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Classical interferometers are indispensable tools for the precise determination of various physical quan-
tities. Their accuracy is bound by the standard quantum limit. This limit can be overcome by using
quantum states or nonlinear quantum elements. Here, we present the experimental study of a nonlinear
Josephson interferometer operating in the microwave regime. Our quantum microwave parametric inter-
ferometer (QUMPI) is based on superconducting flux-driven Josephson parametric amplifiers combined
with linear microwave elements. We perform a systematic analysis of the implemented QUMPI. We find
that its interferometric power exceeds the shot-noise limit and observe sub-Poissonian photon statistics in
the output modes. Furthermore, we identify a low-gain operation regime of the QUMPI that is essential
for optimal quantum measurements in quantum illumination protocols.
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I. INTRODUCTION

As part of the second quantum revolution, various quan-
tum technologies have matured to a level allowing their
use in a plethora of practical applications [1,2]. In particu-
lar, the fields of quantum communication, metrology, and
sensing have made great progress [2—5]. In metrology, the
field of interferometry has been widely explored in terms
of fundamental physics and resulted in a variety of tech-
nical breakthroughs [6—8]. Classical interferometers, such
as the Mach-Zehnder interferometer, typically rely on the
injection of a coherent state into one port of a beam split-
ter, while only vacuum fluctuations enter the second port
[9]. Their phase sensitivity is limited by the shot noise of
the coherent signal, also known as the standard quantum
limit (SQL). The SQL results in a 1/+/N scaling of the
sensitivity limit, or, equivalently, in a «/N scaling of the
signal-to-noise ratio (SNR), where N is the photon number
of the input coherent state [10,11]. This linear interfer-
ometer sensitivity can be improved by coupling quantum
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states, such as squeezed states, into the second beam split-
ter port [10,12]. Alternatively, the SQL can be overcome
by making use of nonlinear elements such as paramet-
ric amplifiers, leading to interactions between photons
[3,13—15]. In principle, exploiting quantum correlations
between photons in these states allows one to achieve the
Heisenberg limit (HL) with a linear scaling of the SNR
with respect to N [10,16]. While nonlinear interferom-
eters have been investigated at optical frequencies, the
microwave domain has so far remained largely unexplored
due to relatively small energies of microwave photons with
frequencies in the 1-10 GHz regime and the associated
difficulty of single-photon detection [10,15,17,18]. Mean-
while, quantum microwave sensing and communication
represent novel and rapidly growing fields, which promise
groundbreaking fundamental experiments and applications
[19-22].

In this article, we present an experimental realization
of a nonlinear microwave interferometer, making use of
Josephson-junction-based superconducting quantum cir-
cuits (see Fig. 1). This quantum microwave parametric
interferometer (QUMPI) consists of two linear balanced
microwave beam splitters and two nonlinear quantum
devices in the form of flux-driven Josephson parametric
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amplifiers (JPAs). We experimentally characterize the
QUMPI by injecting various Gaussian states and analyze
its performance by comparing experimental results to pre-
dictions of an input-output theory model in terms of output
photon numbers, interferometric power, and second-order
correlation functions. We observe that the interferomet-
ric power of the QUMPI exceeds the SQL, which high-
lights the potential of our scheme in precision metrology
[13]. With symmetric coherent signal inputs, our interfer-
ometer shows photon antibunching between the outputs.
This is captured by a second-order cross-correlation func-
tion, géz) < 1, and reflects the nonclassical nature of the
QUMPL. For the specific operating point with equal phase-
sensitive gain amplitudes, G; = G, = G, of the JPAs and
orthogonal amplification angles, y; = y» + 7 /2, the input-
output operator relation of the circuit coincides with that
of an SU(1,1) interferometer [10]. The QUMPI can also
be used for analog Bell measurements in microwave quan-
tum teleportation [19]. In the low-gain operating regime,
G 2 1, the QUMPI realizes an effective two-mode, phase-
conjugate signal mixing, which is an integral part of joint
receivers for quantum radar schemes [23-26]. All these
findings demonstrate the practical versatility and funda-
mental potential of the considered scheme.

