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We show that one-dimensional Floquet trimer arrays with periodically oscillating waveguides support
two different and co-existing types of topological Floquet edge states in two different topological gaps in
the Floquet spectrum. In these systems nontrivial topology is introduced by longitudinal periodic oscil-
lations of the waveguide centers, leading to the formation of Floquet edge states in a certain range of
oscillation amplitudes despite the fact that the structure spends half of the period in “instantaneously”
nontopological phase, and only during the other half-period it is “instantaneously” topological. Two co-
existing Floquet edge states are characterized by different phase relations between bright spots in the unit
cell—in one mode these spots are in phase, while in the other mode they are out of phase. We show that
in focusing nonlinear medium topological Floquet edge solitons, representing exactly periodic nonlinear
localized Floquet states, can bifurcate from both these types of linear edge states. Both types of Floquet
edge solitons can be stable and can be created dynamically using two-site excitations.
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I. INTRODUCTION

The Floquet engineering is a mechanism that employs
periodic modulations of parameters of the physical sys-
tem in time (evolution variable) [1–3] to generate dif-
ferent effects or alternative phases of matter that are not
observed in analogous static (unmodulated) systems. Such
modulations lead to unusual interactions and coupling of
eigenstates of the system, qualitative change of dispersion
characteristics, unusual propagation paths for excitations,
or even appearance of other types of the localized states,
to name just a few applications. Floquet engineering is fre-
quently used for manipulation of classical waves [4], in
particular, in photonic systems, such as shallow waveg-
uide arrays [5–7], where periodic variations of the optical
properties in the direction of light propagation can be
easily achieved, and where mathematical description of
paraxial propagation of light waves is equivalent to the
description of evolution of quantum particles in various
time-modulated potentials.

Periodic longitudinal modulations in Floquet waveguid-
ing systems may create artificial gauge fields that break
time-reversal symmetry in governing evolution equations
and enable observation of a rich variety of phenomena of
topological origin, such as photonic Floquet topological
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insulators [8], anomalous insulators supporting unidirec-
tional topological edge states for sufficiently large periods
of modulation [9,10], creation of bimorphic topological
insulators [11], various resonant coupling, and tunnel-
ing mechanisms for topological edge states [12–15], they
enable alternative mechanisms of localization for light
[16], and they may result in qualitative transformation
of spectra of Floquet systems [17], to name just a few.
When nonlinearity is introduced in topological Floquet
waveguiding systems, a rich nomenclature of Floquet soli-
tons in the topological band gap can emerge [18–26], and
nonlinearity-induced topological phases can be observed
[27]. It is worth mentioning that among recently discov-
ered topological effects in Floquet waveguiding systems
is the formation of so-called anomalous π edge modes
[28–34] that were discovered in condensed-matter physics
[35–37]. These Floquet edge states arise in the simplest Su-
Schrieffer-Heeger (SSH) arrays consisting of dimers (pairs
of waveguides) when intercell and intracell couplings are
periodically modulated in the direction of light propaga-
tion, so that the array switches between “instantaneously”
topological and nontopological phases. Beyond photonic
platforms, π modes were also observed in acoustic systems
[38,39]. A survey of recent results on topological effects in
various Floquet systems can be found in reviews [40–43].

We would like to note that all one-dimensional pho-
tonic Floquet systems considered so far were based on
the usual SSH arrays consisting of dimers [44], where
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only one topological band gap opens in the Floquet spec-
trum. At the same time, extended static SSH-like systems
have been found to be characterized by much richer spec-
tra than their counterparts consisting of dimers [45]. Such
systems include static trimer arrays [46–51], where for-
mation of nonlinear topological modes was reported very
recently [52]. Extended topological Floquet SSH-like lat-
tices were not addressed neither in linear nor in nonlinear
regime.

