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We experimentally verified our prior theoretical work [J. Opt. Soc. Am. B 39, 3012 (2022)] by
employing matter-wave interference to measure the ultranarrow momentum width of an optically trapped
Bose-Einstein condensate (BEC) in situ. Splitting the BEC wave packet into various diffraction orders
through double stand-wave pulses, we calibrated the momentum width by fitting the oscillation curve of
the population of the zero-momentum state. The observed interference fringes exhibited slight deviations
from our simplified theory. We numerically calculated the Gross-Pitaevskii equation and utilized Wigner
function to gain insight into the impact of the external trap potential and nonlinear term of BEC. We found
that the discrepancy was caused by the combined effects of the mean-field interaction and spatial density
modulation of BEC. This quantum thermometry is straightforward to apply and is especially well suited
for temperature calibration in deep cooling experiments. For atomic samples at the pK level after deep
cooling, interatomic interactions can be safely disregarded, enabling momentum-width calibration in a
single shot.
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I. INTRODUCTION

Over the past two decades, the research on quantum
degenerate gases has witnessed substantial advancements,
offering a distinctive platform for various pioneering dis-
coveries and technological innovations [1,2]. The attain-
ment of even lower temperatures of atomic ensembles
would facilitate the examination of quantum mechanics
at a more macroscopic level [3,4]. Currently, in addition
to traditional evaporative cooling [5], the state-of-the-art
δ-kick collimation [6,7] (DKC) technology has reduced
the equivalent temperature of BEC to several tens of
picokelvin [8,9]. Combining with microgravity environ-
ment, these quantum gases are expected to be used as
analogues for more inaccessible quantum systems [10–14].
Additionally, the extremely long free-expansion time of
these systems fulfills the stringent requirements of atomic
interferometers, which can be applied to the most advanced
quantum precision measurement [15–21].
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However, the extremely low kinetic energy also poses
a challenge for thermometry. Conventional time-of-flight
(TOF) method [22] become inefficient and susceptible to
spatial stray fields due to excessive flight time [8,9]. For
measuring extremely low temperatures, those Raman [23]
and Bragg Doppler spectroscopy [24,25] require strict con-
trol of the frequency and phase coherence of the laser
beams, while the measurement-induced perturbations of
the velocity distribution cannot be neglected.

The nonzero momentum width also implicates a finite
spatial coherence length [26,27], which can be used to
calibrate temperature [28–30]. In this paper, we validate
our previous theoretical work on quantum thermometry
based on atomic interference [31]. By utilizing appro-
priate Bragg pulse as π/2 pulse, Ramsey interference
is performed on momentum states of a trapped BEC.
Due to the finite coherence length, the contrast of the
interference fringes decays with increasing Ramsey free-
evolution time, therefore the one-dimensional momentum
width (1D MW) of the BECs can be obtained in situ.
Furthermore, a detailed analysis of the impact of the mean-
field interaction of the confined BEC on the interference
process is presented.
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II. DOUBLE 1D OPTICAL LATTICE
PULSE-SPLITTING THERMOMETRY

Off-resonant standing-wave laser pulses are widely
employed in atomic interference to split matter waves
into various diffracted orders [32,33]. An appropri-
ate double Bragg pulse sequence can symmetrically
split the wave packet into ±2�k0 superposition states
with nearly 100% efficiency, where k0 represents the
laser wave vector and � donates the reduced Planck
constant. The interaction between matter wave pack-
ets and weak standing-wave fields can be described
by the truncated Raman-Nath equations [34]. By
introducing the coupled bases |C0 (k)〉, |C+ (k)〉 =(|C+2k0 (k)〉 + |C−2k0 (k)〉

)
/
√

2, |C− (k)〉 = (|C+2k0 (k)〉 −
|C−2k0 (k)〉

)
/
√

2, where |C2nk0 |2 represents the population
of the nth diffraction order with momentum �k + 2n�k0,
a narrow distribution around k = 0 (�k � k0) can render
|C−〉 a dark state that can be disregarded, therefore the state
space reduces into a two-state system that can be mapped
to a unit Bloch sphere. The double-pulse-splitting opera-
tion is associated with the well-known Ramsey interfer-
ometer [35], which achieves a bit flip from the perspective
of quantum logic gate. By choosing � = 2

√
2ωr during

the pulse duration, where � describes the amplitude of
the light-shift potential (ωr = �k2

0/2m and m is the atomic
mass), the standard Ramsey technique for reversing the
state vector is illustrated in Fig. 1(a).

