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Simulating quantum many-body systems is a highly demanding task since the required resources grow
exponentially with the dimension of the system. In the case of fermionic systems, this is even harder
since nonlocal interactions emerge due to the antisymmetric character of the fermionic wave function.
Here, we introduce a digital-analog quantum algorithm to simulate a wide class of fermionic Hamiltonians
including the paradigmatic one-dimensional Fermi-Hubbard model. These digital-analog methods allow
quantum algorithms to run beyond digital versions via an efficient use of coherence time. Furthermore, we
exemplify our techniques with a low-connected architecture for realistic digital-analog implementations
of specific fermionic models.
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I. INTRODUCTION

The use of quantum resources may allow us to improve
a variety of classical tasks in computation [1], commu-
nication [2], and simulation [3,4]. In his seminal work,
Feynman recognized that the complexity of simulating or
computing quantum systems grows exponentially with the
number of particles comprising the system [3]. When the
proposed solution is to employ another controllable quan-
tum system to simulate the dynamics of the unknown one,
we speak about analog quantum simulation. The latter has
been successfully employed for paradigmatic cases such
as the quantum Rabi model [5–7], the dynamical Casimir
effect [8–10], the Jaynes-Cummings and Rabi lattices [11–
13], fermionic systems [14–18], as well as the recent boson
sampling [19], just to name a few. Moreover, it is also pos-
sible to implement digital quantum simulations [20] with a
number of interesting applications [21].

Along these lines, quantum computing emerged with
the formal proposal of a quantum Turing machine [22,
23], the discovery of quantum algorithms with quantum
speedup [24–26], universal sets of quantum gates [27], and
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quantum error correction [28–30]. This entire approach
may be called digital quantum computing, given that it
is based on an algorithmic sequence of single-qubit gates
(SQGs) and two-qubit gates [31]. Among key implemen-
tations of this paradigm in different quantum platforms,
we can mention experiments in superconducting qubits
[21,32–34] and ion traps [35,36].

Recently, an innovative quantum computing paradigm
was proposed in Ref. [37], where digital-analog quantum
computation (DAQC) was introduced. DAQC merges the
digital methods, which provide versatility, with the ana-
log approaches, which enhance robustness against errors,
displaying better scalability than purely digital approaches
in the same noisy intermediate-scale quantum (NISQ)
devices. This approach was used to propose the real-
istic implementation of the quantum Fourier transform
[38] and the quantum approximate optimization algorithm
(QAOA) [39]. Previously, a nonuniversal approach for
digital-analog quantum simulations was developed and
recently reviewed [40].

In this paper we develop the DAQC approach to sim-
ulate strongly correlated fermionic systems by study-
ing the paradigmatic Fermi-Hubbard (FH) model in one
dimension. This and related models are at the core
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of intense research due to their implications to high-
temperature superconductivity, among other phenomena.
Although its seemingly simple expression, an exact solu-
tion of the Hubbard model is only known for one dimen-
sion [41] and infinite dimensions [42]. In dimensions of
relevance for materials (i.e., two and three dimensions), its
simulation poses severe difficulties to state-of-the-art clas-
sical computational methods, such as the infamous sign
problem of quantum Monte Carlo simulations [43], which
has motivated tremendous efforts in the development of
alternative numerical approaches [44]. Our choice for the
one-dimensional (1D) model is justified since our goal
here is to show that the DAQC technique can be success-
fully employed in order to efficiently simulate a fermionic
system. The extension of the techniques presented here
to higher-dimensional systems is much more involved,
including the required computational power to simulate
the system on a classical computer, but can be performed.
Of course, the architecture of the hardware will have to
change, but according to our findings, we expect that the
advantage of the digital-analog algorithm will overcome
the purely digital one.

