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The design of easy-to-operate high-fidelity two-qubit gates remains an area of ongoing research. Many
of the common schemes require dedicated control lines, while others are vulnerable to issues of frequency
crowding. Here, we propose a scheme for coupling a chain of transmons acting as logical qubits via a
quantum bus of auxiliary qubits. The auxiliary array is made of floating transmons and through the use
of mediated interactions we generate effective capacitance between them beyond the nearest neighbor.
Logical qubits are not directly coupled to each other but they can be coupled by bringing them closer in
frequency to the far-detuned auxiliary arrays. This allows for tunable coupling between non-neighboring
logical qubits and for the application of entangling gates to three or more qubits at once.
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I. INTRODUCTION

Recent years have seen great progress in the use
of superconducting circuits for quantum computation,
quantum information processing, and quantum simulation
applications [1—8]. One of the most successful architec-
tures is the transmon qubit and its variants, which use a
phase degree of freedom to store the qubit state [9—11].
Transmons can be connected through a simple capacitive
shunt but this coupling is always on and leads to a small
longitudinal (ZZ) coupling. A variety of proposals improve
on this, including the tunable coupler with additional flux
controls [12,13] or parametric driving [14—16] for qubits
with different frequencies. While these schemes have been
quite successful in producing high-fidelity two-qubit gates
[17—-19], they are not without their flaws. Tunable cou-
plers require an additional set of control fields, increasing
the problem of magnetic flux crosstalk, while paramet-
ric driving schemes are vulnerable to issues of frequency
crowding as the number of qubits grows. In addition,
schemes for entangling three or more qubits are rare.

Another approach, which has not been explored to the
same degree, is the use of a so-called quantum bus to
connect multiple qubits, including ones that are not adja-
cent [20,21]. This has generally been done via a single-
mode cavity, sometimes again using parametric driving
approaches suffering from the same frequency-crowding
issues. Here, we return to the idea of a quantum bus but
take a different tack. In place of a cavity, we use an array of
auxiliary qubits to mediate interaction. Our design requires
no flux controls for the bus, only for the logical qubits.
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These can be coupled simply by bringing them near res-
onance with the auxiliary qubits or entirely decoupled by
tuning them away from those.

The fundamental component in our approach is the abil-
ity to generate effective capacitance beyond the nearest
neighbor in a chain of so-called “floating” transmons, with
a geometric drop-off that can be controlled by design inde-
pendently of its overall strength [22]. While the method
is quite versatile, the qubit coupling generated in this way
is determined by the capacitance between different circuit
elements, which is generally determined in fabrication and
cannot be easily modified during operation. Our scheme,
outlined in Fig. 1, relegates this coupling to the auxiliary
bus. The logical qubits can be set to a default coupling-
off state or to a coupled regime simply by tuning their
frequency. A similar scheme has recently been realized
experimentally [23—25]; we provide an analytical analysis
of the operation mode and explore a circuit design based
on the mediated-interaction framework.

A capacitively connected auxiliary array of the type
shown in Fig. 1 generates coupling between the logical
qubits in two ways: by direct coupling, from parasitic
capacitance generated via mediated interactions, and by
indirect coupling, via nonresonant virtual transitions in the
auxiliary qubits. Crucially, we find that the use of two
auxiliary buses, with opposite-sign coupling, allows for a
dual-cancellation effect: the parasitic capacitance between
the logical qubits is completely eliminated, leaving no
direct coupling; and the indirect coupling can be cancelled
by tuning the logical-qubit frequency to an intermediate
value. Note that the two types of coupling do not cancel
each other, as in some tunable coupling elements [13];
instead, opposite-sign contributions from the two arrays
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FIG. 1. The mediated-interaction coupling scheme. (a) An

array of tunable-frequency floating-transmon logical qubits
(shaded cyan) are not directly connected to each other. Instead,
each qubit is linked to its counterparts in two arrays of fixed-
frequency floating auxiliary transmons (shaded orange) with
nearest-neighbor capacitive connections. (b) Illustration of the
full Hamiltonian generated by mediated interactions. Each qubit
is represented by a circle and each coupling term by a line with
a width proportional to its magnitude. (c¢) The effective Hamil-
tonian of the logical-qubit system. Qubits that are far detuned
from the auxiliary bus (red) remain decoupled, while those tuned
closer to the bus (green) gain an effective coupling to each other.

cancel each one individually. Thus, for the “off” state,
the logical-qubit frequencies can be close, within a few
megahertz, greatly alleviating frequency crowding.

