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The commercial and industrial demand for the solution of hard combinatorial optimization problems
pushes forward the development of efficient solvers. One of them is the Ising machine, which can
solve combinatorial problems mapped to Ising Hamiltonians. In particular, spintronic hardware imple-
mentations of Ising machines can be very efficient in terms of area and performance, and are relatively
low cost considering the potential to create hybrid CMOS-spintronic technology. Here, we perform a
comparison of oscillator-based and probabilistic paradigms of Ising machines on several hard max-cut
instances, analyzing their scalability and performance at software level. We show that probabilistic Ising
machines outperform oscillator-based Ising machines in terms of the number of iterations required to
achieve the problem’s solution. Nevertheless, high-frequency spintronic oscillators with subnanosecond
synchronization times could be very promising as ultrafast Ising machines. In addition, considering that a
oscillator-based Ising machine acts better for max-cut problems because of the absence of the linear term
in the Ising Hamiltonian, we introduce a procedure to encode max-3SAT to max cut. We foresee potential
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synergic interplays between the two paradigms.
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I. INTRODUCTION

Physics-inspired unconventional computing paradigms
[1-9] are receiving great attention in the scientific com-
munity in the search of hardware-friendly and scalable
approaches for solving hard combinatorial optimization
problems (COPs). COPs are usually characterized by a
nondeterministic polynomial-time (NP) complexity [6].
Problems belonging to this class are usually solved with
algorithms whose time to solution (TTS) scales expo-
nentially with the size of the instances. Unconventional
nondeterministic algorithms do not yet offer improve-
ments to the performance of state-of-the-art conventional
approaches. To overcome the current limits, a promis-
ing unconventional approach is based on the concept of
Ising machines (IMs), devices that search the ground state
of an Ising Hamiltonian, a problem that itself belongs
to the NP class for certain interaction matrix classes. It
is possible to map COPs into the Ising Hamiltonian in
polynomial time [10]. Although IMs can be implemented
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in software, their high hardware friendliness suggests that
a specialized hardware compatible with the algorithm used
to design the IM could lead to higher speed and effi-
ciency. Two promising hardware implementations of IMs
are oscillator-based Ising machines (OIMs) [1,2] and prob-
abilistic Ising machines (PIMs) [4,9,11], both of which
are also spintronics-compatible as discussed below. Here,
we show a comparison of the performance of those two
paradigms on a representative example of NP-hard COPs
that can be easily mapped to Ising Hamiltonians. We con-
sider the calculation of the maximum cut (max cut) of a
graph [7]. Max cut consists in finding the bipartition of an
undirected graph characterized by the largest sum of the
weights of the edges between the two partitions. The solu-
tion process of a max-cut problem consists in the following
steps: (i) assigning a binary value to all the nodes; (ii)
evaluating the sum of the weights of all edges with differ-
ent endpoint values, as shown in Fig. 1. This problem can
be naturally encoded in an Ising Hamiltonian, correspond-
ing to a quadratic Hamiltonian with discretized variables,
similarly to a spin-glass problem [8]:

H(s) = — ZJz'jSiSj,
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A visual example of a maximum-cut problem. The graph is encoded into an Ising Hamiltonian with a symmetric matrix J

whose values correspond to the weights of the connections. In an optimal solution, the nodes are in one of the two states in such a way

that the bipartition “cuts” the highest value of accumulated edges.

where s = {s,...,s;,...,Sy} is the vector of binary spin
states of the system (s; € {—1,+1}) and J is the symmetric
coupling matrix of the graph. The matrix element J;; stores
the weight of the edge joining nodes i and j; the left part
of Fig. 1 shows an example of construction of a J matrix.
In OIMs, the binary spin states are mapped to the relative
phase of oscillators in the subharmonic injection locking
regime. In PIMs, the binary spin states are implemented
with a stochastic bistable system.

The Ising spin of both OIMs and PIMs can be imple-
mented with a CMOS-compatible magnetic tunnel junc-
tion (MTJ), with the final goal of having IMs that can
be manufactured with a heterogenous or monolithic inte-
gration of hybrid spintronic/CMOS technology. In this
respect, three-terminal MTJs are compatible with both
OIMs and PIMs. The two IMs are then compared in terms
of performance, highlighting advantages and disadvan-
tages. Moreover, we envision their compatibility for poten-
tial synergic interplays between the two paradigms. We
show that PIMs outperform OIMs in software implemen-
tations. Nevertheless, OIMs show a great potential for the
GHz working frequencies at which spintronic oscillators
can operate [12].

The paper is organized as follows. Section II presents
potential spintronic implementations of the Ising spin
for OIMs and PIMs. Section III describes the main
model used for the OIMs, i.e., the Kuramoto model, and
compare it to the universal model of nonlinear oscil-
lators with negative damping used to model spintronic
oscillators [13] (here referred to as the Slavin model).
Section IV briefly introduces the concept of probabilis-
tic computing with p-bits [9]. Section V compares OIMs
with PIMs on a well-known benchmark instance library.
Section VI tests one of probabilistic computing’s encod-
ing techniques, called invertible logic gates, on a modified
Kuramoto model. Section VII evaluates the performance
of a problem mapping that allows to take advantage
of the OIM’s good performance with max cut to solve
other hard COPs. Section VIII summarizes results and
outlooks.

