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Kinetic Inductive Electromechanical Transduction for Nanoscale Force Sensing
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We use the principles of cavity optomechanics to design a resonant mechanical force sensor for atomic
force microscopy. The sensor is based on a type of electromechanical coupling, dual to traditional capaci-
tive coupling, whereby the motion of a cantilever induces surface strain that causes a change in the kinetic
inductance of a superconducting nanowire. The cavity is realized by a compact microwave-plasma mode
with an equivalent LC circuit involving the kinetic inductance of the nanowire. The device is fully copla-
nar and we show how to transform the cavity impedance for optimal coupling to the transmission line and
the following amplifier. For the device presented here, we estimate the bare kinetic inductive mechano-
electric coupling (KIMEC) rate g0/2π in the range 3–10 Hz. We demonstrate phase-sensitive detection of
cantilever motion using a multifrequency pumping and measurement scheme.
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I. INTRODUCTION

The atomic force microscope (AFM) is the most versa-
tile and widely used form of scanning probe microscopy,
imaging a wide variety of materials and basically any phys-
ical property that gives rise to a force between a sample and
a probe [1,2]. The key component of the AFM is the force
sensor that produces the signal recorded while scanning the
tip over a surface. Force transduction occurs in two steps:
force on the tip is converted to motion of a micrometer-
scale cantilever and cantilever motion is detected, typically
by optoelectronic means. The response of the cantilever to
force is greatly enhanced when operated in dynamic mode,
oscillating at the frequency ωm of a mechanical resonance
with high quality factor Qm.

Similarly, the detection of motion is also enhanced when
the cantilever acts as a moving mirror in a high-Q res-
onant optical cavity. The fundamental limitations of the
cavity optomechanical approach to motion sensing have
been well studied, originally in the context of gravity-wave
detection [3] and later in a wide variety of microme-
chanical systems [4], including AFM [5–8]. The detected
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signal-to-noise ratio (SNR) increases with the circulat-
ing power in the cavity, until radiation pressure induces
a backaction force that increases the motion noise of the
cantilever. At the optimal power, cavity optomechanics
can reach the standard quantum limit, where the back-
action noise equals the measurement noise and the total
uncertainty in the cantilever position is given by twice the
quantum zero-point fluctuations.

Cavity optomechanics is also realized with supercon-
ducting lumped elements where the “cavity” is an LC cir-
cuit with a high-quality-factor resonance at ω0 = 1/

√
LC

in the microwave region. Electromechanical coupling has
been explored in devices where motion of a wire modulates
magnetic flux in a superconducting quantum interference
device (SQUID), changing the Josephson inductance of
a resonant circuit [9,10]. A more common type of cou-
pling uses the electrostatic force on a flexible electrode
of a capacitor [11,12]. SQUIDs have achieved rather large
electromechanical coupling [13,14] and the approach with
capacitive coupling has resulted in a milestone achieve-
ment: a resolved-sideband device that cools a microme-
chanical mode with resonance frequency � 10 MHz to
its quantum ground state [15]. Numerous measurement
schemes of fundamental interest and proof-of-concept
experiments have been studied with circuit electromechan-
ics [16–23] but the devices are generally “self-sensing”
and not practical for scanning probe microscopy.

We report here on a cantilever device with an integrated
motion detector based on electromechanical coupling.
Cantilever motion induces surface strain that changes
the kinetic inductance Lk of a superconducting nanowire,

2331-7019/23/20(2)/024022(10) 024022-1 Published by the American Physical Society

https://orcid.org/0000-0001-8180-1966
https://orcid.org/0000-0003-2552-6415
https://orcid.org/0000-0001-7469-9975
https://orcid.org/0000-0003-1543-6838
https://orcid.org/0000-0001-8534-6577
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevApplied.20.024022&domain=pdf&date_stamp=2023-08-08
http://dx.doi.org/10.1103/PhysRevApplied.20.024022
https://creativecommons.org/licenses/by/4.0/
https://www.kb.se/samverkan-och-utveckling/oppen-tillgang-och-bibsamkonsortiet/bibsamkonsortiet.html


ROOS et al. PHYS. REV. APPLIED 20, 024022 (2023)

detected as a shift in the resonance frequency ω0 =
1/

√
LkC of a microwave circuit. This coupling is particu-

larly appropriate for AFM force transduction as it exploits
the mechanical advantage of the cantilever (a mechani-
cal lever), converting a weak force on the tip at the free
end to concentrated strain at the fixed end. To emphasize
its dual nature and to stress that the supercurrent carries
both mass and charge, we introduce the term kinetic induc-
tive mechanoelectric coupling (KIMEC). KIMEC allows
for a very compact microwave design with simple planar
nanofabrication and easy integration of a sharp tip, making
it highly suitable for AFM. While our device is reminis-
cent of the common resistive-strain sensor, KIMEC gives a
reactive electromechanical transduction, which, in princi-
ple, is without dissipation and therefore intrinsically noise
free.