The rest of the this paper is organized as follows. In
Sec. 11, we briefly review circuit quantization and con-
sider the implications for bus arrays of this form. In Sec.
III, we present our design and consider the behavior of
logical-qubit coupling as a function of their detuning from
the auxiliary-qubit arrays. In Sec. IV, we consider real-
istic experimental parameters and explore the effects of
variance in the circuit capacitance and critical current.

II. OVERVIEW AND DIRECT COUPLING
CANCELLATION

To explain our scheme, we begin by briefly review-
ing the basics of circuit quantization. Given a cir-
cuit with some capacitive and inductive elements and
N nodes, we describe it by a set of A phase dif-
ferences, ¢ = {¢1,...,¢n}, and corresponding fluxes,
® = Oypp/2m, where O is the magnetic flux quantum.

where 6 is the o Pauli matrix on qubit m and the qubit
frequency w,, and coupling terms .J,,,, are given by

Wy = 4/ 4ezcr;r}1EJ,ms Jmn = MC;,} (4)
23/ ConCo

Here, e is the elementary charge and we explicitly see
that the inverse capacitance matrix plays the role of an
interqubit coupling matrix.

This direct relation between the capacitance and qubit
coupling becomes more subtle when there are nonqubit
degrees of freedom involved. To see this, consider the
situation where only some of the phases have inductive
elements, V = Zﬁlfz/] Ejmcos gy, for N < N. We divide
the vectors into those containing the qubit degrees of free-
dom, ¢, = {¢1,...,Px}, and the extraneous ones, ¢, =
{dn21,- .-, Pn}. Then, we can rewrite as follows:

1 /(o C,u C ®
L= _(%a). (Yaa Sax) (Ta) _ ] 5
(@) (@ &) @) e o
The extraneous fluxes, ®,, have no inductive component
and can be demoted into constants. However, this must

be done at the Hamiltonian level, yielding an effective
coupling matrix

1

H=3q,-[C " -q,+V(9,) +0(a). (©

The direct capacitance, Cy,, is augmented by an effective
portion mediated via the discarded degrees of freedom:

Ceff = qu - qu . [Cxx]_l : Cxq- (7)
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A. Floating-qubit auxiliary arrays

The proposed setup relies on our previous findings
regarding “floating” transmon qubits. A traditional trans-
mon consists of a single pad of superconducting metal
connected to ground via a Josephson junction. The phase
across the junction behaves like an anharmonic oscillator,
allowing it to be used as the qubit degree of freedom. A
floating transmon consists of two superconducting pads
connected by a Josephson junction. Once again, the qubit
degree of freedom is the phase across the junction but there
is now a second extraneous phase, from the qubit to the
ground. These have been in widespread experimental use
(see, e.g., Refs. [18,26]).

As mentioned above, because there is no inductive
element, the extraneous phase can be discarded but this
generates an effective capacitance. As we have previously
shown [22], utilizing these mediated degrees of freedom,
one can orchestrate a geometric drop-off for this coupling
strength,

- 1
e e S L § ®)
Cy
for any C,4 and
1-§ 1-§
0<¢&<l, e < —. 9
=§= 1+& 7~ =K 1+& ©

A negative « is achieved using the “A-B” configuration,
shown in the top part of Fig. 1(a), by alternating the cou-
pling between both sides of the transmon; a positive « is
achieved using the “A-A” configuration, shown in the bot-
tom part of Fig. 1(a), where the coupling is always on the
same side.

