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We report an experiment estimating the three parameters of a general rotation. The scheme uses quantum
states attaining the ultimate precision dictated by the quantum Cramér-Rao bound. We realize the states
experimentally using the orbital angular momentum of light and implement the rotations with a multiplane
light-conversion setup, which allows one to perform arbitrary unitary transformations on a finite set of
spatial modes. The observed performance suggests a range of potential applications in the next generation

of rotation sensors.
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I. INTRODUCTION

Rotation sensors are indispensable elements for nume-
rous applications. Examples include inertial navig-
ation [1,2], geophysical studies [3], and tests of general
relativity [4—6], and significant technological progress
is opening alternative potential uses. As diverse as the
applications are, the repertoire of available sensors has
continued to grow: from small MEMS gyros [7], over
fiber-optic gyros [8] and electrochemical devices [9—11],
to high-resolution ring lasers [12,13] and matter-wave
interferometers [ 14—16].

These technological advances are boosting the perfor-
mance to levels where quantum effects come into play [17].
Therefore, it seems pertinent to analyze the ultimate limits
of rotation sensors from a quantum perspective.

The problem of determining all three parameters defin-
ing a rotation constitutes a paradigmatic example of a
multiparameter estimation. This encapsulates the conflu-
ence between measuring incompatible observables and
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achieving the ultimate precision limits. Quantum metrol-
ogy promises that certain probe states and measurement
procedures can dramatically outperform standard (classi-
cal) protocols to simultaneously estimate multiple param-
eters with the ultimate precision [18-22].

The optimal probe states for sensing arbitrary rotations
are known as Kings of Quantumness [23-25] (initially
dubbed anticoherent states [26]). These probes have the
remarkable property that their low-order moments of key
observables are unchanged via rotations, instead imprint-
ing rotation information in higher-order moments. As well,
through the Majorana representation [27], they exhibit
highly symmetric geometrical structures on the Poincaré
(or Bloch) sphere, which can be used to intuit their
metrological properties [28—30]. These probe states have
previously been generated with orbital angular momen-
tum (OAM) carrying light modes to demonstrate single-
parameter estimation [31] and, recently, also in intrinsic
polarization degrees of freedom [32].

Given an optimal probe state subject to an unknown
rotation, what measurement scheme best reveals the rota-
tion parameters? Although there might be an ideal positive
operator-valued measure (POVM) that may never be eas-
ily realized in a realistic system, we can aptly ask where it
can be approximated with straightforward measurements.
The answer is positive: just like a globe can be oriented
by finding the locations of London and Tokyo, so, too, can
a quantum state be oriented by measuring its projections
onto a small number of axes pointed at various directions

Published by the American Physical Society
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on the surface of the sphere. This scheme was outlined in
Ref. [33] and is now demonstrated.

We generate our ideal probe states in the OAM basis
by using spatial light modulators (SLMs). This basis com-
prises a high-dimensional state space. These states then
undergo rotations by passing through a multiplane light
converter (MPLC) [34,35], which is capable of enacting
arbitrary linear transformations using a series of phase
modulations with free-space propagation between each of
the planes. The rotated states are then projected onto coher-
ent states oriented along various axes; from these data, we
can reconstruct all of the rotation parameters.

This paper is organized as follows. In Sec. 11, we briefly
review some basic properties of rotations and their effects.
In Sec. III, we discuss the ultimate limits in rotation sens-
ing and derive the optimal states for that task. In Sec. IV
we present the details of our experimental setup, while,
in Sec. V, we analyze the obtained results. Finally, our
conclusions are summarized in Sec. VI.

