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Optically levitated microspheres are an excellent candidate for force and acceleration sensing. Here,
we propose an acceleration-sensing protocol based on an optically levitated microsphere array (MSA).
The system consists of an N-microsphere array levitated in a driven optical cavity via holographic opti-
cal tweezers. By positioning the microspheres suitably relative to the cavity, the center-of-mass (COM)
mode of the collective motion of the MSA is coupled to the cavity mode. The optomechanical interaction
encodes the information of acceleration that acts on the MSA onto the intracavity photons, which can
then be detected directly at the output of the cavity. The optically levitated MSA distributes its mass into
multiple optical traps, which not only circumvents the problem of levitating a large-mass microsphere but
also leads to a significant improvement in sensitivity. Compared with the traditional single-microsphere
measurement scheme, our method presents an improvement in sensitivity by a factor of v/N.
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I. INTRODUCTION

Optomechanics is a fascinating field that explores the
interaction between optical and mechanical degrees of
freedom and it has a wide range of applications in various
scientific domains [1]. One of the most promising applica-
tions of optomechanics is in precision measurement, where
optomechanical sensors enable the ultrasensitive detection
of forces and accelerations [2—7].

Levitated optomechanics [8], where nano- and micro-
objects are levitated in vacuum by optical tweezers [9—-11],
has emerged as a particularly promising area of research
that has gained significant attention [12—20]. Optically
levitated sensors provide high isolation from thermal-
environment noise sources in high vacuum, enabling
exceptional displacement, force, and acceleration sensi-
tivity [21-24]. Experimental results have demonstrated
a force sensitivity as low as 1072 N/+/Hz [25,26]
and an acceleration sensitivity below sub-jLg/+/Hz (g =
9.8 m/s?) [27-29]. Levitated optomechanical systems offer
precise control of the translational and rotational degrees of
freedom of the nanoparticle [30—36], making them an ideal
platform for fundamental scientific research [37—47] such
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as the detection of high-frequency gravitational waves
[48,49], the search for dark matter [50], and the exploration
of macroscopic quantum superposition with mesoscopic
particles [18,51—-54]. Additionally, electrostatic and mag-
netic levitation [8,55], as well as coupling to solid-state
spin systems [56,57], have extended the capabilities of lev-
itated optomechanics and open up new opportunities for
both scientific research and technological applications.

Recently, there has been a lot of interest in the levitation
and control of multiple nanoparticles using holographic
optical tweezers. This is because optically trapped parti-
cle arrays have emerged as a platform for the study of
complex nonequilibrium phenomena [58,59]. Holographic
optical tweezers (HOTs) are a powerful technology that
combines holography and optical tweezers [17,60]. The
basic working principle of HOTs is to use a computer-
designed diffractive optical element, such as spatial light
modulators (SLMs), to split a single collimated laser beam
into several separate beams, each of which is focused into
an optical tweezer by a strong converging lens [61]. One
of the key advantages of HOTSs is the ability to manipulate
multiple particles independently and precisely, allowing
the creation of optically levitated nanoparticle arrays with
complex structures [62].

In the fields of precision measurements and searching
for new physics, detecting forces and accelerations with
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increasing sensitivity is crucial [8,47]. When it comes to
acceleration sensing, a large-mass nanoparticle is advan-
tageous, as the acceleration sensitivity /S, is inversely
proportional to its mass m [63], i.e.,

2kBT)/

VS, = , (M

m

where y is the damping rate, kp is the Boltzmann constant,
and 7 is the temperature of the surrounding environment.
However, optically levitating a large-mass nanoparticle
experimentally is a huge challenge, because laser heat-
ing constrains the maximum size of particles that can be
levitated [27]. Another approach to improve sensitivity
is by reducing the pressure in the surrounding environ-
ment. Levitated optomechanical experiments have been
conducted at a pressure level of around 10~° mbar [53,
54]. However, a further reduction in pressure is still a
formidable challenge.