B. Two-bus system

The ability to vary the sign of « is instrumental to the
scheme that we propose here. Consider a simpler circuit,
using a single bus. The capacitance matrix of the system is

given by
c— (gqq Cq”), (10)

aq aa

where [qu]mn is the qubit-qubit capacitance matrix,
[an]mn = —Cyabun describes the capacitance between
each qubit and its auxiliary correspondent, and C,, is the
capacitance matrix of the auxiliary system with a form as
in Eq. (8). Per Eq. (7),

Col = Cyy — C2y [Cadl " (11)
The qubits become directly coupled, as the effective capac-
itance of the qubit system inherits the longer-ranged prop-
erties of the auxiliary array. This means that we cannot turn
off the coupling.

Instead, we propose the full system shown in Fig. 1(a).
The capacitance matrix takes the form

Cog Coa Cop
C= Caq Caa 0 > ( 1 2)
qu 0 C bb

where now [Cpp] ==

—Cyp8mn. Then, one finds that

ff 2 ~1 2 —1
If we take Cp, to have the same drop-off rate & as C,,
but the opposite-sign «, we can set the capacitance so that
the contributions from the upper and lower chains cancel
out, leaving no parasitic capacitance and hence no direct

coupling between the logical qubits.

III. BEHAVIOR OF THE TWO-BUS SYSTEM

We fully derive the Hamiltonian of the system shown in
Fig. 1(a) in Appendix A, finding that

H~H,+ H,+ H, + Hy, + Hp, (14a)
N Wy .,

A=Y Tqaq,m, (14b)
N 1) o Em=nl

Ha: . Z am Z - oj_m an ’ (140)

1+,
m#n
an = &/ Wy |KaKb|l/4
by . |m—n| R
Z m A KT ot s e, (14d)

2 kol 1 + kg Zq.mTan

where o = a,b. Here, 6{,” are the Pauli t operators for
qubit m of array i. The values of the various constants are
given explicitly in Appendix A.

We have used the typical rotating-wave approximation
here, taking charge-operator coupling terms to qubit-ladder
operators, i;i; — 6,76, + 6,6, , and we have discarded
the third and higher energy levels of each qubit. Gen-
erally, higher-order terms of the form 676/ also appear
but note that because of the cancellation discussed above,
these only connect logical qubits to auxiliary qubits and
not to other logical qubits. As the buses are operated at
their ground state, these terms can be discarded. Finally,
in our analytic calculations, we take the arrays to be infi-
nite. Finite-size corrections are small as long as the array
is larger than the effective coupling range log 1/&.

Note that we have constructed the system to elimi-
nate any direct coupling terms between the logical qubits
but the mediated interactions still generate a coupling
between nonadjacent logical qubits and auxiliary qubits,
with a similar geometric drop-off as in the auxiliary qubits
themselves.
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Next, we discuss the indirect coupling via the auxiliary
arrays. We take these to be far detuned from each other,
with the tunable logical-qubit frequency sitting in between.
We can then neglect the bus-bus coupling and the effective
coupling decomposes into the sum of contributions from
each auxiliary array, which can be calculated separately.

The system is operated with the logical qubits strongly
detuned from the auxiliary arrays,
The auxiliary modes then generate an effective interac-
tion between the qubits via virtual transition. For two
qubits with a single common mode, this effective cou-
pling is given by HAer = g2/A (6,76, +6,76,) [27]. In
the presence of many modes, we must first diagonalize the
auxiliary system.

Because the arrays are operated at the vacuum state,
it is sufficient to diagonalize the single-excitation mani-
fold. We do this in Appendix B and calculate the effective
Hamiltonian,

-

m

ZJIm nIAqm q.n’ (15)

with the effective coupling taking the form
i = S = Doy (16)

and the coupling parameters being

) licakes|'? £ wy
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Here, AZ‘ is the effective detuning from mode & of bus
aand AY ) = A% [1+ &>+ (1 — £2)/ATAL /A ,]1/2
(for details, see Appendix B).