II. IMPLEMENTATION OF ISING SPINS FOR
OIMS AND PIMS WITH THREE-TERMINAL
MAGNETIC TUNNEL JUNCTIONS

A promising platform for the implementation of Ising
machines with low power consumption is the spintronic
technology. To this end, here we show a versatile design
based on three-terminal MTJs [14], combining current-
induced spin-orbit torque (SOT) [15—17] and spin-transfer
torque (STT) [18-21], and voltage-controlled magnetic
anisotropy (VCMA) [22,23], for the implementations of
Ising spins. These effects, when properly combined, allow
binarization and tunability to be successfully achieved,
enabling the implementation of several IM paradigms.
This part of the work is based on micromagnetic simu-
lations performed by numerically integrating the Landau-
Lifshitz-Gilbert-Slonczewski equation [24]:

dm  yMs

o m(—(m X her) — ag (m X m X hefy)

+ o (Jstr gr (m X m x p) + JsorOsHE

X (m X m X 0sHE))), (2)
where m = M/Mj is the normalized magnetization vector,
y is the gyromagnetic ratio, My is the saturation magneti-
zation of the MTJ free layer (FL), and o is the Gilbert
damping factor. he is the effective magnetic field, which
includes the demagnetizing field, the thermal field (7)),
the fieldlike torque (g), and the interfacial uniaxial per-
pendicular anisotropy (K,,), that also contains the VCMA
contribution. The spin torques are proportional to a pref-
actor o = g|ugl/lelyMid., where g is the gyromagnetic
splitting factor, up is the Bohr magneton, e is the elec-
tron charge, and d, is the thickness of the FL. The STT
is proportional to the spin-polarization function gr [18],
which is a function of the spin polarization P, and depends
on the polarizer orientation, p. The SOT is proportional to
the spin Hall angle Osyg, a parameter that depends on the
heavy metal (HM), and its orientation is determined by the
unit vector osyg. The latter, for the Cartesian coordinate
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(a) A schematic of an MTJ designed to behave as an oscillator for an OIM. The MTJ has three terminals and has an elliptical

cross section with the polarizer having its magnetization aligned along the x direction. The self-oscillations are driven by the dc
current density and the VCMA signal acts as the injection-locking signal. (b) In the top panel, the VCMA signal acting on the MTJ;
in the bottom panel, m, dynamics from simulations of two distinct devices, showcasing the phase binarization phenomenon due to the
injection locking from the VCMA. (c¢) The same behavior shown in (b) can be achieved by using an ac STT current density as the
injection-locking signal. (d) A schematic of an MTJ designed to behave as a p bit for a PIM. The MTJ has three terminals and is a
circular cylinder with an out-of-plane polarizer. (e) Schematic showing the three-step process of tunable random number generation
(RNG) as described in the text. (f) The dependence of this probability on the signal intensity is sigmoidal. Each point of this plot is the
average of 10* RNG simulations. The energy landscape of the three main states is shown in the insets.

system fixed here, is along the x direction, considering the
charge current in the HM flowing along the —y direction.
Both Jstr and Jsor are current densities. See Fig. 2 for
more details.

For OIMs, the MTJ is designed to have a free layer
with perpendicular magnetization and an in-plane polar-
izer [Fig. 2(a)]. The device is biased with a large enough
SOT in order to excite a self-oscillation state [14,25,26].
We consider an MTJ with an elliptical cross section. The
simulation parameters are summarized in Table I. In order
to have an Ising spin, it is necessary to binarize the oscil-
lator’s phase. This can be achieved with VCMA-driven
parametric excitations, as already proposed for spintronic
oscillators with nanoconstrictions and MTJ with two ter-
minals [27,28]. Our calculations predict the robustness of
the binarization technique and that it can be achieved in
a range of frequencies close to twice the self-oscillation
frequency. An example of parametric locking is shown

in Fig. 2(b). Here we can observe the binarization of
the locked states (red and blue curves). The phase dif-
ference between the self-oscillation and the ac VCMA
input [Fig. 2(b)] of the two possible synchronized states
is shifted by 180°. The binarization can also be achieved
using an ac STT current that drives the injection locking
at the second harmonics [Fig. 2(c)] as already observed
experimentally [27,29].

The implementation of PIMs requires the realization of a
p bit, i.e., a tunable stochastic bistable system [5,9]. These
p bits can be naturally implemented with stochastic MTJs,
with the search of p bits implementations with subnanosec-
ond switching time being a very active research direction
[30,31]. The first design of tunable p bit based on a three-
terminal MTJ [9] has been demonstrated experimentally
recently [32]. Here, we propose a p-bit implementation
with three-terminal MTJs based on the idea of magnetic
clocking, as introduced for nanomagnetic logic [33,34] and
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TABLE 1.
tions.

