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Measuring the orbital-angular-momentum (OAM) complex spectrum of light is very important in
OAM-based applications. In this paper, we propose and experimentally demonstrate a simple scheme
to measure the OAM complex spectrum of light with the fast Fourier transform (FFT). The light with
input OAM modes coaxially interferes with a Gaussian light beam that is generated locally to achieve the
intensity distribution of the interference. By subtracting the intensity distribution of the input OAM light
from this interference intensity distribution, the OAM complex spectrum can be extracted by employing
the FFT transform on the result of the subtraction. In addition, we also present an approach to enlarge
the range of detectable OAM modes (from 1 to 50) and analyze the effects of optical alignment and the
number of superimposed OAM modes on the measurement results. The proposed scheme is demonstrated
in a proof-of-principle experiment, where six superimposed OAM modes can be measured without error,
with their average deviation of amplitude and phase being 0.07 and 0.308, respectively. The proposed
scheme can exploit applications in some advanced domains, including OAM sensing, OAM imaging,

optical communication decoding, and various other OAM-based systems.
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I. INTRODUCTION

In 1992, Allen et al. proposed that a vortex beam could
carry orbital angular momentum (OAM), which is charac-
terized by exp(ilf), where 6 is the azimuthal angle and / is
the topological charge (TC) [1-4]. Superimposed OAMs
of light, due to a helical wavefront being an independent
physical dimension, have been used to multiplex a wide
range of OAM TCs [5]. According to their orthogonality
and selectivity, OAMs have wide optical applications in
optical communications [6,7], quantum information pro-
cessing [8—10], and as optical sensors [11,12], etc. In
OAM applications, when the complex coefficients (ampli-
tude and phase) of the superimposed OAMs are known,
the complete spatial distribution of the electric field can be
obtained and significant properties such as beam quality
factor M?, beam width, and wavefront are easily computed
at any propagation distance [13,14]. Hence, measuring
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the OAM complex spectrum is essential in OAM-based
applications.

Recent years have witnessed the development of mea-
surement of the OAM complex spectrum. Compared with
measuring a single OAM TC, measuring superimposed
OAM modes is not a trivial task, but several schemes
have been proposed, which can typically be divided
into interference-based spectrum measurement [15-21],
coordinate transformation [22—25], and machine learning
[26,27]. For interference-based spectrum measurement,
the superimposed OAM beam is interfered with a known
beam, and then the OAM spectrum is measured from the
interference results [15-21]. In terms of coordinate trans-
formation, the superimposed OAMs are sorted into dif-
ferent spatial locations [22—25]. For the machine-learning
method, a neural network combined with a phase-only
diffraction optical element is employed to measure the
intensity distribution of the OAM spectrum [26,27].

In our previous work, we employed the rotational
Doppler effect to measure the power and phase distribu-
tions of superimposed OAMs simultaneously [28]. There

© 2023 American Physical Society
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are some other methods to measure the OAM complex
spectrum, such as spatial mode decomposition [29,30],
time mapping [31,32], and grayscale algorithm [33], etc.
However, using the fast Fourier transform (FFT) to mea-
sure the input OAM complex spectrum with superimposed
modes has been less discussed.

In this paper, we present a new scheme for measuring the
complex spectrum of orbital angular momentum using the
fast Fourier transform. In our proposed scheme, the input
superimposed OAM modes of light are coaxially interfered
with a Gaussian light beam, yielding an interference inten-
sity distribution. By subtracting the intensity distribution
of the input superimposed OAM light from the interfer-
ence distribution, the OAM complex spectrum can be
obtained via FFT. To enhance the accuracy of measuring
the complex coefficients (amplitude and phase) of OAM
modes, we introduce a calibration method. Additionally,
we propose an approach to expand the detectable range
of OAM TCs. Similar to the telecommunication decod-
ing system, our scheme shows significant potential for use
in OAM complex spectral analysis and measurement for
OAM-based communication systems with mode-division
multiplexing.

Compared to our previous approach employing the rota-
tional Doppler effect [28], the proposed new scheme offers
two main advantages. Firstly, it simplifies the complex-
ity of the measurement apparatus, so as to reduce errors.
Secondly, the measurement efficiency is improved. The
proposed scheme requires only two intensity images cap-
tured by a camera to complete the measurement, whereas
the previous approach required the camera to continuously
capture intensity images over a period of time to complete
the measurement.