The form of the parameters in Eq. (17) seems at first
counterintuitive. This is partly because the strength of the
capacitive coupling of transmon qubits scales with the
qubit frequencies, as seen in Eq. (4). However, we note that
at large detuning, A%‘ — 00, the effective drop-off rate
approaches the engineered one, {, &~ &, and the coupling
tends to J, & Jb Here, we see the cancellation of indirect
coupling, as J‘m q Vanishes at 0, < w; K wp.

When A¥ becomes relatively small, we see an enhance-
ment in the range of the interactions. As Aj — Oor A% —
0, at the two edges of the auxiliary array spectrum, we find

V00| < |0y — wa.
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FIG. 2. The behavior of the effective geometric drop-off rate,
L«» as the logical-qubit array is tuned near one of the auxiliary
arrays [see Eq. (17)]. The grayed-out area denotes the spec-
trum of the auxiliary array. For w; > w,, 0wy < w,, the effective
drop-off approaches the design drop-off, ¢, — &. However, as
we approach the auxiliary spectrum, with its edges at £, £, we
see an enhancement, and ¢, — =£1, depending on the direction
of approach.

that ¢, — +1, —1, respectively. This allows for coupling
of qubits even beyond the natural range of those of the
auxiliary array. This is shown in Fig. 2.

To avoid hybridization with the auxiliary modes, the
operating regime is limited by the requirement that
SNOHOMES |A‘6‘ , | A2 | From Eq. (17b), this implies that
Jot < |KaKb|1/2 a)ot/g-

A. Selective coupling

Note that while our analysis has considered all qubits to
be set to the same frequency, the scheme can be operated
selectively. In particular, consider operating the qubits in
one of three modes, w, € {4+, worr, wp—}, having

Wy S way K worr K wp S wp, (18)

with worr chosen as described above to eliminate the indi-
rect coupling between the qubits, while w, and w;_ are
near-resonant frequencies close to w, and wp, respectively.

Any two qubits operated at different frequencies are
decoupled by virtue of being strongly detuned from each
other. Within each group, the effective coupling parameters
will be set according to Eq. (17). The effective Hamiltonian
of the system then becomes

I’_‘]eﬁ‘ ~ Z WOFE Py
2

q qm
meOFF
a)a+ AZ At oA
+ 25 Gt 20 intalo,, 5inba
mea+ m,nea+
a)b_
+ A -
+ Z + Z Jlm n| qm qn
meb— m,neb—
(19)
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Thus, any subset of qubits can be made to interact by bring-
ing their frequencies near resonance with one of the buses,
while the remainder of the qubits idle at the OFF frequency
and remain decoupled. For example, in a three-qubit array,
we can turn on the coupling only between the first two,
Wy,1 = Wg+,

Cl)q,z = Wq+, wq,S = (WOQFF,

= Hg o< JI67 6, +h.c.,

or do the same with the first and third qubits without
involving the intermediate one, as in the middle panel of
Fig. 1(c),

wq,l = Wq+,

Wgq2 = WOFF, Wg3 = Wa4,

= Hey < J576' 65 +h.c.,

or bring all three near resonance and turn on all coupling
terms, as in the bottom panel of Fig. 1(c),
a)q,l = a)a+5

Wg2 = Way, Wg3 = Wgy,

2 eff A+~ — eff A+~ — eff A+~ —
= HgxJy o0, +J7"0, 0, +J,°0,0, +h.c.

IV.IMPLEMENTATION IN SUPERCONDUCTING
CIRCUITS

Having considered the fundamental physics of the
scheme, we now focus on the particulars of experimental
implementation.

We begin by considering the desired coupling scales.
We observe from Fig. 2 that the effective drop-off rate ¢
remains positive for any detuning sign [Az] = sign [k,],
while with opposite detuning it crosses from strongly neg-
ative to positive. As mentioned, «, > 0 for the “A-A”
configuration and «, < 0 for the “A-B” configuration. We
therefore set the frequencies w, < w, < wy, taking for con-
creteness a target of w,/2m =3 GHz, wp/27 =5 GHz,
with the resting position of the logical qubits at w, /27 =
4 GHz.