II. KINETIC INDUCTANCE AND STRAIN

Superconductivity, as explained by Bardeen-Cooper-
Schrieffer (BCS) theory, results from electromechanical
coupling. The electron-phonon interaction is responsible
for the formation of Cooper pairs or 2e-charged Bose par-
ticles that reside in a condensed ground state at the gap
energy �0 below the Fermi energy [24]. A wire with cross-
section area A carrying a supercurrent Is = 2ensvA, where
ns is the Cooper-pair density moving at velocity v, also car-
ries mechanical energy due to the Cooper-pair mass 2me.
The kinetic energy in a length of wire � can be expressed in
terms of an effective inductance Ek = 1

2 (nsA�)(2me)v
2 =

1
2 LkI 2

s , or kinetic inductance per unit length:

Lk

�
= me

2e2nsA
. (1)

In nanowires with small A made from “dirty” superconduc-
tors with small ns, the kinetic inductance can far exceed
the electromagnetic inductance per unit length L/� � μ0.
We realize a compact lumped-element superinductor at
microwave frequencies by winding such a nanowire into
a meandering structure [see Fig. 1(b)].

Within BCS theory, the pair density is given by [24]

ns = N (0)�0

2
� N (0)�ωD exp

(
− 1

N (0)V

)
, (2)

where V is the electron-phonon coupling energy, N (0) is
the density of states at the Fermi energy (N (0)V � 1),
and ωD = πa/vs is the Debye frequency, defined by the
lattice constant a and the speed of sound vs. Tensile or
compressive strain in the superconducting material affects
these parameters, leading to a change of Lk. The ability to
modulate the pair density with mechanical strain provides
a mechanism for force transduction.

An alternative explanation of the effect of strain on
superconducting thin granular films [25] considers the

nanowire as an array of grains connected via tunneling,
as depicted in Fig. 1(e). The Josephson inductance per
tunnel junction is given in terms of its normal-state tun-
neling resistance LJ = RN �/π�0. The two-fluid model
of superconductivity [24] leads to a similar expression
for the kinetic inductance per square of film area Lk� =
R��/π�0 in terms of the normal-state sheet resistance R�.
Regardless of the microscopic details, substrate curvature
strains the thin superconducting film, changing its tunnel-
ing resistance, sheet resistance, or energy gap, and thereby
its kinetic inductance.

However, the important quantity for force transduc-
tion is the bare electromechanical coupling rate g0 =
xzpf∂ω0/∂x of a specific device. To enhance g0, the length
of the nanowire should be along a region of maximum lon-
gitudinal surface strain. A small mass meff and stiffness k
of the mechanical mode also enhance g0 by increasing the
mechanical zero-point fluctuations, x2

zpf = �/2
√

meffk. For
AFM, the mode stiffness cannot be arbitrarily small and
should be of the order of typical attractive tip-surface force
gradients of approximately 100 N/m. A softer cantilever
will stick to the surface at a low oscillation amplitude of
order 1 nm or exhibit chaotic dynamics at large oscillation
amplitudes.

Force transduction is also influenced by the cavity loss
rate κ = κext + κint. The internal loss rate κint of the cav-
ity should be as small as possible and the cavity should be
over-coupled to the external transmission line, so that the
cavity loss is dominated by the signal flowing to the fol-
lowing amplifier, κ � κext. The transduction efficiency is
given by the dressed coupling rate g = √

n̄cg0, where n̄c is
the average intracavity plasmon number, which, for a given
excitation power, improves with higher Q of the cavity.

