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Interpretation of Spin-Wave Modes in Co/Ag Nanodot Arrays Probed by
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We present a detailed investigation of the magnetization dynamics in Co/Ag nanodots, which due to
their size can support standing spin-wave (SSW) modes with complex spectral responses. To interpret the
experimentally measured broadband vector network analyzer ferromagnetic resonance data, we compare
the spectra of the nanoarray structure with those of the unpatterned Co/Ag film of identical thickness,
which serves as a baseline for obtaining the general magnetic parameters of the system. Using a frequency-
domain matrix-free simulation method of the dynamic response, we identify the nature of the excitation
modes, which allows us to assess the boundary conditions for the nanodots. We find excellent agreement
between the calculated and experimental values for the frequencies of the fundamental (uniformlike) (011)
mode. The existence of an edge-localized mode in the experiment has been confirmed and fits very well
with theory and micromagnetic simulations, having the form of a flapping mode at the extrema of the
nanodot in one of the in-plane directions. Its frequency is below the fundamental mode’s frequency and
has been shown to be a consequence of the imaginary wave vector for such localized SSW modes. Higher-
order SSW modes can be generated from the theory, which allows us to find a probable mode number for
the second bulk SSW (201 or 221 or 131), which lies at frequencies above the fundamental mode.

DOI: 10.1103/PhysRevApplied.20.024059

I. INTRODUCTION

The study of the magnetic properties of nanostructured
arrays or nanodots is a key area of research in modern
magnetics and a central field in nanomagnetism [1–3].
These systems display a number of properties, which are
modified due to the spatial confinement of the magnetic
layer as well as surface anisotropy effects. This confine-
ment includes both the vertical thickness and the lateral
dimension of the nanodots.

Of the various modifications of the magnetic proper-
ties of magnetic nanodot arrays, with respect to the bulk
properties of the constituent materials, magnetization, the
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g factor, and magnetic anisotropies can be altered. Fur-
thermore, dipolar coupling between the dots can also be
important, though it can be controlled and reduced by using
a sufficiently large array period. Such considerations are
central to the understanding of the dynamic magnetic prop-
erties of these systems, as measured using ferromagnetic
resonance (FMR) [4].

FMR provides a versatile and sensitive probe of the
magnetic state of low-dimensional systems, such as nanos-
tructured arrays, and is an ideal tool to study the magneti-
zation dynamics [5–7]. Furthermore, since the resonance
is sensitive to the local effective internal field, any interac-
tions via dipolar or exchange coupling can also be detected
and studied by FMR [8–15]. Of particular importance is
its sensitivity to the magnetic boundary conditions that
determine the allowed wave vectors in standing spin-wave
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modes. These are responsible for the mode patterns, and
hence, resonance frequency–field [f (H)] characteristics of
the magnetic system [16–18]. The excitation modes in
low-dimensional systems are intimately related to the spe-
cific magnetic properties of a sample and any changes will
alter the f (H) characteristics, making FMR an extremely
sensitive tool [19,20].

In this paper, we describe the detailed experimental
study of Ag-capped Co nanodots, which are expected
to have weak interactions due to the spatial separation
between the structures. We outline the procedure for the
analysis of the experimental data obtained from the broad-
band FMR measurements and its subsequent interpreta-
tion. Indeed, this is not a simple process due to a number
of technical issues, which we discuss in the paper. We
provide an outline of the theoretical framework neces-
sary for a correct understanding of the resonance absorp-
tion phenomena observed. In conjunction with this theory,
we employ simulations based on a recently developed
frequency-domain micromagnetic approach [21], which is
able to effectively treat arbitrarily shaped systems (e.g.,
those studied in Ref. [22]) and assists in the designa-
tion of the expected excitation modes and ultimately pro-
vides a working model to evaluate the wave vectors of
the excited modes for the circular nanostructures used
in this study. Using the film system, based on the lay-
ered structures employed, allows us to perform reference
FMR measurements to obtain the material constants for
the Co nanostructures. These are subsequently used in
the calculations of the expected excitation modes of the
system.

It should be noted that a direct interpretation of such
experiments on nanosystems can be compounded by the
consideration of the three-dimensional boundary condi-
tions, and this can only be solved using a model for the
pinning conditions in all spatial directions. We overcome
this difficulty by using micromagnetic simulations to pro-
vide a likely mode pattern, from which we assess the
boundary condition. We provide a full description of this
analysis, an in-depth overview of the calculations used,
and a comparison to the experiment.

It is important to note that the analytical model rep-
resents a crude approximation for nanostructures, where
edge and confinement effects compound the situation and
standing spin-wave modes cannot be correctly represented
as plane waves, such as in the case of extended film geome-
tries. To assist the analysis for the approximation of the
wave vectors, we use micromagnetic simulations. These
provide a much better estimate of the spatial distributions
for the standing spin-wave modal patterns and can be used
as an indicator of the boundary conditions, which can be
applied to the analytical model. While, as we mentioned,
this method is approximative, it does provide a useful
insight and a reasonable estimate for a comparison of the
analysis methods.

II. THE THEORY OF FERROMAGNETIC
RESONANCE IN MAGNETIC NANODOT

STRUCTURES

The theory of ferromagnetic resonance is well docu-
mented [23–25] and we can use a general form of the
resonance equation, which is derived from the Landau-
Lifshitz equation [26,27]. This approach allows us to use
the relevant terms of the free energy contributions relevant
to the sample in question. These will specifically include
the magnetic anisotropies, which are related to the sam-
ple structure for the magnetocrystalline anisotropies and
the sample geometry for the shape contribution. In addi-
tion, we can include effects such as coupling and exchange
by adding these specific terms into the free energy. For
low-dimensional systems, such as thin films and nanos-
tructures, boundary effects can be taken into account by
imposing the pinning conditions, which account for the
modification of the spin freedom at the edges of the mag-
netic entity. This will affect the wave vectors of standing
spin-wave modes [17]. It is worth noting that the applica-
tion of a time-varying magnetic field, such that the total
applied field is given by H(r, t) = H0 + h(r, t), where H0
is the static component and h the dynamic component,
implies corresponding static and dynamic components of
the magnetization, M(r, t) = M0 + m(r, t). In the absence
of magnetic anisotropies, the static external field will cause
the equilibrium magnetization to align along the same
direction. The excitation field, h(r, t), under the condi-
tion ||h|| � H0, will produce wavelike perturbations in
the magnetization called spin waves, as described by the
spatial and temporal variation of m(r, t) ∼ m(r)eiωt.

A. Resonance equations

Using the contribution of the spatial variation of the
magnetization to the time derivative of the magnetization
∂M/∂t, the dipole-exchange spin-wave dispersion relation
for an infinite ferromagnetic medium can be written in the
general form as [28,29]

f 2 =
(

μ0γ

2π

)2

(H + HK + Dk2)

× (
H + HK + Dk2 + M sin2 θk

)
. (1)

Here, H is the static applied magnetic field, HK is the
anisotropy field to be defined with respect to the crys-
talline axes and the orientation of the applied field, θk
defines the angle between the directions of the wave vector
and the static magnetization, D = 2Aex/μ0Ms is the spin-
wave constant, which depends on the exchange stiffness
constant, Aex, and is related to the exchange constant and
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the crystalline structure of the magnetic sample, while k
denotes the wave vector of spin-wave mode excitations.
Equation (1), known as the Herring-Kittel equation, is
one of the fundamental expressions of the resonance con-
dition for a ferromagnetic sample and must be adapted
to the specific experimental conditions. In this formula-
tion, the static component of the magnetization, M, is
taken to be in the direction perpendicular to the dynamic
component of the magnetization. Prior knowledge of the
magnetic properties of the sample is desirable, but the
fitting of the resonance curve to experimental data is a
good method to determine magnetic properties of sam-
ples (saturation magnetization, anisotropy constants, and
the g factor). When using this formulation, it is useful to
bear in mind the limits of frequency, which will depend
on the nature of the spin-wave excitations. In the long-
wavelength limit (Dk2 � 1), the spin-wave terms will van-
ish and f � (μ0γ /2π)

√
(H + HK)(H + HK + M sin2 θk).

This dispersion relation is valid for dipolar spin waves.
For θk = 0, the dispersion relation reduces to f =
(μ0γ /2π)[H + HK ], while for θk = π/2, we have f =
(μ0γ /2π)

√
(H + HK)(H + HK + M ). At the other end

of the spin-wave scale, for short-wavelength spin waves,
the spin-wave term will dominate the dispersion relation,
giving f � (μ0γ /2π)Dk2. This limit is valid when the
exchange interaction is dominant. From the general dis-
persion relation, we can note that, while the exchange spin
waves are isotropic, dipolar spin waves are anisotropic due
to angle θk.