The effectiveness of the system is generally greatest for
larger values of & and «,, allowing stronger coupling and
longer-ranged interactions. This is limited mostly by fabri-
cation capabilities, as the ratio between the ground capac-
itance and the coupling capacitance behaves as Cf,/CS =
(1 =81 —&+4+«,(1+£))/2¢ [see Eq. (A10)]. A value
of &€ ~ 0.3, achieved at C}, ~ C¢, is feasible [22], as long
as |ko| < 1.

We consider a typical implementation of the scheme,
with realistic parameters, in Fig. 3. We observe good agree-
ment with Egs. (15) and (17) in the strongly detuned
regime. As the modes begin to hybridize, the effective
coupling does not diverge but we achieve an effective cou-
pling on the order of J*/27 =1 — 10 MHz out to the
fourth-nearest neighbor.
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FIG. 3. The behavior of the effective coupling in a

our scheme. We plot the effective qubit-qubit coupling,
J ;Pf = (Vacléqfn + dﬁ] ;ff&;n |vac), as a function of the logical-qubit
frequency w,. The different curves show the effective coupling
at distance going from d = 1 (nearest neighbors) to d = 4.
As we approach the auxiliary arrays, at w,/2m = 3 GHz and
wp/2m = 5GHz, the effective interaction strength increases,
with either a positive or negative sign. The markers are numer-
ically calculated, while the dashed lines are the theoretical
prediction given by Egs. (15) and (17). Above, we show the pro-
jection of the effective eigenmodes to the logical-qubit manifold.
Here, we have a chain of 11 qubits with periodic bound-
ary conditions, w,/2m =3 GHz, w,/2mr =5GHz, & =0.3,
kq = —kp = 0.1, & = 0.01. The coupling terms are calculated by
diagonalizing the modes of the harmonic equivalent of Eq. (14)
and eliminating the auxiliary arrays.

To understand the full dynamics of the gates beyond
the perturbative calculation, we numerically simulate the
application of a SWAP gate between qubits at different dis-
tances in a seven-qubit system. The results are shown in
Fig. 4. There is a clear trade-off between gate fidelity and
faster operation, which is achieved either through opera-
tion closer to the resonant frequencies or a faster ramp of
the qubit frequencies from the idling on position. We find
that to keep the error € < 1072, the fastest SWAP can be
achieved in ¢ &~ 140 ns for nearest neighbors or r &~ 200 ns
for the next- and third-nearest neighbors, corresponding to
a coupling strength of J*T ~ 1 — 2 MHz.

Finally, we consider variation in the critical currents
and capacitances of the circuit. With modern techniques,
these variances can be reduced to about 1-3% [29]. We
numerically calculate the effective Hamiltonian for the
same implementation as above, with all parameters nor-
mally varying with a standard deviation of 2%. The results
for the nearest-neighbor coupling are shown in Fig. 5. Sur-
prisingly, we observe that the effective coupling tends to be
stronger than it is for the design with precise parameters.

The increased interqubit coupling comes from an
increase in the effective logical-auxiliary capacitance (and
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FIG. 4. The gate error for a SWAP operation between qubits
at distance d = 1,2,3 (nearest, next-nearest, and third-nearest
neighbors), as a function of the gate operation time. Here,
each curve shows the gate operated at a different near-resonant
qubit frequency w,y, approaching the auxiliary array at wp, /27w =
5 GHz. The different marker sizes correspond to ramping w,
between the on and off frequencies over a period ranging from
10 ns (smallest) to 50 ns (largest), with the on-resonance time
optimized for minimal gate error. The dashed lines show the
corresponding error rate from decoherence, for qubit lifetimes
ranging from 10 ps to 1 ms. The calculation was done using
QuTiP [28] in a seven-qubit system with the parameters as in
Fig. 3, using the rotating-wave Hamiltonian of Eq. (14) but also
incorporating the third level of the logical transmons.

so coupling), Cyq, Cgp. These in turn are mediated via the
discarded “+” degrees of freedom of these auxiliary arrays.
The scheme as designed and shown in Fig. 1(a) uses sym-
metric coupling to avoid these terms but the variation in
capacitance values breaks this symmetry.