Here, we present an acceleration-sensing method based
on an optically levitated MSA. By utilizing holographic
optical tweezers, an array of nanoparticles is levitated in
a Fabry-Perot cavity that is driven by an external laser
beam. The nanoparticles collectively interact with the cav-
ity mode, thus resulting in an effective coupling between
a normal mode [center-of-mass (COM) mode] of the col-
lective motion of the nanoparticles and the cavity mode.
Consequently, the acceleration of the MSA can be mea-
sured by analyzing the transmission of the cavity mode.
Compared to the traditional single-oscillator scheme, our
protocol circumvents the problem of optically levitating a
large-size (-mass) particle because the mass of the MSA is
distributed into multiple optical traps. Moreover, the mass
is increased with an increase in the number of trapped par-
ticles, which will lead to a significant improvement in the
sensitivity of acceleration sensing.

II. SCHEME OF ACCELERATION SENSING
A. Physical model

A simplified schematic of the experimental setup is
shown in Fig. 1. By employing the HOTs, an MSA con-
taining N dielectric microspheres of mass m; is trapped
and levitated in a Fabry-Perot cavity, which is driven by
an external laser beam. The position of each sphere can be
independently altered by adjusting the HOTs. The trans-
mission of the cavity mode is monitored via homodyne
detection.

In this paper, we assume all the microspheres are
positioned in the cavity axis and we focus on the one-
dimensional motion along the cavity-axis direction. The
Hamiltonian of the whole system in a frame rotating at

Trapping Beam

Homodyne
Detection

Driving Beam

FIG. 1. A simplified schematic of the experimental setup. An
MSA is levitated in a Fabry-Perot cavity by the HOTs. The cavity
is driven by an external laser beam and excites a standing-wave
cavity mode. The position of each sphere can be independently
altered by adjusting the HOTs. The transmission of the cavity
mode is monitored via homodyne detection.

pumping frequency v, reads

H =hAa'a+ he (a+a")
A 7o)
i A.z A; A "_Int
+;:1:|: 2 (pl +‘];)+hfz%+Hl :|7 (2)

where a is the annihilation operator of the cavity mode,
A, = w. — v, is the detuning of the cavity mode with fre-
quency w. from the pumping laser, and € is the pump
strength. ¢; and p; denote, respectively, the dimensionless
position and momentum operators of the mechanical oscil-
lators and the €2; are the frequencies of the mechanical
oscillators. f; is the external force acting on each mechan-
ical oscillator, which induces the inertial acceleration a;
via

m;
fi= h_Q,-ai' 3)

1:1,.“‘t accounts for the linear coupling between the cavity
mode and the mechanical oscillators. In the case that the
radii of the spheres are much smaller than the cavity-mode
wavelength r; < A., the dipole force potential created by
the cavity mode can be approximated as [64]

A di l
Uidlpo e _

where k = 27 /A. denotes the wave number of the cav-
ity field, ¢;' is the relative equilibrium position of

—hUa acos [2k(qi + G))]. 4)

i

024018-2



COLLECTIVE-MOTION-ENHANCED ACCELERATION ...

PHYS. REV. APPLIED 20, 024018 (2023)

the ith oscillator in the cavity standing wave, ¢; =
ﬁquf.@i is the position operator of the ith oscillator

with zero-point fluctuation ¢, = \/h/2m;Q;, and U] =
@BVi/4Vol(eo — 1) /(€0 + 2)]w, is a frequency shift, in
which V; and V. are the volumes of the microspheres and
the cavity, respectively, and ¢ is the electric permittiv-
ity. Assuming that the oscillation of the sphere around its
equilibrium position is small, one can expand the dipole
force potential to first order and obtain a linear-coupling
interaction Hamiltonian,

H™ = hgid'ag;, (5)

where g; = 272 Uoqu s1n[2kqlq] is the linear-coupling
strength, the value of Wthh can be adjusted by shifting
the equilibrium positions g; .