The difficulty of quantum simulating or computing
fermionic models resides in the need of nonlocal gates to
account for the antisymmetric character of the fermionic
many-body wave function, as they appear when employ-
ing the Jordan-Wigner mapping [45] relating fermions to
qubits, the building blocks of quantum computers [21,
46–49]. Then, by means of a Lie-Suzuki-Trotter decom-
position [50,51], the unitary evolution generated by the
qubit Hamiltonian can be written in terms of SQGs and
two-qubit gates, making possible the digital computation
of the fermionic Hamiltonian. On the analog side, the
idea is to employ a suitable testbed system that mim-
ics the fermionic dynamics, as employed in optical traps
[52] and trapped ions [53]. Here, we employ tools from
both of these approaches in order to show how the
digital-analog paradigm can be used in the simulation of
fermionic Hamiltonians. Because of the intrinsic digital-
analog nature of our method, the implemented quantum
algorithm will show a higher resilience against deco-
herence. We also find a low-connected architecture for
optimal adaptation to current setups.

In a recent work a DAQC simulation of a many-body
Fermionic system was proposed [54]. There, they apply
SWAP networks to systems with planar connectivity graphs,
in particular, square lattices, ladder topologies, and lin-
ear graphs. For the latter, they obtain a circuit depth
of O(nq), where nq is the number of qubits employed.
Recently a VQE algorithm was employed to simulate up
to 16 qubits in a superconducting processor, employing
error mitigation techniques on a short depth circuit [55].
Another recent work proposed a quantum inspired clas-
sical algorithm, in which they employ the symmetries of
the system to reduce the complexity of the operations,

pushing the boundaries of quantum advantage require-
ments for fermionic system simulations [56].

The paper is organized as follows. We start by describ-
ing our system in the next section, followed by the digital-
analog proposal for the considered model, which naturally
leads to optimal architectures. We illustrate the protocol
by applying it to the 1D Fermi-Hubbard Hamiltonian for a
few fermions, including the action of noise. We close the
manuscript with a summary of the results and a discus-
sion on the physical and practical aspects of the proposed
DAQC algorithm for fermionic models.

II. THE MODEL

We focus on simulating the 1D FH model [57,58] on an
n-site chain with open boundary conditions,

H = λ
∑

j ,s

(
c†

j ,scj +1,s + c†
j +1,scj ,s

)

+ ε
∑

j

nj ,↑nj ,↓ + μ
∑

j ,s

nj ,s, (1)

where λ and ε describe the tunneling and the on-site
interaction amplitudes, respectively, and μ is the chem-
ical potential. The summation runs over all sites 1 ≤
j ≤= 1, . . . , n of the system, and s =↑, ↓ labels the
spin. Thus, operator c†

j ,s creates a fermion at site j with
spin s, while nj ,s = c†

j ,scj ,s denotes the number oper-
ator. Because of the Pauli exclusion principle, these
fermionic operators must fulfill the anticommutation rela-
tions {cj ,s, c†

l,s′ } = δj ,lδs,s′ and {c†
j ,s, c†

l,s′ } = {cj ,s, cl,s′ } = 0.
Such relations ensure global antisymmetry of the wave
function under the exchange of fermions.

In order to simulate the Hubbard dynamics in a quan-
tum computer, we need to implement the unitary evolution
Ut

H = exp{−iHt}. In general, quantum computers employ
controlled qubits (which are neither fermions nor bosons)
in order to implement a simulation of a given system.
Therefore, the first goal is to map the fermionic dynamics
into one describing a collection of qubits. We do this by
means of the Jordan-Wigner transformation [45,46,59,60].
The idea is to associate the occupation number of a given
fermionic mode—which can be occupied or not—with the
two possible states of a qubit [60]. Considering spinless
fermions, a creation fermionic operator maps to a string of
spin operators,

c†
j = σ+

j

j −1⊗

i=1

σ z
i , (2)

where cj = (c†
j )

† and σ± = (σ x ± iσ y)/2, and σαj (α =
x, y, z) are the Pauli matrices. It is straightforward to show
that the transformation in Eq. (2) preserves the fermionic
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FIG. 1. The qubit Hamiltonian. The circles represent the
qubits, each one labeled by a double index, the site in the lattice,
and the orientation of the spin. The arrows linking the circles rep-
resent interactions. Each chain contains n qubits, the number of
considered sites. The top chain holds the up state of the fermion
while the bottom one is employed to represent the fermionic
down state. The one site energy is not shown.

anticommutation relations and that c†
j cj +1 = σ+

j σ
−
j +1 and

c†
j cj = σ+

j σ
−
j =

(
1 + σ z

j

)
/2.