III. ELECTROMECHANICAL COUPLING

We demonstrate KIMEC with the device shown in
Fig. 1. A cantilever in the form of a triangular plate is
formed by etching away the Si support under a Si-N layer
as shown in Figs. 1(a) and 1(b). Finite-element-method
(FEM) simulations show that the strain distribution for
the fundamental flexural eigenmode is a maximum along
the central region of the clamping line [see Fig. 1(d)]. A
nanowire that meanders transverse to the clamping line is
etched from a thin film of niobium titanium nitride (Nb-Ti-
N), forming an inductor Lk that is placed in series with a
coplanar capacitor C to create the microwave cavity [see
Fig. 1(a)]. An equivalent circuit is shown in Fig. 1(c),
where all forms of internal loss at the resonance fre-
quency ω0/2π � 4.5 GHz are lumped into an effective
resistance R0 � 50 �. On resonance, a shunt inductance
Ls � Lk transforms the 50-� impedance of the trans-
mission line, bringing it closer to the impedance of the
cavity |Zres(ω0)| = R0. The shunt inductance is designed
to increase the loaded quality factor of the cavity while
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(a) (b)

(c)

(d) (e)

FIG. 1. Electromechanical transduction via strain. (a) A false-color scanning-electron-microscope (SEM) image of the device, show-
ing the superconducting thin film of Nb-Ti-N (red) on a Si-N layer and a Si substrate (gray background). The Si support is etched away
under the triangular cantilever. The on-chip shunt inductance Ls (illustrated) is either a wire bond or a short nanowire kinetic inductor.
(b) A SEM image detailing the kinetic inductor, a superconducting nanowire meandering along the clamping line of the cantilever.
(c) The equivalent circuit, with the microwave mode modeled as a series RLC circuit connected to a 50-� transmission line in paral-
lel with a shunt inductance Ls. (d) A finite-element-method (FEM) simulation, showing the normalized volumetric strain of the first
flexural mode, where red indicates tensile strain. The mechanical displacement is exaggerated for clarity. The meandering nanowire
(not shown) is positioned in the region of maximum strain. (e) An illustration of a possible working principle of KIMEC, where strain
compresses (stretches) grain boundaries, influencing Josephson tunneling.

keeping it over-coupled to the transmission line, Re[50 � ‖
iω0Ls] ≥ R0. Ls is easily realized with a short nanowire on
chip or with a bonding wire loop between the feed line and
the ground plane.

We measure the device in a dilution refrigerator cryostat
with a base temperature of 10 mK, well below the critical
temperature Tc � 14 K of Nb-Ti-N. Attenuators and iso-
lators at various stages between room temperature and the
sample stage ensure that the microwave excitation carries
minimal noise. The cavity is measured in reflection using
a cryogenic circulator to separate the excitation from the
reflected signal, with the latter passing through a double
isolator before being amplified by a cryogenic low-noise
amplifier (see Appendix C).

Figure 2(a) shows the microwave response as a func-
tion of the frequency and excitation power. The res-
onance bends toward lower frequencies and bifurcates
with increasing excitation power. This nonlinear feature

is caused by current-induced breaking of Cooper pairs
[26–28] and it is useful for parametric amplification [29,
30]. At low power in the linear regime, we fit (see
Appendix D) the normalized reflected amplitude and phase
as a function of the frequency [see Fig. 2(b)], to extract
the resonance frequency ω0/2π = 4.4403 GHz, the total
linewidth κ/2π = 1.2193 MHz, and the external linewidth
κext/2π = 0.90920 MHz, confirming that the cavity is
over-coupled to the transmission line, as desired. The fit-
ting gives a loaded quality factor QL = 3.6417 × 103 and
an internal quality factor Q0 = 1.4320 × 105.

We probe KIMEC by exciting our device with a
microwave tone, or pump, at frequency ωe and measure
the spectrum of the reflected signal. Surface strain due
to cantilever motion generates sidebands in the reflected
microwave signal at frequencies ωe ± ωm. A pump that
is red-detuned from resonance at ω− = ω0 − ωm has its
upper sideband at ω0, where we measure the response
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(c)(a)

(b)

(d)

FIG. 2. The microwave-cavity response, a pump schematic, and up-converted sidebands. (a) The normalized magnitude of the
signal reflected off the microwave cavity as a function of the probe frequency and power. The frequency response displays a Duffing-
type nonlinearity and bifurcation with increasing power. (b) The magnitude and phase as a function of the frequency at a selected
power in the linear regime [dashed line in (a)]. Fitting a model to these data, we extract ω0/2π = 4.4403 GHz, the total linewidth
κ/2π = 1.2193 MHz, and the external linewidth κext/2π = 0.90920 MHz. The two arrows mark the frequencies ω± = ω0 ± ωm of
the blue- and red-detuned pumps. (c),(d) The mechanical fluctuations up-converted by the red-detuned (blue-detuned) pump, versus
the microwave frequency and excitation power. The solid lines show fits to a Lorentzian lineshape plus added white noise. At all pump
powers, the fits reveal the same mechanical resonance frequency ωm/2π = 5.3705 MHz and linewidth γm/2π = 25 Hz. The insets
display the measured mechanical noise power versus the microwave pump power converted to an intracavity plasmon number n̄c.