B. Dynamical equations and solutions

Under the strong driving conditions, we can rewrite each
operator as the sum of its classical steady-state mean value
and a small quantum fluctuation operator, i.e., a - a +
a, g — ¢; + q; and p; — p{ + p;. Employing the stan-
dard linearization procedure [65], we obtain the quan-
tum Langevin equations (QLEs) in terms of the quantum
fluctuating operators:

él=—<lA+ )a—ZtG,q,—l—fam

: . (6)
qi = Qpi,

pi = —Qq; — yipi — Gi (a + &T) —fi+&,

where we have phenomenologically introduced « and y;
to account for the dissipation of the cavity field and the
mechanical oscillators, respectively. At the same time, we
also obtain a set of classical Langevin equations (CLEs),
from which the steady-state values can be figured out (for
details, see the Appendix A). A = A, + Y, giq} and G; =
ag; are the effective detuning and the coupling strength,
which depend on the steady-state values. The operator o™
in Egs. (6) accounts for the input noise of the cavity field,
which has zero mean value, and the correlation function

@ ma™t @)y =s—1), (7)

where we have assumed that the equilibrium mean photon
number of the thermal bath is

1

n = ~0
" exp [Aw:/kgT] — 1

due to the high optical frequency hw./kzT > 1. é,» is the
input noise of the Brownian force acting on the ith mechan-
ical oscillator, the correlation function of which is given

X=@+a"h/v2 and V=

by

d — hw
Gb =2 [ et D0loom (52)+1]5.

®)

where §;; is the Kroneker symbol. The mechanical fre-
quencies involved are never larger than hundreds of
megahertz and therefore one can make the approximation
(73 Qi) coth (hao/2ksT) = ks T/I) = y; (277 + 1),
where n!" = (exp [hQ2;/kpT] — 1)_1 is the mean thermal
phonon number. As a result, the correlation function of
Brownian noise can be safely considered to be Markovian:
[65,66], i.e.,

EWDE (D)) = v (27 + 1) 8(t — )5 9)

Equations (6) show that the particles interact collectively
with the cavity mode. Consequently, a normal mode of
the collective motion of the MSA is coupled to the cavity
mode. Here, the normal mode of collective motion refers to
the synchronized movement of a system consisting of mul-
tiple particles, which couples the complex motion of indi-
vidual interacting particles into simple collective motions
in which the particles move in sync with the same fre-
quency and phase [67,68]. The form of the normal mode,

QNorm = Z G,q;, is dependent on the coupling strength
between the particle and cavity mode G;. Considering that
one can choose the microspheres with an (almost) identical
size, that the environments around these closely positioned
microspheres (approximately in the micrometer range) are
the same, and that the mechanical resonance frequency
can be precisely controlled by tuning the trapping laser
power, we can reasonably assume that m; = m, y; = y, and
Q; = Q. When all the coupling strengths are equal, i.e.,
G; = G, a special normal mode—that is, the COM mode
Q Z gi—is coupled to the cavity mode. The QLEs are
thus can be rewritten in closed form as follows:

A

X =AV— gx s el
Y=—AX - gif—ﬁGQJrﬁiﬂ‘“, (10)

O0+70+ 920 = —V2NQGX — QF + Qf,

where £ = YV & and F = YV f; are the total Brownian-
noise operator and the total external force, respectively.
(a—ab)/iv2 are, respec-
tively, the amplitude- and phase-quadrature operators of
the cavity field. Without loss of generality, we assume that
each mechanical oscillator undergoes the same accelera-
tion, i.e., @; = a, and thus the total external force can be
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simplified as

F:Nf:N/%a. (11)

The QLEs given in Egs. (10) clearly show that the infor-
mation of acceleration is encoded into the cavity field
mediated through the COM mode Q Since the coupling
strength depends on the equilibrium of the ith microsphere,
i.e., G; o sin[2kq;"], the identical coupling strength G; =
G can be achieved by adjusting the equilibrium position
of the microsphere using the HOTs. By setting 2kqu11 —
2kq?q = 2nm with a positive integer n = 1,2,3,..., we
obtain the condition leading to the equal coupling strength
as

ni.

A =gqil — gt = > (12)

where Ag® denotes the separation between the adjacent
particles.