Now, considering a system of qubits with 1D topology,
and that each site of the FH model (1) has two fermionic
modes corresponding to the spin, we assign the s =↓ (↑)
modes to the first (second) half of the qubit chain, i.e.,
(j , ↑) → j and (j , ↓) → j + n. Therefore, we need nq =
2n qubits in order to simulate the 1D FH model on n sites.
In this new notation, the FH Hamiltonian takes the form

H = λ

n−1∑

j =1

(
c†

j cj +1 + c†
j +1cj + c†

j +ncj +n+1 + c†
j +n+1cj +n

)

+ ε

n∑

j

c†
j cj c†

j +ncj +n + μ

n∑

j

(
c†

j cj + c†
j +ncj +n

)
.

(3)

In terms of qubit (spin) operators, this takes the expression

HQ = 1
2

(ε
2

+ μ
) nq∑

j

σ z
j + ε

4

n∑

j

σ z
j σ

z
j +n

+ λ

2

n−1∑

j =1

(
σ x

j σ
x
j +1 + σ

y
j σ

y
j +1

)

+ λ

2

n−1∑

j =1

(
σ x

j +nσ
x
j +n+1 + σ

y
j +nσ

y
j +n+1

)
. (4)

As shown in Fig. 1, the 1D FH model naturally maps to
a ladder qubit system where each qubit of rung j in the
left (right) leg encodes the spin-up (spin-down) fermionic
mode of site j in the 1D FH model. In our case, we are
assigning each leg of the ladder to each half of the qubit
1D hardware [59,60]. An interesting generalization of this
transformation for two dimensions was recently proposed
in Ref. [61].

FIG. 2. The computation of HZZ . The top panel shows the
graph representation of the mapping HI → HZZ , given in Eq.
(7b), for three-site Fermi-Hubbard. The first graph on the left
represents the Ising Hamiltonian HI given in Eq. (5) of the
main text for the case nq = 6. The blue spheres are the ver-
tices while the red lines represents the interaction between two
linked vertices. Here D6 is the operation that decouples the neces-
sary interactions. Transformation S6 = P3,4P4,5P2,3, represented
by the two graphs in the shaded area of the figure, implements
two sequences of SWAP gates, with a total of four SWAP layers,
as indicated by the dashed arrows in the figures. Here Pi,j means
the permutation of sites i and j . The result is the desired graph
shown on the right, which represents the Hamiltonian HZZ . The
bottom panel shows the quantum circuit of the process.

III. DIGITAL-ANALOG QUANTUM ALGORITHM

The digital-analog approach makes use of the native
Hamiltonian in the platform system, together with single-
qubit rotations, to implement the quantum computation.
For simplicity, let us consider that the system in our control
is governed by the Ising with nearest-neighbor interactions
Hamiltonian

HI =
nq−1∑

i=1

βiσ
z
i σ

z
i+1, (5)

with βi a coupling constant. This comprises the analog part
of the simulation. Therefore, this Hamiltonian, along with
one-qubit gates, is our resource for building the simula-
tion of the Hamiltonian in Eq. (1). The central idea is to
find a sequence of digital and analog blocks that maps the
evolution under HI onto the evolution under HQ in Eq. (4).

First, we must select a correct mapping of the qubits
onto the hardware we are employing. As a first approach,
one can directly assign the labels in Eq. (4) to those in
Eq. (5) (1, 2, . . . , n, n + 1, . . . , n + n). However, this leads
to having to simulate couplings between qubits that are at
a distance of n. Simulating these long-range interactions
requires us to implement 2(n − 1) layers of SWAP gates
[62], as shown in Fig. 2. For reducing at maximum the
number of SWAP layers, we propose an alternating map-
ping of the up and down fermionic states (1, n + 1, n +
2, 2, 3, n + 3, n + 4, . . .), as illustrated in Fig. 3. This new
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FIG. 3. Qubit mappings onto a linear hardware. On top, the
direct mapping of the qubits, and below, the “snakelike” map-
ping. We depict in red the physical linear device employed for the
simulation. The numeric labels correspond to those employed in
Eq. (4). With the direct mapping, the maximum distance between
the two qubits representing the states up and down for the same
fermion is equal to the number of fermions n. On the contrary,
the snakelike mapping reduces this distance to 3 for any number
of fermions.