with the largest SNR, as for the lower sideband of a
blue-detuned pump ω+ = ω0 + ωm. Figures 2(c) and 2(d)
show the mechanical resonance detected in this manner,
where we simultaneously demodulate at 72 frequencies to
observe the lineshape of the mechanical mode driven by a
white-noise force (see Appendix E).

We analyze the data using a model containing two inde-
pendent noise sources: the added noise of our microwave
amplifier and the mechanical displacement noise of the
cantilever (see Appendix F). Fitting the model to the data,
we obtain the mechanical resonance frequency ωm/2π =
5.3705 MHz, in agreement with independent measure-
ments at room temperature. At low temperatures, we obtain
the quality factor Qm = 2.1482 × 105 or the mechanical
linewidth γm/2π = 25 Hz. Our device is in the so-called
resolved-sideband regime, where ωm > κ . From FEM sim-
ulations, we deduce the effective mass of the fundamental
flexural mode meff = 54 pg, giving a mode stiffness k =
meffω

2
m = 61 N/m. The fits confirm that the cantilever

is driven by a white-noise force; i.e., it is frequency

independent in this narrow band. However, the power
spectral density of this noise force is much larger than the
one expected from thermal equilibrium fluctuations at the
cryostat base temperature Tb = 10 mK. Indeed, we observe
no change in the magnitude of the mechanical noise up to
1 K, above which it is difficult to stably operate the dilution
refrigerator.

We can rule out heating and other sources of backaction
from the microwave pump as the source of the measured
mechanical noise, because the noise power depends lin-
early on the microwave pump power, as shown in the
insets of Figs. 2(c) and 2(d). Backaction would generate a
mechanical noise power with a stronger-than-linear (heat-
ing) or weaker-than-linear (cooling) dependence on the
intracavity plasmon number. Similar devices are known to
be out of equilibrium with the thermal bath at millikelvin
temperatures [11,23] but in our case it is likely that the
source of this mechanical noise is the piezo actuator used
to inertially actuate the cantilever. In subsequent exper-
iments without the piezo actuator, we were not able to
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resolve the residual mechanical noise peak above the added
background noise of our microwave amplifier. Very small
noise forces are detected due to the high quality factor of
the mechanical mode but unfortunately we do not know
the magnitude of this residual noise force and we therefore
cannot calibrate g0.

Assuming an effective mode temperature Tm, we can
estimate an upper bound on the bare electromechanical
coupling rate g0 = xzpf∂ω0/∂x, the associated coopera-
tivity C0 = 4g2

0/κγm, and the force sensitivity, defined
as the minimum detectable force Fmin, where SNR = 1
(see Appendixes F and G). For Tm = 1 K, we obtain
g0/2π = 9.8 Hz, C0 = 1.26 × 10−5, and Fmin = 2.2 ×
10−17 N/

√
Hz. For Tm = 10 K, we find g0/2π = 3.1 Hz,

C0 = 1.18 × 10−6 and Fmin = 6.8 × 10−17 N/
√

Hz. While
this coupling rate is rather small, it is nonetheless suffi-
cient to detect the residual mechanical noise with a rela-
tively weak microwave excitation. Larger coupling rates
have been achieved with cavity optomechanical readout
of cantilevers [7,31] but the mode stiffness was too low
for high-resolution imaging with typical tip-surface force
gradients.