Parameters used in the LLG micromagnetic simula-

LLG micromagnetic model

OIM PIM
Size (nm?) 100 x40 x 1 50 x50 x1.4
Mg (MA/m) 1.10 0.80
K,(MJ/m3) 0.62 0.06
Jstrde (MA/cm?) - [—0.40, 0.40]
Jstrac (MA/cm?) —1.00 -
JSOT(MA/CIIIZ) —1.51 100.00
VCMA,. (mT) 5.00 -
fo (GH,) 1.63 -
T (K) — 300.00
q - 0.10

physical unclonable functions [35]. The sketch of the MTJ
for the p bit implementation is described in Fig. 2(d). The
optimized MTJ has a circular cross section with the equi-
librium magnetic state of both free and polarizer layers
being out of plane and with no need of the VCMA effect.
The tunable random number generation (TRNG) process
is summarized in Fig. 2(e) with a representation of how
the FL magnetization’s stable configuration changes in the
presence and absence of SOT current. The process goes as
follows:

(i) before applying the SOT, the FL energy landscape
has two stable minima along the z axis, and the FL
magnetization is in one of the two stable configurations.

(ii) After applying a large enough SOT, the magnetiza-
tion of the FL is brought to a metastable state aligned along
the spin-current direction, the y axis [35]. This is possible
thanks to the combined effect of thermal fluctuations and
the fieldlike torque generated by the SOT. An additional
comparison on the effect of the fieldlike torque component
of the effective field is shown in Supplemental Material
Sec. I [36].

(iii)) Once the SOT is switched off, the magnetization
relaxes towards one of the two z-axis directions due to
the perpendicular magnetic anisotropy, both of which are
stable states, sampled with an equal probability.

The STT from the third terminal can adjust this switch-
ing probability, finally resulting in a tunable p bit, as
shown in Fig. 2(f). Each point of Fig. 2(f) is obtained
by averaging over 10* realizations with different seeds.
The points are well described by a sigmoidal hyperbolic
tangent.

ITII. MODELING OIMS

State-of-the-art implementations of OIMs exploit cou-
pled oscillators realized with various physical systems
[1,37-39], and most of them employ the Ising Hamiltonian

J matrix as the coupling matrix of the system, achieving
the binarization of the phase by subharmonic paramet-
ric locking at 0 an 7 radians, as already discussed in
the previous sections. Hence, a given max-cut instance is
solved using a network of oscillators that naturally evolves
toward a low-energy state corresponding to the problem’s
solution, set by the coupling matrix. Optical parametric
oscillators obtain solutions very quickly [1,37], however,
the size of the required systems is not suitable for highly
integrated applications. LC oscillators have been success-
fully used to solve max-cut problems [40,41], with the
advantage being the possibility of performing rapid anal-
ysis with lumped components, but the use of inductors and
capacitors also hinder highly integrated solutions. Similar
obstacles have been shown for insulator-to-metal (IMT)
phase-transition nano-oscillators (PTNO), which provide
excellent energetic performances, but require capacitors to
couple devices [42,43].

Spintronic solutions have been simulated [44,45] and
recently an eight-spin max-cut solver was realized in hard-
ware using spin Hall nano-oscillators (SHNO). The main
limitation observed was overcoming the slow propaga-
tion of spin waves [46], although scalability is still an
issue. Considering the state-of-the-art and future perspec-
tives, MTJ-based oscillators offer an optimal solution for
forthcoming implementations of an Ising-machine chip for
daily-life applications due to their exploitable nonlinear
dynamics, low sizes, GHz working frequencies and CMOS
compatibility.

In the following, we describe two oscillator models and
test their performance with the goal to furnish the tools and
directions to design a scalable and compact OIM.

A. Kuramoto model

The Kuramoto model was first introduced to provide a
general description of synchronization [47,48]. By adding
a binarizing term and designing the coupling matrix, the
generalized Kuramoto model provides a simple analyti-
cal description of OIMs. In this generalized model, the
phases of the coupled oscillators interdependently evolve
according to N-coupled differential equations, each of
them describing the dynamics of the phase of a single
oscillator ¢;. For the i oscillator we have

d N
—0i(0 ==K ) Jysin[pi(t) = ¢; (0]

j=lj#i

— Ssin[2¢;()] + (), 3)

where ¢ = {¢;, ..., ¢y} represents the phases of the cou-
pled oscillators, K is the coupling strength, S is the para-
metric locking parameter, and £ an additive white Gaussian
phase noise [49]. We solved the dimensionless dynami-
cal equations, as it does not influence the accuracy of the
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(a)(c) Example runs of maximum-cut search of the same randomly generated cubic graph with 100 oscillators simulated

using the Kuramoto model (a) and the Slavin model (c). The plots show the phases, used to evaluate the cut value, and the powers of the
oscillators in the latter case. The cut values of both models evaluated in each time step (continuous line) are plotted in (b) together with
the linear annealing schedule of the respective annealing parameters (dashed line). Both models use a saw-tooth annealing schedule.
(d) A comparison between the performance of the Kuramoto model and the Slavin model finding the max cut of randomly generated
cubic graphs. For most of the reported values, the max cut has been averaged over the solution of 100 different randomly generated
graphs; for a higher number of oscillators only one run is considered.

Ising machine. As already discussed, the parametric lock-
ing term applies a signal with twice the frequency of the
oscillator to binarize the oscillator’s phase (subharmonic
locking) into multiples of 7 radians.

