number of after-pulse
detection events may be numerous in practice, but they
do not appreciably affect the QTT correlation signal. For
example, consider a true coincidence from the correlation
histogram. The probability of after pulses on Alice’s and
Bob’s detectors leading to an accidental coincidence near
the correlation peak is about 10~*. Next, consider an after
pulse on either Alice’s or Bob’s detector. These events are
uncorrelated with the rest of the time tags in the stream.
Therefore, any coincidences resulting from these time tags
are randomly distributed across at least 10° histogram bins,
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Density plots giving the probability of successful QTT as a function of Bob’s channel attenuation 7., and background counts

Np. Panels (a)~(d) present the results for Nheralg €qual to 20%, 40%, 60%, and 80%, respectively. The gray line traces out the threshold
channel attenuation that can be achieved with 99% probability of success and the inset gives the fit parameters corresponding to Eq.

(A15), where ¢y is the fit parameter for the y intercept.

which leads to a negligible increase of the noise floor for
this simulation space. This explains why after pulsing does
not contribute significantly to the QTT algorithm and is
omitted from this simulation.

4. Bin width

This concludes the preparation of Alice’s and Bob’s
simulated time series and the QTT algorithm can now be
performed. Since the clock offset t is determined based on
the mean of the Gaussian fit of the correlation peak, it is
important to have a reliable fit. This translates into choos-
ing the correlation bin size 7Ty, small enough to resolve
the correlation peak, but not so small that noise fluctua-
tions effect the fit. We find that 100- and 10-ps correlation
bin widths are compatible with SPAD and superconducting
nanowire single-photon (SNSPD) detectors, respectively.

F. Probability of success

In this section, we span a two-dimensional (2D) param-
eter space of mean channel attenuation and background-
noise photons. We repeat each channel condition 100 times
to find statistically relevant quantities. For each channel
condition, we examine the probability of success, which is
the number of times the QT T algorithm correctly identified

the clock offset in the 100 trials. Thus, the probability of
success is the probability that a single instance of the QTT
algorithm will return the correct clock offset. We refer to
this as the “single-shot” probability of success.

In Figs. 3(a)-3(d) we show the probability of success as
a function of attenuation and the number of noise photons
for sources with 20%, 40%, 60%, and 80% heralding effi-
ciencies, respectively. This shows that the QTT algorithm
is highly robust to noise photons and is much more sus-
ceptible to channel loss, as seen by the abrupt drop in
performance with increasing channel attenuation 7.,. The
gray line is a fit to the 99% probability of success threshold
using the framework derived in the Appendix.

G. Threshold attenuation

In Fig. 4 we impose a 99% single-shot probability
of success threshold and find the corresponding channel
attenuation ny, for 20%, 40%, 60%, and 80% herald-
ing efficiencies. For each heralding efficiency, the marker
color indicates the number of true coincidences Nt. As
expected, we see that more attenuation ny, can be man-
aged as the heralding efficiency increases. This is simply
because higher heralding efficiencies correspond to larger
true coincidence rates Nt and therefore larger coincidence
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FIG. 4. Curves giving the threshold attenuation ny, that main-
tains > 99% probability of success as the number of sky back-
ground photons increases. The black, red, blue, and green curves
correspond to 20%, 40%, 60%, and 80% heralding efficiency,
respectively. The marker colors correspond to the number of true
coincidences for each of the channel conditions.

peaks. We see that the QTT algorithm achieves 99% suc-
cess probability despite a 100-kHz background-photon rate
and a true-coincidence rate of only a few hundred Hz. This
is because the sky noise photons are uncorrelated with
the true coincidences and their contribution is spread out
uniformly over the entire histogram range.