The nonzero momentum width of the packet will
degrade the splitting efficiency as the free-evolution time
increases, and further deteriorates the contrast of the inter-
ference signal [27]. For a matter wave packet with a
momentum distribution of |�(k) |2, by fixing the pulse
duration t1 = π/4

√
2ωr [corresponding to n = 0, see

Fig. 1(a)], and varying the free-evolution time t2, the popu-
lation of the nth diffraction order after the second pulse can
be obtained by calculating the momentum-dependent evo-
lution operators (see Appendix A). For an initial condition
C2n (k) = δn,0, the corresponding final population number
C0,fin(k) is

C0,fin(k) = (1 + e−iσ(k) cos�σ(k))/2, (1)

where σ = 2�k2
0t2/m, and �σ = 2�k0kt2/m. After inte-

grating |C0,fin|2 over k, the population of packet around
k = 0 satisfies

P0�k0 (t2) =
∫ ∞

−∞
|�ini (k)

(
1 + e−iσ cos�σ

) |2dk/4. (2)

It is well known that trapped BECs possess extremely
narrow momentum widths, which is well suitable as a
demonstration of our approach. For a harmonic trapped
BEC, in the Thomas-Fermi approximation the momentum

(a)

(b)

(c)

FIG. 1. (a) The Bloch-sphere interpretation of the double-
pulse-splitting operation. Gray arrows denote the Rabi vectors.
Blue and red arrows represent the initial and final state vectors
of each individual process. n and m represent natural numbers.
(b) The final population of zero-momentum term versus free-
evolution duration for�kx = 0.03k0,0.05k0 ,0.08k0, respectively.
The black arrow indicates t2 = 5.5 × Tosi (Tosi = 123.27 µs for
the optical lattice wavelength λ = 1064 nm). (c) The relation-
ship between population ratio and the temperature. Black solid
line represents the population ratio of 0�k0 to ±2�k0 verse tem-
perature at t2 = 5.5 × Tosi. The red dashed line represents the fit
about the linear region.

distribution along the x axis is given by [24,36]

|�(kx) |2 = A2�k−1
x

∣∣∣∣
J2(

√
21/8kx/�kx)

(
√

21/8kx/�kx)
2

∣∣∣∣

2

, (3)

where A2 = N × 315
√

21/8/64 is the normalization coef-
ficient, J2 donates the Bessel function of order 2 and
N is the atoms number. The momentum width �kx =√

21/8/Rx, and Rx is the Thomas-Fermi radius. The cor-
responding equivalent temperature Teff = �k2

x�
2/kBm. We

numerically calculate various conditions with different
�kx, which are presented in Fig. 1(b). The population
oscillation period is Tosi = π/2ωr. Due to the nonzero
momentum width, after sufficiently long t2 the contrast of
the interference fringes will drop to zero, and the charac-
teristic time is inversely proportional to �k and k0 [31].
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Therefore, the momentum width can be determined by
observing the decay rate of the contrast.

Our thermometry strategy involves selecting an appro-
priate t2 based on the desired temperature range. After
the double pulse, the packet will separate in space after
sufficient TOF. Then, the population ratio P0�k0/P±2�k0
can be conveniently counted to determine the temperature.
Figure 1(c) demonstrates P0�k0/P±2�k0 versus temperature
for a fixed t2, and the linear range below 500 pK is well
suitable for temperature measurements. For a tempera-
ture measurement method, a useful metric is measurement
accuracy. For our technique, the measured quantity is
the population ratio of each momentum state, which is a
macroscopic quantity that can be measured with an accu-
racy of 1%. However, errors in the optical lattice pulse
parameters, such as amplitude, pulse length, and inter-
val, can introduce measurement errors. Nevertheless, with
the current technology, the total measurement error result-
ing from these factors can be easily reduced to less than
1% through optical intensity feedback control and accurate
timing. Additionally, in the context of space applications,
vibrations in the space station can also lead to drifts in
the optical lattice during the measurement process. After
implementing vibration isolation, the residual acceleration
in the space station can be reduced to below 10−4m/s2

(RMS) [37]. For typical measurement durations (approx-
imately 1 ms), the drift amplitude of the optical lattice
is on the order of subnanometers, which is much smaller
than the laser wavelength of the optical lattice. Therefore,
we conservatively estimate that the measurement error
attributed to our thermometry method is no more than 5%.
For comparison, previous experiments conducted on the
International Space Station [8] and the German Bremen
Drop Tower [9] have measured the temperature of atomic
samples using the TOF method. Their measurement accu-
racy, after a TOF time of several hundred milliseconds, is
approximately 10%.