The advantage of this model lies in its easy-to-integrate
dynamical equations that allows the implementation of
advanced annealing schemes with relatively minor effort.
Figure 3(a) shows the solution of an exemplary 100 oscilla-
tor cubic max-cut problem using a linear annealing scheme
of the coupling strength K and the parametric locking S.
Both coefficients are multiplied by an annealing parame-
ter C that starts at zero, and linearly grows up to one. For
each run, this annealing scheme is applied 5 times, con-
secutively. The annealing scheme and an example trend of
the max cut as a function of time are shown in Fig. 3(b).
K and S are selected heuristically in order to optimize
the performance of the simulated OIM and are, in gen-
eral, dependent on the topology of the problem. Each of
the oscillators’ phases are initialized with a random value
between 0 and 7 radians. Figure 3(a) also shows how the
system quickly reaches a local minimum, remains stable as
long as the annealing parameters are below a well-defined
threshold, which depends on a trade-off between the

coupling strength and the force driving the phase bina-
rization. This annealing strategy allows an effective explo-
ration of the energetic landscape, with every reset of the
coupling coefficients often resulting in a better max cut.

The Kuramoto model has already been tested against
large-scale benchmark problems and has shown very
promising results [49]. It can be used to describe spin-
tronic oscillators with reduced frequency-power coupling
[50,51] or characterized by soliton dynamics, such as vor-
tices [52,53] and bubbles [54]. However, this simple model
cannot fully describe the physical behavior of oscillators in
which phase and power are coupled. For example, this is
the case of spintronic oscillators, where, as a first approxi-
mation, phase and power are linked through the nonlinear
frequency shift Ny [13,50,51,55], as described in detail in
the following section.

B. Universal model of nonlinear oscillators with
negative damping (Slavin model)

Experiments have shown the accuracy of the Slavin
model to simulate and understand the behavior of spin-
torque nano-oscillators and spin Hall oscillators where the
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oscillator power and phase are coupled [54,56], and their
collective behaviors when they interact [44]. The dynam-
ics of each oscillator can be described by two coupled
differential equations [13],

% = —2pi[T (i) — T—i(@)] + 2Fc/pi cosQuw;t + 2¢;)
N
+2Q ) Jy /Py cos(¢i — ¢ — B) + & (0,
JJ#i
(4a)
d¢i _ Fe . 2wt 2
e —wi(pi) — \/ESIH( w;t + 2¢;)
N 7
ey J,j\/z Sin(i— & + B) + 60, (4b)
jia VP

where ¢;(#) and p;(¢) describe the time evolution of the
oscillator power and phase, respectively.

In both equations, the first term on the right-hand side
describes the dynamics of an independent device. Iy and
I'_ are functions representing, respectively, the positive
and negative damping effects. First-order expansion of
these functions results in Iy ; = I'G(1 + Op;) and I_; =
I6latio(1 — p;), where Q is the nonlinear damping coeffi-
cient, and /., is the ratio between the applied current and
the threshold current necessary to excite self-oscillations.
These expressions are proved to accurately describe exper-
imental findings [13,56,57]. The frequency w; of each
oscillator is linked with its power p; through the relation
w; = wo + Nop;, where wy 1s the resonance frequency and
Ny is the nonlinear frequency shift. The noise has been
implemented as proposed in Ref. [13], and the results
obtained with and without the application of the thermal
field at room temperature are qualitatively equivalent. The
noise is here present as an additive term to the right-
hand side of the equations as a natural consequence of
the derivation of the model from the LLG equation, in
which the effects of temperature are present as an additive
thermal field to the effective field. However, it is impor-
tant to notice that a universal demonstration of the noise
being fully additive when considering the dynamical equa-
tions of power and phase cannot be derived and some
approximations need to be made.

The term with amplitude F, is the external signal used
for the parametric locking. Finally, the third term mod-
els the effect of the coupling between the oscillators and
is dependent on the coupling strength €2 and the topology
of the oscillator network, with J;; being the corresponding
element of the Ising matrix [see Eq. (1)]. The B parame-
ter represents the phase delay of the two coupled signals, it
depends mainly on the coupling mechanism and the spatial
distance among oscillators when considered [58].

TABLE II. Parameters used in the simulations of the Slavin
model Ising machine.

Slavin model

w( (GHz) 4.2

N /2w (GHg) —3.44

0 2

[ratio 2

I'c (MHy) 252

B (rad) —0.647;
F, 3x 10

Q 1 x10°
dt (ps) 5

These models can be used for the implementation of
spintronic OIMs [44]. The parameters used for the simula-
tions are based on experimental parameters of MTJ-based
spintronic oscillators [59] having Co-Fe-B as a free layer
(see the whole set of parameters in Table II). Figure
3(c) shows the solution of the same problem of Fig. 3(a)
obtained solving Eqs. (4a) and (4b). In this case, the phases
and the powers of the oscillators are shown, even if only
the phase is used to evaluate the max cut. We notice that,
as opposed to the simulation of the Kuramoto model of
Fig. 3(a), the exploration of the phase landscape [Fig. 3(c),
upper panel] takes place during the first part of the anneal-
ing period, with the network dynamics stabilizing toward
the end. The plot of the powers shows their relationship
with the annealing schedule [Fig. 3(c), lower panel] and,
as the phases, they tend to binarize. At the beginning of the
new annealing cycle, the metastable state becomes unsta-
ble, and the powers drop rapidly. This simple parameter
schedule improves the max cut as the number of annealing
cycles increases.