The goal of this work is to introduce linear Floquet
edge states and bifurcating from them Floquet edge soli-
tons in longitudinally modulated extended SSH arrays.
To achieve this goal we consider the array consisting of
trimers of waveguides, whose centers periodically oscil-
late in the direction of light propagation, mimicking time
modulations of lattice in condensed-matter Floquet sys-
tems. We show that the most representative feature of this
photonic structure is the co-existence of two different types
(in-phase one and out-of-phase one) of topological Flo-
quet edge states with different internal structure in two
topological gaps opening in the Floquet spectrum of the
system due to longitudinal variations of its parameters.
We also show that in the presence of focusing nonlin-
earity Floquet edge solitons may bifurcate from linear
Floquet edge states in both topological gaps. The locations
of quasipropagation constants of such solitons in the gap
and their stability depend on their power, but a remark-
able fact is that both types of topological solitons can be
stable.

While nonlinear Floquet topological systems have been
considered in some previous publications, very few of
them addressed the systems, where waveguides in the unit
cell show different periodic evolution with distance, allow-
ing several topological gaps to be simultaneously opened
in the spectrum. Moreover, in clear contrast to previous
works on π modes utilizing dimers, in trimer arrays con-
sidered here such states appear not at the boundaries of the
longitudinal Brillouin zone, but in its depth. Our results
clarify the physics of Floquet topological systems based
on lattices with complex internal structure, beyond usual
dimerized lattices, and may have potential applications in
development of Floquet topological lasers [53], includ-
ing lasers based on higher-order Floquet insulators, for
enhancement of nonlinear interactions and harmonic gen-
eration processes involving topological edge states, photon
entanglement [54], and construction of on-chip compact
topological optical devices [4,55].

II. LINEAR FLOQUET EDGE STATES

Propagation of light beams in the extended oscil-
lating SSH waveguide array inscribed in a focusing
nonlinear medium can be described by the nonlinear

Schrödinger-like equation:

i
∂ψ

∂z
= −1

2

(
∂2

∂x2 + ∂2

∂y2

)
ψ − R(x, y, z)ψ − |ψ |2ψ ,

(1)

where ψ is the dimensionless complex amplitude of the
field, x and y are the normalized transverse coordinates, z
is the normalized propagation distance, and the function
R(x, y, z) = R(x, y, z + Z) describes z-periodic waveg-
uide array with longitudinal period Z. The array consists
of trimers, where centers of two outermost waveguides in
each trimer periodically oscillate with distance z

R(x, y, z) = p
∑

m

⎛
⎜⎝

e−[(x−xm−1)
2+y2]/σ 2+

e−[(x−xm)2+y2]/σ 2+
e−[(x−xm+1)

2+y2]/σ 2

⎞
⎟⎠ , (2)

where p is the array depth, σ is the waveguide width,
xm±1 = xm ± d ± r sin(ωz) are the coordinates of the two
outermost waveguides in each trimer that oscillate along
z, xm = 3md are the coordinates of central waveguides in
each trimer that in our case remain straight, m is the index
of the cell, r is the modulation amplitude, and ω = 2π/Z
is the spatial oscillation frequency. One unit cell of such an
array has the width 3d. Here we adopt the parameters d =
3.3 (33 µm spacing between neighboring waveguides at
r = 0), p = 4.3 (refractive-index modulation depth δn ∼
4.5 × 10−4), σ = 0.5 (5-µm-wide waveguides), and Z =
29 (array period approximately equal to 33 mm) typical
for fs-laser written arrays at λ = 800 nm [52,56–60]. Fur-
ther we consider sufficiently large finite arrays consisting
of 11 trimers.

A. Spectrum of the array with straight waveguides

To understand the mechanism of formation of topolog-
ical edge states in Floquet array with oscillating waveg-
uides it is instructive to consider first the linear spectrum
of static structure with straight waveguides [such a struc-
ture is schematically depicted in Fig. 1(a)]. To this end, we
replace the oscillating term rsin(ωz) in the expression for
coordinates xm±1 of oscillating waveguides in Eq. (2) with
constant shift ρ and study transformation of the spectrum
as a function of ρ. To obtain the spectrum, we substitute
the ansatz ψ(x, y, z) = φ(x, y)eibz, where b is the propaga-
tion constant, into the linear version of Eq. (1), and solve
the resulting eigenvalue problem

bφ = 1
2

(
∂2

∂x2 + ∂2

∂y2

)
φ + R(x, y)φ, (3)

numerically using the plane-wave expansion method. The
dependence of propagation constants of all modes of this
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(a)