II. EXPERIMENT

In Fig. 1(a), we present the idea of the QUMPI. Input
signals at ports Inl and In2 are split and subsequently
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FIG. 1. (a) General scheme of the QUMPI. (b) Details of the
experimental setup consisting of a 180° hybrid ring (HR), which
splits and symmetrically superimposes two incoming signals
from ports Inl and In2, two JPAs for phase-sensitive amplifi-
cation, and a second 180° HR, which completes the nonlinear
interferometer. Output two-mode signals are detected with a
heterodyne microwave receiver, followed by analog-to-digital
(ADC) conversion, and digitally processed to extract statistical
signal moments. The latter enable a full state tomography. (c) A
circulator separates the incoming and outgoing signals for each
JPA.

fed into JPA1 and JPA2. Then, the nonlinearly ampli-
fied signals from the JPAs interfere and leave the circuit
at ports Outl and Out2. Figure 1(b) shows a detailed
circuit layout of our experiment. We employ two sym-
metric hybrid rings (HRs) as microwave beam splitters
and two superconducting flux-driven JPAs. The latter are
operated at a frequency of wy/2m = 5.48 GHz. Experi-
mental bandwidths of JPA1 and JPA2 are 2 and 10 MHz,
respectively. Low-loss microwave cryogenic circulators
are used to separate the incoming and outgoing signals
of the JPAs [cf. Fig. 1(c)]. We operate both JPAs in the
phase-sensitive amplification regime by pumping them at
twice the resonance frequency, w, = 2wy [27,28]. The
microwave interferometer arms are tailored to have iden-
tical lengths with an accuracy of 1 mm. At the carrier fre-
quency of around 5.5 GHz, the corresponding wavelength
in our superconducting cable is approximately 38 mm.
Given the interferometer arm accuracy in comparison with
the signal wavelength, microwave signals traveling along
different interferometer paths do not acquire a significant
relative, path-induced phase shift. However, the overall
phase difference also depends on JPA-induced phase shifts,
which can be adjusted by fine-tuning the JPA operation
frequency with an external magnetic flux [28]. The out-
put state tomography relies on heterodyne measurements
with a field-programmable-gate-array- (FPGA) based dig-
itization setup [29,30]. After digital down-conversion and
filtering, we use a reference-state reconstruction method to
extract statistical field quadrature moments and reconstruct
a covariance matrix of the quantum states at a certain refer-
ence point [29-31]. This reference point can be defined by
performing a Planck spectroscopy that provides a precise
in situ photon-number calibration of the output lines [32].

II1. RESULTS AND DISCUSSION

A systematic study of the QUMPI requires careful cir-
cuit calibration and a precise control of the JPAs. First, we
detune both JPAs from the intended operation frequency
and switch our interferometer into the linear regime. We
then perform Planck spectroscopy of our system by inject-
ing a thermal state generated by a heatable attenuator
at one input and vacuum at the other, as illustrated in
Fig. 2(a) [32]. Figures 2(b) and 2(c) show the correspond-
ing experimental results. We observe both constructive and
destructive interference of the broadband thermal signals,
as expected in a symmetric linear interferometer. Thermal-
signal injection at Inl (orange points) results in the tem-
perature dependence of P;, while P, remains independent
of T due to destructive interference. The inverted case
of thermal-signal injection at In2 (purple points) demon-
strates the system symmetry, which is reflected in P,(7)
and a 7T-independent response of P;.

As a second part of the calibration routine, we tune
both JPAs to the same resonance frequency of wg /27 =
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FIG. 2. Planck spectroscopy of the interferometer in the linear
regime for output channel powers (b) P; at Outl and (c) P, at
Out2. Orange points correspond to thermal-state injection at Inl
and vacuum at In2, and purple points correspond to the inverted
case of thermal-state injection at In2 and vacuum state at In1, as
depicted schematically in the quadrature planes in (a). The tem-
perature dependence of P, (P,) for orange (purple) data points
yields the photon-number calibration for the interferometer and
verifies its functionality. The corresponding error bars are smaller
than the symbol size. The solid red lines represent fits based on
Planck’s law.