C. Comparison between Kuramoto and Slavin models

Figure 3(b) shows the cut values as a function of time
of the models over the same instance. Both Kuramoto and
Slavin OIMs reach a maximum value of 136. Overall, the
former gets to an energetic minimum more rapidly, while
the latter has a wider exploration of the energetic land-
scape. In both cases, the annealing schedule [also shown in
Fig. 3(b)] is a key component of the energy-minimization
process.

A systematic comparison between the performance
of software implementation of OIMs (Kuramoto versus
Slavin models) has been performed considering max-cut
instances with an increasing number of nodes (each node
is an oscillator). The max cut achieved for each instance
is shown in Fig. 3(d) and reveals that the accuracy of the
two models is comparable. In other words, the coupling
between power and phase does not reduce the performance
of an OIM. This is one of the main results of this work.
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TABLE III.  Grid search of the optimal values of nonlinear fre-
quency shift N and nonlinear damping coefficient Q. The max
cut has been evaluated averaging the result obtained inputting the
same 100 randomly generated cubic graphs with 100 oscillators
to the model with the many combinations of values.
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We have also performed a grid search of the optimal
nonlinear frequency shift N and nonlinear damping coeffi-
cient Q, running with all the models the same 100 random
instances of max-cut problems of cubic graphs with 100
oscillators and averaging the results. We emphasize that
the tunable parameter N measures the coupling between
the power and phase dynamics and is a key difference
between the two studied models [13]. For N equal to zero,
the frequency of the oscillators in the Slavin model is
independent of the power as in the Kuramoto model.

Table III shows that, in general, the parameter O does
not influence the max-cut score as much as the parameter
N, for which an optimal value is approximately N = 10N,
where N, is a reference value [44]. These results underline
that the nonlinearities of spintronic oscillators might be
beneficial for the realization of an IM hardware implemen-
tation and reveal that, by properly tuning the system, the
Slavin model can achieve better results than the Kuramoto
model.

IV. MODELING PIMS

In PIMs, the nodes of the Ising model are represented by
p bits, which can be hardware-implemented with stochas-
tic MTJs [9] or, as proposed in this work, with a deter-
ministic clocked excitation of the randomness. The update
process of the p bits in a PIM is described by the following
equations [5,9]:

m;(f) = sgn(rand(—1, 4+1) + tanh(Z;(?))), (5)

where

1;(t) = Ih(?) (Zc’zjmj ® + hi) : (6)
ij

Here m = {m,...,my} is the state vector of the proba-
bilistic bits (p bits), Iy is a pseudotemperature parameter
used to control the annealing process and h = {#y, ..., Ay}
is the bias vector, an additional term meant to repre-
sent external field excitations in the general formulation
of an Ising Hamiltonian. By updating a system’s p bits
in sequence, the state samples the energy landscape of
the Ising Hamiltonian. Using common annealing strategies
like simulated annealing [60] or parallel tempering [61,62],
the PIM solver drives the system to the ground state [5].

PIMs have been employed successfully with COP
encodings using probabilistic spin logic (PSL) [4,9]. PSL’s
strategy is to use invertible logic gates, Ising models whose
energy function has its minima corresponding to the truth
table state of the gate. Their advantage is that, since they
are transposed to an undirected graph, they no longer have
a preferential input-output combination and can thus be
operated in reverse. This allows for a conceptually simple
way to solve COPs: by using a logic circuit where the stan-
dard logic gates are substituted by invertible logic gates,
the solution can be reached by operating a simple circuit in
reverse [9].

V. A COMPARISON BETWEEN OIMS AND PIMS

Simulated performance of OIMs based on the Kuramoto
model (similar results are also obtained with the Slavin
model) and PIMs were compared by attempting to solve
several hard max-cut instances from G-set graphs, gener-
ated by the machine-independent graph generator “rudy”
of G. Rinaldi. Each instance was attempted 100 times by
both solvers and the cut value as a function of the iter-
ations was recorded. Both solvers were operated using
heuristically optimized parameters. Table IV summarizes
the results of the comparison. For each instance, we report
both the average max-cut score and the best one achieved
among the 100 runs. In addition, we also show the number
of times the best result was reached, along with how often
a solution close to the best one was obtained [49]. While
there is variation between individual runs, the plot clearly
shows that the software implementation of PIMs perform
consistently better than OIMs. Figure 4 shows the analysis
of a single instance. The PIM runs (in red) reach higher-
quality states than OIM ones (in blue) and in substantially
shorter times.

However, it is important to note that we make the
comparisons in terms of the number of computational
steps performed. In this context, PIMs, with their dis-
crete dynamics, explore alternative states at a faster rate
than OIMs, whose dynamics is obtained as a numerical
integration of continuous differential equations. In a poten-
tial hardware implementation, the performance of the two
paradigms depends largely on the specific properties of
the devices used for the implementation. A preliminary
study on the effect of noise on the Ising element values
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TABLE IV. Results of solving attempts of instances of the G-set performed with both PIMs and OIMs. “PIM (OIM) best’ is the
best solution found among the 100 trials of each instance, “no. of best” is the number of times that best result was achieved, and “no.
0.999% of best” is the number of times a state with maximum cut 99.9% close to the best result was reached.