(c)

(b)

FIG. 1. (a) Schematic illustration of the array consisting of
trimers with straight waveguides. Each unit cell is indicated by
a red bracket. The width of the unit cell is 3d. The separa-
tion between central and outermost sites in each trimer is equal
to d + ρ, where ρ can be positive or negative. The separation
between the two closest sites of two neighboring unit cells is
s = d − 2ρ. (b) Spectrum of the array with straight waveguides b
as a function of waveguide shift ρ. Red curves are edge states and
black curves are bulk states. (c) Amplitude profiles |ψ | of eigen-
states corresponding to the dots in (b). Eigenstates are shown in
the window −65 ≤ x ≤ 65 and −4 ≤ x ≤ 4.

static structure on ρ is displayed in Fig. 1(b). This spec-
trum illustrates that two pairs of topological edge states
appear in two gaps if ρ > 0, as indicated by the red and
blue curves, while at ρ < 0 the structure is topologically
trivial and no edge states emerge. Topological properties
of such extended SSH-like arrays are described in previ-
ous works, see, for instance, Refs. [47,49]. The spectrum
of static structure in Fig. 1(b) implies that whether the array
supports topological states or not is determined by waveg-
uide shift ρ, which is fixed in this structure. For oscillating
arrays considered below this shift will change dynamically
as ρ = r sin(ωz) meaning that the array will actually peri-
odically switch between “instantaneous” topological and
nontopological phases depending on the value of z, spend-
ing in each phase exactly half of the longitudinal period
Z. We show profiles of two edge states in the upper gap
(labeled as 2 and 4) and another two edge states in the
lower gap (labeled as 1 and 3) of static array in Fig. 1(c).
Since the states labeled 1 and 2 are closer to the bulk band,
they are more extended. Edge states in the upper and lower
gaps differ in their phase structure: bright spots in the out-
ermost two sites are in phase in the state from the upper
gap, and they are out of phase in the state from the lower
gap. This picture agrees with previous findings [52].

B. Spectrum of the Floquet trimer array

We now consider the linear spectrum of the modulated
array. To this end, we take the structure, where centers
of two outermost waveguides in each trimer periodically
oscillate with distance z, as shown in Fig. 2(a), while the
central waveguide in each trimer remains straight. This
is one of the simplest types of modulation that one can
consider, for which the structure always remains C2 sym-
metric, clearly distinct from previously considered types of
modulations [31]. We select the phase of oscillations such
that at z = 0 all waveguides in the structure are equally

(a)

(c)

(d)

(b)

FIG. 2. (a) Schematic illustration of the array of trimers with
longitudinally oscillating (with amplitude r and period Z) out-
ermost waveguides in each unit cell. The central waveguide in
each unit cell is unmodulated. The waveguides at the input facet
z = 0 are equally separated. (b) Quasipropagation constant spec-
trum of the modulated trimer array b as a function of amplitude
r, where ω = 2π/Z is the modulation frequency. Colored lines
correspond to the Floquet edge states. (c) Field modulus distri-
butions |ψ | of the Floquet edge state at r = 0.6 [dot 1 in (b)] at
typical distances within one longitudinal period. (d) Field modu-
lus distributions |ψ | of the Floquet edge state at r = 0.8 [dot 2 in
(b)] at typical distances. Panels in (c),(d) are shown in the win-
dow −65 ≤ x ≤ 65 and −4 ≤ x ≤ 4. In (c),(d) the field modulus
is shown with the red-black colormap, while the phase distri-
bution for the field at z = 0 is shown with the red-green-blue
colormap.
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separated, but this, of course, has no effect on the lin-
ear spectrum of the system. Notice that our structure is
also clearly different from the modulated SSH structure
consisting of dimers considered in Ref. [32]. Again, we
substitute the ansatz ψ(x, y, z) = φ(x, y, z)eibz, where now
φ(x, y, z) = φ(x, y, z + Z) is the Z-periodic function, and
b is the quasipropagation constant, into linear version of
Eq. (1) to obtain

bφ = 1
2

(
∂2

∂x2 + ∂2

∂y2

)
φ + R(x, y, z)φ + i

∂φ

∂z
, (4)