5.48 GHz. This step converts the QUMPI into the nonlin-
ear regime. The JPA response is controlled via magnitude
and phase of the coherent pump tone. Since we expect
the best interferometric performance for a balanced gain
of G| = G, [10], we inject vacuum states at both cir-
cuit inputs and pump the JPAs with varying magnitude
and phase [29]. We balance the produced two-mode states
at the interferometer output by minimizing asymmetries
of the local output modes. These asymmetries result in
squashed variances o; and amplified variances o; (i =
1,2 denote path 1 and path 2, respectively) of the local
phase space distributions. We define a balancing criterion
as B = (07,/0.)(07,/02,). For our system, we observe
B reaching values of around 0.91, close to the optimum
of B = 1 (see Appendix C for details). Finite asymmetries
and insertion losses of the HRs, as well as the nonidentical
noise properties of the JPAs, limit the balancing.

After the calibration, we investigate the nonlinear inter-
ferometer response to coherent signals applied to both
input ports, Inl and In2, with a photon number of |o;|* =
loz|> = 0.69(7), where || (i =1,2) are the respective
displacement amplitudes [33]. We fix one coherent dis-
placement angle, 6; = 0.64, while varying the other,
6. Both JPAs are operated with an average gain G, =
7.73 dB and an average number #;,; = 0.238 of added
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FIG. 3. Interferometer measurements with coherent signals
applied to Inl and In2. The corresponding displacement ampli-
tudes are |o;| = |az| = 0.83(5), and the displacement angle 6,
is fixed to 0.647, while 0, varies from 0 to 27r. Both JPAs are
operated as squeezers with the average gain G;, = 7.73 dB and
squeezing angle y; varying from 0 to 2, while y, = 0. Top row
shows the experimentally reconstructed photon numbers (a) N;
and (b) N, at ports Outl and Out2, respectively, as a function of
6, and y,. (c) Interferometric power P of the QUMPI illustrating
the two-mode state probe capabilities.

noise photons referred to the JPA inputs. The JPA2 squeez-
ing angle, y», is fixed to 0 and we vary y;. We compare
the acquired data with a theoretical model of our system
based on the input-output formalism (see Appendix B for
more details). Figures 3(a) and 3(b) show the photon num-
bers N; = (&j&i) at the respective outputs Outl and Out2.
Here, &j (a;) is the photon creation (annihilation) opera-
tor. The bottom row of Fig. 3 shows the model prediction.
The common color bars for each column underline good
quantitative agreement between experiment and theory.
As a model quality metric, we introduce the normalized
distance d(x) := Zfil Z,N:1 la;j — bij|/la;| between the
respective data matrices a; and model matrices b; of
dimension M x N with respect to a quantity x. The corre-
sponding distances are d(N;) = 7.6% and d(V,) = 6.5%.
Since our model intrinsically corresponds to a nonlinear
interferometer, this agreement confirms that our experi-
mental system acts as such. The asymmetry in the patterns
between Figs. 3(a) and 3(b) stems from the nonlinear
character of our interferometer.

Next, we evaluate the interferometric power (IP) of the
QUMPL. For a bipartite quantum probe state, the IP defines
the worst-case precision of a parameter estimation, where
the corresponding parameter experiences unitary dynam-
ics in one of the two subsystems (e.g., a phase shift of the
signal in one interferometer arm) [34]. The respective IP is
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defined as

Plpas) = %iélff(pjé(]f‘), (1)
A

where p4p is the two-mode probe state, UA is an arbi-
trary unitary transformation of the subsystem 4, F is the
quantum Fisher information, and ® is the corresponding
estimator [34,35]. Remarkably, the IP provides a measure
of bipartite discord-type correlations for Gaussian states
beyond pure entanglement [34,36]. We apply the expres-
sions from Ref. [34] to our theory model, as well as to the
reconstructed experimental covariance matrices, in order
to extract the IP of the QUMPI. Figure 3(c) depicts both
the experimental and theoretical IPs as a function of 6,
and y;. The data in Fig. 3(c) are independent of 6, since
‘P is invariant under local unitary operations [34]. Fur-
thermore, P goes to zero for parallel amplification angles
y1 =y, +nm (n=1,2,...), where output states become
separable, and is maximal for orthogonal amplification,
where the states are entangled. In this context, the SQL sets
an upper bound Psqr. = N for separable two-mode probe
states, where NV is the mean photon number in the probing
subsystem. For pure two-mode squeezed states, P satu-
rates at the HL with Py = N(N + 1) [34]. The simulated
IP reproduces the experimental data, but with a noticeably
smaller maximum value, as can be seen from Fig. 3(c)
and d(P) = 47.0%. We attribute this deviation to possible
misestimates of losses in the underlying photon-number
calibration. Both, maximum theoretical (Pincory/Psqr =
1.38) and experimental (Peyp/Psqr = 1.70) values exceed
the SQL but do not reach the HL (Pueory/PuL = 0.58,
Pexp/PrL = 0.65). The presence of finite noise in the sys-
tem prevents reaching an IP closer to the HL. We note,
however, that Pey, > PsqL provides direct evidence that
the QUMPI exceeds the +/N scaling of the SNR, since
SNR o v/P.