H. SEM

The QTT error should converge to Eq. (6) in the limit
of a large number of true coincidences (i.e., large sam-
ple size). To measure the QTT error, i.e., the true SEM
oz, we perform the following Monte Carlo simulation.
First, we measure the sampling distribution by simulating
1000 independent clock offset measurements, where the
background-photon rate is set at a daytime value of 2 MHz.
We then measure the SEM by calculating the standard
deviation of the sampling distribution. Lastly, we repeat
these steps over a range of true coincidences Nt. Figure
5 gives the true SEM of the QTT algorithm, where, given
the 2-MHz pair rate and 40% heralding efficiency of the
source, Nt ~ 800 represents the expected number of true
coincidences per second during a daytime space-to-Earth
downlink. The fit in the inset reveals the characteristic
1/+/Nt dependence of the SEM, but the numerator of the
fit, 591 ps, is about 1.5 times larger than the SEM pre-
dicted by Eq. (6). If one increases Nt to large values, while
also decreasing the correlation bin width 7y, in propor-
tion, then the difference between the SEM calculations will
tend to decrease, but only up to a limit. This is most likely
related to errors incurred when fitting the correlation peak.
Nevertheless, Fig. 5 shows that the timing precision of a
single-shot clock offset measurement t is proportional to
1/4/Nt, and the proportionality can be modeled directly
depending on the source and channel conditions.

NT (counts/s)

FIG. 5. The SEM clock offset as a function of the number
of “true” coincidences Nt (that is, with accidentals subtracted),
where the number of background photons are set to N, = 2 x 106
counts/s. On the black curve, each SEM is calculated by tak-
ing the standard deviation of the clock offsets measured from a
Monte Carlo simulation with 1000 trials. The dashed curve is the
fit and the fit parameters are given in the plot legend.

I. Allan deviation

In this section we discuss the clock stability of QTT.
The Allan deviation o,, is a standard method to characterize
the stability of a clock system. When the Allan deviation
is plotted on a log-log scale, the slope of the curve indi-
cates the type of noise in the system. Thus far, we have
focused on the performance of independent, single-shot
QTT measurements. In order to model the stability, we
simulate continuous streams of successive QTT measure-
ments under the influence of drifting and jittering local
clocks. The effect of clock drift and relative motion sets the
mean AU, which we include as a modification of Bob’s
time series tp according to Eq. (5). The jitter is modeled
as a Gaussian random variable of standard deviation oy,
which varies depending on the stability of the local clocks.
We consider daytime and nighttime scenarios and inves-
tigate the effect of using RbFS, CsFS, or perfect clocks
paired with SPADs or SNSPDs on the Allan deviation.

Figure 6(a) shows the overlapping Allan deviation [29]
with channel conditions commensurate with a daytime
space-to-Earth downlink utilizing adaptive optics (AO)
wavefront correction. The red, green, and black curves
correspond to RDFS, CsFS, and perfect clocks, respec-
tively. The solid curves indicate SPADs, whereas the
dashed curves indicate SNSPDs. The gray line is rep-
resentative of a lower bound based on benign channel
conditions and state-of-the-art (SOTA) clock components:
Neh = —5.7 dB, N, =300, AU=3 x 107", and oy =
2 x 107!, The negative 1 slope indicates white phase
modulation noise, which is consistent with the noise of fre-
quency standards operated in phase-locked control loops
[29,30]. The inset shows the relative timing stability for
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FIG. 6. The overlapping Allan deviation o, for channel attenuation 1, = —23 dB and daytime (a) N, = 2.14 x 10° counts/s and
(b) nighttime N, = 100 x 10° counts/s sky-background rates. The red, green, and black curves correspond to RbFS, CsFS, and perfect
clocks, respectively. The solid curves indicate SPADs, whereas the dashed curves indicate SNSPDs. The gray line is representative of
a lower bound based on benign channel conditions and SOTA clock components: 5, = —5.7 dB, N, = 300, AU =3 x 107!7, and
oy =2 x 10719, The inset shows the relative timing stability for the different cases over the integration range from 280 to 320 s.

the different cases over the range of integration times from
280 to 320 s. As expected, there is an increase in stability
as one uses detectors with less jitter and clocks with more
stability. Reduced detector jitter results in smaller correla-
tion widths o, which in turn causes smaller SEM o+ and
better stability. Interestingly, when using either SPADs or
SNSPDs, switching from CsFSs to “perfect clocks” does
not improve the stability. This shows that the detection jit-
ter of SPADs or SNSPDs is the limiting factor when paired
with clocks that are at least as stable as CsFSs.