We would like to emphasize the measurement range of
our method. Obviously a longer t2 leads to a higher mea-
surement accuracy. On the other hand, as �k approaches
k0, the wave packets cannot be well separated in space after
TOF, and the two-level approximation is no longer valid.
Therefore, the upper limit is constrained by the single-
photon recoil momentum of the optical lattice. To expand
the measurement range and reduce pulse durations t1 and
free evolution time t2, an optical lattice with shorter laser
wavelength would be advantageous [31].

III. EXPERIMENTAL IMPLEMENTATION

We experimentally measured the 1D MW of a BEC
in situ by double-pulse splitting, and the experimental
setup and protocol are illustrated in Figs. 2(a) and 2(b).
We prepared the initial 5 × 104 87Rb BEC in a 1064-nm
crossed optical dipole trap, with the trap frequency of ν =

(a)

(b)

(c) (d)

FIG. 2. (a) Experimental setup. The BEC is initially trapped
in a crossed dipole trap consisting of two 1064-nm laser beams
intersecting at 60◦. Another 1064-nm beam (independent laser)
incidents horizontally along the x axis and be reflected to form
the one-dimensional optical lattice. (b) Experimental protocol.
The duration of a single optical lattice pulse is fixed at 43.59 µs.
(c) Absorption image of the initial BEC. (d) Absorption image
of the cloud after double-pulse splitting with t2 = 90 µs as an
example.

(120, 69, 93) Hz along the x, y, and z directions. The con-
densate fraction was approximately 60%, and the atoms
were approximately uniformly populated in the three Zee-
man states of the ground manifold |52S1/2, F = 1〉. In the
Thomas-Fermi limit, the momentum width of the initial
BEC can be estimated as [38] �k = (0.07, 0.04, 0.054) k0.
After obtaining the initial BEC through forced evapora-
tive cooling, we applied two 1064-nm laser standing-wave
pulses to the BEC while maintaining the optical trap. Sub-
sequently, we released the atoms and performed conven-
tional absorption imaging after 25-ms TOF. Figures 2(c)
and 2(d) demonstrate the splitting result, and then we
counted the populations of different diffraction orders. The
noncondensate atoms will disturb the statistics of the pop-
ulation. Indeed, thermal atoms also respond to the double
pulse, but it will be quite different compared to the case of
BEC. For relatively high temperatures (Tthermal ∼ 100 nK),
the corresponding coherence length is very short, lead-
ing to rapid dephasing. In fact, the population of different
momentum states of thermal atoms hardly changes with
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(a)

(b)

FIG. 3. Temporal evolution of the zero-momentum term pop-
ulation. (a) The experimental results are represented by black
circles, and the error bars indicate the standard deviation of five
runs. The numerical results of the GP equation are shown by
the different lines. The simulation parameters used are �kx =
0.075k0, κ1D = 0.02, and s = 3.05. (b) Numerical simulation
results under different conditions around t2 = 3.5 × Tosi [the
curve with β1D = 0, νx = 0 is calculated from Eq. (2)]. Those
vertical dotted lines mark the bottoms of this oscillation period,
respectively, and the horizontal arrows indicate the correspond-
ing phase differences.

the increase in Ramsey free-evolution time. Additionally,
after releasing the atoms and undergoing a 25-ms TOF,
the optical depth of thermal atoms is very small, thus
having little impact on the statistical measurement of the
population ratio of different diffraction orders of BEC.

Figure 3(a) illustrates the experimental results of the
final zero-momentum population versus t2, demonstrat-
ing a clear oscillation decay. Our theory accurately cap-
tures this characteristic behavior, yet we noted that the
oscillation period Tosi is slightly shorter than predicted,
which becomes more evident after sufficiently long free-
evolution times. By using �kx and the optical lattice
laser wavelength λ as fitting parameters and applying
Eq. (2), we obtained �kx = 0.067k0 and λ = 1040 nm.
This mismatch is not particularly surprising, actually, in
our simplified theory we neglected the trap potential and
interatomic interactions, while neither can be ignored in
our experiments.