PIM no. OIM OIM no.

Instance PIM no. of  0.999% of OoIM no.of  0.999% of
name PIM average PIM best best best OIM average best best best
gl 11571.06 =+19.30 11624 2 4 1147538 +25.01 11540 1 1
g2 1157190 +£17.28 11620 2 3 11481.84 +31.89 11575 1 2
23 11573.58 +£19.20 11617 1 4 11473.73  £2995 11550 1 1
g4 11601.52 423.56 11646 2 10 11497.78 +37.83 11605 1 1
g5 11585.88 +18.77 11622 2 11 11491.06 +30.18 11545 1 8
26 2128.77  £20.56 2175 1 4 2029.92  £29.10 2113 1 1
g7 1965.63  £18.10 2000 1 1 1866.66  +£31.79 1923 3 4
g8 1967.06  £16.84 1998 1 2 1878.82  £29.02 1934 1 1
29 2007.54  £18.50 2047 1 1 1908.26  £37.49 1976 1 1
gl0 1958.16  £17.60 1999 1 1 1864.34  £33.02 1946 1 1
gll 556.04 +2.83 562 3 3 483.76 +7.67 502 1 1
gl2 547.42 +3.09 554 4 4 478.90 +8.36 492 6 6
gl3 572.14 +2.72 580 1 1 503.06 49.51 522 1 1
gl4 3045.17  +4.43 3053 2 19 2967.60  £10.39 2991 1 2
gl5 3029.81 +6.25 3049 1 2 2947.04  £9.63 2967 1 3
glé 3031.10  +5.15 3043 1 5 295335 £10.34 2976 1 3
gl7 3026.31 +5.02 3042 1 1 294826  £10.73 2967 3 6
gl8 971.01 +9.43 988 1 1 902.29  £18.50 941 1 1
gl9 885.29 49.57 904 1 1 815.12 +18.30 856 1 1
220 919.75 +10.93 940 1 1 847.73 +17.25 907 1 1
21 906.61 +9.89 928 1 1 838.35 +19.32 881 1 1
g22 13278.04 +£21.72 13336 1 2 13060.89 +35.50 13141 1 4
223 13282.67 +18.81 13333 1 3 13071.73 +34.54 13149 1 3
224 13271.28 +18.02 13317 1 5 13063.72 £32.00 13127 1 5
g25 13273.72 +20.04 13318 1 9 13075.01 3439 13164 1 2
226 13263.88 +18.27 13314 1 3 13063.50 +32.36 13130 1 4
27 3272.67  £19.28 3308 1 4 3066.10  +£38.15 3153 1 2
28 323482 £17.94 3272 2 3 3026.49  £34.10 3146 1 1
229 333490 +£14.52 3369 2 4 313031  +£33.79 3222 1 1
230 3348.80 £19.76 3392 1 1 3137.66  £36.18 3217 1 1
g31 324556  £19.65 3280 1 4 3040.71  +£34.89 3120 1 1
232 138290  +5.41 1394 2 2 1202.66  £14.35 1242 1 1
233 1358.48 +4.41 1368 4 4 1181.68  £13.76 1216 1 1
g34 1361.26  +4.60 1372 1 1 1186.12  £14.71 1218 1 1
235 7633.99  +8.70 7665 1 2 7430.10  £19.89 7475 1 1
236 7626.45  £10.29 7648 1 8 742234  £1698 7460 1 3
237 763426  +9.28 7658 1 5 7435.55  £17.99 7493 1 1
238 7634.18 +8.48 7655 1 5 743276  £17.15 7470 1 5
239 2350.69  £14.06 2386 1 1 2173.84  £2996 2240 1 1
240 2336.12  +£16.45 2377 1 1 215472 £34.09 2232 1 1
g41 2337.63  £15.59 2371 1 1 216042  £26.21 2224 2 2
g42 241633  £15.26 2446 1 1 2240.86  £28.05 2310 1 1
g43 6625.06 £15.04 6660 1 2 6526.77  £21.25 6580 1 2
g44 6620.06 £13.36 6646 1 11 6523.80 £21.92 6602 1 1
g45 6623.28  £11.71 6652 1 2 652296  £23.82 6569 1 4
g46 6618.45  £11.42 6645 1 3 6524.41  £2440 6572 1 3
g47 6626.77  £11.52 6655 1 2 653238  £21.01 6598 1 1
248 5964.80  £50.43 6000 67 67 5463.16  £40.16 5558 1 1
49 5940.60  £33.40 6000 16 16 547282  +£39.31 5560 1 1
250 5843.08 +27.36 5880 1 6 5465.58  £40.21 5582 1 1
g51 3822.72 +5.84 3836 1 6 3724.16  £12.00 3753 1 2
g52 3826.41 +5.58 3836 3 17 372832  +£12.69 3770 1 1
253 3827.53 +6.29 3843 1 3 372623  £13.17 3760 1 2
g54 3824.56  +5.89 3844 1 1 3726.59  £11.82 3763 1 1
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FIG. 4. A comparison of the PIM and the Kuramoto-based
OIM model on the instance “gl.rud” from the G-set. The instance
has 800 nodes and 19176 edges. The red (blue) area repre-
sents an ensemble of 100 solving attempts using PIM (OIM).
For both models, the black line represents the average of all
solving attempts. The annealing parameters were chosen after a
systematic study to ensure fairness in the comparison.