II. METHODS

The proposed measurement scheme can be depicted as
shown in Fig. 1. Figure 1(a) displays a schematic dia-
gram of the proposed scheme, while Fig. 1(b) presents
the OAM-primitive pattern, OAM-interferential pattern,
and OAM-measuring pattern, which are the results of two
superimposed OAM modes with / = 3,8. The process to
obtain the complex spectrum by applying the FFT trans-
form on the OAM-measuring pattern is demonstrated in
Fig. 1(c).

The superimposed OAM beams with input TC values in
Fig. 1(a) can be denoted as

N
Ey =) Ay, explif + ¢,)], (1

n=1

where N and 7 denote the total number of input superim-
posed OAM modes and the measurement radius, respec-
tively. The nth OAM TC value is represented by /,, while
A;, and ¢;, denote the superimposed amplitude and initial

phase of the nth OAM mode, respectively. The superim-
posed amplitude can be expressed as

A,y = a1,Gi, 1, (2

where g, represents the initial amplitude of the nth OAM

mode, and G, , = 2l =27 denotes the amplitude calibra-
tion coefficient of the Laguerre-Gaussian mode with the
measurement radius [34].

From Fig. 1(a), when the input OAM beam passes
through a beam splitter (BS1) and is detected by the
charge-coupled device (CCD1), the initial phase of the
beam is significantly affected by the transmission distance
z and factors associated with / [35], which can be expressed
as

by, = ¢, + P, 2), 3)

where P([,z) is the phase calibration coefficient. Because
of the complexity of the measurement system (transmis-
sion ratio and reflection ratio), the amplitude and phase cal-
ibration coefficients can be obtained through prior experi-
ments. The intensity of the input OAM beam is recorded
by CCDI1, named OAM-primitive pattern, which should
be described as

2

N
LO.) = |4,
n=1

+2 Y |y A | cos(ALyD + ADyy), (4)
Nzpz=g=1

where Al,, =1, — I, and AD,, = ®;, . — @, represent
the OAM mode difference and phase difference between
the pth and gth OAM components, respectively; and | - |
represents the absolute value function. The collected inten-
sity in Eq. (4) consists of two terms, a direct current term
and a cross term between the different input OAM modes.
The cross term can be seen as the harmonics.

On the other hand, the reference Gaussian beam can be
given briefly as

E> = ares(r) exp(iher), 5

where a..¢(r) and ¢.r represent the amplitude and the
phase of the Gaussian beam, respectively. The amplitude
of as(r) is dependent on r and follows a Gaussian distri-
bution. The input OAM beam is reflected through BS1 to
BS2 and interferes coaxially with the reference Gaussian
beam. The resulting OAM-interferential pattern captured
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The principle of the proposed scheme. (a) A schematic diagram of the proposed scheme. (b) The input OAM beam is set to

! = 3,8, and their OAM-primitive pattern, OAM-interferential pattern, and OAM-measuring pattern. (c) The process of implementing

the FFT of OAM-measuring pattern.

by CCD2 can be expressed as

LO,r) = (E\ + E)(E) + Ey)*

N
— la P + Y |y,

n=1
+2 Y |y A| cos(ALyD + Ay,
N>p>g>1
N
23 awer(r)] [y, | oS0 + P,z — Grer).
n=1

(6)

The intensity recorded in Eq. (6) is composed of three
terms: a direct current term, a cross term, and an object
term that contains the OAM mode (/,), amplitude (4;,,),
and phase (®;, ). The OAM-measuring pattern [shown in
Fig. 1(b)] is generated by subtracting the OAM-primitive
pattern from the OAM-interferential pattern, and can be
given as

AIO,r) = L(0,r) — 1L(0,r)

2
= |arr(r)]

COS(ln9 + q)ln,z - ¢ref)-

()

N
+2) a4y,

n=1

Here, the cross term and partial direct-current term are
removed. The expression in Eq. (7) is similar to the
traditional electromagnetic signal expression form.