IV. NUMERICAL SIMULATION AND
PHASE-SPACE EVOLUTION

To interpret our experimental results, we employed
numerical calculations of the 1D Gross-Pitaevskii equation

[39] (GP equation) to simulate the entire experimental pro-
cess. The dimensionless GP equation can be expressed as

iψ̇α (x, t) =
(

−1
2

d
dx2 + x2

2
+�(t) cos 2k0x

+ β1Dκ1DU0

∑

α′
|ψα′ |2

)

ψα (x, t) , (4)

where ψα donate wave functions of different spin com-
ponents (α = 0, ±1), U0 = 4πasN/a0, as is the two-body
s-wave scattering length, a0 = √

�/2πmνx, κ1D is a fitting
parameter that represents reduced-dimensionality factor
[40], and β1D is equal to 0 or 1 that controls whether the
nonlinear term exists. We have verified the rationality of
κ1D in Appendix B. The modulus of the Fourier transfor-
mation of �(kx) was adopted as the initial macroscopic
wave function, and �kx was taken as a fitting parame-
ter. To account for calibration errors in the optical lattice
depth, we also used � = sωr as a fitting parameter dur-
ing the pulse. Considering that we used the F = 1 spinor
BEC in the experiment, we adopted the multicomponent
GP equations. If the initial states of the wave functions of
the three spin components are identical, the corresponding
evolution can be reduced to the single-component case.

The simulation result is also displayed in Fig. 3(a),
which is in good agreement with the experimental results.
The fitting parameter �kx = 0.075k0 also coincides with
0.07k0 obtained in the Thomas-Fermi approximation. We
demonstrate the simulation results for several other cases
in Fig. 3(c), and it is evident that the interatomic interac-
tions slightly accelerate the evolution of the population,
while the trap potential has the opposite effect. The actual
evolution is determined by the competition between these
two effects.

Despite the perfect description of experimental results
by the GP equations, the underlying physical meaning
remains obscure. We introduce the Wigner function to
provide a more intuitive interpretation of the double-
pulse splitting process. The Wigner function describes a
quasiprobability distribution in the phase space, with val-
ues that can be both positive and negative [41,42]. We can
use the momentum space wave function to construct the
Wigner function:

W(x, kx; t) =
∫ ∞

−∞
dpeipx�(−kx − p/2, t)�∗(−kx + p/2, t).

(5)

Let us first consider the scenario that excludes external
trap and mean-field interaction. In Figs. 4(a)–4(c), we
present the corresponding Wigner functions at various
time points. Following the first pulse, the wave function
becomes a superposition of three momentum states. In
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addition to the three regions with central momentum 0�k0
and ±2�k0, Fig. 4(a) reveals the presence of interference
terms between 2n�k0 and 2m�k0, which are located at
(n + m)�k0, appearing as fringes in phase space with a
spatial frequency of |2(n − m)k0| [31].

During the free evolution, the time evolution of the
Wigner function follows the classical equation of motion
[41]. Therefore, as t2 increases, wave packets with differ-
ent momentum tend to separate in space, and the fringes
in the interference region will tilt more and more. This
tilt of fringes indicates that, due to the finite momentum
width, the phases of different momentum components are
no longer the same after free evolution. It is well known
that BEC as a macroscopic coherent state possessing the
off-diagonal long-ranged order (ODLRO), which implies
that the coherent length approaches the macroscopic size
of the condensate [43,44]. Once these three wave pack-
ets are completely separated, coherence between them will
be concealed. When the second pulse is applied, the pop-
ulation of the central zero momentum is merely the sum
of the zero momentums originating from the independent
splitting of the three parts, as depicted in Fig. 4(c). The hid-
ing of coherence means that the contrast of the interference
fringe drops to zero and P0�k0 will no longer change. The
momentum distribution after the double pulses is shown in
Fig. 4(d) as a sample.