II. PRELIMINARIES ABOUT ROTATIONS

In general, a rotation is characterized by three param-
eters [36]: either the two angular coordinates of the
rotation axis and the angle rotated around that axis, or
a trio of Euler angles. We follow the former option
throughout and consider a rotation of angle @ and rota-
tion axis u(®, ®) = (sin®cos P sinOsind  cos ®)T,
where the superscript T denotes the transpose. We will use
the compact notation £(w,u) = (w, ®, ®) to denote these
angles. It is well known that the action of this rotation in
Hilbert space is represented by [37]

R(Q) = &<, (1)

where we have used the standard angular momentum nota-
tion J for the generators, which satisfy the commutation
relations of the Lie algebra su(2): [J;,J,] = iJ. and cir-
cular permutations thereof (with 2 = 1 throughout this
work).

We consider the (2J + 1)-dimensional space H,
spanned by the states {|.J, m)}, withm = —J,...,+J. This
is the Hilbert space of spin-J particles, but also describes
the case of symmetric combinations of 2J qubits. Indeed,
via the Jordan-Schwinger representation [38,39], which
represents the algebra su(z) in terms of bosonic ampli-
tudes, the space H, also encompasses many different
instances of two-mode problems, such as, e.g., polariza-
tion, strongly correlated systems, and Bose-Einstein con-
densates [40] with fixed total numbers of excitations. Actu-
ally, one can consider the spin J as a proxy for the input
resources required in a metrological setting and inspect the
precision of various estimates in terms of J, with a goal
of maximizing precision for an estimate while minimizing
J. In what follows, we assume that we work in ;. This

restriction is reasonable since maximal precision will be
obtained by concentrating all of the resources into a sin-
gle subspace corresponding to the average total number of
particles.

The notion of Majorana constellations [27] will prove
to be extremely convenient for our purposes. In this rep-
resentation, a pure state corresponds to a configuration of
points on the Bloch sphere, a picture that makes a high-
dimensional Hilbert spaces easier to comprehend. The idea
can be presented in a variety of ways [41,42], but the
most direct one is, perhaps, by first recalling that SU(2)-
or Bloch-coherent states can be defined as rotated versions
of a fiducial state [43,44]

|2)

) exp(z/ ), =J), 2

1
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where Ji =J,xiJ, are ladder operators and z =
exp(—i¢) tan(6/2), which corresponds to a stereographical
projection from the south pole, mapping the point z € C
to the point of spherical coordinates (8, ¢) fixing the unit
vector n. Coherent states are precisely eigenstates of the
operator J - n and they constitute an overcomplete basis.
So, every pure state |{) € H; can be expanded in that
basis as

. 1 Y
VED = EW) = ey m; (Hm

12
) Y,
3)

where v, = (J, m|{) are the amplitudes of the state in the
angular momentum basis. Since this is a polynomial, [1/) is
determined by the set {z;} of the 2J complex zeros of ¥ (z).
A nice geometrical representation of |y) by 2J points on
the unit sphere (often called the Majorana constellation) is
obtained by an inverse stereographic map {z;} — {6;, ¢:}.

Let us examine a few examples to illustrate how this
representation works in practice. The first one is that of
SU(2) or Bloch coherent states |ng), for which the constel-
lation collapses in this case to a single point diametrically
opposed to ny.

For the angular momentum basis, |/, m) can be easily
inferred from the polynomial so they consist of J =+ m stars
at the north and south poles, respectively.

Another relevant set of states are the NOON states [45]

L
V2

for which the Majorana constellations have 2/ stars placed
around the equator of the Bloch sphere with equal angular
separation between each star.

Since the most classical states (i.e., coherent states) have
the most concentrated constellations, one might intuitively

INOON) = (J,Jy = 1J,=JI)N, 4)
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think that the most quantum states have their 2/ stars dis-
tributed most symmetrically on the unit sphere, and this is
the case. This constitutes the realm of the Kings of Quan-
tumness [23,24]. In a sense they are the opposite of Bloch
coherent states, as they point nowhere; in other words,
the average angular momentum vanishes and the fluctu-
ations up to given order M are isotropic [28-30]. Their
symmetrical Majorana constellations herald their isotropic
angular momentum properties and give an intuitive pic-
ture that these states are the most sensitive for rotation
measurements.