which is different from Eq. (3). The quasipropagation con-
stant spectrum of the finite Floquet array consisting of 11
trimers can be obtained using the “propagation and pro-
jection” method [17,53]. In this method, at the first step
we calculate the eigenvalues bj and eigenstates ψ in

j of
the optical potential R(x, y, z = 0) with j ∈ [1, N ] and N
being the total number of waveguides. Next, we prop-
agate all such “static” eigenstates ψ in

j over one period
Z in the modulated structure with refractive-index dis-
tribution governed by R(x, y, z) to obtain output-field
distributions ψout

j . We then calculate the matrix of projec-
tions with elements Umn = 〈ψ in

m ,ψout
n 〉, whose eigenvalues

are the Floquet exponents eiZbn allowing extraction of
bn—quasipropagation constants of the nth mode. To con-
struct Floquet modes of the structure, for each bn we find
the index �n of the maximum element of the correspond-
ing eigenvector Vn of Umn. The Floquet eigenmode of
R(x, y, z) with any index n can then be constructed as
ψn = ∑N

j =1 ψ
in
j Vj (�n), and such modes satisfy the condi-

tion ψn(z) = ψn(z + Z).
In our case for Z = 29 the width of the first longitu-

dinal Brillouin zone (i.e., the modulation frequency ω)
2π/Z ≈ 0.22 may be smaller than the width of the spec-
trum of static structure (considered for sufficiently large
ρ values), and on this reason the quasipropagation con-
stant spectrum may fold with an increase of the amplitude
r of waveguide oscillations. This spectrum within the first
longitudinal Brillouin zone is illustrated in Fig. 2(b). The
spectrum is periodic in b with period ω. One can see that
longitudinal modulation leads to opening of two topolog-
ical gaps, where Floquet edge states indicated by the red
and blue lines appear in the proper range of modulation
amplitudes r, even though the array undergoes periodic
transitions between “instantaneous” topologically trivial
and nontrivial configurations along the z direction. Tak-
ing into account periodicity of the spectrum in b, one
may conclude that upper and lower topological gaps with
edge states in Floquet spectrum of Fig. 2(b) qualitatively
correspond to lower and upper topological gaps in static
spectrum in Fig. 1(b).

At the same time, the most crucial difference between
dynamic system considered here and previously addressed
static trimer structures with straight waveguides (see Ref.

[52]), is that here oscillations of two waveguides in each
unit cell lead to periodic transformation of the array
between instantaneously topological and nontopological
phases, when it spends in each phase exactly half of the
longitudinal period Z. Under these conditions, the emer-
gence of topological Floquet edge states in this system
that remain localized near the edge for all distances z
is controlled by the amplitude and period of longitudi-
nal waveguide oscillations (rather than by constant for
all z shift of waveguides in static trimer array). Under
these conditions simultaneous emergence of two topolog-
ical gaps in Floquet spectrum with different types of edge
states (and, consequently, of two different types of soli-
tons that can bifurcate from such states) in them cannot
be anticipated a priory and is a surprising result.

We choose one Floquet state from each band gap
and display the corresponding field modulus distributions
at typical propagation distances within one longitudinal
period in Figs. 2(c) and 2(d). Our array is symmetric at
all distances z, and due to this in linear case edge states
appear simultaneously at both left and right edges of the
structure. Since the state numbered 1 with r = 0.6 is closer
to the bulk band, its localization is worse than that of the
state numbered 2 with r = 0.8. Even though the waveg-
uide array is in trivial phase when z ∈ (0, Z/2) and in
topological phase when z ∈ (Z/2, Z), the power of the Flo-
quet state remains concentrated near the edges. From the
profiles in Figs. 2(c) and 2(d), it can be recognized that
two outermost spots are approximately in phase for the
state numbered 2 and they are out of phase for state 1.
Such Floquet edge states exhibit considerable reshaping
and amplitude oscillations in the course of propagation,
exactly restoring their profiles after each period Z (radi-
ation is minimal for our parameters). Since waveguides in
the array become equally spaced not only at z = 0, but also
at z = Z/2, the intensity distributions at these distances are
similar, but phase structures are different.