Next, we add the external trap and mean-field interac-
tion separately to observe the changes. Due to the rela-
tively short pulse duration, the corresponding phase-space
distribution undergoes only slight changes in compari-
son to Fig. 4(a) during the first pulse, thus we did not
show them. However, after sufficiently long free-evolution
times, the phase-space distributions under different con-
ditions exhibits significant divergence. For the case with
only external trap in Fig. 4(e), the evolution of the Wigner
function is just a clockwise rotation in phase-space cor-
responding to simple harmonic oscillation in the trap. On
the other hand, the nonlinear term causes wave pack-
ets in different regions to broaden in both the spatial
and momentum domains, as shown in Fig. 4(f). This is
essentially a rapid explosion of the condensate caused
by the repulsive mean-field interaction. When both the
external trap and nonlinear term are considered, the two
effects partially counteract each other, as illustrated in
Fig. 4(g).

Furthermore, we display the momentum distribution
around +2�k0 in Fig. 4(h) under various conditions. On
our experimental timescale, except for the acceleration
effect, either the external trap or the nonlinear term broad-
ens the momentum distribution. However, the synergistic
cooperation of these two effects significantly reduces the
degree of broadening. As an estimate, we utilize Gaussian

(a) (b) (c) (d)

(e) (f) (g) (h)

FIG. 4. (a) The phase-space distribution just after the first pulse. (b) The phase-space distribution after free evolution with t2 =
5.5 × Tosi, and the three parts with central momentum 0�k0 and ±2�k0 are basically separated in space. (c) The phase-space distribution
just after the second pulse. (a)–(c) are based on completely free evolution, i.e., in the absence of the external trap and nonlinear term.
(d) The momentum distribution after the pulse sequence. (e)–(g) The phase-space distributions after free evolution t2 = 5.5 × Tosi
comprise of only the external trap, only the nonlinear term, and both, respectively. (h) The momentum distribution of the +2�k0
diffraction order under different conditions.
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fits to confirm that the change in momentum width is no
more than 5%.

V. MECHANISM OF ACCELERATED PHASE
ACCUMULATION

In addition to broadening the distribution, there is still
a net momentum offset during free evolution, which can
be evaluated using the average momentum 〈k〉+2 of the
first diffraction order. Figure 5(a) displays the evolution of
〈k〉+2 with respect to t2. Our simulations indicate that the
acceleration caused by the repulsive mean-field interaction
saturates after 400 µs. With the further addition of external
trap, the evolution of 〈k〉+2 is essentially a straightforward
superposition of these two effects, resulting in an initial rise
followed by a fall. We can evaluate the accumulated phase
by integrating the square of the average momentum

ϕ =
∫ t2

0
dt2�t 〈k〉2

+2 /m. (6)

(a)

(b)

(c)

FIG. 5. (a) The evolution of the average momentum of the
+2�k0 diffraction order with respect to t2. The noninterference
cases indicate the initial entanglement state. (b) The phase dif-
ference accumulated due to distinct average momentums. The
vertical dashed line at t2 = 425 µs indicates the corresponding
phase differences of 0.11 × 2π and 0.20 × 2π , respectively. (c)
The population evolution of the central zero-momentum state
during the free evolution caused by the nonlinear term and spatial
density modulation.

Figure 5(b) shows the accumulated phase difference ver-
sus t2, with the corresponding values of �ϕ = 0.11 × 2π
and 0.20 × 2π at t2 = 425μs for the two curves, which are
semiquantitatively consistent with �ϕ = 0.13 × 2π and
0.21 × 2π as evaluated in Fig. 3(b), respectively.

The additional acceleration effect caused by the non-
linear term is, in fact, a bit more subtle. We observe an
intricate oscillatory growth behavior before 〈k〉+2 reaches
saturation, with the period of oscillation consistent with
the time it takes for an atom with momentum 2�k0 to
travel a distance of λ/2. Actually, the interference between
different momentum components implies a spatially peri-
odic modulation of the wave function with a period of
λ/2. Under the local density approximation, the effective
potential felt by atoms is just a superposition of the local
chemical potential and external trap potential, which can
be regarded as a “matter wave lattice.” This is reminiscent
of the self-phase modulation of light waves propagating in
a Kerr medium. Therefore, we anticipate additional pop-
ulation transformation during the free evolution due to
the mean-field interaction, which is also confirmed by our
simulations, as shown in Fig. 5(c). After 400 µs, the pop-
ulation ceases to evolve due to the separation of different
momentum states, such that the spatial modulation of den-
sity is no longer well periodicity. Notably, the trend of
the population oscillation coincides with the oscillatory
growth of the average momentum in Fig. 5(a), indicat-
ing that the acceleration effect actually originates from the
spatial density modulation.