III. ESTIMATING ROTATION PARAMETERS

A typical rotation measurement requires the vector €2
to be imprinted on a (preferably pure) probe state |i/),
in which the latter is shifted by applying a corresponding
rotation R(€2) € SU(2) that encodes the three parameters
Q. A set of measurements is then performed on the output
state |Yq) = R(R) |Y), with the measurements denoted
by a POVM [46] {Il,}, where the POVM elements are
labeled by an index x that represents the possible outcomes
of the measurement according to Born’s rule p(x|) =
(Yol Iy |¥@). From these outcomes, we infer the vector
parameter via an estimator 2 [47].

The performance of the estimator is assessed in terms of
the covariance matrix Cy, (€2), defined as

[Cy (@)1 = (@ — ) (% — ), (5)

where j,k € (1,2,3) and the expectation value is taken
with respect to the probability distribution p(x|2). The
diagonal elements are the variances, the nondiagonal ele-
ments characterize the correlations between the estimated

J

ha) = —-u,

hg = (— sinwcos ®cos P —coswsin® +sind®  (cosw — 1) cos P — sinw cos O sin ®

he = (sinw sin © sin ® + sin® 1w sin 20 cos ®

2 2

and [C;, (D] = Cy (J;,J). Notably,

1 0 0
0 4sin’*low 0

0 0 4 sin® %a) sin” ©

H (QH(Q) =
(10)

The remarkable property of these expressions is that we
have separated the parameter dependence, contained in
H(R) from the state dependence that is embodied in
Cy (J). To find states optimally suited for estimating arbi-
trary unknown rotations one must optimize Cy (J), which

sin 1w sin 2@ sin ® — sin w sin © cos ®

parameters, and an ideal estimator will minimize this
covariance matrix for some fixed amount of resources.

The ultimate limit for any possible POVM is given by
the quantum Cramér-Rao bound (QCRB), which promises
that [48]

Cy(®) = Q,' (@), (6)

where matrix inequalities A = B mean that A — B is a
positive semidefinite matrix. Here, the lower bound is the
inverse of the quantum Fisher information matrix (QFIM),
which takes the particularly simple form for pure states and
unitary evolution [19]

[Q,(®)], =4Cy (G, Gy). (7)

The operators G; are the generators of the transformation,
determined through G; = iRT (Sl)aij(SZ), and the sym-
metrized covariance between two operators is Cy, (4, B) =
1(AB + BA) — (4)(B), with the expectation values taken
with respect to the original state |y/). The QFIM grows as
Q — vQ when an experiment is repeated v independent
times, so we hereafter take v = 1 to inspect the ultimate
sensitivity bounds per experimental trial.

Computing these generators requires some subtlety, due
to the noncommutativity [0, (J - u),J - u] # 0. Following
the approach in Ref. [49] (see also the alternative method
in [50]), one gets a compact expression for the QFIM:

Q,(R) = 4H' (R) Cy (HH(Q), ®)

where H(®2) = (h, he hq;)T with

L N\T
sinwsin ®) ",

©

. . T
—2sin’ Lwsin®? ©)
2

(

has been dubbed as the sensitivity covariance matrix. The
most classical states have the smallest sensitivity covari-
ance matrix, to the point of being singular, while the
most quantum states have the largest sensitivity covariance
matrix.

Given a covariance matrix, we can balance the precision
of the various parameters by using a weight matrix W > 0.
In this way, the QCRB leads to the scalar inequality

THWC,(R)] > T{WQ, (2)]. (11)
The left-hand side is the so-called weighted mean square
error of the estimator, whereas the right-hand side plays
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the role of a cost function. For a given W, the standard
approach is to minimize this cost. Following Ref. [49], we
take the weight matrix to be the SU(2) metric W = H'H,
which remarkably cancels with the H matrices determining
the QFIM, so that the QCRB becomes

9
Tr[CJl(J)] > T (12)

The trace of the inverse achieves the minimum only when
the state is first- and second-order unpolarized; that is,
(J) = 0and Cy(J) o 1. This is precisely the case for the
Kings of Quantumness.