It should also be pointed out that inside each gap, Flo-
quet edge states actually emerge in pairs [see Fig. 2(b)] that
become practically degenerate with increase of the ampli-
tude of waveguide oscillations r. These pairs correspond
to in-phase states near opposite edges, or to out-of-phase
states near opposite edges (do not mix this with different
phase relations between neighboring spots in states from
different gaps discussed above). Because states in a given
gap become practically degenerate already at r ∼ 0.5 their
linear combinations give Floquet state concentrated near
one edge only. Consequently, in the presence of nonlinear-
ity one can get solitons concentrated also near only one
edge (see below).

In Fig. 2(a), the Floquet trimer array is C2 symmetric,
since two outer waveguides in each unit cell oscillate out of
phase. At the same time, one can also realize the structure
where these two waveguides oscillate in phase, in which
case the array lacks the C2 symmetry. However, in this

014012-4



FLOQUET EDGE SOLITONS IN MODULATED. . . PHYS. REV. APPLIED 20, 014012 (2023)

case, simulations show that no edge states appear in the
Floquet spectrum of the system, i.e., it becomes topologi-
cally trivial. Thus, while there are many possible ways to
design the Floquet trimer lattice, the design used in Fig. 2
seems to be among the simplest ones allowing nontrivial
Floquet topology to be realized.

C. Topological origin of the Floquet edge states

Topological characterization of this system can be per-
formed by calculating the Zak phase for the bands of peri-
odic (nontruncated) structure. If we denote the z-dependent
intracell coupling strength (i.e., coupling strength between
the outermost and central waveguides of the trimer) by wz
and the intercell coupling strength (between left and right
outermost waveguides in neighboring trimers) by vz, in the
frames of the tight-binding approximation accounting for
coupling between neighboring waveguides only, one can
introduce the following Floquet evolution operator U(k, Z)
that can be formally expressed via effective Hamiltonian
Heff of the Floquet trimer system [1,3,37]

U(k, Z) = Ze−i
∫ Z

0 H(k,z)dz = e−iHeff(k)Z , (5)

where Z is the time-ordering operator, and H(k, z) is the
“instantaneous” Hamiltonian of the periodic system

H(k, z) =
⎡
⎣ 0 wz vze−i3dk

wz 0 wz
vzei3dk wz 0

⎤
⎦ . (6)

Here, wz and vz periodically change with propagation dis-
tance, and k ∈ [0, K] is the Bloch momentum with K =
2π/3d being the width of the first transverse Brillouin
zone. If we use |u(k)〉 to represent the eigenvector of the
effective Hamiltonian Heff, the Zak phase [61] of the bulk
band can be calculated as

γ = i
∮

〈u(k)| d
dk

|u(k)〉dk. (7)

One finds that for our type of modulation, the Zak phase of
the middle band of the effective Hamiltonian [that corre-
sponds in the continuous system to the band located close
to the bottom of the first longitudinal Brillouin zone just
below red lines in Fig. 2(b)] is 2π , while for two other
bands [corresponding to two bands above red lines and
below blue lines in Fig. 2(b) clearly resolvable in the spec-
trum at oscillation amplitudes r < 1] the Zak phase is π ,
that is consistent with arrangement of edge states in Fig.
2(b) appearing between bands with different topological
indices.

III. FLOQUET EDGE SOLITONS

As demonstrated in Sec. II B, our system supports two
types of linear Floquet edge states with different phase

A P 

b

,

(a)

A P ,

b (b)

A 

z /Z

(c)

FIG. 3. (a) Dependence of the quasipropagation constant b and
averaged peak amplitude Ā on the power P for the Floquet soli-
ton family at r = 0.8 bifurcating from linear mode corresponding
to dot 2 in Fig. 2(b). The shaded region represents the bulk
band; solid and dashed lines represent stable and unstable soli-
tons, respectively. (b) Similar dependencies for soliton family
bifurcating from linear Floquet state numbered 3 in Fig. 2(b),
also at r = 0.8. (c) Peak amplitudes of the Floquet solitons dur-
ing propagation. The magenta and green curves correspond to
the magenta dot (P = 0.10) and green dot (P = 0.10) in (a),(b),
respectively.