The same effect also increases the coupling in the
strongly detuned regime, which we use to decouple the
logical qubits from each other when idling. This can be
seen in the middle panel of Fig. 5. However, we find that
there is still a range where these effective couplings can be
reduced to |J eﬁ\ /2w < 1 MHz, so that by slightly detun-
ing the logical qubits from each other, we can keep them
decoupled.

V. CONCLUSIONS AND OUTLOOK

We have shown here how a circuit based on the
mediated-capacitance principle can be used as a quantum

10f B

3
1k
g
=
N
= o1f
=
5
1021
31 32 33 3538 4144 46 47 48
wq/2m (GHz)
FIG. 5. The behavior of the effective coupling in a two-bus

system with imperfect coupling. For each value of the qubit fre-
quency w,, violin plots, with lines at the 10%, 50%, and 90%
quantiles, show the distribution of the effective nearest-neighbor
logical-qubit coupling across 100 realizations, where all capaci-
tances and critical currents in the circuit are normally distributed
around their design values with a standard deviation of 2%. The
markers, connected by dotted lines to guide the eye, show the
result of the nonvariance calculation. The parameters here are
the same as in Fig. 3. Longer-ranged coupling, not plotted here,
shows similar behavior.

bus for a set of tunable logical qubits. The interqubit cou-
pling can be tuned up to several megahertz, either positive
or negative, or turned off entirely.

There are multiple potential uses for this scheme. First,
it allows for a new kind of architecture with on-off cou-
plers that has a simple structure, does not suffer from
frequency crowding, and requires just a single flux con-
trol for each logical qubit. This substantially reduces issues
of crosstalk and may enable achieving higher fidelities in
a scalable manner. Second, the architecture enables cou-
pling beyond the nearest neighbor, allowing for versatility
and a reduced number of operations in various quantum
algorithms.

Finally, the ability to entangle multiple qubits at once, in
a controllable way, opens the path to a whole class of quan-
tum gates that has so far not been explored. As the controls
are limited to one tunable parameter per qubit, the scheme
does not allow the generation of arbitrary multiqubit gates.
However, the ability to generate coupling with geometric
drop-off between any subset of the qubit, as well as to tune
the interaction to either positive or negative signs, adds
powerful tools to the multiqubit toolbox.

The scheme that we present here is the most straight-
forward implementation of the concept but there are many
other architectures that could be explored. We have found
that the strength of the coupling is increased by adding
a degree of asymmetry to the logical-bus coupling and
it is possible that this could be used to generate a more
optimal circuit if fabrication allows for more precise spec-
ification of the capacitance. We have also seen that the
same coupling form can be generated in a two-dimensional
grid [22], suggesting that an even more versatile configu-
ration could be created, perhaps with the use of integrated
three-dimensional structures [30].
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APPENDIX A: DERIVATION OF THE SYSTEM HAMILTONIAN

Here, we explicitly derive the system Hamiltonian for the two-bus circuit, drawn explicitly in Fig. 6.
The Lagrangian is given by

L

c, . . (6, .
Q X X 2 X X X X X
L= Z Z 7 (q)m/ - q)m/) + TG ((CI)m‘/)2 + (d)m/')z) + EJm cos (¢m/ - ¢m/)
gab ™!
o/ _ a2 wl _ ) S o a\ o G (aps b\
+ZZ I:qu _cDm)+((D CD ]+ 7( m—H_cD >+7<<Dm+l_q> ) (AT)
“— m=1 m=1
Substituting ®%, = @) + &}, we have
1 L
£=§<I>-C~<I>+ZZE§mcos¢j,_, (A2)
X= m=1
q,a,b
where
o
o'
Cag Coa Cop Cc—— (-t b
L}
C = Caq Caa O s C‘Cy = (C)j—_ C)f‘)_/_;’_) s ¢ = ‘-Da-l,- . (A3)
qu 0 Cp X Xy (bbJr
o’
% S S &
n Q. S *Q ey
& E ¢ O O o ¢ o ¢
::e ﬁCII W IS S S 3
P <
3o © R $ So 9 Jo )
va e < <
Cl()I = Cg = Cg = Cg = Cg = Cl(;] = Cg = Cg =
z . S . 86 . S Se . e
3 % de Je de de
& 5 ¥ ¥
B ::Cg ::Cg i ::Cg ::Cg B ::Cg ::Cg B ::Cg ::Cg
R A R N DR 4 SR DR v
?é 0% O% o 0%
S
T & & G ¢ Oy
£ o < e < e £ o