The saturability of the QCRB is a touchy business. For
pure states, the QCRB can be saturated if and only if
Im(yq|L;Li|@) = 0, where L; is the symmetric loga-
rithmic derivative respect to the jth parameter [19]. This
hinges upon the expectation values of the commutators of
the generators. Fortunately, for states with isotropic covari-
ance matrices, the expectation values of the commutators
are guaranteed to vanish. In fact, these expectation values
will vanish for all states that are first-order unpolarized.
The Kings thus guarantee that all three parameters can
be simultaneously estimated at a precision saturating the
QCRB for any triad of rotation parameters.

The measurement saturating the QCRB has been
recently characterized in terms of a POVM with elements
that are projections onto [g) and the three states pro-
portional to (J - h;)[¥e) [33]. However, its experimental
implementation may be challenging. Easier is to project
the rotated state onto a set of Bloch coherent states for var-
ious directions and to reconstruct the rotation parameters
from these measurements.

The set of continuous projections

On = |(n[Ye)? 13)
constitute the Husimi function [52]. Knowledge of all
of the projections Q) is equivalent to knowledge of the
rotated state |g), but such information is redundant: it
suffices to sample the function at a few locations Q, and
use these results to orient the Husimi function and thus
estimate the rotation parameters.

At how many locations must the Husimi function be
sampled to uniquely orient it? In general, the answer
depends on the probe state and the locations being sam-
pled. Using the same basic principles applied to geographi-
cal positioning systems (GPS) [53], we argued in Ref. [33]
that five projections should be more than enough for this
orientation problem.

We first choose an arbitrary Bloch coherent state |ni)
onto which we project the rotated state |[ig), which
amounts to sampling the Husimi function at n;. We take
this to be the state |/, /). The value of Q,, defines a set of
level curves, and the state must be oriented in such a way

that n, lies on one of these curves. Rotating the state along
any of these level curves will produce the same value Qy, .
In the analogy in the introduction, such a level curve is akin
to pinpointing the location of London, with the rest of the
globe free to rotate about that point. But, since the analogy
breaks down because more than one point on the sphere
may have the same value of the Husimi function, we must
contend with multiple possible level curves at this stage.

To remove some of this ambiguity, we next, project
the rotated state onto another coherent state |n;) to define
another set of level curves. We take this next state to be the
opposite coherent state |/, —J). Rotating the state along
these level curves again produces the same value Qy,, so in
general we expect there to be multiple intersection points
for orienting the Husimi function such that n; lies along a
curve Qp, and n, lies along a curve Qy,. For the introduc-
tory analogy of orienting London and Tokyo, this would
suffice, but the existence of multiple level curves means
our work is not complete.

In all but pathological cases, a third projection uniquely
specifies one of the above intersection points for orienting
the Husimi function. We include a fourth projection to deal
with pathological cases and a fifth projection to help with
normalization, where more and more projections provide
redundant information that will make the overall measure-
ment more precise. We take these projections to be onto
three coherent states pointing toward the equator, first ns
in the y direction, then ny4 in the x direction, and finally
ns in the v/2x + y direction. Put in different words, the set
of d angular coordinates n; can be rigidly rotated until the
d projections Q, match the given state |q). The patho-
logical cases are those for which the projections match the
given state rotated by different sets of rotation parameters.

IV. EXPERIMENT

To verify the proposed method, we use an experimen-
tal setup sketched in Fig. 1. It consists of three sections:
state generation, unitary manipulation, and state measure-
ment. Different 4/ imaging systems, which were omitted
from the figure, are used to connect the sections. We use
a cw diode laser (Roithner RLT808-100G, AA = 2 nm)
at a central wavelength of 810 nm, and phase-only SLMs
(Holoeye Pluto-2) along with standard free-space optical
components to perform the experiment. For accurate phase
modulations, we also perform aberration correction for all
phase screens using a Gerchberg-Saxton phase-retrieval
algorithm [54].