We present a specific scenario to substantiate this view-
point. Specifically, we consider the three spin components
that are initially spatially overlapped and entangled with
the external states.

|φ〉ini = 1√
2
|0〉mF ⊗ |0〉k + 1

2
|1〉mF ⊗ |2k0〉k

+ 1
2
| − 1〉mF ⊗ | − 2k0〉k. (7)

One distinction is that, owing to the orthogonality of inter-
nal states, there is no longer interference among the various
momentum states. We calculate the subsequent free evo-
lution based on the three-components GP equations, and
the corresponding results are also shown in Fig. 5(a). It
is evident that the acceleration effect is significantly cur-
tailed when compared to the coherent case (with the same
atomic number). Upon further addition of the external trap,
the initial acceleration is almost entirely suppressed. This
can be understood as the repulsive interaction and exter-
nal trap potential canceling each other out, leading to the
atoms feeling a flattened effective potential.

Our simulation and analysis results indicate that the
effect of interatomic interactions requires care. Intrigu-
ingly, the presence of the nonlinear term accelerates the
entire double-pulse-splitting process, or rather accelerates
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the bit flip. On the other hand, compared to our demonstra-
tion experiment, in conventional deep-cooling procedure,
the adiabatic expansion method will reduce the trap fre-
quency to an extremely low range (approximately 1 Hz),
while the DKC method allows the BEC to expand freely
for a moment before collimation, both extremely reduce
the interaction energy of the BEC (2 orders of magnitude
compared to our case) [45], rendering the nonlinear term
negligible.

VI. CONCLUSION

In conclusion, we employed a Bragg-splitting-type
atomic interference strategy to measure the momentum
width of a BEC in situ. By utilizing suitable double-pulse
sequences, we split the atomic samples and subsequently
determine the coherence length to calibrate the tempera-
ture. Remarkably, we observed intriguing dynamical effect
induced by the mean-field interaction and spatial density
modulation of the BEC during the interference process,
and analyzed this effect in detail. Our quantum thermom-
etry is particularly suitable for temperature calibration of
ultracold Bose atomic samples at the pK level.
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APPENDIX A: DERIVATION OF EVOLUTIONARY
OPERATORS

Firstly, we consider the evolution operator during the
implement of a single pulse. In the coupled bases (|C0(k)〉,
|C+(k)〉, |C−(k)〉), for the initial conditions C2n(k) = δn,0,
a π/2 pulse translates |C0(k)〉 to (|C0(k)〉 + |C+(k)〉) /

√
2,

which is equivalent to a Hadamard gate, and the corre-
sponding evolution matrix is:

Uc(t1) =
⎡

⎣
1/

√
2 1/

√
2 0

1/
√

2 −1/
√

2 0
0 0 1

⎤

⎦ . (A1)

Next, we consider the free evolution in momentum bases
(|C0(k)〉, |C+2k0(k)〉, |C−2k0(k)〉). |C+2k0(k)〉 has higher
energy than |C0(k)〉 by

�E+2k0 = �
2[(2k0 + k)2 − k2]/2m. (A2)

Such that after the free evolution of t2, the accumulated
phase difference between |C+2k0(k)〉 and |C0(k)〉 is

σ+2k0(k) = �E+2k0 t2/� = 2�k0(k0 + k)t2/m. (A3)

We can separate σ+2k0 as σ = 2�k2
0t2/m describing the

phase delay corresponding the central momentum dif-
ference during the free evolution, and �σ = 2�k0kt2/m
describing the contribution from nonzero k, such that
σ+2k0 = σ +�σ . Similarly, the phase difference between
|C−2k0(k)〉 and |C0(k)〉 could be expressed as σ−2k0 = σ −
�σ . The free evolution corresponds to a phase gate, and
up to a global phase factor, the corresponding evolution
matrix is

U(t2) =
⎡

⎣
1 0 0
0 e−iσ+2k0 (k) 0
0 0 e−iσ−2k0 (k)

⎤

⎦

=
⎡

⎣
1 0 0
0 e−i(σ+�σ(k)) 0
0 0 e−i(σ−�σ(k))

⎤

⎦ . (A4)

The unitary operator to translate the momentum bases to
the coupled bases is

S = S† = S−1 =
⎡

⎣
1 0 0
0 1/

√
2 1/

√
2

0 1/
√

2 −1/
√

2

⎤

⎦ . (A5)