FIG. 6. The full circuit diagram for the system sketched out in Fig. 1.
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The capacitance matrices are

_qu _mn:<%+7+7+7)5mm
C++ = % + g + g amn:
94 1mn 2 2 2
T ct
J— _ ++ _ X
_qu dmn - [qu mn - _78}‘}’1}19
Ci
2

a

) Smn + % [25n1n - 8m+l,n - amfl,n] 5
C
+ Tc [28mn - 8m+1,n - 8m—1,n:| 5

aa 7
e
[C;Z;]mn - _Zc [28mn - 8m+1,n - 8m—1,n] 5
c. b
[Cbibi]mn = (Clé + TG + ) ) 8mn + C4 [28mn + 8m+1 n + (Sm ln]
¢ b
[C[j;_]mn = TG + Tbgmn + % [281nn - 6m+1,n - amfl,n] 5
c

[C;?;]mn = Z [5m+1,n - 5m—1,n] .

From symmetry, [ngvf]mn = [C)f;’ ]nm.

Per Eq. (2), the Hamiltonian is determined by the inverse matrix. This can be written as

] o] cutcar™ ~[est] Cpicur
=l earee] fe] ], |
[Con]™ Cig [Ceﬁ]i [ng ];al [ng ] ;bl

with

C;g = qu - an [Caa]_1 Caq - Cqb [Cbb]_l qu:

ngf _ (Caa 0 ) _ (Caq [qu]_l Coa Caq [qu]_l Cqb>'

0 Cu qu [qu]_l an qu [qu]_l Cqb
If the coupling elements C‘Z, !« %, C%., to second order in Cyy,

1 1

~ [qu]_l + [qu]_l an [Caa ! Caq [qu] [ ] ! Cqb [Cbb]_1 qu [qu]_ 5

-1 -1 — -1 -1
[ ng] ~ ([Cazz) ] [Cbg] . ) + ([Caa Ca [qu] an [Caa] [Caa] Caq [qu]

Ct;cl ~ - [qu]_l Cox [Cu]™

| |
aQ
£3
| I
|
%

024006-8

1Cqb [Cps]
[Cop] ™" Coq [Cag] ™' Caa[Cadl™ [Con] ™" Cog [Caa] ™' C

b [Crp]

-1
~11]°

(Ada)

(Adb)

(Adc)

(A4d)

(Ade)

(A4f)

(Adg)

(Adh)

(Adi)

(AS)

(A6a)

(A6b)

(A7a)

(A7b)

(A7¢)
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We can now discard the extraneous degrees of freedom, to remain with the Hamiltonian

1 qq7 qq7 L
=—lg |-[CcC'T - |q | = q 9=
H= 3 qb_ [C™'] qb_ z:: X_:EJm cos gl
q q s ™=l

Using the diagonal form of C,, and C,, we find immediately

2 2
[c;gf]:l_ ~ [cq—q—]_1 - (ZC.CZ ) [Cal =t + (%) [Co] =L,

q

)’
I (e R (463 [(Canl ™ tCaal '] __
[ ‘?‘?]—— ~ ( 0 [Cbb]:1_> * cad 1 1
4Cqb [[Cbb] [Caa] ]__
Ccl
—1 -1
qu ~ 26,] [Cxx]77 ’

where C, = C}, + CL/2 + Ci/2 + C} /2.
We design the auxiliary arrays to have specific properties. By taking

_ 1 _Ka/Kmax— CZ

Q N l + Ka/Kmax ¢ 7’