Then, an FFT with respect to 0 is operated on A/(9),
resulting in the OAM complex spectrum (7(Z, 7)),

AL, ) L

T(,r). ®
The azimuthal angle (0) is sampled and the total sampling
number is M. The azimuthal angle 0 can be described as
0, = 2w /M)m. According to the Nyquist theorem [36],
the total sampling number (M) is assumed to be greater
than twice the maximum OAM mode (/.x) (i.e., M >
2l max)-

The detailed mathematical process of obtaining the
OAM complex spectrum can be described as

M—1

T, r) = Z AL(O,,)e "om

M—
Z [2 > larwe(r)] |4y,

cos(l,0, + &5, — ¢ref)i|

e*ll@,n .

©

According to Euler’s formula, the cosine function can be
described as

c08(1,0m + @1, — Prer)

— %(ei(lnem"l‘d)ln_d’ref) _|_ e—i(ln9m+¢ln_¢ref)).

(10)

Substituting Eq. (10) into Eq. (9) and selecting a known
measurement radius (rp), the OAM complex spectrum
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(T())) can be given by

N M—1
=7y, {|aref<ro)| D | €t =00

n=1 m=0

N
= 277 |ages(ro)| Z \Aln’,0| =t §(1 —1,), (11)

n=1

where §(/ — [,) represents an impulse function and its
meaningless mirror function (8§(/ 4 /,)) is not shown in
Eq. (9).

From Eq. (11), the initial amplitude and phase of the
OAM modes can be measured as

el
In 27T|aref(r0)G;n,r0| ’ (12)

- Im(7(, o)) .
¢l = arctan (RC(T(I, i’o))) + ¢ret — P'(1, 2).

Here arctan(-) represents the inverse tangent function;
Im(-) and Re(-) represent the imaginary component and the
real component of the OAM complex spectrum (7(/, 7)),
respectively; and G}MO and P’(l,z) represent the measured
amplitude and phase calibration coefficient in the prior
experiment. The effects of transmission ratio, reflection
ratio, and CCD response time on the measurement results
are eliminated by the prior calibration experiments. This
involves selecting a measurement radius (ry) and setting
the initial amplitude and phase of each OAM mode to q;, =
1 and ¢;, = 0, respectively. Under the same experimental
conditions, each individual OAM mode with TC ranging
from 1 to N was measured separately. From the measure-
ment results, the amplitude calibration coefficient (G , )
and phase calibration coefficient (P'(/,z)) are obtained.

In the following, we design an algorithm to realize the
FFT with respect to 8 on AI(6). The main steps of this
algorithm are shown in Fig. 1(c) and listed below.

(1) Firstly, a single OAM mode is adopted to locate
the central position (xg,y0). Because its OAM-primitive
pattern is a ring-shaped pattern (doughnut), it is easy
to find out the center position (xo,)9). Then, adjust the
reference beam and determine the radial alignment by
observing whether petal-like speckles are produced in the
OAM-interferential pattern.

(i) The second step is to extract the intensity values on
the red ring. The relationships between the pixel location
(X, Ym) in the OAM-measuring pattern and (6,,, 7) are

Xm = Xo + I"COS(@,”),

Vi = Yo + r$in(0n), (13)

where » = 1, ..., R, and R represents the total radius of the
measurement bound.

(i) The third step is to determine the measurement
bound. The sum of the intensity values of a circle is
calculated, which can be given as

M—1
Alic(r) =) A (G, ym)- (14)

m=0

The threshold value (/) is set to determine the measure-
ment bound. In Fig. 1(c), the green ring, Al (R) = Ly,
is the measurement bound. The intensity information out-
side the measurement bound (green ring) is too weak to be
available.

(iv) Finally, half of the measurement bound (ry = R/2)
is normally used to extract the intensity distribution, which
is the red ring in the OAM-measuring pattern [Fig. 1(c)].
The intensity distribution in polar coordinates is converted
into the intensity signal in Cartesian coordinates. Then,
the OAM spectrum is obtained by using the FFT on the
intensity signal. Note that, according to Eq. (11), the OAM
modes (/) are not dependent on the radius (»), and the
measurement experiment can be completed using a single
measurement radius.

To evaluate the measurement accuracy, we define the
average deviations of amplitude and phase as

N
1 /
b= lay, — |,
n=1

Ly (15)
b = D161, — ]|
n=1

Here 8, and 84 represent the average deviation of ampli-
tude and phase, respectively; a;, and ¢;, are the theoretical
values; and @) and ¢, are the experimental values.