By Fourier transforming the QLEs in Egs. (10) into the
frequency domain and using the standard input-output rela-
tions XU = X" — /X', one can solve the equations and
obtain the power spectral density (PSD) of the output opti-
cal field in amplitude quadrature, e.g., in terms of the PSDs
of acceleration and the input noise, as follows:

N2
h;z” K Hr () 2Sua(@)

+ Wi Hyg (w)]*See (@)
+ |k Hyy(w)|2Sy(w)
+ 11 = VkHyx (0)*Sipy (@), (13)

Sy (@) =

from which one can eventually solve the PSD of the accel-
eration in terms of the PSDs of the output optical field in
amplitude quadrature and input noises, as

CY: SH (w) Hye ()|
Seel®) = 3 {|¢EHXF<w)|2 - ‘pr(m Ses ()
Hyy(@) [* o
| Hyr () Srr(@)
1 = ViHyx @) [*
'—‘—j;iﬁigzzs—— 5&x(w)}, (14)

where the symbol H,z(w) denotes the response function
(the concrete form can be found in the Appendix A) from
the external noise or signal source B to the detectable
quadrature 4 and the PSD for quantity O is defined
as Soo(w) = [ (O"(10(0)) expliwrldt. It is notewor-
thy that the area under the experimentally measured PSD

yields the variance of the acceleration [1], i.e.,

o d
(@) = / Saa(w)ﬁ. (15)

o0

Thus one can acquire both the frequency and amplitude
information of the acceleration from its PSD. The Brow-
nian noise can be calculated from Eq. (9) as S, (w) =
yi(2n?" 4 1) and the optical input noisy PSDs are simply
)i(“X (w) = 351), (w) = 1/2 for the vacuum optical reservoir.
After measuring the PSD S%4 (@) in amplitude quadra-
ture (or S9¥(w) in phase quadrature), which can be done
directly with homodyne or heterodyne detection [18,35,
53], we will eventually be able to carry out the PSD of
the acceleration.

II1. IMPROVEMENT OF ACCELERATION
SENSITIVITY THROUGH COLLECTIVE MOTION

To estimate the acceleration S,,(w), we invert the mea-
sured PSD of the output optical field in Eq. (13) and
obtain

R S
N2m |k Hyp (w) |

hs2 in
= Su4(@) + 175 [Si¢ (@) + Sy @),

(16)
where the optical input noise is
4 Hyy(©) '2 - ' 1 — VkHyx (@) |’
B (@) = () + [ i ().
pt Hyr(w)| 7 ViHyr (w) w
(17)

Therefore, the signal-to-noise ratio (SNR) turns out to be

Saa(®)
S = - . 18
SNR((U) \/}\;?Tgfn [SEE (a)) + Sg%,t(a))] ( )

By setting Ssnr (w) = 1 as the condition that defines sensi-
tivity, we obtain the acceleration sensitivity as

hQ2 i
M = \/sz [See (@) + Sou(@)]- - (19)

The Brownian noise acting on each mechanical oscillator
is independent and uncorrelated; thus the PSD of the total
Brownian noise Sg¢ (@) is the sum of the PSD of the Brow-
nian noise acting on every single mechanical oscillator
Se¢; (w), which is given by

N
See(@) = Y S (@) = NS (), (20)

where Sg? (w) = y(2n™ + 1) is the PSD of the Brownian
noise acting on a single mechanical oscillator. Therefore,
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the acceleration sensitivity is simplified as

W, - | he 8@ | Sp)
VsV = || e

This equation clearly shows that the acceleration sensi-
tivity improves with an increase in the number of oscil-
lators N. In the limit of kgT > RS2, i.e., the dissipative
dynamics of the system are dominated solely by the ther-
mal noise, the optical input noise can be omitted. As a
result, we find an improvement in sensitivity by a fac-
tor of «/N compared with the standard single-oscillator
acceleration-sensing scheme [see Eq. (1)]:

A | Sa
\/@% NV Q1) A [ (22)

The analytical derivations indicate that this scheme can
improve the sensitivity by a factor of +/N not only in accel-
eration sensing but also in force sensing. Thus our scheme
also applies to the detection of the forces that depend on
mass, such as non-Newtonian forces [47].

Figure 2(a) shows the acceleration sensitivity as a func-
tion of the frequency for different numbers of oscillators
N. The results indicate that the acceleration sensitivity
improves with an increase in the oscillator number N.
The acceleration sensitivity drops at the mechanical res-
onance frequency 2 due to the Lorentzian-like line-shape
response function. Figure 2(b) shows the acceleration sen-
sitivity at the mechanical resonance frequency (normalized
with the sensitivity for N = 1) as a function of the num-
ber of oscillators N. The sensitivity represents a significant
improvement in increasing the oscillator number.