In order to study correlation properties and related inten-
sity fluctuation statistics of the QUMPI, we analyze the
zero-delay-time second-order correlation function, g‘® (0),
for the single-mode fields at the interferometer outputs, as
well as the cross-correlations between the outputs [37].
For the two-mode fields, the respective autocorrelation
function, gi(z) (0), can be written as

_ —"’ )

where i=1,2. The associated second-order cross-
correlation function, géz) (0), can be expressed as

@lalaan) + @lala) + 2(aTa1alas)
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FIG. 4. Second-order correlation analysis of the QUMPIL
Single-mode second-order correlation functions, gfz)(O) and
géz) (0), at the interferometer ports (a) Outl and (b) Out2. (c)
Second-order cross-correlation function, gg)(O), between ports
Outl and Out2. The experimental parameters are identical to
those in Fig. 3.

The experimentally obtained data for gfz) 0), géz) (0), and
gg) (0) as a function of 6, and y, are depicted in Fig. 4. The
bottom row shows the respective theoretical predictions
[38]. Our model sufficiently well reproduces the experi-
mental observations with d[g\” (0)] = 8.6%, d[g” (0)] =
10.4%, and d[g”(0)] = 7.8%, although some fine fea-
tures are not resolved in the experimental data. In
accordance with the model, the local output modes
show correlation functions indicating photon bunching,
7 (0),870),20) > 1.

To further explore the QUMPI, we experimentally
investigate gg) (0) as a function of the displacement ampli-
tude of the incident coherent states. We observe that, for
sufficiently large displacement amplitudes, |«;| and ||,
and equal displacement angles, 6, = 0,, gg) (0) indicates
antibunching between the interferometer outputs, provid-
ing evidence for nonclassical correlations between them
[38]. In Fig. 5(a), we show gg) (0) predicted by our the-
oretical model. For the experimentally relevant model
parameters, most importantly the adapted average JPA
gain Gy, = 4.06 dB, Fig. 5(a) shows that |a;|?, 2] >
5 is required to realize nonlocal photon antibunching,
g((jz) (0) < 1. Figure 5(b) shows the experimental data of
gg)(O) as a function of |a|? = |a;|> = |a2|?. The blue line
is a cut along the main diagonal of Fig. 5(a). The inset
shows an expanded view of the region where the data
points for gg) (0) drop below the classical limit. Our theory
model suggests that the minimal coherent photon num-
ber |a|® = |ay|* = |ay|? required to achieve g (0) < 1
increases with increasing JPA gain, while ggr)mn(O) con-
verges towards unity for large JPA gain. At the same time,
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FIG. 5. Intensity cross-correlations, g(cz)(()), of the interfer-

ometer output fields for variable displacement amplitudes of
coherent input signals. (a) Model predictions as a function of the
number of coherent photons |a;|?> and |a,|? (0 = 6, = 0.817)
entering the circuit at Inl and In2, respectively. (b) Experimen-
tal results for gc)(O) (orange crosses with standard deviation
shown in shaded orange) as a function of the symmetrically var-
ied displacement amplitudes. The blue line depicts the theoretical
prediction. The black dashed line illustrates the classical limit
of g(z) (0) = 1. (c) Analogy between Wigner functions of single-
mode (theory) and two-mode [experiment; green cross from (b)]
displaced squeezed states exhibiting g2 (0) < 1 (g (0) < 1).

gg) (0) becomes more robust towards noise with increasing
JPA gain.