Therefore, the total evolution operator in the coupled bases is

Uc(2t1 + t2) = Uc(t1)S†U(t2)SUc(t1) =

⎡

⎢
⎢⎢⎢
⎢⎢⎢
⎣

1 + e−iσ cos�σ
2

1 − e−iσ cos�σ
2

−ie−iσ sin�σ√
2

1 − e−iσ cos�σ
2

1 + e−iσ cos�σ
2

ie−iσ sin�σ√
2

−ie−iσ sin�σ√
2

ie−iσ sin�σ√
2

e−iσ cos�σ

⎤

⎥⎥⎥⎥
⎥⎥⎥
⎦

. (A6)
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Translate to the momentum bases:

U(2t1 + t2) = SUc(2t1 + t2)S†. (A7)

Therefore, the corresponding final state in the momentum
bases for an initial condition C2n (k) = δn,0 is
⎡

⎣
C0

C+2k0
C−2k0

⎤

⎦

fin

= U (2t1 + t2)

⎡

⎣
1
0
0

⎤

⎦

=
⎡

⎣
(1 + e−iσ cos�σ)/2

(1 − e−iσ cos�σ − ie−iσ
√

2 sin�σ)/2
√

2
(1 − e−iσ cos�σ + ie−iσ

√
2 sin�σ)/2

√
2

⎤

⎦ .

(A8)

In the main text, the applied pulse intensity and duration
are derived from the truncated RNEs [34], however, we
would like to emphasize that truncating the RNEs to the
second order will slightly reduce the fidelity of the entire
operation due to the imperfect pulse strength and dura-
tion. In our previous work [31], we have evaluated this
issue meticulously by using the more precise Bloch band
theory [46]. Despite the slight disparities between these
two approaches, without affecting the main results, we still
use the two-level approximation for simplicity, and the
principal conclusions of this paper remain unaffected.

APPENDIX B: NUMERICAL CALCULATION OF
THE 1D GP EQUATION

We adopt alternate direction implicit time-splitting
pseudospectral (ADI TSSP) schemes to numerically cal-
culate the 1D Gross-Pitaevskii equation [39],

i�ψ̇α (x, t) = (− �2

2m
d

dx2 + mω2x2

2
+�(t) cos 2k0x

+ β1Dκ1Dg
∑

α′
|ψα′ |2)ψα (x, t) , (B1)

where g = 4π�2as/m. The dimensionless equation is
derived by introducing the following changes of variables:

t → t/ωx, x → xa0, a0 =
√

�/2πmνx,

ψα → ψα/
√

a0,� → �ωx, g = 2πa3
0�νxU0/N .

(B2)

Due to the nearly identical singlet and triplet scattering
lengths for F = 1 87Rb atoms, we have neglected the two-
atom spin-exchange reactions [47,48]. For the case without
trap potential and nonlinear term, the numerical calcula-
tion result is basically identical to the evolution operator

FIG. 6. Comparison between the numerical calculation result
of GP equation and evolutionary operator method.

method, as shown in Fig. 6. Next we check the plausi-
bility of the free parameter κ1D used in our simulation.
In the Thomas-Fermi approximation, the condensate wave
function is

ψ (x, y, z) =

√√√√√n0

⎡

⎣1 −
∑

i=x,y,z

(
ri

Ri

)2
⎤

⎦. (B3)

The reduced-dimensionality factor κ1D can be obtained by
[40]

κ1D =
∫∫

|ψ(y, z)|4dydz. (B4)

The application of Eq. (B4) requires the wave function to
be variable separable over the reduced dimension, how-
ever, Eq. (B3) does not satisfy this assumption. Neverthe-
less, we can utilize a trial function to estimate κ1D.

ψtri(x, y, z) = N 1/2

π3/4(bxbybz)1/2
e−x2/2b2

x e−y2/2b2
y e−z2/2b2

z ,

(B5)

where the lengths bi are variational parameters. After min-
imizing the energy by calculus of variations [38], we can
get

bi = (2/π)1/10(Nas/ā)1/5ω̄ā/ωi, (B6)

where ω̄ = 3
√
ωxωyωz and ā = (�/mω̄)1/2, thus κ1D ∼

1/2πbybz. After the nondimensionalization (replace bi
with bi/a0), this value is about 0.014, such that it verifies
our fitting parameter κ1D is within reasonable range.
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