structure in two different topological gaps. In this section,
we investigate Floquet edge solitons that can bifurcate
from these linear edge states. Now, we use the ansatz
ψ(x, y, z) = φ(x, y, z)eibz in the Schrödinger Eq. (1) and
keep the nonlinear term, that yields the equation

bφ = 1
2

(
∂2

∂x2 + ∂2

∂y2

)
φ + R(x, y, z)φ + i

∂φ

∂z
+ |φ|2φ,

(8)

where b is the quasipropagation constant of the Floquet
edge soliton. Such states can be obtained using the iter-
ative method that involves the following steps [18,62]:
(1) We propagate the linear Floquet edge state ψ in

fl with
a given power P according to Eq. (1) to obtain the dynam-
ical lattice modified by the nonlinearity, i.e., Rfl = R +
|ψ in

fl |2. (2) We propagate all linear eigenstates ψ in
j of R

that include ψ in
fl in the modified dynamical lattice Rfl for

a whole period Z and obtain corresponding output dis-
tributions ψout

j . (3) We calculate the projection Umn =
〈ψ in

m ,ψout
n 〉, whose eigenvalues are Floquet exponents eiZbn .

(4) For each bn, we find the index �n of the maximum ele-
ment of the corresponding eigenvector Vn. Eigenstates ψ re

n
of Rfl can then be constructed as ψ re

n = ∑N
q=1 ψ

in
q Vq(�n).

(5) We pick out the modified edge state ψ re
fl from ψ re

n and
normalize it in accordance with selected power P. (6) Steps
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FIG. 4. (a) Field modulus distributions |ψ | of the nonlinear Floquet edge state at different distances from the magenta curve in Fig.
3(c). (b) Field modulus distributions |ψ | of the nonlinear Floquet edge state at different distances from the green curve in Fig. 3(c).

(1)–(5) are repeated until the difference between ψ re
fl and

ψ in
fl reduces below the required small level.
Quasipropagation constant b of such solitons and their

averaged peak amplitude Ā are therefore controlled by their
power P:

P =
∫∫

|ψ |2dxdy, Ā = 1
Z

∫ z+Z

z
A(z)dz, (9)

where A(z) = max{|ψ |} is the peak amplitude of the Flo-
quet edge soliton. In Figs. 3(a) and 3(b), we show the
dependencies b(P) and b(Ā) for Floquet solitons bifur-
cating from linear Floquet edge states numbered 2 and 3
in Fig. 2(b) at r = 0.8. One finds that for both types of
solitons the quasipropagation constant increases with the
power and gradually approaches the bottom edge of the
bulk band [indicated by gray shaded regions in Figs. 3(a)
and 3(b)], where we stop our calculations, because in the
band such states couple with bulk modes. Floquet edge
solitons are stable when they correspond to parts of fami-
lies shown by solid curves in Figs. 3(a) and 3(b), and they
become unstable when they approach the bulk band, as
indicated by dashed curves.

Floquet edge solitons in modulated trimer arrays are
nonlinear dynamically oscillating states that periodically
reproduce their shapes with period Z. To illustrate this, we
choose two solitons with P = 0.1 from both gaps corre-
sponding to the magenta dot in Fig. 3(a) and to the green

dot in Fig. 3(b), and show in Fig. 3(c) with lines of similar
color the evolution of their peak amplitudes with distance
on three longitudinal periods of the array. Clearly, the peak
amplitude A exhibits periodic behavior. It is worthwhile
to stress, that such stable states do not decay even at dis-
tances of the order of hundreds of longitudinal periods (see
an example below).

In Figs. 4(a) and 4(b) we depict representative field mod-
ulus distributions in solitons at five typical distances z = 0,
z = Z/4, z = Z/2, z = 3Z/4, and z = Z corresponding to
the open dots in Fig. 3(c). The exact replication of the
soliton profile at z = 0 and z = Z is obvious, the |ψ | distri-
bution at z = Z/2 is also very similar. Since the separation
between waveguides is the smallest at z = Z/4, the overlap
of the left two spots of the nonlinear Floquet edge state is
the most pronounced at this distance. At the same time, at
z = 3Z/4 the separation between spots is maximal. Com-
paring field modulus distributions in two solitons presented
in Figs. 4(a) and 4(b) one can notice that such solitons
clearly inherit phase structure from linear edge states: in
Fig. 4(a) the two left spots are approximately in phase that
leads to constructive interference of the fields between two
waveguides, while in Fig. 4(b) the spots are out of phase
and intensity vanishes between two outermost waveguides.