In the above, properties of spin waves in an infinite bulk
medium were considered. We now turn our attention to the
case of spin waves in ferromagnetic thin films, where the
in-plane dimensions are infinite and the film thickness will
define the boundaries of the ferromagnetic medium. In this
approximation we consider that the film thickness, L, is
sufficiently small with respect to the ferromagnetic skin
depth. For a typical experiment in the gigahertz regime,
the skin depth will be in the micron range, so for thin films
with thickness in the tens of nanometers, this approxima-
tion is valid. Once again, the components of the dynamic
magnetization will form a plane wave (spin wave). While
the film boundaries will not affect the exchange field, they
will introduce magnetic boundaries and will affect the
dipolar field. The dispersion relation for spin waves can
be shown to take the form [29,30]

ω2
n = (ωH + ωDk2

n)[ωH + ωDk2
n + ωM Fnn(kζ L)], (2)

where ωH = γμ0H , ωD = γμ0D, and ωM = γμ0M .
Function Fnn(kζ L) is the matrix element of the magnetic
dipole interaction and n = 0, 1, 2, . . . is a quantization
number for so-called perpendicular standing spin waves
(PSSWs), which can be expressed in the form

Fnn(kζ L) = Pnn + sin2 θ

[
1 − Pnn(1 + cos2 φ)

+ ωM
Pnn(1 − Pnn) sin2 φ

ωH + ωDk2
n

]
(3)

with k2
n = k2

ζ + κ2
n , where κn is the transverse wave vector.

We note that the matrix element, Pnn, lies in the range 0 ≤
Pnn ≤ 1 for 0 ≤ kζ L ≤ ∞. In the long-wavelength limit
(kζ L � 1), simple expressions can be obtained for Pnn. For
example, in the case of perfect pinning [30]

Pnn′ = k2
ζ

k2
n′

δnn′ + k2
ζ

k2
n

κnκn′

k2
n′

Fn

(
1 + (−1)n+n′

2

)
, (4)

while, for unpinned boundaries, this becomes

Pnn′ = k2
ζ

k2
n′

δnn′ − k4
ζ

k2
nk2

n′
Fn

(
1 + (−1)n+n′

2[(1 + δ0n)(1 + δ0n′)]1/2

)
.

(5)

For this latter simple case, in a thin film, we obtain Pnn′ =
kζ L/2 for n = 0 and Pnn′ = (

kζ L/nπ
)2 for n 	= 0. For a

spin wave propagating in the plane of the magnetic film
and perpendicular to the applied bias field, kx = 0, ky = k||,
we can write

Fnn(kζ L) = 1 + ωM

ωH + ωDk2
n

Pnn(1 − Pnn). (6)

For the lowest body mode, (n = 0), Pnn can be
expressed as

P00 = 1 − 1 − e−k||L

k||L
. (7)

For more general expressions, see Ref. [30].
In the case of out-of-plane magnetized circular disks,

Dobrovolskiy et al. [31] and Kakazei et al. [32] consid-
ered the excited spin-wave eigenmodes as being described
by Bessel functions of the zeroth order due to the axial
symmetry of the structure. The dynamic in-plane mag-
netization mx, my ∝ J0(kρ), where ρ is the radial coordi-
nate. Assuming that the static disk magnetization does not
depend on the thickness coordinate z, one can use a spin-
wave dispersion equation similar to that used for infinite
films. The resonance equation takes the form [31]

ω2
n = (ωH + ωDk2

n)(ωH + ωDk2
n + ωM Fnn(κnβ)), (8)

where we have quantized radial wave vector kn = κn/R
and the effective magnetic field becomes Heff = H + Hnn.
This expression is essentially equivalent to Eq. (2). The
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second term in this magnetic field corresponds to the diag-
onal matrix elements of the static dipolar field, given
as

Hnn = μ0M
(∫ ∞

0
f (βx)J1(x)dx

∫ 1

0
ρφ2

n(ρ)J0(ρx)dρ − 1
)

,

(9)

where β = L/R is the thickness-radius aspect ratio. In the
limit of small β and strong dipolar pinning of the dynam-
ical component of the magnetization at the edges of the
nanodot, the value of κn becomes the nth root of J0(κ) = 0
with n being an integer value:

φn(ρ) = 1√
Nn

J0(κnρ). (10)

Here

Nn = 1
2 [J 2

0 (κn) + J 2
1 (κn)] (11)

is the normalization factor for φn(ρ). For the special case
of an unlimited medium, Eq. (8) takes the form of the
Herring-Kittel equation as given in Eq. (1).

In the above, the edge spins are perfectly pinned and
give rise to circular modes as described in Ref. [31].
Unpinning at the edge boundary can also be considered
and should give rise to edge localized flappinglike modes.
Radial modes can also be excited, giving, in theory, rich
spin-wave spectra. The specific number of observable
spin-wave modes will depend explicitly on the lateral and
thickness dimensions as well as on the exchange-stiffness
constant of the nanodots.

B. Spin-wave vectors

As can be seen from the previous section, to obtain
the correct form of the dispersion relation for dipole-
exchange spin waves, we require the wave vector for
the spin-wave excitations. These can be calculated from
the Rado-Weertman boundary equations, which can be
expressed in the forms [16]

∂mx(ζ )

∂ζ
+ δmx(ζ ) cos 2θ = 0, (12)

∂my(ζ )

∂ζ
+ δmy(ζ ) cos2 θ = 0. (13)

Here, mx,y(ζ , t) ∝ mx,yei(ωt−kζ ζ ) denotes the transverse
components of the magnetization and kζ indicates the
longitudinal component of the wave vector. Analysis of
the boundary conditions and pinning parameters can then
enable the evaluation of the allowed wave vectors for the

spin-wave excitations [19,20]:

[δp
1 δ

p
2 − (kp

n )2] tan(kp
n L) = kp

n L(δ
p
1 + δ

p
2 ). (14)

Here, the pinning parameters for the transverse moments
are expressed as

δx
1,2 = δ1,2 cos 2θ , (15)

δ
y
1,2 = δ1,2 cos2 θ . (16)

The uniform ferromagnetic resonance mode has a value
of k = 0, where all spins in the system are considered to
precess in phase throughout the sample, while nonzero
k correspond to the spatial variation of the transverse
components of the magnetization. It is worth noting that,
depending on the specific boundary conditions, the uni-
form mode is not always excited and does not necessarily
correspond to the fundamental mode in the spectra of low-
dimensional systems. In the following, we outline how we
can take into account the boundary conditions to evaluate
the wave vectors in increasingly complex situations. In the
simplest case of a single magnetic layer, the wave vectors
can be considered in one dimension and expressed in the
simple form

kpp = pπ

L
, (17)

where L defines the layer thickness. This expression con-
siders that the surface spins are perfectly pinned, i.e., the
surface or boundary spins are completely fixed and do not
precess. In this case, the fundamental mode will not cor-
respond to the uniform FMR precession, as noted above.
Here we obtain the ideal Kittel expression for the reso-
nance equation. We note that this can be used to generate
the spin-wave spectrum of standing wave modes for inte-
ger p values. We can extend this model to consider the case
of free pinning, where the surface spins have bulk freedom
of precession, for which we can write

kfp = (p − 1)π

L
. (18)

In this particular case, the fundamental mode is indeed the
uniform FMR excitation. Taking the argument further, we
can also generalize for intermediate pinning, in which the
surface pinning parameter, δ, lies between these two limits
(perfect freedom and perfect pinning). In this case, we can
express the wave vector as

kip = (p − δ)π

L
, (19)

where we take 0 ≤ δ ≤ 1. In Eqs. (17)–(19), we take
the pinning to be symmetric, i.e., both boundaries having
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identical pinning conditions. For asymmetric pinning, we
must write the pinning parameters for the two interfaces
explicitly as

kA =
[

p − (δ1 + δ2)

2

]
π

L
(20)

with the two pinning parameters, δ1 and δ2, taking val-
ues between 0 and 1 for the two extreme cases of pinning
considered above.

We can extend the above arguments to define a three-
dimensional structure with boundaries and hence specific
pinning parameters in each of the spatial directions:

k2
3D−A =

[(
m − (δx1 + δx2)

2

)
π

Lx

]2

+
[(

n − (δy1 + δy2)

2

)
π

Ly

]2

+
[(

p − (δz1 + δz2)

2

)
π

Lz

]2

. (21)

Here, we have the modal numbers m, n, and p for the three
orientations of the nanostructure with dimensions Lx, Ly
(lateral dimensions), and Lz (thickness).