used in the computation is shown in Supplemental Material
Sec. II [36]. Voltage-controlled oscillators have working
frequencies that range from 2 to 12 GHz, while MT]J oscil-
lators can operate in a broader range of frequency thanks
to their tunability. A potential CMOS-compatible applica-
tion, however, requires frequencies that are below approx-
imately 3 GHz. In Table V we provide a simple compari-
son of some hardware-implemented oscillator-based Ising
machines and their working frequency. The energy dissipa-
tion of these devices can be estimated using the parameters
from Ref. [63]: the power required for a single oscillator is
about approximately 0.02 mW (dc resistance of R =500
and an applied current of 0.2 mA). In the future, we envi-
sion that both OIMs and PIMs will be able to achieve
comparable performance, and even effectively synergize if
used in combination.

TABLE V. Working frequency of hardware oscillator-based
Ising machine implementations.

Analogue-coupled 1 MHz
oscillator-based Ising
machine [40]

Coupled stochastic
phase-transition
nano-oscillators [42]

Oscillator-based Ising machine
[49]

Subharmonic electrical
resonators [64]

87 MHz

5 MHz

400 kHz

VI. INVERTIBLE LOGIC GATES WITH
MODIFIED KURAMOTO MODEL

To implement invertible logic gates with OIM models,
we consider an additional bias vector 4 in the model of Eq.
(3). The extra bias favors one of the two binarized phases
for each oscillator making the probability to select a spe-
cific Ising spin state tunable, similarly to the corresponding
term of Eq. (5a) for PIMs [9]. It corresponds to the full
Ising Hamiltonian with local applied fields,

H(S) = — ZJ,‘]‘S[SJ' + Zh[Si. (7)
ij i

The generalized Kuramoto model to describe the Hamilto-
nian of Eq. (6) is given by

N
Loty =—K Y. Jysin[gi(t) — ¢; (0)]
J=1j# ®)

—Kpyh; sin[—¢i(1)] — Ssin[2¢;()] + £(0),

where K represents the bias coupling strength, which is
proportional to a sinusoidal term at the same frequency of
the oscillator frequency. The added term mimics the PSL
pivot structure used in PIMs that locally bias the switching
probability in a sigmoidal fashion and is independent of
the states of the other nodes.

To study the properties of the modified proposed model,
we ran an extensive parametric study on an AND gate Ising
encoding to estimate the optimal values of the three cou-
pling parameters K, Kj, and S in the Kuramoto model
[Eq. (7)]. To assess whether the final state of each sched-
ule belonged to the truth table of the AND gate, we ran a
total of 10* annealing schedules with randomized initial
conditions and recorded their final state. After finding the
optimal set of parameters for a balanced AND gate, we con-
sidered composite circuits of AND gates to assess whether
the parametrization was scalable.

Figure 5(a) shows that the probability of achieving a
state compatible with the clamped output of the AND gate
does match the expected values. This means that, when the
output is equal to 1 (orange bars in the graph), 111 is the
only visited state; on the other hand, when it is clamped to
0 (blue bars in the graph), the states 000, 100, and 010 are
equally explored. In Fig. 5(b) the same parameters were
used to test two AND gates connected acting as three-input
AND gate. While the selected states are mostly correct, the
probability distribution of the final states does not match
the energy distribution of the model, even accounting for
statistical fluctuations.

In the time evolution of the phase-space representation
of Fig. 5(c), we observed that the final state of a run with
more than one ground state depends almost exclusively
on its initial phase configuration. This intuitively resem-
bles an attraction and repulsion electromagneticlike model,
with the charges being the binary configurations of the
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(a),(b) Two-input and three-input AND gate simulation with optimized parameters K = 1, K, = 0.5, § = 1. Each set of

colored bars represents a simulation setup with a different bias 4. In orange (blue) the output is clamped to +1 (—1), so 43 is increased
(decreased) by 10. The height of the bars is the number of times a randomized simulation has ended its annealing schedule in that
state. The truth table states to visit with output clamped to +1 (—1) are highlighted in green (red). Composing circuits seems to affect
the probability distribution, hindering scalability. (c) Three-dimensional representation of final state versus initial conditions of the
unbiased AND gate simulated in (a). (d) Comparison between the Kuramoto model oscillators and attraction model simulations. The
similarities suggest that oscillators tend to gravitate toward the closest solution in the phase space.

phase space. The attraction-repulsion effect of a configura-
tion depends on how energetically advantageous it is. The
oscillators act as a test charge cast in a random position Py
of the phase space and subject to a force equal to:

N

Fr=2 7w (Po — Sw), ©

where S, is the N-dimensional vector that represents the
position in the phase space of the nth configuration and
C, is its attraction-repulsion coefficient. d(x, y) is the N-
dimensional Euclidean distance between two points. In
Fig. 5(d) we compare the results of the OIM implemen-
tation with the effective model introduced. The similarities
between the results show that the explorable energy land-
scape of the OIM implementation is indeed very sensitive
to the initial phase of each oscillator, as described by the

model of Eq. (8). This may be due to the annealing pro-
cess for OIMs, which allows only classical trajectories in
the phase space and produces a particlelike behavior of the
relative phases. Nonlinearities of the phase dynamics, such
as the ones described by the Slavin model, and modified
annealing processes could overcome the observed limita-
tion, improving the invertible logic gates’ implementation
with OIMs.