IV. PHASE-SENSITIVE FORCE TRANSDUCTION

Like optical cavities at room temperature, microwave
cavities at millikelvin temperatures can be driven with
a coherent state where the readout noise is limited by

quantum fluctuations of the electromagnetic field. Phase-
sensitive detection of the mechanical oscillation (i.e., posi-
tion sensing) is usually achieved by interferometry at
optical frequencies. Here, we demonstrate interferometry
at microwave frequencies with a multifrequency pumping
scheme shown in Fig. 3(a) which is based on backac-
tion evasion [17,32–34]. We apply two pumps of equal
intensity, blue and red detuned at the frequencies ω± =
ω0 ± ωd, while measuring the response at ω0. The two
pumps create a beating excitation wave form described by
a carrier at ω0, which is amplitude modulated at frequency
ωd, i.e., ve(t) = 2V0e cos(ωdt) cos(ω0t + φ0). In addition,
we inertially actuate the cantilever very close to resonance,
at ωd � ωm. The cantilever motion x(t) = X̄ sin(ωdt + φm)

generates an upper sideband of the red pump and a lower
sideband of the blue pump, which interfere at the cav-
ity resonance frequency ω0 [see Fig. 3(a)]. The device
is effectively operating as an interferometer, generating a
microwave response proportional to the amplitude of a sin-
gle quadrature of the mechanical oscillation. Figure 3(c)
shows a polar plot of the averaged signal amplitude as a
function of the mechanical phase for different pump pow-
ers. The interference of the sidebands produced by the
two pumps gives rise to the dependence on mechanical
phase, displayed for a single pump power as fringes in
Fig. 3(e). To perform this measurement, we use a multi-
frequency microwave lock-in amplifier [35] and tune the
measurement frequencies, ωd, ω±, and ω0, to establish

(a)

(b)

(c) (d)

(e)

FIG. 3. Phase-sensitive electromechanical transduction. (a) The multifrequency scheme for phase-sensitive detection of cantilever
motion. The cantilever is driven on resonance ωd � ωm while simultaneously pumping the microwave cavity with two tones of equal
amplitude, blue and red detuned by ωd from the cavity resonance: ω± = ω0 ± ωd. The sidebands from each pump interfere at ω0,
giving the measured response. (b) A schematic showing the shift of the mechanical resonance �f or the mechanical phase φm at a
fixed drive frequency, due to a tip-surface force gradient. (c) A polar plot of the measured response as a function of φm relative to
the phase φ0 of the beating wave form produced by the two pumps. (d) A scatter plot of the measured quadratures, showing the noise
distribution in the phase space of the microwave cavity. The scale bars show the standard deviations of the distribution expressed as
the number of added noise photons n̄add from the following amplifier and n̄m

add from mechanical fluctuations. (e) The fringes resulting
from the interference of the two sidebands generated by the cantilever motion and each pump. The slope of this curve at a given phase
determines the responsivity of the transducer to a small shift of the mechanical phase. The diamonds mark the phase shift shown in (b).
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one common phase reference, with independent control
of the carrier phase φ0 and the mechanical phase φm (see
Appendix E).

The measurement gives both quadratures of the
microwave response, which depend on the mechanical
phase, V(ω0) = Vmax sin(φm) + Vnoise. Figure 3(d) shows a
scatter plot of 2000 measurements with bandwidth � γm.
The fluctuations of the quadratures Vnoise show an elliptical
Gaussian distribution, the result of phase-sensitive detec-
tion, where the major axis of the noise ellipse is dominated
by mechanical noise and the minor axis by the added noise
of the following microwave amplifier.

When operating as a force sensor, the cantilever is sen-
sitive to changes in the tip-surface force gradient F ′. The
tip-surface interaction modifies the effective stiffness of the
mechanical mode, shifting the mechanical resonance fre-
quency [see Fig. 3(b)]. To first order, the shift in ωm, or
change in φm, is proportional to the mechanical quality
factor Qm. The two-tone excitation maps this mechanical
phase shift to a change in the average value 〈V〉, with a
responsivity that depends on the excitation power Pin and
the bare coupling rate g0. The force-gradient responsivity
is given by (see Appendix G)

∂〈V〉
∂F ′

∣∣∣∣
φm=0

=
√

PinZext
4κext√

κ2(κ2 + 4ω2
m)

g0
X̄

xzpf

× ωm

γm(k + F ′)
, (3)

where Zext is the 50 � impedance of the source and X̄
the amplitude of the mechanical oscillation. Thus, the con-
stant g0 and the cantilever stiffness k are the calibration
constants that connect an electrical measurement in the
microwave frequency band to a measurement of force on
the AFM cantilever.