IV. NUMERICAL SIMULATION

We numerically simulate the dynamics of the whole
optomechanical system via the following Markovian mas-
ter equation:

b= ]+ ), 23)

where p is the density operator of the optomechanical sys-
tem, H; = hAata+ N (h2/2) (p? + §2) + WG +
hG (&T + &) q; is the linearized Hamiltonian, and f;(¢) is the
time-dependent external force acting on each mechanical
oscillator, which induces an acceleration via the relation in
Eq. (3), i.e., one can obtain the acceleration through a;(¢) =
Vi /mifi(¢). The Lindblad superoperator describing the

Tos
g,
0

0.4

0.2

0.0

0 20 40 60 80 100
N
FIG. 2. (a) The acceleration sensitivity as a function of the fre-

quency for different numbers of oscillators. (b) The acceleration
sensitivity at the mechanical resonance frequency (normalized
with the sensitivity for N = 1) as a function of the number
of oscillators N. The parameters are set as /27 = 100 kHz,
A/2mw =500 kHz, G/2m = 10 kHz [69,70], «/2wr =1 GHz,
T=300K, y/27 =100 pHz [71], and ¥ = 5 pm.

system dissipation reads

N
L(p) = 5 (2apa’ —a'ap — pa'a) + Y T (' +1)
i=1
X (21;,[313j — ];jl;,ﬁ - ,51;?[;,)
+ D (2B b — bibls — pbid). @4

where b; is the mechanical annihilation operator of the
ith sphere. In the simulation, we assume that the exter-
nal forces acting on each oscillator are identical and in the
form of /' (1) = Ay cos Qrt, with the amplitude 4, and the
frequency €2r. We simulate the dynamical evolution of a
three-microsphere array and plot the PSDs of the output
optical field in amplitude quadrature, X°", and the total
force, F = Z?:l Ji(®) (insets), for different frequencies 2
in Fig. 3. Two peaks at the frequencies corresponding to
that of the external force are observed, which confirms that
the optomechanical interaction encodes the information of
the collective motion induced by the external acceleration
into the cavity field. We also note that the height of the
peaks corresponding to the external force in the optical
PSD increases along with the frequency of the accelera-
tion approaching the mechanical resonance frequency due
to the Lorentzian-like line-shape response functions. In
the insets, the two PSDs of the forces corresponding to
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FIG. 3. The PSDs of the output optical field in amplitude

quadrature X ° for different external forces, which are obtained
from the numerical simulation for a three-microsphere array. The
insets show the corresponding PSDs of the forces. The param-
eters are set as follows: the mechanical frequency Q2,3 =1,
the damping rate y = 0.5, the thermal phonon number 7y, ; =
0.1, the cavity detuning A = 5, the cavity decay rate x = 10,
the coupling strength G = 0.1, and the external force f},3(¢) =
0.1 cos(0.37) and f 2 3(f) = 0.1 cos(0.6¢), respectively.

the frequencies €y = 0.3 and Q2 = 0.6 have an almost
equal height (filled area) because of the same amplitude
Ay = 0.1. According to the connection between the ampli-
tude and the PSD in Eq. (15), we integrate the PSD
around the peak Qr = 0.3 (2 = 0.6) over the noise floor
in the insets and obtain the variance (F 2>|Q/. —03 ~ 0.059

(F 2)|Qf —0.6 ~ 0.040). This result is consistent with the
variance obtained from the analytical expression: F(¢) =
3f (1) = 0.3 cos (2 1) with (F?) = 0.045.

V. FEASIBILITY ANALYSIS OF THE PROTOCOL

Our theoretical scheme is based on a multi-oscillator-
cavity optomechanical system that can be realized experi-
mentally by employing holographic optical tweezers levi-
tating many nanoparticles in a driven optical cavity. Fol-
lowing Ref. [58], a feasible experimental realization is
shown as follows.