Remarkably, for the specific operating point of the JPAs
with equal gain and orthogonal amplification angles, the
input-output relations of the QUMPI simplify to

Z;l=vGeff&1+ Geff_laza
by = /Geg oy +/Ger — 1 &1,

with the effective gain /Gy = cosh(r) and the JPA
squeezing factor » = r; = r, according to the JPA gain
G = exp(2r). The input and output modes are described
by bosonic operators a;,a, and by, by, respectively. The
relations in Eq. (4) coincide with those describing the
so-called Josephson mixer, which can be utilized for pro-
ducing microwave EPR states [19,21]. For low effective
gain values, G =~ 1, our interferometer can be applied in
a quantum illumlnatlon detection scheme for achieving a
3-dB advantage in the error exponent over the ideal clas-
sical counterpart [23—25]. Quantum illumination has been

(4)

primarily investigated for optical frequencies [39—41], but
the recent complete realization of a quantum microwave
radar has sparked renewed interest in quantum microwave
sensing [22]. Interestingly, the input-output relations in
Eq. (4) also coincide with those of an SU(1,1) interfer-
ometer, with the exception that the coefficients, Gt and
(Ger — 1), enter linearly in the SU(1,1) implementation
[10]. This difference is related to the fact that the paramet-
ric amplifiers are connected in series for the conventional
SU(1,1) implementation, whereas the JPAs in the QUMPI
are arranged in a parallel configuration.

IV. CONCLUSION

We have realized and systematically analyzed a quan-
tum microwave parametric interferometer. We have per-
formed a detailed investigation of the input-output rela-
tions of our QUMPI device with coherent and ther-
mal input states. Our experimental results can be well
explained by using a theoretical model based on the input-
output quantum formalism. As part of our study, we have
demonstrated nonlocal photon antibunching at the QUMPI
outputs, characterized by gc)(O) < 1 for coherent input
states. The investigated circuit is expected to be use-
ful in many applications ranging from quantum-enhanced
interferometry to mode mixing, as part of a joint quan-
tum receiver in quantum sensing experiments [23,42].
Furthermore, our findings open a new avenue towards
quantum enhanced nonlinear interferometers in the fast-
evolving field of superconducting circuits operating in the
microwave regime. Remarkably, current dark matter axion
search experiments focus on the frequency range from 1 to
25 GHz and rely on readout by quantum limited amplifiers
[43]. To this end, the QUMPI could find applications in
related dark matter axion search experiments [44].
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APPENDIX A: EXPERIMENTAL SETUP

A detailed scheme of the setup is shown in Fig. 6. The
experiment has been performed in a custom-built wet dilu-
tion cryostat. A Zurich Instruments HDAWG 750-MHz
arbitrary waveform generator provides modulation pulses
to radio-frequency (rf) sources (R&S SGS100A) and for
synchronizing the FPGA (model NI PXIe 7972). The rf
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FIG. 6.

Schematic of the measurement setup. The output signals are amplified and filtered in subsequent steps, down-converted,

and digitized. An arbitrary waveform generator (AWG) creates a pulse sequence for the individual rf sources and the FPGA, which is

required for the reference-state reconstruction [29].

sources are referenced to each other in a daisy chain con-
figuration at a frequency of 1000 MHz starting with the
rf source connected to In2. This source, the AWG, and
the FPGA are synchronized at a frequency of 10 MHz
by means of a rubidium frequency standard (Stanford
Research Systems FS725). The different input lines (Inl,
In2, P1, P2) are sequentially attenuated at various tempera-
ture stages. The coldest attenuator of In1 (In2) is thermally
coupled to a 100-2 heater and a RuO, temperature sensor.
At the same time, the attenuator is only weakly coupled
to the mixing chamber plate of the dilution refrigerator.
This allows for a precise proportional-integral-derivative

temperature control of the coldest attenuators, while all
other components can remain stable at a base temperature
of T'= 35 mK. The photon numbers in the reconstructed
states are calibrated using Planck spectroscopy [32]. For
that, we vary the temperature of a heatable 30-dB atten-
uator between 50 and 430 mK. The heatable attenuator
serves as a self-calibrated, black-body photon source. This
way we can link the detected voltage at the FPGA to
the set temperature or, equivalently, to a thermal photon
number in a microwave signal emitted from the heatable
attenuator [32]. The sample stage is surrounded by a Cry-
operm shield to protect it from magnetic stray fields. In
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addition, JPA2 is enclosed in a superconducting Al shield
in order to avoid crosstalk between superconducting mag-
netic coils mounted onto the two JPAs. These magnetic
field coils generate an adjustable external magnetic field
that enables tuning the operating frequency of the JPAs.
Because of the low signal level, both signals at the out-
put of the cryogenic sample stage need amplification in
multiple stages starting with a cryogenic high-electron-
mobility transistor (HEMT) amplifier and subsequent addi-
tional room-temperature amplifiers. Frequency-resolved
measurements are performed using a vector network ana-
lyzer (not shown).