The evaluation of the pinning parameters will then rely
on a fitting procedure to provide the best fit to the experi-
mentally observed spin-wave spectra, where the particular
k values will be substituted in the resonance equation, such
as expressed by Eq. (1)

III. EXPERIMENTAL DETAILS

Samples of 50-nm-thick Co thin films were deposited
on thermally oxidized silicon wafer substrates by ion-
beam-assisted deposition [34]. During deposition, a Kauf-
mann ion source operating at 800 V and 7.5 mA was used
to sputter the Co target. The base vacuum and deposi-
tion pressure were 6.7×10−5 and 4×10−3 Pa, respectively.
After the Co deposition, a 30-nm-thick Ag capping layer
was subsequently deposited without breaking the vacuum.

A combination of electron-beam lithography and ion
milling was then used to pattern the Co/Ag thin film into a
0.5 × 0.5 mm2 nanodot array with an individual dot diam-
eter of about 200 nm and a pitch of 400 nm. In Fig. 1,
scanning electron microscopy (SEM) micrographs of a
typical nanodot array at three different magnifications are
shown.

IV. EXPERIMENTAL RESULTS AND ANALYSIS

A. Vector Network Analyzer Ferromagnetic
Resonance

Magnetization dynamics of the Co/Ag samples have
been investigated by means of broadband vector network
analyzer ferromagnetic resonance (VNA-FMR) at room
temperature. For best signal-to-noise ratio, all measure-
ments have been performed in field-sweep mode at fixed
frequencies of up to 40 GHz. The samples were put face-
side down onto an impedance-matched coplanar waveg-
uide (CPW), which was connected by both nonmagnetic
end-launch connectors and coaxial cables to a two-port
VNA. A dc-bias magnetic field up to μ0H = 2.2 T, gen-
erated by an electromagnet, was applied perpendicular
to the rf magnetic field hrf generated by the CPW. The
microwave power was set to 0 dBm for each measure-
ment. A reference measurement with the sample saturated
parallel to the rf magnetic field, such that any precession
of the magnetization is completely suppressed, was sub-
tracted from all acquired raw data sets. The magnitude of
the background-subtracted forward transmission parame-
ter S21 was subsequently fitted to a complex Lorentzian to
extract the corresponding resonance fields as well as the
peak-to-peak linewidth.

A total of four different measurement configurations
have been investigated, in which either the polar angle
θH or the azimuthal angle ϕH of the dc-bias magnetic
field H with respect to the sample and its anisotropy
direction(s) was varied (see Fig. 2). The individual mea-
surement configurations are the following. (i) In-plane
f (H) dependence: H applied in the sample plane and par-
allel to the easy axis of the sample; (ii) out-of-plane f (H)

(a) (b) (c)

FIG. 1. Planar view SEM micrographs of a Co/Ag nanodot array at (a) 150×, (b) 50 000×, and (c) 200 000× magnification.
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FIG. 2. Definitions of the azimuthal angles ϕ, ϕH , and ϕu and
the polar angles θ and θH with respect to the sample plane as well
as the field and magnetization vectors (adapted from Ref. [33]).

dependence: H applied perpendicular to the sample plane;
(iii) polar angular dependence: variation of θH between 0°
(out-of-plane) and 90° (in-plane); (iv) azimuthal angular
dependence: full in-plane rotation of the sample in the field
plane (0° ≤ ϕH ≤ 360°). By first performing the VNA-
FMR measurements in all configurations in a specific order
and then iteratively fitting all data sets, we are able to
determine the magnetic parameters of the samples with
best possible accuracy. The results are discussed in the
remainder of this section.

B. In-plane VNA-FMR

1. Continuous film

In order to fully understand the effects of the nanostruc-
turing on the FMR response of the nanodot array, we use
the FMR spectra from the unpatterned reference film. This
provides a reference of the dynamic response of the mate-
rials in question. We proceed to analyze these spectra and
then compare the results to the nanostructured samples. In
Fig. 3, in-plane easy-axis VNA-FMR spectra for both the
Co/Ag bilayer and nanostructured dots are shown [35].

For the bilayer system, we observe two clear resonance
lines, which we interpret as the uniform mode and the
first PSSW mode with p = 1. The raw f(H) characteristics
and extracted data for the continuous film are illustrated
in Figs. 3(a) and 3(c), respectively. The uniform FMR
mode is fitted to a modified version of the Kittel equation
including the in-plane anisotropy field HK :

(
ω

μ0γ

)2

= (H + HK)(H + HK + Meff). (22)

Using a g factor of 2.044, obtained from the out-of-plane
FMR data (see Table II below), we obtain μ0HK = 4.5 mT
and μ0Meff = 0.97 T. For fitting the PSSW mode, we use a
modified version of Eq. (1), which, for our purposes, takes
the form

(
ω

μ0γ

)2

= (H + HK + Dk2)(H + HK + Dk2 + Ms).

(23)

We then apply Eq. (19) in the fitting process to determine
the relevant wave vectors and hence the pinning param-
eter. Having used for the fitting procedure a g factor of
2.044, an in-plane anisotropy field of μ0HK = 4.5 mT,
and an exchange stiffness constant Aex = 1.0×10−11 J m−1,
which is reasonable for a 50-nm-thick Co film [36], we
obtain μ0Ms = 1.13 T. For the pinning parameter, we
obtain a value of δ = 0.50 for the first PSSW mode with
p = 1, where we have assumed a symmetric pinning with
δ1 = δ2 = δ. The fits shown in Fig. 3(c) are in excellent
agreement with the experimental data and the physical
parameters are consistent with the Co film studied. With
regards to the pinning conditions, we note that the value
for δ indicates intermediate pinning on the upper and lower
film interfaces.

2. Nanodot array

The raw and extracted in-plane VNA-FMR data of the
nanodot array is shown in Figs. 3(b) and 3(d), respec-
tively. At first glance, we note that there are two dominant
modes with roughly the same intensity and that appear to
be modified with respect to the resonances observed in
the continuous film. They appear closer together than in
the single Co layer. In addition to these modes, we note
a further resonance line of weaker intensity on the high-
field (low-frequency) side of the main resonances. In the
extracted data [Fig. 3(d)], we see that the stronger reso-
nance lines are roughly parallel at higher magnetic field
values and appear to merge at low fields. The lower reso-
nance line, shown in green, has a slightly lower gradient in
the linear portion of the f(H) characteristics.

Since the main resonance lines appear to be related to
those of the continuous thin film, we can assume that the
upper and lower boundary conditions should be the same.
This will mean that we can concentrate on the effects
of the patterning, which restrict the lateral dimensions of
the nanostructures, in interpreting the experimental data.
The first line that we can consider is the blue line, which
appears to be very close to the corresponding blue line
(uniform mode) in the continuous film data. The red line
is somewhat shifted to smaller resonance frequencies with
respect to the continuous film (PSSW mode), but other-
wise appears to be the same mode, which can be accounted
for by a modified wave vector for this mode. Fitting these
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(c) (d)

(a) (b)

FIG. 3. In-plane easy-axis VNA-FMR spectra for the Co/Ag samples. Raw data for (a) the bilayer sample and (b) the nanostructured
dots, extracted data (symbols) and corresponding fits (lines) for (c) the continuous film and (d) the nanodots.

two lines can be based on the same principles as that
for the thin-film sample. In the latter, we considered that,
for a thin-film, the in-plane wave vectors should be zero
since the film is effectively infinite in the film plane: kx,y =
(px,y − δx,y)π

2/L2
x,y = 0 since Lx,y → ∞ and thus k|| = 0;

see Eq. (21). For the case of our circular nanodots, the lat-
eral dimensions, corresponding to the 200-nm diameter,
can give rise to pinning conditions at the dot edges, and,
thus, we should consider the three-dimensional aspect of
magnetic confinement. Using Eq. (21) for symmetric pin-
ning, we consider the dot geometry and the edge pinning
conditions, which we can express in a similar manner to
the thin-film case, from which we can write

k2
pqr = k2

ζ +
(

p ′π
L

)2

= [(p − δd)
2 + (q − δd)

2]
(

π

d

)2

+ (r − δL)
2
(

π

L

)2

, (24)

where k2
ζ = k2

y + k2
z is the in-plane component of the wave

vector, δd denotes the edge pinning conditions and δL those
of the upper and lower interfaces, d is the dot diameter, and
L the film thickness. In considering the three-dimensional

case, we need to account for the mode numbers in three
directions, as represented by the integers p , q, and r. We
note that Eq. (24) considers that the pinning is equivalent
in both lateral directions and is symmetric. This is justi-
fied for the current geometry, since there is no reason to
assume that there should be any variation of the pinning at
the edges of the dot structure. In our calculations, we con-
sider that the in-plane anisotropy is weak and that interdot
(dipole-dipole) interactions are sufficiently weak so that we
can neglect their effect.