First, we encode the probe state [i) in the trans-
verse spatial degree of freedom of a laser beam; in
other words, Laguerre-Gauss modes LG, carrying OAM
of light, emerging from a single-mode fiber by display-
ing a phase and amplitude modulating mask on the first
SLM [55] with an added Gaussian correction [56,57]. The
chosen states are Kings of Quantumness: we consider here
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2m

SLM phase delay

FIG. 1.

A simplified sketch of the experimental system. Three SLM screens are used to perform the three steps of the experiment.

The first one transforms the Gaussian beam coming out of a single mode fiber (SMF, yellow) into the desired King state that is then
rotated using a unitary operation implemented through MPLC on the second SLM. The third SLM performs a projective measurement
onto a state by first applying a phase and amplitude modulating mask and then coupling the beam into an SMF using a 10 x microscope
objective [51]. Nonmagnifying 4f lens systems imaging each SLM onto the next one are omitted from the figure. The shown insets
correspond to field structures (in color) and phase mask structures (in gray scale). The field structure insets show a J = 2 King state
light field on the left and a rotated version of the same King-state field structure on the right. The measurement mask filters for one of
the chosen coherent states in this state space. In the image, the grating terms have been removed from the phase masks of the unitary
and only the field structure at the first-diffraction orders from each phase mask are shown.

the J = 2 state (with a tetrahedral constellation) that lives
in a five-dimensional Hilbert space

) =22 -1+ /112.2) (14)

and the J = 3 state (with a square-based pyramid and
its reflection as constellation) that lives in a seven-
dimensional Hilbert space

¥) = L(3,-2) - 13,2)). (15)
These modes are encoded in the LG basis by generating
superpositions of LG} modes with radial index p = 0 and
azimuthal indices / = m (the quantum number in the state
|/, m), which is the only degree of freedom once the spin
J is set), with a beam waist of w = 0.52 mm. The state
is then imaged onto the first phase screen of an MPLC
system, which consists of five consecutive phase modu-
lations separated by 800 mm of free-space propagation
implemented using a single SLM screen [58]. The MPLC
system is capable of performing an arbitrary unitary map-
ping between spatial modes [59], using phase modulations
calculated through a wave-front-matching algorithm [60].
Here, the MPLC is used to realize the unitary transfor-
mations R(2) of the probe state R(R) [{) = |Yq), i.c.,
rotations of the state. The rotations do not necessarily
correspond to a physical rotation of the transverse-field
structure, but rather to a rotation in the high-dimensional
state space. The form of the rotations is set by J, which
enforces the Hilbert space to which the LG modes are

restricted. Physically, this corresponds to a complex trans-
formation of the transverse field dictated by the specific
modes used to build up the state space. An exemplary
field mask structure for enacting the rotation is depicted
in Fig. 1. After the MPLC, the rotated state is imaged onto
the measurement SLM, which is used along with an SMF
to perform projective measurements of the rotated probe
state Q, = |(n|¥e)|*.

The raw data of the projective measurements consists of
power values with different measurement settings. In the
ideal case, the projective measurement is simply given by

On = |y = —lnlbe) (16)

Piyalve)

where Pyg) is the power coupled to the SMF when
projecting the rotated probe state |yg) onto the Bloch
coherent state |n), and P yq|yq) 18 the total power readout
when projecting the rotated probe state onto itself, taking
into account the efficiency of the measurement.