The tomography of quantum microwave states is per-
formed using a heterodyne receiver setup and data process-
ing similar to previous experiments described in Refs. [5,
19,31,37]. Output signals at the operating frequency of
5.48 GHz are down-converted to an intermediate fre-
quency of 11 MHz using image rejection mixers in com-
bination with a local oscillator (LO) driven at 5.491 GHz.
After the down-conversion, the signal power is adjustable
by step attenuators in order to balance the two receiver
lines. This attenuation also prevents compression effects
in the subsequent amplification. After amplification and
filtering, the down-converted signals are digitized by a
transceiver adapter module (NI 5782-02) and processed
in the FPGA. After digital down-conversion, the dc sig-
nals are further filtered by using a digital finite-impulse-
response filter with a full bandwidth of 400 kHz. From
the filtered and digitized data we compute the quadrature
moments (/] OTI5Q5) with n,m,k,I < 4. We assume that
all reconstructed states are Gaussian, i.e., that they are
represented by a Gaussian characteristic function in the
signal quadrature phase space and can be entirely described
by first- and second-order moments of the quadrature
operators [34]. This assumption can be verified by calcu-
lating third- and fourth-order cumulants that are expected
to vanish for Gaussian states [45]. If these cumulants
are much smaller than the first- and second-order cumu-
lants, we conclude that the Gaussian-state approximation is

appropriate. The JPA squeezing angles are set via a phase-
locked loop, where in each measurement cycle the actual
squeezing orientation ;" (i = 1,2) is extracted from the
quadrature moments of the signals emitted from the respec-
tive JPA. Next, the phase of the corresponding JPA pump
signal is adjusted by 2Ay;, where Ay; is the difference
between the actual angle y,”* and the target angle y,""*"
The respective phases of the coherent input tones are sta-
bilized in a similar way by computing A, = 67 — §;*"
and corrected by A6;. For independent adjustment of each
rf source, the AWG produces a pulse sequence that drives
each source twice per sequence: first for individual phase
adjustment and the second time for data acquisition. A gen-
eral scheme of the AWG pulse sequence is depicted in the

inset of Fig. 6.

APPENDIX B: THEORETICAL MODEL

The nonlinear interferometer is modeled in a stepwise
approach as a sequence of different operations, as depicted
in Fig. 7. Since the thermal population of our states with
a frequency of w/2m = 5.48 GHz at an effective temper-
ature of T~ 50 mK is small [ng = 1/(exp(hw/ksT) —
1)~ 5 x 1073 « 1], we assume vacuum fluctuations as
the variance of both signal inputs. The initial coherent state
a; (i = 1,2) with complex displacement amplitude «; is
modeled by applying the displacement operator D(a;) to
vacuum v;:

Ell' = ﬁ,-—l—ozi. (Bl)
First, the signals of the two input lines are superimposed at
a 180° HR, which we model as
1 a
)G

(&) =5 (

with i € {1,2}. The losses due to insertion, connectors, and
cable attenuation are modeled with a nonunitary operation

-1
1

1

1 (B2)

B, L, 2 s L, B, L,
JPA1 (G, v, n,)
- | % 1 N
a g L% ] I/
o N>
JPA2 (G, v,, n,)

FIG. 7. Scheme of the theoretical model of the interferometer circuit. The incoming modes a; and a, sequentially undergo various
transformations, as indicated by the vertical dashed lines. The final states are reconstructed after operation Lj.
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according to

. 1\ 2 1/1—8]'&1—}—«/S_jﬁ]

; L= . . (B3)
2 V1 —¢giar+ J&vs

with j € {1,2,3}. The phase ¢; that is acquired by the
signals in each interferometer arm is modeled as