VII. MAXIMUM-CUT ENCODING OF Max 3SAT

The goal of the maximum satisfiability problem (max
SAT) is to satisfy as many clauses as possible of an
instance in conjunctive normal form. As mentioned ear-
lier, COPs in the same complexity class can be mapped
to each other. This allows, in principle, to solve max-SAT
problems by solving max-cut instances and vice versa. Due
to the success of the OIMs to solve max cut, we propose
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(a) Graph representation of a single (4 \/ B \/ C) logic clause. The maximum cut is only achieved in states where the

clause is satisfied. (b) Graph of a toy max-3SAT instance with an example of a variable shared in more than one logic clause. (c),(d)
States reached by the Kuramoto model system of oscillators for the simple max-3SAT instance “uf20-01.cnf”, with 20 variables and 91
clauses. We performed 1000 simulations with random initial state. The solution cost represents the number of logic clauses not satisfied
at the last step of each simulation. The red dashed line is a guide to the eye to demonstrate the correlation between the maximum cut

and the solution cost of the max SAT.

an alternative method to the use of invertible logic gates
to solve max-SAT problems by relying on the mapping
between the two COPs. In particular, we demonstrate the
solution of max 3SAT (i.e., each clause has exactly three
variables) by solving the equivalent max cut. We empha-
size that any max kSAT, with k£ > 3, can be mapped to a
max 3SAT [65].

The mapping between max 3SAT and max-cut for a sin-
gle clause is graphically shown in Fig. 6(a). In the chosen
map, we introduce additional ancillary nodes to mediate
the interaction between the variable nodes to ensure that
each clause with three variables is only satisfied if all three
variables are true. By carefully choosing the couplings of
the graph and by keeping one of the auxiliary oscillators
fixed to phase zero, we ensure that a maximum-cut solu-
tion corresponds to a satisfied clause. We mention that the
inverse is not true, as some sets of variable values can sat-
isfy a clause while not corresponding to the maximum cut
of the graph. As illustrated by the example in Fig. 6(b),
to join several clauses, one connects the shared variable

nodes to the other clause nodes, inverting the sign of their
couplings if the variable appears negated in that clause.
Moreover, if two variables appear together in two differ-
ent clauses, we consider the coupling as the sum of their
couplings in each clause.

This mapping was used to obtain the graph of a simple
max-3SAT instance, “uf20-01.cnf”, with 20 variables and
91 clauses. This instance was tested a total of 1000 times,
each with a randomized initial configuration. The results
are shown in Figs. 6(c) and 6(d). The system can achieve
the optimal or close to it with high probability, although
further testing is required to evaluate the scaling capabili-
ties of the chosen map. In Fig. 6(d), we investigated how
commonly the degeneracies caused by nonmaximum-cut
states in satisfied clauses could bring to final guesses that
reached the optimal solution while not achieving the max-
imum cut (few values with zero cost and maximum cut
equal to 32). The opposite, achieving the maximum cut
with a suboptimal state, is indeed possible in a graph with
several clauses, differently from the single-clause case. As
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an example, if two clauses contain the same two variables,
once with concordant and once with discordant signs,
the coupling between the two cancels out and becomes
zero, slightly altering the balance of those clauses’ topol-
ogy. However, as shown by the red line in Fig 6(d), the
trend of the mapping shows that the degeneracy does not
strongly influence the result of the max cut, i.e., there is a
strong correlation between the maximum cut and the max-
3SAT solution cost. The degeneracy of the map could be
removed by considering sparse maps.

VIII. SUMMARY AND CONCLUSIONS

In this paper we have compared two different strategies,
which can be used for the hardware implementations of
Ising machines, (i) OIMs, based on a system of coupled
oscillators, and (ii) PIMs, based on a system of coupled
p bits, proposing a spintronic implementation of the Ising
spin for each of them. From a modeling point of view,
spintronic OIMs can be described by the Kuramoto model
and the Slavin model. The latter includes the coupling
between the oscillators’ power and phase via the nonlin-
ear shift. We compared the performance of the two models
at software level and showed that the power-phase cou-
pling may allow for a slightly better exploration of the
OIM phase space, which can lead to higher accuracy.
We also performed a comparison between the accuracy
of PIMs and OIMs, showing that the first achieves bet-
ter results. The use of invertible logic gates implemented
with OIMs can underperform because of a classical-like
particle behavior of the oscillators’ phases. In addition,
we proposed an alternative method to the use of invertible
logic gates for the solution of max-SAT, which exploits
the effectiveness in solving max-cut instances of OIMs.
The possibility to map between different COP problems
in the same complexity class allows the optimal behav-
ior of different OIM architectures to be leveraged and
promises results for the implementation of OIMs to solve
a wide range of COPs. Considering alternative optimized
architectures and annealing schemes, which may include
the combination of PIMs and OIMs, stimulates the devel-
opment of fast, scalable, accurate, and energy-efficient
hardware implementations of Ising machines.
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