However, in our projective measurement scheme, the
power that is coupled to the SMF is highly dependent on
the state being generated and projected on. To account
for this, we must measure and compensate for these state-
dependent detection efficiencies n. To measure the detec-
tion efficiencies of the Bloch coherent states, we make use
of the following scheme. We generate the Bloch coher-
ent state with the first SLM, and image the state through
the system unaltered (setting MPLC to perform an iden-
tity unitary). Then, we measure the power projected onto
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the Bloch coherent state itself Pnjny, and the total power of
the beam before the final SLM P, giving us an efficiency
measure 1)p = Pn)/Pn. For the detection efficiencies of
the rotated probe states ny,, we make use of a similar
scheme, but instead of imaging the state through the sys-
tem unaltered, we generate a probe state |y) with the first
SLM, rotate the state using the MPLC R(2) |¢/) = |¥@),
and measure the detection efficiency 0y, = Piyqlve)/Pyg-
With these detection efficiencies, the projective mea-
surements are given by On = 0y Pinjve)/ (P yglve)) =
Pjyg)/ (MnPyg); in other words, the fraction of the power
coupled to the SMF, scaled by the efficiency of projecting
onto the coherent state in question.

Each of the power values is measured as a sample mean
of power data gathered for half a second, corresponding to
approximately 50 datapoints. From these data, we also cal-
culate the standard deviation for each power value, which
are used to infer the standard deviations of the projective
measurements via error propagation. The data for rotated
J =2 and J = 3 Kings of Quantumness, along with their
standard deviations, are presented in Fig. 2. However, even
after tenfold multiplication of the error bars, they are too
small to be visible.

V. RESULTS

A. Axis estimation

Figure 2 shows the data for the J = 2 King of Quantum-
ness state, i.e., the tetrahedron initial state, and projections
onto five coherent states for the same randomly chosen axis
variables (®, ®) = (1.11,3.75) and all rotation angles in
intervals of 7/18, i.e., 10 degrees. Combining all of these
data for all 37 of the rotation angles, where we expect

J =2

the 0 and 27 rotations to yield similar data, we can per-
form maximum-likelihood estimation following standard
procedures [61,62]

5
(C:), 43) = arg max Z Z an
i j=1

| (n; |R(wr, wy) |2
vy |y R(@y, W) 12

x log

(17

This amounts to finding a global maximum of the likeli-
hood function (17), supplied with the experimental data
an, on the finite two-dimensional search space with the
help of standard global optimization tools. With no further
constraints on 0 < ® <7 and 0 < ® < 27, the maxi-
mization procedure finds (C:), ﬁ>) = (1.13,3.79), immedi-
ately demonstrating the usefulness of this procedure. We
note that there is a local maximum at the true variables
(1.11, 3.75) but this is not the global maximum. To fur-
ther demonstrate the very good agreement, we also plot
the estimated lines versus the true lines for coherent-state
projections of the state rotated about the estimated versus
the true axis in Fig. 2.

We can consider the Fisher information matrix of the
estimated parameters with components

: 18
Qn 99 P 9 P (18)

kl

corresponding to the amount of information per probe state
and estimate the uncertainty from the inverse of the Fisher

J=3

FIG. 2. Projections of the rotated J = 2 (left) and J = 3 (right) Kings of Quantumness onto five different spin coherent states. The
plotted error bars are 10 times the measured standard deviations; however, in general, they are too tiny to be visible. The dashed line
shows the curve obtained using the estimated rotation axis to compute an , while the full line shows the theoretically expected results.
The orders of the projections from 1 to 5, in terms of directions that the coherent states point on the Bloch sphere, are +z, —z, +y, +x,

and v/2x + y.
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information matrix. Here,
pu=|mR@ewY) I, P=Y pu, Q=) Qu,
K I
(19)

and all of the derivatives can be computed analytically
using the generators G; = J - h;. When we do this, we find

L o (0261
¥ (®’q’)—<—0.o471

Using this inverse as the covariance matrix for the esti-
mates of the axis parameters [62] lets us report the
uncertainties in our estimates of ® and & as 0.51 and
0.67, respectively. For comparison, the best possible value
of the QFI for a single experiment is Fpy = %4]  +
1) si112(a),-/2)diag(4,4sin2 ®), where diag(v) is a square
diagonal matrix with the elements of vector v on the main
diagonal. Averaging over the 37 different values of w that
were used, this becomes

—0.0471) 20)

0.452

0.0642 0.
0. 0.0786)' @D

Our measured uncertainties are larger than the ultimate
bounds by factors of 2.0 and 2.4 for ® and &, respectively.