A~ ¢1 A~
sifar s (€ O aj
P (&2) P= ( 0 &2 a )’

Next, the two JPAs perform a phase-sensitive amplification
that we model by a squeezing operator according to

§t <&1> - (a1 + ¢1)coshry —
a, (ap + &p)coshry —

where the JPA gain G; is related to the squeezing param-
eter r; via G; = e”i. The respective squeezing angle is
denoted by y;. The noise added by the two JPAs is taken
into account by introducing a random classical variable
¢; that fulfills (£;¢*) = n;(G;) and (Re(¢?)) = (Im(¢?)) =
n;(G;)/2. Note that the noise depends on the respective
gain [46]. For reliable analysis of G; and n;, we recon-
struct the corresponding quantum states at the output of
the second HR in a frame of the AWG pulsing scheme,
when only JPA1 (JPA2) is driven, as depicted in Fig. 6. The
full transformation of the circuit is given by the combined
operator

Q> Q>

(B4)

(@l +¢r)e2sinh ry
(@+¢p)e 22sinh ry
(B5)

F = 13B,1,8PL,By. (B6)

Consequently, the final state | W) can be expressed as [47]

22(0) = 2[2(2% + V)2 + 4V + V22>( 5

s (S5 [ (45

dy+idy
V2

e (S o (45 )

22 (0) = 2[2(2%3 + Vaa)? + 4V + V44>('

|di +ids|

W) = Flag;a). (B7)

The signal moments of the circuit outputs b; are given by

1 (@hramy, )

= (U v
2) ( | <<(aT)n m) | )
Since we are exclusively considering Gaussian states, we
restrict ourselves to signal moments up to the second
order [48]. They are obtained by applying the operator

of Eq. (B6) to the initial signal moments with m + n < 2.
With the complementary quadrature operators given by

(<(B*)"B'"> (B8)

(b

. a+al
9= (B9)
i at
p=2"2 (B10)
2i

we define the vector t = (q1,p1,¢2,p2) containing the
quadrature pairs of two modes, in our case. Gaussian states
are fully described by the displacement vector d; = ()
and the covariance matrix Vy; = (7 +7;7:)/2 — (7:) (F})
fori,j € {1,2,3,4}.

All quantities discussed in the main text are either eval-
uated directly with the signal moments, the associated first
and second statistical moments, or by using the second-
order correlation function [38] and interferometric power
[34]. Here, we combine our model with the approach from
Ref. [38] to express second-order correlation functions for
arbitrary Gaussian states based on their respective covari-
ance matrix and displacement vector. The second-order
autocorrelation functions g(z) (0) and g(z) (0), as well as the
second-order cross-correlation function g(z) (0) are given
by

dy+id
) (’(VII_V22_21V12)+ a1 lzl)

(5]
). e
<

)

(B12)

2
dy;+id
|> (’(V33—V44—21V34)+ s + 4')
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é?w):[xA+Bf—3B—3a—3b+

A—B-2iC+

. 2 . .
o +iv)?|" i F iy e+ iysl?
2 2

2 +iyal* (44 + 4B)

—34+2(a+b)(4+B)— 3

a—b—2ic+

(1 +iy)? ‘2
* —2

v +iyil* da+4b)
+ 2

3y + iy |? 3+ il n

2 2

+2le+h+if —igl+2(a+b)>?

+ i+ inPA+B +2h—e+if +igl +Ix+iyl? @+b)

+ @ =iy +iy)(e+h—if +ig)+ G +iy) o —iy)(e+h+if —ig)

3
— (1 —iyD —iy)h—e+if +ig)+ (i +iy) x +iy))(e—h+if +ig) + §:|

. 2 . 2 -2
X[MH;MI |xz';’”'+A+B+a+b—1] : (B13)
where
a= "V, b=V, ¢ =V, e=Vys, f =V, (B14)
g ="V, h =V, A = Vs, B =V, C =V,
[
and and
xi1=d, yn=d, xa=d;, yy=ds (BIS) D=40Vn = Valon, (B20)
E =4(V33Vas — V3aVa3), (B21)
The interferometric power can be expressed as [34] F =4V 13Vas — ViaVa3), (B22)
G = det(4V). B23
D X +VX2+7Y2) (B16) “4V) (B23)
2Y ’ In the main text, we used the theoretical (reconstructed)
photon number of the local mode at Outl of our circuit
where to compute Psqr =N = (2(%2 + crpz) —1)/2 and Pyr.
The parameters used in the theoretical model are summa-
X=D+F(+E+F-G) -G (B17)  rized in Tables I and II. The parameters ¢y, €, and &3 are
Y=(G-1)(1+D+E+2F +G), (B18) es'tlmated from the data sheet§ of the respective passive
microwave components. The displacement amplitudes |« |
Z=D+GWE—-G +F2D+F)1+E), (B9 and |ay| are adjusted via the photon-number calibration