By taking the specific conditions of the nanodots into
account, we note that the thickness of the dots (as that of
the continuous layer) is L = 50 nm, while the dots have
lateral dimensions (diameter) of d = 200 nm. As a first
consideration, we can compare the factors in the wave
vectors, n1 = π2/L2 and n2 = π2/d2. These yield n1 �
3.95×10−15 m−2 and n2 � 2.47×10−14 m−2. This indi-
cates that the thickness dimension will still dominate the
wave vector, but modifications should be accounted for
due to the lateral dimensions.

Comparing the dispersion relations for the continuous
thin film and the nanostructured sample [see the red and
blue lines in Figs. 3(c) and 3(d)], we see that the two
resonances lines from the former are modified in the
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latter. They are closer together in the nanodot array, and
on closer inspection, the blue line is virtually unchanged
in the two samples. This means that the second mode is
different in nature and must be attributed to the spin-wave
mode wave vector. In the case of the thin film, we inter-
preted this as arising from the next excited spin wave, and
here we must similarly attribute the second mode (red) to
the next excited spin wave. From the above analysis, we
can do this by assigning the relevant mode numbers for the
two spin-wave resonances. Given that the thin-film anal-
ysis indicates that the boundary spins are close to a free
pinning (or unpinned) condition, we can look for solutions
based on the resonance equations (2) and (3) given in the
theory section. The latter equation should be expressed in
the form

Ppq = k2
r

k2
q
δpq − k4

r

k2
pk2

q
Fp

1√
(1 + δ0p)(1 + δ0q)

×
(

1 + (−1)p+q

2

)
(25)

for this case (see Ref. [30]), where

Fp = 2
krL

[1 − (−1)pe−krL], (26)

δpq is the Kronecker delta, and k2
p = k2

r + κ2
p = k2

r +
(pπ/L)2. For the lowest-lying mode, with p , q = 0, we
obtain P00 � 1 and F00 � sin2 θ such that resonance
equation (3) yields

ω2
pqr = (ωH + ωDk2

pqr)(ωH + ωDk2
pqr + ωM sin2 θk), (27)

which is essentially the uniform mode as expressed by
the Kittel-Herring equation (1). The next excited mode for
p , q = 0, 1 (or 1, 0) yields P01 = P10 � 0 and F01 � 1 and
so on. It is worth noting that we consider r = 0 here, since
this will correspond to the thin-film-like geometry, where
kr is the perpendicular component of the wave vector. We
note that the parameters ωH , ωM , and ωD are given earlier.

We now have the basic necessary elements to evaluate
the observed spectra. However, the complexity of the anal-
ysis means that we require some further input into iden-
tifying the possible excitation modes responsible for the
observed resonance peaks. To assist this process, we have
used micromagnetic simulations of the nanodot structure.
For a full discussion of the simulations, see Appendix A.
These simulations provide us with the expected power
spectrum for the resonance modes of the nanostructure
with the corresponding size, shape, and material parame-
ters, under specific conditions of the applied static mag-
netic field and excitation frequency. As an example, we
illustrate in Fig. 4 the simulated power spectrum for the
basic nanodot structure of this study. We note that the

FIG. 4. Simulated absorption-power spectrum for the Co nan-
odot structure as a function of the excitation frequency for an
in-plane applied magnetic field μ0H = 0.3 T. The modal patterns
are given for the three most intense absorption lines, labeled as
(a)–(c). Below each modal pattern, a schematic representation of
the mode profile (cross section) is shown.

power scale is logarithmic, meaning that the main peak
at a frequency of 16.3 GHz is significantly stronger than
the other modes. Considering the three principal modes, at
frequencies of 9.4, 13.6, and 16.3 GHz, we can map the
corresponding modal patterns for these excitations, which
are illustrated in the inset of Fig. 4.

We now compare the simulated and observed spectra
to try to allocate the most likely mode patterns. We must,
however, bear in mind that we cannot realistically expect
an exact one-to-one correspondence and we use this proce-
dure with caution, where we note that small modifications
in the model structure and parameters can give rise to
strong modifications in the simulated spectra and excita-
tion modes. First of all, we note that the simulated modes,
for an applied field μ0H = 0.3 T, at 9.4 and 13.6 GHz
have modal patterns indicating an edge-localized charac-
ter. In this case, both modes have excitations, which are
concentrated at the edge of the nanodot, while the cen-
ter of the dots shows no spin precession. We note that
these modes, due to the localized nature of the excita-
tion, will have frequencies below the theoretical uniform
mode and excitation fields above the uniform resonance
field [17]. Indeed, the more localized the mode, the larger
the frequency shift with respect to the uniform mode. This
is seen to be the case, where the mode with 9.4 GHz is
further away from the uniform mode than the resonance
with 13.6 GHz. We note that the former only has spin-
precessional activity at the extremes (left and right) of the
nanodot [see Fig. 4(a)], while in the latter, the precessional
motion extends further towards, but not at the center of the
dot [see Fig. 4(b)]. This means that the latter mode is less
localized than the former. The form of the localized mode
(a) is very similar to the pattern reported in Ref. [37].

The most intense mode in the simulated spectrum is
observed at 16.3 GHz for μ0H = 0.3 T. The shape of this
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FIG. 5. The f (H) plot of the simulated in-plane spectra. Prin-
cipal lines are indicated as lines A through D. See Fig. 12 in
Appendix A for the original data without added lines. The spec-
trum illustrated in Fig. 4, for an applied field μ0H = 0.3 T, is
indicated with the vertical line at this field value and the frequen-
cies of the principal modes are also shown explicitly. We further
show, for comparison, the lines (dotted) corresponding to the
experimental variation for the three resonances found with colors
corresponding to those in the experimental curves of Fig. 3.

mode, as shown in Fig. 4(c), is the fundamental mode for
the specific boundary condition of the nanodots. We note
that this fundamental mode is not strictly speaking the uni-
form mode, which consists of the pure FMR mode, where
all spins in the magnetic object precess in unison. Hence,
it is sometimes termed the “center mode.” This applies to
both bulk spins as well as surface and boundary spins and
can be considered as a special case. In Fig. 5, we illus-
trate the full simulated f (H) variation in the corresponding
range for the experimental measurements. The lines are
named A through D. Note that lines A, B, and C corre-
spond to the modes indicated as (a), (b), and (c) in Fig. 4.
We have added lines as a guide to the eye since some of the
modes are of weak intensity. The principal resonance line
here is indicated as line C. We have further added the line
corresponding to the experimental data for the principal
resonance line (red dotted line), taken from Fig. 3. There is
overall good qualitative agreement between the simulated
and experimental data for this line.

We now consider the nature of the nonprincipal modes
and attempt a comparison with the experimental spec-
tra and thus try to interpret the experimental data. In the
simulated spectra, lines A and B are seen to occur at
frequencies below the principal resonance, indicative of
localized standing spin-wave modes, as is indeed illus-
trated from the modal patterns (a) and (b) in Fig. 4. The
degree of localization is related to the mode profile and
the extent of the spin precession towards the interior of
the magnetic body. Greater localization is associated with

a larger shift of the resonance frequency from that of the
uniform resonance mode (with a zero wave vector, k = 0).
It is worth noting that such localized modes have an imag-
inary wave vector of the form k = iτ . For a more in-depth
discussion of the positioning of the resonance lines, see
Appendix B. In this case, we see that mode A is more local-
ized than mode B, and, as such, is further away from the
principal resonance line (even if this is not a uniform res-
onance). In relation to the experimental measurement, the
weakest line (in green) [see Figs. 3(b) and 3(d)] is clearly
of this nature and appears as a weak resonance above the
principal resonance. This line will then follow a resonance
equation of the form (see Appendix B)

(
ωτ

μ0γ

)2

=
(

ωFMR

μ0γ

)2

− Dτ 2(2H + Ms) + (Dτ 2)2.

(28)

The fit for the green line in Fig. 3(d) has been per-
formed for a value of τ = 2.85×107 m−1, or k2 =
−8.1225×1014 m−2. Since this mode does not lie far from
the principal resonance, the localization is not very strong
and the mode profile is expected to be of a form close to
that illustrated for mode (b) in Fig. 4. That said, we can-
not exclude a priori other localized modes. This is because
mode intensities are proportional to the transversal magne-
tization, meaning that strongly localized modes, which lie
further away from the principal (and fundamental) modes,
will become rather weak in intensity and can be difficult to
observe.