V. CONCLUSIONS

We have demonstrated a force transducer based on a
type of electromechanical coupling where strain modifies
the kinetic inductance of a superconducting nanowire. Our
device was designed for application in low-temperature
atomic force microscopy but the compact coplanar design
and ease of fabrication makes it attractive for several differ-
ent applications. We have realized a device in the resolved-
sideband regime and we have shown how to implement
phase-sensitive detection of the cantilever oscillation with
a multifrequency drive and detection scheme. Our mea-
surements show the presence of a residual white-noise
force that is not in equilibrium with the cryostat at base
temperature. We estimate a bare coupling rate g0/2π in the
range 3–10 Hz, corresponding to a single-plasmon cooper-
ativity C0 in the range 1.18 × 10−6 to 1.26 × 10−5. Our
ability to reach a stronger dressed coupling g = √

n̄cg0

is limited by the bifurcation of the cavity at intracav-
ity plasmon number n̄c ∼ 105, due to current-dependent
Cooper-pair breaking. Such nonlinearity may be useful
in future investigations for the integration of microwave
parametric amplification to increase detection sensitivity.

The data that support the findings of this study and
the code used to generate the figures for this paper are
available on Zenodo [36].
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APPENDIX A: DEVICE FABRICATION

We fabricate our devices on 100-mm-diameter, 525-
µm-thick silicon (Si) wafers with a coating of 600-nm-
thick (±5%) super-low-stress silicon nitride (Si-N). On
the front side, we sputter a 15-nm-thick film of niobium
titanium nitride (Nb-Ti-N). Using photolithography, we
pattern metal contact pads, alignment markers, and, on the
back side of the wafer, a metal mask used for the final
deep silicon etch. We use electron-beam lithography and
photolithography, together with dry etching, to pattern the
inductor and capacitor, as well as the rest of the electrical
circuit. To shape each chip and define the Si-N cantilever,
we use photolithography and dry etching on the front side.
A deep silicon etch from the back side separates each chip
from the wafer and a final KOH silicon etch from the front
side releases the Si-N cantilevers.

APPENDIX B: MECHANICAL AND
ELECTROMAGNETIC MODELING

We model the fundamental flexural mode of the trian-
gular cantilever using finite-element-methods (FEM) with
COMSOL MULTIPHYSICS [37]. The dimensions of the can-
tilever model are fixed to the fabricated values. The model
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gives the normalized volumetric strain profile of the can-
tilever and effective mass meff, assuming that the bulk
density ρSi-N = 3100 kg/m3.

We model the electromagnetic resonances with SON-
NET, which implements a quasi-three-dimensional elec-
tromagnetic model that accounts for sheet kinetic induc-
tance [38]. We find good correspondence between the
model and the measured resonance frequencies with Lk� =
38 pH/�, similar to reported values for approximately
100 nm × 100-nm square size [39]. For a given inductor
design, the simulations verify that the frequency of the
fundamental self-resonance lies well above the resonance
frequency of the lumped-element LkC mode.

APPENDIX C: MEASUREMENT SETUP

Figure 4 details the measurement setup for our exper-
iments. The sample is glued to a piezoelectric disk and
wire bonded to a printed circuit board (PCB). The piezo
shakes the entire chip, putting it in a noninertial refer-
ence frame to inertially actuate cantilever oscillation. The
low-frequency drive (approximately 5 MHz) to the piezo
is supplied via a filtered twisted pair. The entire device
is thermally anchored to the mixing-chamber plate of a
dilution refrigerator and cooled down to 10 mK. The super-
conducting resonant circuit is measured in reflection with
a cryogenic circulator at the 10-mK stage to separate the
incoming and reflected waves. A double isolator after the
circulator protects the cavity from noise injected by the
following microwave amplifiers. The added noise of the
amplification chain is determined by the first amplifier,

FIG. 4. A schematic of the measurement setup. The materials
and parameters of each component are given in the legend.

a cryogenic low-noise amplifier (LNF-LNA4_8C, 42-dB
gain), mounted on the 3-K plate. The readout line is
semirigid copper coaxial cable at the 10-mK stage and
semirigid Nb-Ti superconducting coaxial cables between
subsequent temperature stages, to minimize thermal con-
duction and signal loss. To reduce thermal conduction, the
microwave pump line is a stainless-steel semirigid coax-
ial cable between the different temperature stages, with
cold attenuators at each stage to thermalize the noise from
higher temperature.