In addition, we also inspect the propagation dynamics of
perturbed stable and unstable Floquet edge solitons over
large distances. We consider states corresponding to the
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(b)

(c)

(a)

FIG. 5. (a) Peak amplitude of the perturbed Floquet edge soli-
ton versus propagation distance. The green and red curves corre-
spond to the green dot (P = 0.10) and the red dot (P = 0.22) in
Fig. 3(b), respectively. (b) Field modulus distributions in stable
Floquet edge soliton from the green curve in (a) at different dis-
tances. (c) Unstable Floquet edge soliton from the red curve in (a)
at different distances. Panels in (b),(c) are shown in the window
−65 ≤ x ≤ 65 and −4 ≤ x ≤ 4.

green dot (P = 0.1) and red dot (P = 0.22) in Fig. 3(b),
superimpose a small random noise δ(x, y) ∈ [−0.05, 0.05]
on the exact Floquet state at z = 0, so that initial field
distribution is given by φ(x, y, 0)[1 + δ(x, y)], and prop-
agate it in the frames of Eq. (1) up to several hundreds
of longitudinal periods. The corresponding dependence of
peak amplitude on distance is displayed in Fig. 5(a). Stable
state (green curve) shows exactly periodic evolution, Fig.
5(b) shows corresponding field modulus distributions con-
firming that soliton shape taken at z = nZ, where n is an
integer, does not change and no radiation is present. In con-
trast, the amplitude of the unstable state [red curve in Fig.
5(a)] is periodic only over the first couple of periods, but
then it undergoes irregular oscillations. This state exhibits
considerable radiation into the bulk and eventually drasti-
cally broadens in the course of propagation, as shown in
Fig. 5(c).

Nonlinear Floquet states reported here can be excited
dynamically by using proper input beams. To demonstrate
this, we launch two Gaussian beams with 0 or π phase
difference between them into two left waveguides of the
Floquet trimer array and examine their long-distance prop-
agation. Using two beams with proper phase difference
maximizes overlap of the input field with one of the Flo-
quet solitons from different gaps, either the in-phase or
out-of-phase one. Corresponding propagation dynamics is
illustrated in Fig. 6. As one can see, even though shedding

(a)

(b)

FIG. 6. Dynamics of excitation of Floquet edge solitons by
two in-phase (a) and out-of-phase (b) Gaussian beams (total
power P = 0.2) that are launched into two outermost waveguides
of the Floquet trimer array with r = 1. The right two panels are
magnified propagation dynamics in 95Z ≤ z ≤ 100Z.

of some radiation into the bulk is present because the inputs
do not exactly match the profiles of solitons, two nonlinear
states with clearly different dynamics and internal structure
are excited, the light remains confined near the edge even
at distances up to 100Z, and the amplitude shows practi-
cally periodic oscillations indicating the formation of the
in-phase and out-of-phase Floquet edge solitons.

IV. CONCLUSIONS

Summarizing, we theoretically introduced co-existing
Floquet edge states with different phase structures in two
different topological band gaps in the spectrum of the one-
dimensional Floquet trimer array. The appearance of these
states is consistent with different topological indices (Zak
phases) of three bulk bands in the Floquet spectrum of
corresponding periodic structure. We also predicted that
Floquet edge solitons may bifurcate from both types of
linear edge states in the presence of nonlinearity. These
nonlinear Floquet edge solitons exhibit periodic behavior
during propagation and can be dynamically stable. Our
results illustrate rich opportunities for the realization of
topologically nontrivial phases offered by periodic longitu-
dinal modulations of shallow waveguiding structures, that
may be potentially used in the design of Floquet topologi-
cal lasers, higher-order Floquet topological insulators, and
other classes of topological devices.
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