F_! (1.13,3.79) = (

FIG. 3.

In the second set of experiments, we performed the
same tasks for the J = 3 state. The true rotation angles
are (O, ®) = (2.40,2.76) and the estimated ones with
no constraints are (0, ®) = (2.37,2.75). Again, the data
along with the estimated and theoretical curves are plot-
ted in Fig. 2, showing good agreement. However, due to
the increased dimension of the utilized states without an
increase in phase modulation planes of the MPLC sys-
tem, the performance of our experiment slightly degrades.
Performing the observed Fisher information calculation
yields

0.203 0.0174) ’ (22)

1 .
F (@,@_(0.0174 0.282

to be compared to the theoretical minimum uncertainty
given by

00321 0
0 0.0666)' (23)

Our measured uncertainties are larger than the ultimate
bounds by factors of 2.5 and 2.1 for ® and @, respectively.

We can discuss the scaling of these results with J. While
there is clearly a larger Fisher information for the J = 3

F,l (237,275 = (

Example of the true rotated state (orange surface) and estimated rotated state (blue surface) for / = 2 and a rotation by

7/18 about a randomly chosen rotation axis. The radial coordinates are given by the magnitude of the Husimi Q function. Plotted
are three perspectives of this three-dimensional object, along with five black spheres at the five measured data points. The rotation
estimation algorithm tries to rotate the surface until it best matches the data points, with “best” defined according to a maximum-
likelihood estimation procedure. These perspectives let us visualize how well the estimated orientation matches the correct one, and the
absolute orientation of the perspective is less relevant for visualization because we are interested in these relative results to inspect the
performance of the algorithm. For absolute orientation, plotted on the top is a sphere to indicate how the black spheres are distributed
in space.
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state than the J = 2 state, we must be careful because the
best possible QFI depends on the rotation axis. We can
create a unique figure of merit by weighing the observed
uncertainties by the metric g = diag(1, sin> ®) and taking
the trace. This finds

Tr(gF,l,) = 0.63, Tr(gF,.;) =034.  (24)
This decrease in total uncertainty with N is approximately
the anticipated 1/[J(J + 1)] scaling, which would provide
a factor of 2 difference here. For comparison, the ultimate
limits are 37/[48J(J + 1)], which approximately equal
0.13 and 0.064 for J = 2 and J = 3. A NOON state, with
Cy = diag(J/2,J/2,J?%) or a transposition of the diago-
nal elements for a NOON state in another direction, has
ultimate limits in the range 0.18 — 0.22 and 0.10 — 0.14
forJ = 2 and J = 3, respectively, for the axes chosen ran-
domly here. Since the results remain within a factor of 3
in uncertainty of the best possible values for all J tested
here, it is certainly reasonable to expect dramatic quan-
tum advantages as J grows, at which point they will also
outperform NOON states. All of these outperform SU(2)-
coherent states, the most classical of states, because these
cannot be used to simultaneously estimate multiple param-
eters of a rotation due to the singularity of their sensitivity
covariance matrices.

B. Angle and axis estimation

Next, we can do this estimation 37 times to find all three
rotation parameters for each specific rotation. Such an esti-
mation cannot be done in a single trial using (classical)
SU(2)-coherent states, as those are insensitive to one of
the three parameters of a rotation. The maximization is the
same as in Eq. (17) but removing the sums over i and i’ and
repeating the optimization for each value of i = 7"

| (n; |R(R)|Y) I°
> Ly RR)IY) >

5
Q = arg maxz O, log (25)
j=1

Again, we expect to find similar estimates for the 0 and 2
rotations.