APPENDIX D: CAVITY CHARACTERIZATION

The ideal response of a single mode of a microwave cav-
ity directly coupled to a transmission line and measured in
reflection is given by Ref. [40] as

S11(ω) = 1 − κext
κ
2 − i(ω0 − ω)

, (D1)

where ω0 is the resonance frequency, κext is the external
linewidth, and κ is the total linewidth. External microwave
components and cables introduce background losses and
distortions to this ideal frequency response. Similar to
the methods described in Refs. [22,41], we model the
combination of the ideal cavity and the background with

S11(ω) = (α0 + α1ω)

(
1 − κexteiθ

κ
2 − i(ω0 − ω)

)
ei(β0+β1ω),

(D2)

where α0, α1, β0, and β1 account for an amplitude offset
and linear frequency-dependent attenuation and a phase
offset and linear frequency-dependent phase shift (i.e.,
electrical delay). The factor eiθ captures the asymmetry of
the linewidth for low probe powers in the linear regime
of the cavity. Using a least-squares minimization method
[42], we fit Eq. (D2) to the measured frequency response of
the cavity, extracting ω0, κ , and κext given in the main text.

APPENDIX E: MULTIFREQUENCY TECHNIQUES

All measurement signals were synthesized and mea-
sured with the Vivace microwave measurement platform
from Intermodulation Products AB [35], running firmware
that implements a multifrequency lock-in amplifier with
up to 144 frequency components (tones) distributed over
eight output and eight input ports. The tones are set either
in the base band (0–500 MHz) or up- or down-converted
to the signal band with a radio-frequency numerically con-
trolled oscillator (NCO) via digital I -Q mixing. We tune
all tones of interest to be integer multiples of the measure-
ment bandwidth �f , i.e., the inverse of the measurement
time-window used to calculate the Fourier sums. This
tuning eliminates Fourier leakage between closely spaced
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tones and provides a common phase reference for all fre-
quencies, including intermodulation or frequency-mixing
products. For the data shown in Figs. 2(c) and 2(d), at
each excitation power we simultaneously measure both
quadratures at 72 tones to reveal the frequency-dependent
magnitude and random phase produced by mechanical
fluctuations, with each tone separated by the measurement
bandwidth �f = 8 Hz < γm/2π .

For the measurement in Fig. 3(a), Vivace generates the
two-tone microwave excitation with frequency compo-
nents ω± = ω0 ± ωd on one port, each with independent
phase control φ+ and φ−. The mechanical drive signal
at ωd is generated on another port, also with indepen-
dent phase control φmd. The common-mode phase of the
microwave excitation is φ0 = 1

2 (φ+ + φ−) and the differ-
ential phase φe

m = 1
2 (φ+ − φ−), where the electrical delay

only affects φ0. φe
m is the phase of the beating microwave

wave form that establishes the reference for measure-
ment of the phase of the mechanical response φm = φmd +
�φ − φe

m, where �φ is a constant phase offset that depends
on the electrical delay and the mechanical susceptibility.

For the data in Figs. 3(c)–3(e), we measure a single
lock-in component at the microwave-cavity resonance fre-
quency while stepping the applied phase of the mechanical
drive φmd. At each drive phase, we acquire 2000 I and Q
quadratures of the microwave response with an integra-
tion bandwidth �f = 25 Hz � γm/2π to obtain the noise
distribution in phase space.

APPENDIX F: NOISE MODEL

When the cavity is excited at a detuned frequency ωe =
ω0 + �, the power spectral density of mechanical dis-
placement noise at the frequency �, Sxx(�), is related to
fluctuations in the cavity resonance frequency Sωω(�):

Sωω(�) = g2
0 n̄c(�)

x2
zpf

Sxx(�). (F1)

Here, n̄c(�) is the number of intracavity plasmons, deter-
mined by the input power Pin and the detuning �,

n̄c(�) = Pin

�ωe
|K(�)|2, (F2)

where K(δ) is the cavity susceptibility at a frequency δ

offset from resonance,

K(δ) =
√

κext
κ
2 + iδ

. (F3)

Fluctuations of the cavity resonance frequency generate
voltage fluctuations at the device port, in two frequency

sidebands centered at the excitation frequency,

SVV(ωe ± �) = �ωeZext|K(� ± �)|2Sωω(�), (F4)

where Zext is the impedance loading the device port. Com-
bining Eqs. (F1) and (F4), we relate the voltage noise
power spectral density to the power spectral density of the
mechanical displacement noise:

SVV(ωe ± �) = PinZext|K(� ± �)|2|K(�)|2 g2
0

x2
zpf

Sxx(�).