III. EXPERIMENTAL RESULTS

A. Experimental setup

A proof-of-principle experiment is designed to demon-
strate the proposed scheme. Figure 2 shows the exper-
imental setup. A He-Ne laser beam with a wavelength
of 632.8 nm is split into the signal and reference beams
by beam splitter BS1. The signal beam is then directed
through beam splitter BS2 and onto a spatial light modula-
tor (SLM), a Holoeye PLUTO-2-VIS. The SLM imprints
an OAM multiplexing hologram onto the signal beam,
which can be generated via the superposition of different
OAM single holograms. The reflected beam from the SLM
can be used to emulate an input OAM beam. The input
OAM beam is reflected by beam splitters BS2 and BS3
and is then coaxially interfered with the reference beam.

The transmission direction of the reference beam is
adjusted using a mirror, and the intensity of the Gaus-
sian beam is adjusted using a variable neutral density filter
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FIG. 2. The experimental setup.

(NDF). By controlling the NDF, the intensity of the Gaus-
sian beam can be matched with that of the signal beam. The
plate here is used to generate the OAM-primitive pattern
or the OAM-interferential pattern by the same experi-
mental setup. When the plate is used, the Gaussian beam
is blocked and only the input OAM beam is collected
by the CCD camera, and the OAM-primitive pattern is
obtained. When the plate is removed, the Gaussian beam
can coaxially interfere with the input OAM beam, and the
OAM-interferential pattern is obtained. It is important to
note that the CCD camera converts light intensity into gray
values ranging from 0 to 255. The total sampling number
is set to 1000 (M = 1000), which means that the sampling
interval of the angle is A6 = 27 /1000.

B. Measurement of OAM modes and amplitude
spectrum

To verify the feasibility of the proposed measurement
scheme, assume that the TCs of the input OAM modes are
limited to a range, say from 1 to 15. In the prior exper-
iment, we first select a measurement radius of 7y = 150
pixels and scan the input OAM modes from OAM-1 to
OAM-15 to obtain the measurement amplitude calibration
coefficient (G/ ,) and measurement phase calibration coef-
ficient (P’(/, z)) which are shown in Fig. 3(a) and Fig. 3(b),
respectively.

The measuring results are presented in Fig. 4. Figure
4(a) illustrates the measurement process of the OAM
amplitude spectrum when the input OAM modes consist of

4
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FIG. 3. The calibration coefficient in o = 150 pixels. (a) The

measurement amplitude calibration coefficient (G)
measurement phase calibration coefficient (P'(/,z)).

) (b) The

two modes (/ = 3, 8). Figure 4(b) shows the measurement
process of the OAM amplitude spectrum when the input
OAM modes consist of three modes (I = 2,4, 6). Finally,
Fig. 4(c) shows the measurement process of the OAM
amplitude spectrum when the input OAM modes consist
of six modes (/ = 2,4,6,8,10,13).

In the two-modes experiment, the initial amplitudes
of OAM modes with / = 3,8 are set to a;, = 1,1. From
Fig. 4(a), the OAM-measuring pattern can be obtained
from the OAM-interferential pattern minus the OAM-
primitive pattern. The intensity distribution is sampled and
converted into the intensity distribution with Cartesian
coordinates. By FFT, the OAM amplitude spectrum can
be obtained. According to Eq. (12), the initial amplitude
distribution can be recovered by using the OAM ampli-
tude spectrum over the amplitude calibration coefficients
(G, ) and the amplitude of the reference beam (a¢(ry)),
which are @) = 0.970 and g, = 0.974. The other OAM
modes have values in the initial amplitude distribution,
which are mainly due to harmonics. The fluctuation range
of harmonics is 0.11 & 0.06, which is obtained by exper-
imental statistics. Hence, the threshold is set to ag, = 0.3
for filtering out the object OAM modes. Overall, our pro-
posed scheme can accurately measure the OAM modes and
their amplitude from the measurement results. The aver-
age deviation of the measured amplitude is 6, = 0.028,
demonstrating the high precision of our scheme.