Figure 3 depicts the optimization process geometrically
for the first nonzero rotation with J = 2 for a rotation by
/18 (10°). The true rotated state has a particular Q func-
tion that is sampled at five points, then the optimization
algorithm rotates the original state until it best aligns with
those five sampled points. This again amounts to finding
a global maximum of the likelihood function (25), now
on the finite three-dimensional search space with the help
of standard global optimization tools. The offset between
the true and estimated state as well as how closely each
matches the level curves from the five data points can
be inspected visually. Throughout, one can see that the
0 function varies dramatically with angular coordinates,

possessing tetrahedral symmetry, which is what makes this
state so useful for estimating rotations.

It is cumbersome to visualize all 37 experiments for each
of the tested values of J, so we require a method to aggre-
gate the estimation results. We choose to investigate the
deviation between the true rotation and the estimated rota-
tion, quantified by the angle of rotation one would require
to convert between the true and estimated rotation. This
can be given by the unitary rotation operator

R(A,w) = R(2)TRR)). (26)

We need not worry about the direction u; in characteriz-
ing this error. To find A;, we use the Hilbert-Schmidt norm
Tr[R(R)TR(R)] = Tr[R(A;,w;)] = cos AJ + sin AJ/
tan(A,;/2), found using invariance of the trace under uni-
tary transformations such that the trace is evaluated in the
basis of eigenstates of J - u;, and solve for the smallest
value of A;. In doing so, we find the average deviations
A=054+£043and A =0.52+031forJ =2andJ =
3, respectively, with all of the values plotted in Fig. 4;
the large ranges in deviations seem to signify that the
algorithm is better for rotation angles close to 0 and 2.
Angular sensitivity can be further improved by encoding
angle and axis using two or more King states that can
be transformed into each other by a known rotation. This
tends to average out some of the unavoidable systematic
errors present in the experiment. In particular, using triples

9
1.5+
®e
. °
107 memmeneTpoeans 2 S S
< e
o ®
05 7 ° ° Y o,0
° oo o* 2 e °
P e [ ] ._._(i..
00 b i it el 1)
0 /2 T 3n/2 2n
w

FIG. 4. Angular deviation between the true rotation and esti-
mated rotation when all three parameters of the rotation are
simultaneously estimated (all plotted in radians). The probe
states are a King state with J =2 (i.e., a state with tetrahe-
dral symmetry; blue circles) and J = 3 (i.e., an octahedral state
with Z, x S4 symmetry; orange triangles). There are 37 different
experiments, each with the same to-be-determined axis of rota-
tion and all rotation angles equally spaced from 0 to 2. The
mean is plotted as the solid (dot-dashed) line and the one standard
deviation away as the dashed (dotted) lines for J =2 (J = 3).
The small errors, especially for rotation angles close to 0 and
27, validate this method for estimating all three parameters of a
rotation.
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of King states separated by 77 /6 rotations we obtained devi-
ations A = 0.23 £0.1and A = 0.22 £ 0.08 forJ = 2 and
J =3, which means improvement by a factor of more
than 2. These deviations are all much smaller than might
be found for a random rotation, where a random rota-
tion would have deviation 7 /2 on average, showcasing the
usefulness of our method.

VI. CONCLUDING REMARKS

Rotations constitute the epitome of how quantum prop-
erties can boost sensitivity and precision. We have demon-
strated a simple measurement scheme that achieves results
close to the ultimate bounds dictated by quantum the-
ory, without requiring complicated and fragile entangled
measurement strategies, and for simultaneously estimating
all three parameters of a rotation. This proof of principle
used MPLCs, which offer a range of advantages, including
compactness, versatility, high efficiency, flexibility, cost
effectiveness, and real-time adaptability. Nonetheless, the
method is also sufficiently broad to apply to any other
rotation-sensing application, so we expect these results
to be relevant in years to come and believe they inspire
research into performing coherent-state projections for a
variety of physical systems.
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