Figure 6(b) shows the overlapping Allan deviation with
channel conditions commensurate with a nighttime down-
link utilizing AO. In this case the noise is reduced by a
factor of about 21 and the increased signal to noise permits
the scenario utilizing RbFS and SNSPDs (dashed red) to
be comparable with the CsFS and SPAD case (solid green).
Overall, this shows how one can explore the trade space of
channel conditions and equipment specifications in order
to meet a performance objective.

IV. RELEVANCE TO TELECOM CHANNELS

To demonstrate the applicability of our QTT algorithm
and simulation, we first apply our results to a telecom-fiber
channel. We do this by converting the channel attenuation
nen to fiber length according to n = —aL, where L is the
total fiber length in kilometers and « = 0.22 dB/km is the
attenuation coefficient at 1550 nm. The result with N, ~
103 counts/s is shown in Fig. 7, where the probability of
success P is plotted as a function of the total length of fiber
between Alice and Bob. As expected, increasing the source
heralding efficiency allows the QTT algorithm to perform
better at longer fiber lengths. Furthermore, it shows that the
QTT algorithm achieves high probability of success up to a

few hundred kilometers given the source rate and heralding
efficiencies that we model.

V. RELEVANCE TO SPACE-EARTH CHANNELS

To further demonstrate the applicability of our QTT
algorithm and simulation, we apply our results to chan-
nel conditions representative of a daytime space-to-Earth
quantum downlink. We assume that a satellite in a 600-km
circular orbit has a 15-cm transmit aperture and prop-
agates 780-nm photons to a ground station with a 1-
m receive aperture utilizing a 1-nm spectral filter. It is
assumed that all the detectors in the system have efficiency
Ndet = 0.6, the spectral filters have efficiency ngpec = 0.9,
and the ground station receiver has efficiency 7. = 0.5.
The angle-dependent atmospheric transmission efficiency
Nuans and the background sky radiance H, are gener-
ated in MODTRAN for a high desert climate with urban
aerosols.

In Ref. [31] we established a theoretical framework in
which the receiver performance is modeled as a function
of atmospheric phenomena and AO system parameters.
It uses scaling law equations to estimate the residual
wavefront-phase error, after correction, and determine how
the error inhibits the ability to transmit the signal light
through a small spatial filter in the focal plane. In summary,
the Greenwood frequency fg characterizes the rate at which
the turbulence is changing, and the Fried coherence length
ro characterizes the spatial scale of the turbulence. The tip,
tilt, and higher-order correction of an AO system counter-
act the negative effects of these phenomena. An AO system
can be characterized by the closed-loop bandwidths of the
system, the number of wavefront sensor subapertures, and
the number of actuators making up the deformable mirror
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FIG. 7. The probability of success P; as a function of the total
length of fiber between Alice and Bob for a biphoton source with
a 2-MHz pair rate and a background-photon rate of 1 kHz. The
legend gives the heralding efficiency of the biphoton source.

(DM) that applies the correction. In the following sub-
sections we are careful to present the residual errors that
quantify the effect of these competing phenomena.

We consider two conservative cases for the optical
receiver configuration. First, we assume that the receiver
utilizes tracking alone, that is, only tip and tilt correction,
with a tracking closed-loop bandwidth fr¢ = 50 Hz. Sec-
ondly, we assume that the receiver is configured with both
tracking and higher-order AO correction utilizing N, =
25 mirror actuators and closed-loop bandwidth f. = 100
Hz. In both cases, we use the aforementioned framework
to map the results of our simulation to a daytime sky hemi-
sphere to show the performance of the QTT algorithm for
different heralding efficiency sources.

A. Tracking only

In the case of utilizing tracking alone, one can estimate
the residual wavefront-phase error o as a combination of
the error from the higher-order structure of the signal light
[32] and the finite bandwidth of the tracking system [33]

D\ (7 fia)’
2 R TG
o2, =0582(2F)  + (——> , ®)
P ( 7o ) 2 frc

respectively, where Dy is the diameter of the receiver aper-
ture and frg is the tracking Greenwood frequency. This
residual error is inserted in place of the terms in the brack-
ets of Eq. A9 of Ref. [31], and the rest of the framework
is unaltered, except for the zenith angle dependence of the
atmospheric parameters [33].