Similarly, in the three-modes experiment, the initial
amplitude of OAM modes with [ = 2,4, 6 are set to a;, =
1,1, 1. From Fig. 3(b), the initial amplitude distribution
can be obtained (a}n =0.931,0.971,0.985). The fluctua-
tion range of harmonics is 0.14 £ 0.08 and the average
deviation of measurement amplitude is §, = 0.038.

In the six-modes experiment, the initial ampli-
tude of the OAM modes with /= 2,4,6,8,10,13 are
set to a, =1,13,1,1,1,1. From Fig. 3(c), the ini-
tial amplitude distribution can be obtained (a) =
1.070,1.297,0.925,0.907,0.900,0.928). The fluctuation
range of harmonics is 0.18 + 0.06 and the average devi-
ation of measurement intensity is 3, = 0.07.

From the three experiments, it is indicated that the aver-
age deviation of measurement intensity increases with the
increase in the number of superimposed OAM modes.

C. Measurement of OAM phase spectrum

Our proposed measurement scheme can also obtain the
initial OAM phase distribution. The experimental results
are shown in Fig. 5, where Fig. 5(a) shows the initial OAM
phase distribution of two OAM modes. Figure 5(b) shows
the initial OAM phase distribution of three OAM modes.
Figure 5(c) shows the initial OAM phase distribution of six
OAM modes.

In the two-modes experiment, the OAM modes con-
sist of two modes (I =3,8), and their initial phases
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are set to ¢, = —m, 7. Similarly, the OAM phase spec-
trum should be calibrated. The initial OAM phase dis-
tribution can be achieved by using the measuring OAM
phase spectrum minus the phase calibration coefficient

(P(l,z)). According to Fig. 5(a), our proposed scheme
can measure the initial OAM phase accurately. The
average deviation of the measurement phase is 84 =
0.196.
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The experimental results of the initial OAM phase distribution. (a) The initial OAM phase distribution of two superimposed

OAM modes (/ = 3, 8). (b) The initial OAM phase distribution of three superimposed OAM modes (/ = 2,4, 6). (c) The initial OAM
phase distribution of six superimposed OAM modes (I = 2,4, 6,8, 10, 13). Exp, experiments; Sim, simulation.
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In the three-modes experiment, the OAM modes consist
of three modes (I = 2,4, 6), and their initial phases are set
to ¢, = —m, /2, w. The measurement results are shown
in Fig. 5(b) and the average deviation of the measurement
phase is §, = 0.266.

In the six-modes experiment, the OAM modes consist
of six modes (/ = 2,4, 6, 8,10, 13), and their initial phases
are setto ¢, = —m,mw,mw/2,—m/2,0, 7. The measurement
results are shown in Fig. 5(c) and the average deviation of
the measurement phase is 4 = 0.308.

IV. DISCUSSION

A. Enlarging the range of detectable OAM modes

According to the Laguerre-Gaussian mode and Eq. (2),
the range of detectable OAM modes is finite by using
the single measurement radius. Hence, multiple measure-
ment radii are utilized and their OAM complex spectra are
spliced together to enlarge the range of detectable OAM
modes.

Figure 6 shows the method process for enlarging the
range of detectable OAM modes. We design an OAM-
multiplexing beam as the input OAM beam, which consists
of five OAM modes (I = 10,20,30,40,50). The initial
amplitudes are set to (1,1,1,1,1) and the phase is set to
zero for simplicity. The OAM-measuring pattern of this
input OAM beam is shown in Fig. 6(a). The four mea-
surement radii (r; = 60, r, = 85, r3 = 105, and ry = 125
pixels) are selected to measure the OAM amplitude spec-
trum. As indicated by Eq. (12), both the amplitude cali-
bration coefficient (G, ) and the reference beam ampli-
tude (arr(r)) have impacts on the recovery of the initial
amplitude, and they vary with the radius. As a result, the

compensation factor (G, ,arr(r)), which can be defined as
the amplitude calibration coefficients multiplied by the cor-
responding reference beam amplitude at different radii, is
presented in Fig. 6(b).