As shown in Fig. 1, the trapping beam is expanded to
overfill the apertures of the spatial light modulator (SLM)
and the microscope objective (MO). The laser beams cre-
ated by the SLM are imaged with a 4f image system onto
the MO, creating an array of tightly focused optical tweez-
ers that trap the particle array in a Fabry-Perot cavity. The
cavity is driven by another external laser beam (driven
beam), allowing the excited intracavity field (cavity mode)

to interact with the MSA. The transmission of the intra-
cavity field is monitored through homodyne detection. The
coherent scattering and interference effects between the
trapping and driven beams are suppressed both by ori-
enting the tweezer polarization along the cavity axis to
minimize the mode overlap and by tuning the two lasers
far apart in frequency space.

By manipulating the phase (and amplitude) of the laser
beam using the spatial light modulator, we can precisely
trap and move particles, ensuring that the separation
between the adjacent particles satisfies the condition in Eq.
(12) such that the collective COM mode of the MSA is
coupled to the cavity mode. In experiments, the separation
between two adjacent optical traps created by holographic
optical tweezers is several microns due to the waist of the
traps and the size of the trapped particle, requiring a selec-
tion of large integer n. Since the loading of the particle
array is probabilistic, a rearrangement protocol utilizing
an auxiliary beam [59] can be implemented to improve
the success probability of loading. In a real experiment,
the phase noise (or, equivalently, the frequency noise) will
impact the performance of acceleration sensing. We can
use a filtering cavity to suppress it [35,70]. In addition,
a method of far-field wave-front shaping [72,73] may be
employed to cool the motion of particles.

VI. SUMMARY AND OUTLOOK

In conclusion, we have proposed a protocol for accelera-
tion sensing by using an optically levitated MSA. With the
help of holographic optical tweezers, an MSA containing
N microspheres is levitated in a driven Fabry-Perot cav-
ity. By suitably adjusting the positions of the microspheres
in the cavity, the optomechanical interaction encodes the
acceleration information acting on the MSA onto the intra-
cavity photons that can be measured at the cavity output
via homodyne detection.

Since the mass of the MSA is distributed among multi-
ple optical traps, our protocol can overcome the difficulty
of optically levitating a single large-mass microsphere.
Although magnetic trapping has the capability to levi-
tate larger-size (or -mass) particles, it has some draw-
backs in sensing, such as low trapping frequencies (<
1 kHz), control of static trap potentials, and low com-
patibility with optical measurements [8]. Moreover, the
collective motion of the MSA enhances acceleration sensi-
tivity by increasing the number of levitated microspheres.
Compared to the traditional acceleration scheme where a
single microsphere of mass m is levitated, our scheme
can achieve an improvement by a factor of +/N in sen-
sitivity when employing an MSA containing N m-mass
microspheres.

In the future, along with the development of a holo-
graphic optical-tweezers technique [61] in high vacuum
and optical measurement methods, our protocol may be
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extended to a large three-dimensional sensing array that
will possibly enable full-profile imaging and dynamical-
evolution monitoring of a force field in real time. In
addition, the optically levitated MSA itself provides a plat-
form to investigate quantum entanglement and quantum
correlation [58,74].
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APPENDIX A: DERIVATION OF THE PSD OF
ACCELERATION

Here, we present the detailed derivation of the PSD of
the acceleration in Eq. (14). Starting from the Hamiltonian
given in Eq. (2), by employing the standard linearization
procedure [65], we obtain the quantum Langevin equations
QLEs given in Egs. (6) in terms of the quantum fluctu-
ation operators, together with a set of classical Langevin
equations (CLEs) in terms of the classical mean values,

. ('A+K> .
o =—\i — ) o —ie,
2
7 = Qup;, (AD)

pi=—Quq’ — yip! — gilal’.

By setting the time derivatives to zero in Egs. (A1), one
obtains the steady-state mean values as

—ie

T iAtK/2
pi =0, (A2)
7= _gi|06|2
i Q[ ’

which are used to determine the effective detuning and the
coupling strength in QLEs [see Egs. (6)].

To solve the QLEs in Egs. (10), we transform them
into the frequency domain via the Fourier transformation

O(w) = / fooo @(t) exp[iwt]dt, where the operators with and
without a tilde denote the same quantity in the time
and the frequency domain, respectively. The QLEs in the

frequency domain are given by

(& ~ i) o) = VET"(@) — A¥ @)~ V2G0w)

Ko (@)0(@) = () — V2NGX () — F (),
(A3)
where x,(0) = Q/(Q? — w* — iyw) is the bare mechan-
ical response function (susceptibility). By solving Egs.