Using this map, we are able to generate hemispher-
ical plots for two sun positions and varying turbulence
strengths. The plots show the regions where QTT succeeds
with 99% probability, color coded by the heralding effi-
ciency of the biphoton source. Given the aperture sizes

and channel conditions assumed, without higher-order AO,
the signal attenuation will be significantly high with strong
turbulence. Therefore, we assume a 1 x HV5;; Hufnagel-
Valley turbulence profile [34], and investigate how chang-
ing the field of view (FOV) of the receiver changes per-
formance. Intuitively, since the algorithm seems highly
resilient to noise, a potential strategy is to open the FOV
in order to reduce channel attenuation beyond the 99%
threshold. The results are given in the downward progres-
sion in Figs. 8 and 9 where the FOV increases from 1x to
3x the diffraction-limited FOV. As one can see, increas-
ing the FOV, which corresponds to a larger field stop in
the focal plane, increases the sky hemisphere accessible by
QTT, despite the increased probability of noise photons.

B. Tracking and higher-order AO

In the case of tracking and higher-order AO, one can
estimate the residual error as a combination of the fitting
error, aliasing error, and error due to the finite bandwidths
of the tracking and higher-order AO systems [33],

d 5/3 7 fr 2 f 5/3

020 =13 x 0.28<&b) + <__G> + (E) ,
¢,CL " 2 Frc 7

)

where dg, is the subaperture spacing, which is matched
to the DM actuator spacing, and the aliasing error is set to
30% of the fitting error. With AQO, a stronger and more real-
istic daytime turbulence strength can be considered. In this
case, we triple the turbulence strength by including a mul-
tiplicative factor on the turbulence profile, that is, we use
a3 x HVs,; Hufnagel-Valley profile [34]. We perform the
same investigation as the previous case and open the FOV
in two steps. Figures 10 and 11 give the results, showing
the considerable boost in performance that AO supports
even in the case of 3 x stronger turbulence. The results also
show that good performance can be achieved using sources
available today, which can have heralding efficiencies in
the range of 20% to 40%, as long as AO is utilized.

In both cases, we have used conservative system param-
eters and restrictive constraints, e.g., 99% success proba-
bility, in order to demonstrate the utility of our methods.
There is still quite a large trade space to be explored,
and slight changes, for example larger aperture sizes, can
make considerable changes to the results. Nonetheless,
this framework can be used to model many different link
conditions and the simulation results can be applied to
different link budgets. A study exploring the extent to
which opening the FOV is a suitable strategy should be
included in any conceptual design. Some noteworthy con-
cerns are the effects of the system dead time as the rates
get extremely high and the structure of the turbulence-
broadened photon-probability distribution at the spatial
filter.
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FIG. 8. Hemispherical plots of summer solstice with a FIG. 9. Hemispherical plots of winter solstice with a
1 x HVs,7 turbulence profile showing the regions where QTT 1 x HVs,; turbulence profile showing the regions where QTT
succeeds with 99% probability for a receiver system with no succeeds with 99% probability for a receiver system with no
higher-order AO (see Sec. VA for more details). The legend higher-order AO (see Sec. V A for more details). The legend
gives the heralding efficiency of the biphoton source. In (a)Hc) gives the heralding efficiency of the biphoton source. In (a)(c)
we enlarge the FOV from 1x to 3x the diffraction-limited (DL) we enlarge the FOV from 1x to 3 x the diffraction-limited FOV.
FOV. The black dot represents the Sun’s location. The black dot represents the Sun’s location.
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FIG. 10. Hemispherical plots of summer solstice with a FIG. 11. Hemispherical plots of winter solstice with a
3 x HVs,7 turbulence profile showing the regions where QTT 3 x HVs,7 turbulence profile showing the regions where QTT
succeeds with 99% probability for a receiver system with higher- succeeds with 99% probability for a receiver system with higher-
order AO (see Sec. VB for more details). The legend gives the order AO (see Sec. VB for more details). The legend gives the
heralding efficiency of the biphoton source. In (a)~c) we enlarge heralding efficiency of the biphoton source. In (a)~(c) we enlarge
the FOV from 1 x to 3 x the diffraction-limited FOV. the FOV from 1 x to 3 x the diffraction-limited FOV.
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VI. CONCLUSION