Let us now consider the two bulk [volume standing spin-
wave (VSSW)] resonances. These correspond to the blue
and red lines in Fig. 3(d). While the simulations do not
give good quantitative agreement for these lines, we can
still consider a modal pattern, which resembles the simu-
lated VSSW modes for the nanodot. An approximation of
this mode structure may be considered in which the bound-
ary condition along the dot is accounted for by a perfect
pinning, while that across the dot has free boundaries, or
perfect freedom. According to Eq. (24), we can look for
modes with wave vectors of the form

k2
pqr � [

p2 + (q − 1)2](π

d

)2

+ (r − 1)2
(

π

L

)2

. (29)

Based on this expression, we can calculate the lowest-order
mode numbers. Since we consider only the fundamen-
tal excitation in the direction perpendicular to the plane
of the dots (which is a valid assumption since these will
give the lowest-lying VSSW modes for the structure), we
set r = 1 since we are considering only the lowest-lying
modes. A calculation of the lowest-lying modes, based on
Eq. (29), is given in Appendix C. Our spin-wave spectrum
will reflect the mode order in terms of their relative ener-
gies and subsequent frequencies as well as the degeneracy
of the modes; see Table VI in Appendix C.
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Let us now consider the resonance equation for the vol-
ume modes. Using Eqs. (25) and (26), and taking into
account the fact that, for the lowest-lying modes, we have
r = 1, we find that Ppq = 0 and, from Eq. (3), Fnn(kζ L) =
sin2 θ . In this case, the resonance equation takes the same
form as illustrated in Eq. (27). We can now rewrite this
equation in the form

(
ωpqr

μ0γ

)2

=
(

ωFMR

μ0γ

)2

+ Dk2
pqr(2H + Ms sin2 θk)

+ (Dk2
pqr)

2. (30)

This is again a convenient form, since it allows us to
compare the line shifts with respect to the uniform mode.
In this case, we see that the modes will be frequency
upshifted with respect to this mode. From the table in
Appendix C, we see that the lowest-lying modes have
k2

011 = 0 for the 011 mode, k2
001 = k2

021 = k2
111 = n2, and

k2
101 = k2

121 = 2n2. This means that, for this particular set
of values, the lowest resonance mode looks like a uniform
mode, and once again is the consequence of the choice
of pinning conditions. Above this we have a triplet state,
followed by a doublet.

For the fundamental mode, we can express the reso-
nance equation in a simplified form as

ωFMR = γ
√

μ0H(μ0H + μ0Ms). (31)

At an applied field of μ0H = 0.3 T, we can calculate the
expected uniformlike ferromagnetic resonance frequency
as fFMR = ωFMR/2π = 17.48 GHz, where we have used
g = 2.04, γ = 179.4 GHz T−1, and μ0Ms = 1.08 T, as
obtained from the thin-film sample. Comparing this value
to that observed experimentally (see Fig. 3 where fexp =
17.52 GHz), we have excellent agreement.

From the expected SW spectrum (see Appendix C),
we can now evaluate the frequencies of the lowest-lying
modes, which are calculated from Eq. (30) and which we
can express in a modified form as

f 2
pqr = f 2

FMR + (μ0γ )2

4π2 [Dk2
pqr(2H + Ms) + (Dk2

pqr)
2],

(32)

where we take θk = 90◦ for the in-plane geometry and
configuration used in the experiment. Using the same mag-
netic constants as expressed above, and for an applied field
μ0H = 0.3 T, we generate the frequency spectrum given in
Table I.

We also note in Table I the values of the experimen-
tal frequencies, where the best fit to the calculated values
corresponds to the 201, 131 modes. While we are not
claiming an exact agreement between experiment and the-
ory, we can see that, due to the closely spaced frequency
values generated from the calculations, we have a plausible
agreement, though not all modes are observed experimen-
tally. It is of course pertinent to ask why some modes are
not observed. Some modes will not be excited, since the
modes will have a zero component of the transverse field,
which excludes them from the measured excitation spec-
trum. Given that some of the predicted modes are only
separated by about 0.2 GHz, this may also contribute to
the fact that some modes cannot be distinguished from
each other in the experiment. We further note in passing
that additional excitation modes may also be present in the
simulated spectra, though the weakness of the intensities
means that we are not entirely confident of the reliability
of such an interpretation. Small discrepancies between cal-
culated and experimental values can be expected due to the
simplifying assumptions that were made in approximating
the δ values for the pinning conditions used in the wave
vector, Eq. (29).

C. Out-of-plane VNA-FMR

In the out-of-plane (OOP) geometry, the f (H) depen-
dence shown in Fig. 6 was measured in field-sweep mode
as f was gradually increased from 0.5 to 40 GHz in
steps of 0.5 GHz, while the dc magnetic field H , applied
perpendicular to the sample plane, was swept from 0 to
2.2 T.

The spectrum of the bilayer sample [Fig. 6(a)] contains
three clearly visible resonance lines, whereas only two
modes are clearly visible in the nanodot array spectrum
[Fig. 6(b)]. However, the latter contains at least two, if not
even three, additional modes of very weak intensity, which
cannot be extracted from the measured data points, but

TABLE I. Calculated frequency spectrum for the Co nanodots based on Eq. (32) at an applied in-plane field μ0H = 0.3 T.

Calculated Experimental
Modes (pqr) k2 (×1014 m−2) frequency (GHz) frequency (GHz)

011 0 17.48 (uniform mode) 17.52
001, 111, 021 2.47 17.70
101, 121 4.94 17.92
211, 031 9.88 18.36
201, 221, 131 12.35 18.57 18.65
311, 041 22.23 19.43
301,. . . 24.70 19.64
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(c) (d) 

(a) (b) 

FIG. 6. Out-out-plane f (H) dependence for the Co/Ag bilayer (a) and the nanodots (b). The extracted resonance modes and
corresponding fits to Eq. (33) are depicted in (c) and (d), respectively.

can only be redrawn in the corresponding absorption plot,
as depicted in Fig. 6(b). In the bilayer sample, the mode
intensity of the individual resonance lines decreases with
both increasing frequency and field. In the nanodot array,
however, each mode maintains its intensity throughout the
entire field and frequency range. The frequency spacing
between the individual modes exhibits a mixed behav-
ior that originates most likely from different boundary
conditions for each set of modes.

From the corresponding resonance equation,
(

ω

γ

)2

=
(

μ0H − μ0Meff + 2K4⊥
Ms

)

·
(

μ0H − μ0Meff + 2K4⊥
Ms

− 2K2‖
Ms

)
, (33)

it can be seen that in this measurement geometry the f (H)

dependence is practically linear in the high-field regime
and that the effective magnetization Meff can be determined
from the intercept with the field axis. The deviation from
this linear dependence of the resonance frequency at fields
smaller than 1.2 and 1.3 T for the bilayer and the nanodots,
respectively, stems from the fact that at those fields the
magnetization is not yet fully perpendicular to the sam-
ple plane. The magnetic parameters obtained by fitting the

high intensity modes in Figs. 6(c) and 6(d) to Eq. (33) are
given in Table II.

In Fig. 7, the simulated f (H) spectrum for the OOP
geometry together with an overlay of the five modes
having the lowest resonance frequencies from the corre-
sponding experimental spectrum [Fig. 6(b)], indicated by
the white, red, and blue lines, respectively, are depicted.
Compared to the measured FMR spectrum, the simulated
spectrum shows an even higher number of modes—at
least six—and the corresponding mode intensities quickly
decrease with increasing resonance field. It is obvious that
there is a rather large mismatch between the calculated and
measured frequencies, which presumably originates from
the fact that the simulation was performed using only a
single nanodot without considering the dipolar coupling
between adjacent nanodots in the nanostructured array.

TABLE II. Magnetic parameters obtained by fitting the out-of-
plane VNA-FMR data.

Bilayer Nanodots

Parameter Uniform mode First PSSW mode

g factor 2.044 2.036
μ0Meff (T) 1.096 1.098
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FIG. 7. Simulated f(H) spectrum for the out-of-plane geome-
try. The lines correspond to the measured modes in Fig. 6(b).

In Fig. 8, the simulated power spectrum density of a
single nanodot in the out-of-plane geometry as a function
of the excitation frequency f at μ0H = 1.2 T is depicted.
It can be seen that the amplitudes of the modes quickly
decrease with increasing resonance frequency, i.e., with
increasing mode number, as indicated by the logarithmic
power scale, and that the frequency spacing between two
adjacent modes increases with increasing mode number.
For the three modes having the lowest resonance frequen-
cies, small insets show the corresponding radial spin-wave
patterns. We note that the modal patterns shown are in

FIG. 8. Absorption power spectrum of a single Co nanodot as
a function of the excitation frequency f at an applied out-of-
plane field μ0H = 1.2 T. Radial profiles of the first three standing
spin-wave modes described by zeroth-order Bessel functions are
shown in the insets.

FIG. 9. Azimuthal angular dependence of the FMR of the
Co/Ag bilayer measured at f = 10 GHz.

excellent agreement with those determined by Dobrovol-
skiy et al. [31].

D. Azimuthal-angle-dependent VNA-FMR

The azimuthal angular dependence of the FMR was
measured at a fixed frequency of f = 10 GHz in steps of
5° for 0° ≤ ϕH ≤ 360°. The corresponding H(ϕH ) depen-
dence of the Co/Ag bilayer is depicted in Fig. 9.