To enlarge the range of detectable OAM modes, the pro-
posed method consists of four main steps. In the first step,
the intensities collected at the four selected measurement
radii are transformed by FFT to obtain four OAM ampli-
tude spectra. In the second step, each OAM amplitude
spectrum is divided by its corresponding compensation
factor, which is the product of the amplitude calibra-
tion coefficient (G) ,) and the reference beam amplitude
(awf(r)) at each measurement radius. The compensation
factors are shown in Fig. 6(b). In the third step, the four
OAM complex spectra are added and the superimposed
OAM amplitude spectrum can be shown in Fig. 6(c).
Finally, by applying a threshold (aw, = 0.45), the initial
OAM amplitude distribution can be obtained, as shown in
Fig. 6(d).

From Fig. 6(d), it is shown that the input OAM modes
can be extracted accurately and the measurement ampli-
tude distributions agree well with the theoretical calcula-
tions. The average deviation of the measurement amplitude
is 0.112. However, compared with the single measure-
ment radius, the amplitudes of harmonics are obvious. The
main reason is that the addition step also superposes the
harmonics.

B. Analyzing the effect of optical alignment

Optical alignment has two impacts on measurement
results in terms of accuracy. On the one hand, the reference
beam and measurement beam need to be radially aligned to
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Average deviation
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0 1
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FIG. 7. Analyzing the effect of axial alignment. (a) The OAM-
interferential pattern (d = 10 pixels and / = 4). (b) The OAM-
primitive pattern with single OAM mode. (c) The simulation and
experimental results for the average deviation of OAM amplitude
measurement with different central positions. Exp, experiments;
Sim, simulation.

achieve coaxial interference. In our experiment, exceeding
a distance of 4 pixels between the center of the measured
beam and the center of the reference beam will result in
the absence of coaxial interference. As an illustration, for
the single OAM mode with / = 4, a difference of 6 pixels
between the centers of the two beams would yield signif-
icantly incorrect measurement results, as demonstrated in
Fig. 7(a)(without the appearance of petal-like speckles).

On the other hand, the alignment of pixel (xg, o) rela-
tive to the central position of the OAM-measuring pattern
also has a significant impact on the measurement results.
The single OAM mode is used to find out the central
position (x;,y;), which can be shown in Fig. 7(b). To
evaluate the effect of central alignment difference (d =
V&0 —x0)% + (vo — ¥)?) on OAM amplitude measure-
ment accuracy, the simulation and experimental results for
the average deviation of OAM amplitude measurement
are obtained for different central alignment differences ()
ranging from —4 to 4 pixels, as shown in Fig. 7(c). The
results indicate that the average deviation increases as the
central alignment difference increases.

C. Analyzing the impact of superimposed OAM modes
on measurement accuracy

While the superimposed OAM modes can provide sig-
nificant benefits for OAM-based applications, such as
improving efficiency, they can also introduce measurement
deviations with the increase of the number of superim-
posed OAM modes, which are shown in Fig. 8. The results
also include a comparison with a deep-learning-based
approach [27]. From Fig. 8, the experimental results indi-
cate that the average deviation increases with an increase in
the number of superimposed OAM modes. A comparison
with the deep-learning-based approach shows that the

0.25 ‘ ‘ ‘ ‘ : :
—— Our proposed approach
—*— Deep-learning-based approach [27]

0.20+
c
Ke]
T 015}
>
()
©
S
@ 0.10
g
Z

0.05+

R
0.00 ‘ ‘ ; : ‘ ‘ ‘ ‘
1 2 3 4 5 6 7 8 9 10
Topological charge, !
FIG. 8. The average deviation with different numbers of super-

imposed OAM modes.

increase in superimposed OAM modes has a greater impact
on the performance of the deep-learning-based approach.

V. CONCLUSIONS

In summary, we have presented a novel approach for
measuring the orbital angular momentum (OAM) complex
spectrum of light using the FFT. By coaxially interfering
the input OAM light with a Gaussian reference beam, we
obtain the intensity distribution of the interference, from
which the intensity distribution of the input OAM light
is then subtracted to obtain the OAM complex spectrum
via FFT. From the calibration coefficient, our experimen-
tal results demonstrate accurate measurement of different
superimposed OAM modes and their amplitude and phase
distributions. Moreover, we have proposed a method for
enlarging the detectable range of OAM modes from 1 to
50. Our study also highlights the importance of optical
alignment and the number of superimposed OAM modes
for accurate measurements. Our proposed scheme offers
a promising solution for measuring the OAM complex
spectrum and has potential applications in OAM-based
communication and some other OAM-based systems.
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