TABLE I. Model parameters used for the simulated results of
Figs. 3 and 4 in the main text. Each point in Figs. 3 and 4 in the
main text is obtained using 1.4 x 10° raw data points. The loss
values ¢; are estimated based on the respective data sheet values.
The complex displacement amplitudes «; = |o;|exp[i(/2 — 6;)]
and the respective JPA parameters (7, n;, y;) are reconstructed.

factor in combination with an individual two-pulsed power

TABLE II. Model parameters used for the simulated results of
Fig. 5 in the main text. Each point in Fig. 5 in the main text is
obtained using 2.1 x 10° raw data points per independent mea-
surement. The listed values are derived in the same way as in
Table I and averaged for 16 independent measurements.

locy |2 01 loa |2 ) &1 (dB) Lol
0.723 0.6397 0.670 0to 2w 0.63 1317
b2 7 14! n ) 12)
136 1.01(4) 0to2r 0.034(5) 07232) 0
1y g (dB) &3 (dB)

0.4419) 031 0.3

lovy |2 01 oz | 0> &1 (dB)
0.177t0 10.76  0.806wr 0.177to 10.76  0.8067 0.63
1 (02 | 4! n
1.037 136r  0.508(5) 7/2 0.0004(6)
19 V2 ny g (dB) & (dB)
0.422(5) 7 0.124(4) 031 0.3
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(@) W (q,.p,) (b)
0.01 . 0.01

W (a,.p,)

(d)

rd

—45 —42 3 2 2n/3
P, (dBm) Ay

FIG. 8. Interferometer calibration. The squashed variances crﬁi and amplified variances (Taz’i (i = 1,2) of the reconstructed Wigner
functions W(g;, p;) of the output fields in (a) Outl and (b) Out2 are used to define a balancing parameter 3, which enables optimization
of (c) JPA pump powers Pp; and Pp, (at the JPA ports) and (d) a relative JPA amplification orientation Ay = |y — y»|.

sweep of the two rf sources connected to Inl and In2. The
displacement angles 6; and 6, in Table I (Table II) are
reconstructed and adjusted in real time using 6.248 x 108
(9.372 x 10%) raw data points. The squeezing angles y;
and y; in Table I (Table II) are processed similarly using
1.2496 x 10° (1.8744 x 10°) raw data points. The recon-
structed JPA squeezing factors, r; and r,, are obtained in
postprocessing, where the averaged demodulated data are
taken into account for 46 independent measurements of
1.2496 x 10° (1.8744 x 10°) raw data points, respectively.
The theory model relies on ¢; as the free parameter, repre-
senting the phase acquired by signals in paths 1 and 2 of
the interferometer, respectively.

APPENDIX C: CIRCUIT CALIBRATION

Figure 8 illustrates the concept behind the balancing
parameter B = (aﬁ1 / %2,1 ) (052 / aaz,z). Figure 8(a) shows the
reconstructed Wigner function of the local output Outl of
the interferometer during calibration. We analyze remain-
ing variance asymmetries between two orthogonal quadra-
tures 03, , and 052,1 and try to minimize them. Similarly, as
shown in Fig. 8(b), we optimize aiz versus osz’z. For a fixed
Aypa = /2, we investigate 3 as a function of the level of
the pump tones, Pp; and Pp,, entering the respective JPA
pump port [Fig. 8(c)]. Note that B is unity for an ideal
balanced state and decreases with increasing imbalance
between the local variances. As can be seen in Fig. 8(d), the
balancing is best for amplification along orthogonal orien-
tations in phase space, i.e., Ayjppp = |y — Y1l = 7/2, as
expected from theory [48].
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