The spectrum of the bilayer sample contains a single
resonance, the uniform mode, exhibiting a twofold sym-
metry with both two distinct maxima and minima across
the entire range of ϕH , indicative of a uniaxial anisotropy.
However, from the fact that the maxima at ϕH = 90° and
ϕH = 270° have different values, we conclude that there is
also a small unidirectional contribution of about 1 mT to
the in-plane magnetic anisotropy like in exchange-biased
systems. However, we did not observe any frequency shift
in the in-plane FMR spectra as these were measured only
with the dc-bias field applied along the easy axis, whereas
the exchange bias field is oriented along the hard axis.

Fitting the experimental data to the corresponding reso-
nance equation,

(
ω

γ

)2

=
[
μ0H0 cos(ϕ − ϕH )

+ 2K2‖
Ms

cos 2(ϕ − ϕu) + 2K4‖
Ms

cos 4ϕ

]

×
[
μ0H0 cos(ϕ − ϕH ) + μ0Meff

+ 2K2‖
Ms

cos2(ϕ − ϕu) + K4‖
2Ms

(3 + cos 4ϕ)

]
,

(34)

gives the magnetic parameters summarized in Table III.
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TABLE III. Magnetic parameters obtained by fitting the
azimuthal angular dependence of the FMR for the Co/Ag bilayer.

Fit parameter Co/Ag bilayer

μ0Meff (T) 0.975
K2‖/Ms (mT) 2.55
K4⊥/Ms (mT) −59
K4‖/Ms (mT) 0

Since the corresponding nanodot data set is not of the
same quality as that of the bilayer and has to be fitted
with a dedicated energy model for nanostructured ele-
ments, which is not part of our fit software, we decided
not to show and not to analyze it. We only note that the
spectrum of the nanodots displays the same characteris-
tics as that of the bilayer, but the data points are generally
shifted towards slightly higher resonance fields.

E. Polar-angle-dependent VNA-FMR

The polar angular dependence of the FMR was mea-
sured at a fixed frequency of f = 10 GHz in steps of

TABLE IV. Magnetic parameters obtained by fitting the polar
angular dependence of FMR.

Parameter Bilayer Nanodots

g factor 2.057 2.057
μ0Meff (T) 0.975 0.979
K2‖/Ms (mT) 2.4 10.4
K4⊥/Ms (mT) 0 0
K4‖/Ms (mT) 0 0

5° for −20◦ ≤ θH ≤ 90◦, where θH = 90◦ and θH = 0◦
correspond to the previously discussed in-plane and out-
of-plane configurations, respectively. The corresponding
H(θH ) absorption plots of the Co/Ag bilayer and the
nanodots are shown in Figs. 10(a) and 10(b), respectively.

For the bilayer sample, we can clearly identify two res-
onance modes across the entire range of θH : a low-field
excitation with weak intensity (PSSW mode) as well as
a higher field excitation with strong intensity (uniform
mode). Only at θH = 0◦, a third mode (exchange mode)
with a resonance field even smaller than that of the low

(a) (b)

(d)(c)

FIG. 10. Polar angular dependence of the VNA-FMR signal of the Co/Ag bilayer (a) and nanodots (b) measured at f = 10 GHz.
The extracted resonance modes and corresponding fits to Eq. (35) are depicted in (c) and (d), respectively.
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field mode can be observed, which is in line with the num-
ber of modes visible in the corresponding out-of-plane
VNA-FMR spectrum. The extracted data points and the fit

of the uniform mode (first PSSW mode with k = 0) for the
bilayer (nanodots) to the resonance equation,

(
ω

γ

)2

=
[
μ0H0 cos(θ − θH ) −

(
μ0Meff + 2K2‖

Ms
− K4⊥

Ms
+ K4‖

2Ms

)
cos 2θ +

(
K4⊥
Ms

+ K4‖
2Ms

)
cos 4θ

]

×
[
μ0H0 cos(θ − θH ) −

(
μ0Meff + 2K2‖

Ms
− K4‖

Ms

)
cos2 θ +

(
2K4⊥
Ms

+ K4‖
Ms

)
cos4 θ + 2K2‖

Ms
− 2K4‖

Ms

]
, (35)

are depicted in Figs. 10(c) and 10(d), and the correspond-
ing fit parameters are summarized in Table IV.

From the nanodot spectrum in Fig. 10(b), a total of
three resonance modes can be identified across the entire
range of θH : two resonances of equally strong intensity
(both PSSW modes) as well as a resonance of significantly
weaker intensity (edge-localized mode). This is in line
with the observations from the in-plane VNA-FMR data,
but compared to the out-of-plane geometry, no exchange
modes are visible due their increasingly weaker intensity.
In contrast to the bilayer sample, there is a mode crossover
between θH = ±5◦ and θH = ±10◦, i.e., in the vicinity of
the out-of-plane direction, at which the resonance field of
the edge-localized mode drops below the values of the two
PSSW modes, while the overall mode intensities remain
unchanged. This behavior becomes more obvious when
looking at the extracted data points as well as the fits in
Fig. 10(d).

F. Linewidth and damping

Apart from having extracted the resonance fields by fit-
ting the experimental data to a complex Lorentzian, the
corresponding linewidths have been evaluated as well,

from which information about the underlying damping
processes in the samples can be obtained. An example
of a background-subtracted, in-plane easy-axis VNA-FMR
spectrum of the Co/Ag bilayer measured at f = 26.5 GHz
is shown in Fig. 11(a). The corresponding peak-to-peak
linewidth μ0�Hpp of Im(S21) is depicted Fig. 11(b) for
both modes. Thanks to the broadband character of the
VNA-FMR measurements, we can immediately see that
the main contribution to damping comes in the form of
Gilbert-type damping, which manifests itself by a linear
dependence between linewidth and frequency. The exact
relation between μ0�Hpp and f is given by

μ0�Hpp = 4π√
3γ

α f + μ0�H0, (36)

where α is the dimensionless (Gilbert) damping parame-
ter and μ0�H0 is an inhomogeneous linewidth broadening,
corresponding to the intercept of the fitted linewidth with
the y axis at zero frequency. By fitting the linewidth of
the uniform mode to Eq. (36), we obtain α = 0.0148 and
μ0�H0 = 6 mT. While the linewidth of the PSSW mode
with p = 1 is larger than that of the uniform mode, its
slope and, thus, its damping parameter are essentially the

(a) (b)

FIG. 11. (a) Example of an in-plane easy-axis VNA-FMR spectrum of the Co/Ag bilayer measured at f = 26.5 GHz and (b) the
corresponding peak-to-peak linewidth μ0�Hpp, obtained from fitting Im(S21), as a function of the resonance frequency f .
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TABLE V. Damping parameter α and inhomogeneous
linewidth broadening μ0�H0 obtained by fitting both the in-
plane and out-of-plane VNA-FMR data of the bilayer (uniform
mode) and the nanodots (PSSW mode with p = 1) to Eq. (36).

Bilayer Nanodots

Parameter IP OOP IP OOP

α 0.0148 0.0101 0.0160 0.0057
μ0�H0 (mT) 6 0.7 0.6 0

same as those of the uniform mode. For the nanodot array,
a slightly higher value for α as well as a smaller value
for μ0�H0 are obtained. In the out-of-plane geometry, we
observe the same linear �Hpp( f ) dependence, but with
both smaller values for α and μ0�H0. Table V summa-
rizes the parameters obtained by fitting the linewidth data
for both geometries to Eq. (36).

V. CONCLUSIONS

The use of VNA-FMR can be seen to be an extremely
powerful tool in the study of the dynamic magnetic prop-
erties of magnetic nanostructures and is very sensitive to
the generation of standing spin-wave modes. Such stud-
ies allow an in-depth characterization of the properties of
these systems; however, the analysis can be very complex
if we wish to make a full interpretation of the experimental
data.

In this paper, we have performed detailed VNA-FMR
measurements at room temperature in the frequency range
up to 40 GHz. The data are quite rich and have been inter-
preted using the consideration of the boundary conditions
of the magnetic nanodots in three dimensions to iden-
tify the natural spin-wave excitation modes of the system.
These latter modes have been determined from a consider-
ation of micromagnetic simulations, which have provided
us with frequency-dependent modal patterns for the spin-
wave excitations in the nanodot system. Once these are
taken into account, we have been able to construct a sim-
ple model for the standing spin-wave vectors, from which
we calculate the spin-wave mode frequencies using the
standard theory for spin-wave excitations in ferromagnetic
solids, and thus generate the expected spin-wave spectrum
of the system.