264/ Kmax =
C‘(l; == 2 as
1 + Ku/Kmax
4 a max =
G = : 2 ulk ZC"’
(I =&)° (1 + ka/Kmax)
.
=G~
2Uemax |kp| - =
Ch =",

1 - Kmax |Kb|

b 4§ |Kb| Kmax

ad

—

4c,
)
4c,

C —_—
¢ ¢! —‘5)2 (1 — Kmax |xp]) (1 — |kp| /Kmax)

(S}

Cp,

[[Cbb]_l [Cpp]™"!

where kpax = (1 — &)/(1 + &) and —kpmax < kp < 0 < Kz < Kmax, We ensure, for o = a, b [22],

o =2

Further enforcing
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[5mn + Kag:lm_nl] .

[(Caad™" (€1 ]

]

b

(A8)

(A9a)

(A9b)

(A9c¢)

(A10a)

(A10b)

(A10c)

(A10d)

(A10e)

(A10f)

(Alla)

(A12)
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we find that
(rr—17——] 1 Ka+|Kb|
c! =_—[1 82—i|5mn+083 Al3a
_[ ]qq dmn Cq /|Ka/<b| ( ) ( )
(rp—17——] licatcp| '/ _
[C | =8 T &:E™ ]+ O (), (A13b)
- kel €,Ca
e 1
(€| = o [8mn + K€" + O (£)?, (Al3c)
¢ ] =02, (A13d)
with
2 CiCy
=2« (A14)

INGxo
Because we are interested in the dynamics of the logical qubits, we can ignore the corrections to the auxiliary arrays;

hence, we will drop the correction to the a and b portions of the inverse capacitance matrix. We can now rewrite the
Hamiltonian using Egs. (3) and (4) as

H =~ Hy+ H, + Hy + Hyy + Hy, (Al5a)
H, = Z a;q e (A15b)
_ Z Ba gz 2(';“;”“ 5P ZE"” "6 G an (Al5c)

i, = ; %b + % Zs"" e (A15d)
I:Iqa = 8\/_a|2ib//1K:__|l/: Z o+ K€M ”') qu%n +h.c. (Al5¢)
Hy, = e Jo,08 IZ'% % (8mn + 166" ™) 6.1,6,, + h.c., (A15f)

where 67, is the T Pauli operator on site m of array «.

APPENDIX B: EFFECTIVE HAMILTONIAN

Here, we derive the effective logical-qubit Hamiltonian. First, we use

o 1 i 7

Gui = J— D I (B1)
-

to diagonalize the single-excitation space of the auxiliary arrays,

A

1:101 == a)a/ dk(l +Ek) A_‘_ké\’ol—k’ (Bz)

—7T
where

o Ka & (cosk — &)
14k, 1 +E2—28cosk’

(B3)
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The interaction terms in this basis are given by

. Jicatcp) 4 e ]
an—ev‘”q“’azmmz Vo O KT 6yt b
1/4 —ikm
_gm“‘:’/"i ,/1+,<a2/ ( +E"‘>A WGy +hec. (B4)
and so we can write
1/2 lk(n—m) (l +Ea)2
L 5+ 5 Palaling b"“ 1+ a/ ks 2 Tk
+Z qm qnazabe Wy ( ) 27T Wy — W (1 +E]?)
. |iepical'/?
—H +Z ;rm qnzzszwq—|K |
m,n a=a,b o
2
S e S D g, (B3)
( +Ka) S An/Z /2‘ /AaAa
where
A} = wy — wq (1 + Ea) (B6a)
1+
AL, =A%, [Té "3 ——/AFAL/ | AL /2|} (B6b)
AL+ AY — AY —(Ai ’
_E(an+ B+ =5 (A% — AF) iy (B6c)
£ (A2 - )+—5(Aa+Aa) A%,

Note that the last term in the brackets in Eq. (B5) is independent of « except for the sign of x; as we set up x < 0 < kg,
the two contributions cancel out. However, note also that for large detuning w, — oo, we observe that {, — & and that
the last two terms in the brackets tend to cancel out, leaving the leading term of order w, /w,, as expected.
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