(A3), we obtain the amplitude- and phase-quadrature oper-
ators of the cavity field as

¥ (@) = Har(@)F (@) + Hye (@) @) + Hyr(@) (@)
+ Hyy (o)X ™ (o), (Ada)

V(@) = Hyr (@) F(0) + Hye (@) (@) + Hyx (@)X (@)

+ Hyy() F"(0), (A4b)
with the corresponding response functions
Hyr(0) = —Hys (@) = —V2Gxm(@)x (@),  (ASa)
Hyy(w) = =k x (o), (ASb)
Hyx (@) = =2k x @), (ASc)
Hyp (@) = — YV 20% = G-, (ase
Hy: (w) = —Hyr(w), (ASe)
_ Ve(s—iw) JK
Hyy(w) = —TX(CU) A (AS1)
Hyy(w) = —MX (w), (ASg)
where
1
X(@) = e (A9)
NG () — A — 2528

With the solutions of X (w) and Y(w), the PSDs of the
cavity-field quadrature operators are given by

Sxx (@) = |Hyr (@) *Spr (@) + [Hyg () Sge (@)

+ [Hyy(w)2S¥ (@) + | Hyx (@) |2y (@),
(A7a)

Syr(®) = |Hyp (@) *Spr(@) + |Hye (@) See (@)

+ |Hyx (@) [*S¥y (@) + [Hyy(w)[*SH (o),
(A7b)
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_ Sw(w) |HX$(CU)|2 B
Ser(@) = \Hyr (@) |Hyr ()2 S5 (@)
_ Syr(®) |HYE(CU)|2S f(@) —
|Hyp(w)|>  |Hyr(® )|2

The PSDs of the input noise can be calculated via the
correlation functions in Eqgs. (7) and (9) and the exact
results are given by

Ty (@) = Sy (@) = 5 A9)
See; (@) = vi (2 + 1),

To establish the connection between Sgr(w) and the quan-
tities that are measurable directly in experiments, we need
to further consult quantum input-output theory. By substi-
tuting the input-output relations X% = X —  /kX and
yout — ¥in _ /¥ into Eqs. (A4), we obtain the amplitude-
and phase-quadrature operators of the output optical field
as

X (@) = — i [ Hyr (@)F (@) + Hye @) @)
+Hyr (@) (@)]
+[1 - VeH @] X"@),  (A10)
V(@) = — Vi [Hyp @F @) + Hye (@) @)

+Hyx (@)X (@)
+[1 = VicHyr(@)] 7" (). (Al1)

By using the relation between the force and acceleration in
Eq. (3), one can obtain the PSD of the output optical field
in amplitude and phase as

N2
S (@) = —m|ﬁHXF<w>|2Saa(w> + |V Hye (@) See (o)

+ |k Hyy(w)|*SP ()

+ 11 — VicHyy () |*Sigy (@), (Al2a)
N>m 2 2
h_Q|\/EHYF(w)| Sua(@) + |k Hyg (@) |*Se (@)

+ VK Hyy () > Sy ()
+ 11 = VkHyy(o)*Siy(w).

Syy (@) =

(A12b)

| Hyy(w)]? §it (@) @ )[? S (@)
Her @) 2" T T Hyr(o) P
|Hyy (w)]? |Hyy(w)|?

— - A8
|Hyr (w)]? Sk (@) |Hyr(w)]? S (A8)

(

By solving the above equations, we obtain the eventual
expression for the PSD of the acceleration determined by
the output optical field and the input noises as follows:

Y SH(w) Hys (o) [°
S"”(‘”)_sz{WHXF(w)P He@)| 5@
H 2
_ xyr(®) S ()
_ll_ﬁHX/\/(w)z in
K Hyp (w) XX(w)}
e S |He@)]
N {WHyp(w)P Hyr(@)| @
_ |Hwx (@) 2 in ()
Hyp(w)|
1 — JkH 2

In the experiments, the output-optical-field PSD S$} (w) in
the amplitude-quadrature operator or S9¥ () in the phase-
quadrature operator can be obtained directly by optical
homodyne and heterodyne detection.
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