We have further used a reference thin-film structure to
fit the VNA-FMR data, providing us with the magnetic
material constants for the Co/Ag nanostructures. From
this, we find excellent agreement for the calculated and
experimental values for the frequencies of the fundamental
(uniformlike) mode, at around 17.5 GHz. The existence of
an edge-localized mode in the experiment has been con-
firmed and fits very well with theory and micromagnetic
simulations, having the form of a flapping mode at the
extrema of the nanodot in one of the in-plane directions.

Its frequency is below the fundamental mode’s frequency
and has been shown to be a consequence of the imaginary
wave vector for such localized SSW modes. Higher-order
standing spin-wave modes can be generated from the the-
ory, which allows us to find a probable mode number for
the second bulk SSW that lies at frequencies above the fun-
damental mode. While the assignment of this mode is not
entirely unambiguous, both in the framework of the model
and the considerations for the spin-wave modes accessi-
ble therein, we provide a satisfactory explanation of all
the experimental observations. We have illustrated a con-
sistent approach to the full interpretation of experimental
measurements, where there is a good degree of confidence
and agreement between theory and experiment.

We are well aware that the combination of theoretical
modeling and simulation can be complex and laborious.
However, we have provided a consistent model for our
nanodot system that is physically feasible and realistic.
It is the nature of these excitations that they are inher-
ently complex and we must accept the plausible nature
of the agreement between theory and experiment. We fur-
thermore note that, as mentioned previously, while the
analytical model used in this paper is an approximation,
it provides a “best case” approach for calculating the
expected f (H) characteristics in a fully analytical form.
Indeed, we cannot expect to obtain an exact solution due
to the nature of the excitations over the length scales of
the nanodot for such nanostructures based on plane-wave
solutions for the spin-wave vectors.
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APPENDIX A: MICROMAGNETIC SIMULATION
OF THE HIGH-FREQUENCY MAGNETIZATION

DYNAMICS

Our three-dimensional simulation study of the magnetic
properties of the Co/Ag nanodots is based on a combina-
tion of advanced finite-element micromagnetic algorithms
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that allow us to analyze both the static structure of the mag-
netization and its high-frequency dynamics in an external
rf field. Owing to the large spacing of 200 nm—twice the
sample radius—between the disks in the array, we can
safely assume that interparticle magnetostatic interactions
are negligible. We thus consider only a single, cylindrical
Co sample representing the behavior of the ensemble of
disks studied in the experiment. Our model system is a Co
disk with 100-nm radius and 30-nm thickness. The numer-
ical model of this sample is discretized into 45 874 irreg-
ularly shaped tetrahedrons, whose edge length remains
below 4 nm, thereby ensuring cell sizes smaller than the
material’s exchange length l = √

2A/μ0M 2
s = 4.6 nm. To

model the material properties, we assume a ferromagnetic
exchange constant A = 1.0×10−11 J m−1, a saturation mag-
netization μ0Ms = 1.096 T, and a weak uniaxial in-plane
magnetocrystalline anisotropy Ku = 8.024 kJ m−3.

The preliminary step of the method consists in the
computation of the magnetic ground state (equilibrium)
configuration M0(x) in the disk-shaped sample for a given
constant external field H0, which in our case is oriented
in plane in the x direction. We perform this calculation,
which is a standard task of any modern micromagnetic
simulation software, with our custom-developed, GPU-
accelerated finite-element micromagnetic software pack-
age TETMAG [38]. The micromagnetic code solves the
Landau-Lifshitz-Gilbert (LLG) equation [39]

(1 + α2)
dM
dt

= −γ (M × Heff) − α

Ms
[M × (M × Heff)],

(A1)

which, starting from an initial magnetic configuration
M(x, t = 0), is integrated in time until the systems reaches
an equilibrium state M0(x) (γ is the absolute value of
the gyromagnetic ratio, α is the Gilbert damping constant,
and Heff is the micromagnetic effective field accounting
for the energy terms). We remark that, in our computa-
tion, the effective field Heff in Eq. (A1) does not include
any time-dependent externally applied fields, but only the
time-invariant part H0. Thus, TETMAG is used to calculate
the static magnetic structure M0(x), whereas the mag-
netization dynamics driven by an external rf field δH(t)
superimposed to H0 is treated with a dedicated software
that we have developed to specifically address such situ-
ations. The principal ingredients of this dynamic code are
briefly described in the following sections.

Once the static magnetization structure M0(x) is
obtained, we can numerically probe its response to an
external oscillating field δH(t) = δĤ exp(iωt), which in
our case has an amplitude |μ0δĤ| = 0.5 mT and is oriented
in plane along the y direction, normal to H0. To this end,
the magnetization dynamics is decomposed into a static

and a fluctuating component:

m(x, t) = m0(x) + δm̂(x) exp(iωt) (A2)

with |δm̂| � 1 and m = M/Ms (m is a unit-vector field).
A corresponding linear approximation is also done for
the effective micromagnetic fields. In our dynamic simu-
lations, we set the value of the Gilbert damping constant
to α = 0.01. The ansatz expressed by Eq. (A2) allows
us to linearize the LLG equation by retaining only first-
order terms and to reformulate the problem of finding
small-angle harmonic oscillations δm of the magnetization
around its equilibrium position m0 in the form of a linear
system in the frequency domain [40,41]:

Lδm̂ = PδĤ. (A3)

Here L = L[m0, ω, α] is a linear operator containing the
system’s dynamic interactions in the form of micromag-
netic effective fields and P is a constant projection operator
[41]. Operator L has properties similar to those of a
“dynamic matrix” as it is commonly used in comparable
algorithms [40,42]. When discretized on a computational
grid with N cells, operator L becomes a fully popu-
lated matrix with O(N 2) dimension (N is the number of
grid cells), which rapidly saturates the available computer
memory as N becomes moderately large and makes simu-
lation of large magnetic systems unfeasible. Nevertheless,
by using an appropriate operator formalism developed by
d’Aquino et al. [41,43], one can solve Eq. (A3) without
storing the dense matrix associated with L, resulting in a
matrix-free formulation. Moreover, this approach allows
one to exploit several modern features such as GPU accel-
eration of the magnetostatic field calculation and imple-
mentation of a H2-type hierarchical matrix method to

FIG. 12. In-plane f (H) plot for the simulation of the nanodot
structure using the material parameters referred to in the text.
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treat large-scale problems [44] [featuring O(N ) storage
and computational cost] that would otherwise entail pro-
hibitively large memory requirements and computation
times. We refer to this method as the frequency-domain,
matrix-free micromagnetic linear response solver (MF-
µLRS).

In Fig. 12, we show the results for the in-plane f (H)

plot for the resonance modes in the nanodot structure. A
detailed discussion of the simulations and the interpreta-
tion of the resonance experiment is given in Sec. IV B 2.

Because of space limitations, and in order to preserve
the focus of the article on the physical properties of the
system studied here, we cannot explain more numerical or
mathematical details of our frequency-domain MF-µLRS
algorithm here. A more exhaustive description can be
found in Ref. [21].

Even for relatively large micromagnetic problems, the
numerical solution of Eq. (A3) is sufficiently fast that
we can obtain a quasicontinuous set of solutions of
the dynamic magnetization δmωi(x) for a large set of
frequencies ωi, each yielding a different operator Lω

i . We

typically “sweep” the frequency ωi in steps of �ω =
100 MHz within a range of 0.1 to 20 GHz for each static
field value H0. In all cases, the amplitude of the oscillat-
ing external field, |μ0δĤ|, remains constant at a value of
0.5 mT, oriented parallel to the y axis. An alternative to the
aforementioned frequency-domain MF-µLRS approach
lies in performing simulations of the LLG equation (A1)
driven by suitable field pulses and postprocessing the time-
domain magnetization response via Fourier transforms.
More specifically, the simulation would consist in shifting
the static magnetic structure M0 slightly out of equilib-
rium by means of a small external perturbation such as,
e.g., a picosecond field pulse and letting the magneti-
zation relax back towards equilibrium for a sufficiently
long time [45,46]. This can be done by using traditional
micromagnetic software such as our TETMAG code. The
time-domain dynamics of the magnetization can then be
Fourier analyzed, yielding the power spectrum of the sys-
tem. The results of this so-called “ringdown” method [47]
are equivalent to those of our frequency-domain MF-
µLRS, but the former is numerically much more time

FMR

FMR

FMR

FIG. 13. Variation of the angular frequency ω as a function of the applied magnetic field H .
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consuming and bears the risk of accumulating numerical
inaccuracies of the time integration of the LLG equation
over a long time span (several nanoseconds) at low damp-
ing. We have verified on a few examples that the ringdown
method and our dynamic-matrix method yield identical
resonance frequencies and mode profiles.