We investigate QTT as a candidate technique for the pre-
cise clock synchronization required to enable long-range
daytime quantum networking and secure timing in GPS-
denied environments. The architecture is simple and the
algorithm is robust to signal loss and the presence of noise
photons. We characterize the performance of QTT as a
function of Bob’s channel attenuation and the number of
noise photons present in his channel. Our results can sub-
sequently be used to determine performance for specific
design references given a link budget has been carefully
derived. We present the probability of successful time
transfer and the standard error of the mean of the clock
offset, which we show is the single-shot timing precision
of the QTT algorithm. We further show that the standard
error of the mean follows a 1/4/N7 trend, where Nt is
the estimate of the number of “true” coincidences between
Alice and Bob. Setting a threshold probability of success
to 99%, our results show how many noise photons can be
present and how many true coincidences to expect given a
certain channel loss. We also calculate the Allan deviation
for different detection and clock systems, which conveys
the stability and noise profile of the two-clock system.
Finally, we interpret the results in the context of long fiber
channels and daytime space-to-Earth downlinks, thereby
demonstrating a specific design reference for the relevance
of our method for global-scale quantum networking and
timing in GPS-denied environments.

In this work we model the timing jitter associated with
clocks and hardware. Thus, the results are valid for scenar-
ios in which other deleterious effects have been modeled
and compensated for, resulting in residual AU that is neg-
ligible. Future work should include estimates of the resid-
ual AU after compensating for relative motion, and jitter
caused by atmospheric fluctuations in ground-space links.
Similarly, future work could include modeling dispersion,
temperature, and other effects unique to fiber networks. It
would also be interesting to investigate the performance of
our QTT algorithm in different configurations and across
multiple nodes in a large network architecture including
realistic channel conditions and hardware components as
we have done in this work.
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APPENDIX: ANALYTICAL MODEL

In this section we derive a model that predicts the per-
formance of QTT based on parameters inferable from the
channel conditions and hardware. Ultimately, we derive an
expression for the probability of success as a function of
the correlation signal peak height. We consider Nt photon
pairs randomly and uniformly distributed in an acquisition
time 7,. The detection time of each photon is random-
ized by the jitter of Alice’s and Bob’s detectors, which
we model as a Gaussian random variable. Consequently,
the detection-time difference histogram is a Gaussian with
mean equal to the arrival time difference and standard
deviation given by Eq. (7).

1. Clock drift

Next, we include the effect of the clock drift AU. We do
this by dividing the acquisition time 7, into infinitesimal
time increments d7. During each time increment the detec-
tion times of the photon pairs are Gaussian-distributed
random variables with the same amplitude and standard
deviation, but with center position shifted by TAU. Thus,
the coincidence signal can be modeled as

Ry /Ta [ 1<t—TAU)2]
S= exp| —=| ——— ) |dT, (Al
o2 Jo P 2 Or A
where Rt is the true coincidence rate. Integrating we find
that

. RT T _ T—TaAU
S_2AU|:erf(ﬁgr> erf(—\/zgr )} (A2)

To make this expression fit the simulation, or experimental
results, one must accommodate for the effect of binning by
multiplying Eq. (A2) by Tuin. As a check, taking the limit
AU — 0, one appropriately finds

S(AU — 0) = 111a [ ! ( ! )2} (A3)
- = exp| —=| — ,

O 2 P 2 O¢
noting that the product RrT, = Nt is the number of true

coincidences. The expected number of detected true coin-
cidences is

2 4 B
Nr = Npair Therald 14" B M geaddead (A4)
where nperaid 1S the heralding efficiency of the source, 1,4
and np are Alice’s and Bob’s channel efficiencies, and nﬁead
and 5, , are the efficiencies due to detector dead time.
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Using Eq. (A2), we find the location and value of the
signal peak

Tpeak = %TaAUs

Nr T.AU
Speak = erf( )
Pk = 7, AU\ 220,

Again, we can take the limit AU — 0 and appropriately
find that

(AS)

Nr
aﬂ/2rr'

SN = Speak (AU — 0) =

eak | = (A6)

Thus, we see that the effect of AU is to shift the peak and
to reduce its height, which is detrimental to the precision
and success probability of the QTT algorithm. Setting a
threshold on the value of Scak, perhaps based on the noise
distribution, limits AU relative to the acquisition time and
jitter of the system. For example, if one requires that Speax

be 99% of S then

(AT)

If we assume SPAD detectors then AU should be less than

2 x 107! to meet the 99% Sty threshold.