(F5)

When measuring far from resonance, the input power is
completely reflected and Pin = Pr. A red-detuned excita-
tion � = −ωm and narrow-band probe � � +ωm at the
upper sideband, on the cavity resonance, gives [43]

SVV(ωe + �) = PrZext
16κ2

ext

κ2(κ2 + 4ω2
m)

g2
0

x2
zpf

Sxx(�), (F6)

which relates the microwave voltage noise spectrum SVV to
the low-frequency mechanical fluctuations Sxx.

For a single mechanical eigenmode, or a simple har-
monic oscillator, in thermal equilibrium with a bath at
temperature Tm, the fluctuation-dissipation theorem gives

Sxx(�)

x2
zpf

= kBTm

�ωm

γm

(� − ωm)2 + γ 2
m/4

. (F7)

We measure the amplified power spectral density of
microwave voltage fluctuations at the top of the cryostat,

Smeasured
VV (ω) = G

[
SVV(ω) + Sadd

VV

]
, (F8)

where G is the gain and Sadd
VV is the added noise of our

amplification chain. Therefore, we relate the measured
microwave voltage noise spectrum to our device param-
eters and to the environment as

Smeasured(ω)
VV

Pmeasured
= Zext

16κ2
ext

κ2(κ2 + 4ω2
m)

g2
0kBTm

�ωm

× γm

(� − ωm)2 + γ 2
m/4

+ const., (F9)

where Pmeasured = GPr is the measured reflected power
and the added noise is constant, or independent of fre-
quency. We measure the left-hand side of Eq. (F9) and
fit the frequency dependence expressed on the right-hand
side, to determine g0. All parameters except for Tm on the
right-hand side are independently determined.
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When the motion is coherently driven at the mechanical
resonance frequency, the response in the phase-sensitive
detection scheme is expressed as

〈V〉 =
√

PinZext
4κext√

κ2(κ2 + 4ω2
d)

g0
X̂ δ(� − ωd)

xzpf
sin φm,

(F10)

where δ(ω) is the Dirac delta function.

APPENDIX G: SENSITIVITY OF FORCE AND
POSITION MEASUREMENT

The force sensitivity is expressed as the minimum
detectable force, or the force detected at SNR = 1. The
limitations imposed by the onset of the nonlinearity of the
cavity set the upper bound for the pump power and at this
upper bound the effect of backaction can be neglected. We
therefore neglect backaction noise and consider only two
contributions: mechanical fluctuations at an effective tem-
perature Tm and the added detector noise. The minimum
detectable force is given by [2,33]

Fmin = meffωmγm

√
Sadd

xx + 4kBTm

meffω2
mγm

, (G1)

where the added noise Sadd
xx is expressed as an equivalent

deflection noise in the bandwidth B,

Sadd
xx = B

�ωZextn̄add

x2
zpf

g2
0

Sadd
VV . (G2)

The attenuation chain ensures that the quantum fluctua-
tions of the electromagnetic field at microwave frequency
ω are close to ground state as kBTb � �ω0 at Tb = 10
mK. In our setup, the added noise from the following
cryogenic low-noise amplifier is the dominant contribu-
tion. Our amplifier (LNF-LNC4_8C) has a noise temper-
ature TN ≈ 2.5 K corresponding to an average of n̄add =
kBTN /�ω0 ≈ 12 photons of added noise. For reasonably
large pump powers, the spectral density due to the thermal
mechanical motion of the cantilever dominates the back-
ground noise (see Fig. 2), so that Sadd

xx can be neglected and
the force sensitivity reduces to

Fmin =
√

4kBTmmeffγm, (G3)

which, using the measured values of γm/2π = 25 Hz and
meff = 54 pg, yields Fmin = 2.2 × 10−17 N/

√
Hz, assum-

ing Tm = 1 K.

The force-gradient responsivity expressed in Eq. (3) is
derived as the product of three contributions:

∂〈V〉
∂F ′ = ∂〈V〉

∂φm

∂φm

∂ωm

∂ωm

∂F ′ . (G4)

The first term follows from Eq. (F10), while the second
term stems from the change of the mechanical phase due to
a frequency shift for a fixed drive frequency, expressed as
the slope of the phase of the mechanical susceptibility on
resonance ∂φm/∂ω = 2/γm. The third term comes from the
change of the effective mechanical resonance frequency
ωm = √

(k + F ′)/m due to a force gradient ∂ωm/∂F ′ =
ωm/2(k + F ′).
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