APPENDIX B: EVALUATION OF STANDING
SPIN-WAVE MODES AND SURFACE MODES

It is instructive to outline the various possible modes
that can arise in ferromagnetic resonance experiments.
The nature of these modes will depend on a number of
factors, including the material parameters of the sample
under investigation. Critical to such considerations are the
boundary conditions for samples with reduced dimensions,
such as this films and nanostructures, typically of the order
of tens of nanometers in size. These boundary conditions
have been discussed in Sec. II. In this appendix, we aim
to outline the analysis of the resonance equation to illus-
trate the various contributions and how we can use this
analysis to show the forms and behaviors of the uniform
mode of resonance (or the pure FMR mode), bulk stand-
ing spin-wave modes, and localized and surface resonance
modes.

In its simplest form, the resonance equation can be
expressed as [see Eq. (23)]

(
ω

μ0γ

)2

= (H + Ms + Dk2)(H + Dk2). (B1)

Let us consider the various forms of solution for this
expression. In the simplest case, for the uniform resonance
mode, the wave vector k = 0. Strictly speaking, this is fer-
romagnetic resonance, in which all spins in the magnetic
system precess in phase with the exact same amplitude of
precession. This simple case can be represented as a single
magnetization vector in the classical sense. In this case, the

above resonance equation is simplified to

(
ωFMR

γ

)2

= μ0H(μ0H + μ0Ms) (B2)

or

ωFMR = γμ0

√
H(H + Ms) = γ

√
μHB. (B3)

The variation of the resonance frequency ( f = ω/2π ) is
illustrated in Fig. 13 with the red line. This curve passes
through the origin.

Since the case with nonzero wave vectors is the most
general form, we can express Eq. (B1) in terms of the FMR
response plus additional terms due to the existence of spin-
wave modes. Thus we write

(
ω

μ0γ

)2

=
(

ωFMR

μ0γ

)2

+ Dk2(2H + Ms) + (Dk2)2.

(B4)

This can be considered as a shift of the resonance line
with respect to the FMR line, as illustrated in Fig. 13
with the blue line. The various contributions to the general
expression are also illustrated with the dashed and dotted
blue lines. We note that this equation is quadratic in the
spin-wave term Dk2. The general solution for this can be
expressed in the usual manner as

Dk2 = −2H + Ms

2

±
√

(2H + Ms)2 − 4(ω2 − ω2
FMR)/(μ0γ )2

2
. (B5)

These solutions can be separated into real solutions, which
correspond to bulk or volume modes, where the spin pre-
cession occurs through the body of the magnetic nanos-
tructure, and into localized modes, where the spin preces-
sion is strongest at the boundaries of the magnetic structure

k = 0; δ = 1

k = π/L; δ = 0
k = (1 − δ)π/L; 0 ≤ δ ≤ 1

k = iτ; δ > 1

p = 1 Increased pinning

Increased underpinning

}

δ→0

τ →∞

L

FIG. 14. Schematic representation of the one-dimensional p = 1 modes. Perfect freedom corresponds to the uniform resonance
mode with k = 0 and δ = 1 (red). For increased pinning, k > 0, and δ → 1, the mode forms a volume standing spin wave (VSSW;
blue) and at the limit δ = 0, we have the case for perfect pinning (black). Underpinning is illustrated in green, where the imaginary
wave vector, k = iτ , increases and leads to greater degree of localization of the mode.
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and is weak or zero in its center. For the former, it is clear
that we must have a positive (+) solution in which the
second term of Eq. (B5) is greater than the first; we can
denote these wave vectors as k = kα . For localized modes,
there are two forms than can be distinguished: (a) those
for which we have a negative (−) solution to Eq. (B5)
and (b) those for which we have a positive (+) solution
to Eq. (B5), where the second term of Eq. (B5) is smaller
than the first. In these two cases for localized excitations,
the wave vector must be imaginary, and we can write
k = kβ,a = iτa for (a) and k = kβ,b = iτb for (b). For fur-
ther discussion into the nature of physically real solutions,
see Ref. [19]. For our purposes, we can simply take the
fact that we can expect, for certain boundary conditions,
the existence of edge or surface localized modes, for which
we can express the wave vector in the form k = iτ . Adopt-
ing this notation allows us to then write the corresponding
resonance equation in the form

(
ω

μ0γ

)2

=
(

ωFMR

μ0γ

)2

− Dτ 2(2H + Ms) + (Dτ 2)2.

(B6)

Such solutions can again be seen to cause a shift in the
resonance frequencies with respect to the uniform mode,
and are illustrated in Fig. 13 as the green solid line. The
various contributions to the general expression are also
illustrated with the various dashed and dotted green lines.
We further note that, while the green curve in the figure
appears negative, this is only a consequence of the math-
ematical solution and does not correspond to a physically
real solution in the negative frequency region.

Comparing the solutions illustrated by the solid lines
in Fig. 13, we see that the VSSW modes [ω(k > 0)] are
upshifted with respect to the uniform mode (ωFMR), while
the localized modes [ω(k = iτ)] are frequency down-
shifted with respect to the uniform mode. While we only
illustrate one of each type of VSSW and a localized mode,
in reality there can be several additional modes depend-
ing on the mode numbers and geometries, as discussed in
Sec. IV B 2. In Fig. 14, we show the p = 1 mode profiles as
a function of the pinning conditions. Here we show that the
uniform (k = 0) mode in red, underpinning, with increas-
ing pinning at the boundaries, δ, leads to VSSW modes,
up to the limit of δ = 0, giving the case of perfect pinning.
Underpinning (green lines) leads to greater localization of
the mode at the boundaries.

APPENDIX C: EVALUATION OF THE
LOWEST-LYING STANDING SPIN-WAVE MODES

In Sec. IV B 2, we define the expected form of the wave
vectors for our nanodot structures, which are based on the
form of the simulated excitations for a nanodot. This wave

vector is expressed as

k2
pqr = [

p2 + (q − 1)2](π

d

)2

+ (r − 1)2
(

π

L

)2

= [
p2 + (q − 1)2]n2 + (r − 1)2n1. (C1)

Here we have been explicit in our choice of the form of
the wave vector so as to produce modal patterns close to
that of the simulation. Once we have made this choice, it
is now only a question of performing the calculations to
generate the spectrum of excitation modes. Here we limit
ourselves to the lowest-lying modes, since these will be
closest to the fundamental mode and in the range of mea-
sured values. Despite this, we should take care to generate
enough modes to make sure that we allow for the expected

TABLE VI. Lowest-lying spin-wave modes for the model
given in Eq. (C1).

p , q, r k2
pqr k2

pqr (×1015 m−2)

0, 0, 0 n2 + n1 4.20
0, 0, 1 n2 0.247
0, 1, 0 n1 3.95
1, 0, 0 n2 + n1 4.20
0, 1, 1 0 0
1, 0, 1 2n2 0.494
1, 1, 0 n2 + n1 4.20
1, 1, 1 n2 0.247
0, 0, 2 n2 + n1 4.20
0, 2, 0 n2 + n1 4.20
2, 0, 0 5n2 + n1 5.185
0, 1, 2 n1 3.95
1, 0, 2 2n2 + n1 4.44
1, 2, 0 2n2 + n1 4.44
0, 2, 1 n2 0.247
2, 0, 1 5n2 1.235
2, 1, 0 4n2 + n1 4.94
1, 1, 2 n2 + n1 4.20
1, 2, 1 2n2 0.494
2, 1, 1 4n2 0.988
0, 2, 2 n2 + n1 4.20
2, 0, 2 5n2 + n1 5.185
2, 2, 0 5n2 + n1 5.185
1, 2, 2 2n2 + n1 4.44
2, 1, 2 4n2 + n1 4.94
2, 2, 1 5n2 1.235
2, 2, 2 5n2 + n1 5.185
: : :
0, 3, 1 4n2 0.988
1, 3, 1 5n2 1.235
0, 4, 1 9n2 2.223
3, 1, 1 9n2 2.223
3, 0, 1 10n2 2.47
: : :
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degeneracy between modes. For illustrative purposes, we
only consider modes with r = 0 and r = 1. In Table VI,
we evaluate the values of the wave vectors generated from
Eq. (C1).

We note that even for this limited set of wave vectors,
there is a high degree of mode degeneracy, i.e., modes with
the same value of k2

pqr. For example, we have k2
001 = k2

111 =
k2

021, etc. At the end of the table, we include some selected
values of pqr for which the k2 values are relatively low.
The 000 mode is actually a high-order mode in the sense
that it has a high k2 value, while for modes with r = 1, we
note that the k2 values are relatively low. This is a conse-
quence of the pinning parameter choice and the resulting
form of the wave vector, Eq. (C1).

From Table VI we can evaluate the expected spectrum
for the nanodots. This will consist of the sequence of lines
for which Dk2 = 0, Dn2, 2Dn2, 4Dn2, 5Dn2, 9Dn2, . . . etc.
This can be used to determine the frequency spectrum
using the resonance equation; see, for example, Eq. (B4).
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