2. Probability of success

One way to derive the probability of success is to calcu-
late the probability that a noise peak could be misidentified
as the correlation peak. To do this, consider the background
counts detected at Alice and Bob during the acquisition
time T,. The distribution of peak heights due to accidental
coincidences has mean u;, equal to the average number of
accidental coincidences per time bin,

iy = NiINE Toin, (AR)

where Nj' and N7 are the observed background counts at
Alice and Bob. We find that it is sufficient to approximate
the noise peak distribution f'(s) by a Gaussian with mean
wp and standard deviation oj = /1,

_ 1 _1 s — Up 2
T

The probability that the peak is made up of accidental coin-
cidences instead of the correlation signal is related to the
nth-order statistic of the distribution of accidental peak

heights £ (s),
fu(s) = nF ()" 1 (s),

where F(s) is the cumulative distribution function (CDF),

1 S — Wp
)
of the distribution of accidental peak heights f(s). The
order parameter » is related to the number of misidentifica-
tion opportunities in the correlation histogram. The proba-
bility of success P; is the probability that the largest peak
due to accidental coincidences is less than the maximum
peak of the correlation histogram Spe.c. Mathematically,
this is the CDF of the nth-order statistic f,(s) integrated
to Speakv

(A10)

(All)

Speak
P, = fn(s)ds.

0

(A12)
Evaluating Eq. (A12) one finds that

_n Mp — Speak>n < 1522 )n:|
P, =2""|erfc| ————— | —erfc . (A13
|: ( «/50’[, «/50’[, )

Equation (A13) can be used to explain the shape of the con-
tours in Fig. 3 in the following way. Inverting Eq. (A13) we
find the threshold value of Speax:

S 11y — 2y erfe {[2(Py + 27" erf
Vus/2M1'". (Al4)

Substituting Eqs. (A4), (AS5), and (AS8) into Eq. (A14)
and solving for 7p, one can establish a function np =
np(Ps, NP) and predict the shape of the contours in Fig. 3.
Keeping the first two terms in a Taylor series expansion
one finds an expression of the form

1B = "2\/N>f+ 1Ny, (A15)
where
2N Toin (T, AU) exfe™ (P11
T , Al6
“ N (Al6a)
(N Tyin) (T, AU) (P — explerfc™ (P 2P1/m)
C1 = ’
1 PN
(A16b)
T,AU
N = NpairnA njeadngeadnﬁeralderf(m) s (A16C)
(R (A16d)

This analytical approach correctly predicts the overall
shape observed from the Monte Carlo simulation, but it
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FIG. 12. Analytical probability of success using Eq. (A13) and
40% heralding efficiency. See Fig. 3(b) in the main text for the
corresponding simulation result.

generally overestimates the performance of QTT. In other
words, the threshold attenuation predicted by Eq. (A15)
is shifted downward compared to our simulation results.
For example, in Fig. 12 we plot the analytical probabil-
ity of success with 40% heralding efficiency. We choose
the order parameter n = 14 and see that the analytical
approach overestimates the performance by about 2 dB.
The discrepancy suggests that the model may be incom-
plete. For example, the systematic steps of the proposed
algorithm, such as the peak-finding process, are not accom-
modated for in the this model. Fundamentally, the signal
peak height is simply not an unbiased estimator of the pop-
ulation peak height, which makes modeling the algorithm
inherently problematic. Nonetheless, we find this progres-
sion useful because it justifies the fit used to trace out the
99% threshold curves in Fig. 3 in the main text and can be
used to estimate performance.
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