mapping reduces the maximum distance for the couplings
from n to 3, such that we can implement them using just
two layers of SWAP gates. To see this, note that if we apply
now a SWAP gate between all i and i + 1 qubits for all i odd
qubits, we obtain a new configuration in which we find the
remaining couplings (n + 1, 1, 2, n + 1, n + 3, 3, 4, . . .). As
in the previous case, we need to apply these SWAP gates
after we simulate the interactions so that we can recover
the original qubit mapping.

Then, we employ the Lie-Suzuki-Trotter decomposition
[50,51] to write the total evolution operator of the qubit
representation of the FH mode, Eq. (4), as

Ut = lim
l→∞

[
Ut

XX aUt
YYaUt

ZUt
ZZUt

XX bUt
YYb

]l , (6)

where we employ the notation Ut
a ≡ exp(−i�t

lHa), l = nT
is the number of Trotter steps, �t

l = t/l and

HZ = 1
2

(ε
2

+ μ
) 2n∑

j

σ z
j , (7a)

HZZ = ε

4

n∑

j

σ z
j σ

z
j +n, (7b)

HXX a = λ

2

⎛

⎝
n−1∑

j ={even}
σ x

j σ
x
j +1 +

n−1∑

j ={odd}
σ x

n+j σ
x
n+j +1

⎞

⎠ , (7c)

HXX b = λ

2

⎛

⎝
n−1∑

j ={odd}
σ x

j σ
x
j +1 +

n−1∑

j ={even}
σ x

n+j σ
x
n+j +1

⎞

⎠ , (7d)

HYYa = λ

2

⎛

⎝
n−1∑

j ={even}
σ

y
j σ

y
j +1 +

n−1∑

j ={odd}
σ

y
n+j σ

y
n+j +1

⎞

⎠ , (7e)

HYYb = λ

2

⎛

⎝
n−1∑

j ={odd}
σ

y
j σ

y
j +1 +

n−1∑

j ={even}
σ

y
n+j σ

y
n+j +1

⎞

⎠ . (7f)

This selection of the division of the HXX and HYY terms
will lead to a reduction in the depth of the circuit, which
will become clear in the following.

The implementation of the schedule proposed in Eq. (6)
requires two layers of SWAP gates per Trotter step. With the
objective of further reducing the number of SWAP layers,
let us write a symmetric Trotterization [51] employing the
same number of exponential terms as in Eq. (6),

Ut
s = lim

l→∞
[
Ut

XX aUt
YYaUt

ZUt
ZZUt

XX bUt
YYb

× Ut
YYbUt

XX bUt
ZZUt

ZUt
YYaUt

XX a
]l/2 . (8)

Each of these new Trotter steps requires again two SWAP
layers, as shown in Fig. 4. However, we have cut in half
the number of SWAP layers for the total circuit. Addition-
ally, the use of the symmetric Trotter formula reduces the
error from O(l−2) to O(l−3)while employing a circuit with
practically the same number of exponential terms. Further-
more, note that due to their commutation properties, we
can merge all adjacent Ut

XX and Ut
YY terms, even those

belonging to different Trotter steps.
Now we have to design a digital-analog schedule for

simulating these terms. For simplicity, let us start by
sketching the digital circuit that implements the evolution
in Eq. (8), as shown in Fig. 4. The HZ term from Eq. (7a)
can be directly implemented with single-qubit z rotations.
In order to implement the rest of the interacting terms, we
employ various sets of two-qubit and single-qubit gates.
However, in this work we employ a digital-analog sched-
ule, where we employ the natural interaction Hamiltonian
from the hardware to implement the interactions. The
digital-analog schedule is the sequence of SQGs (digital
blocks) sandwiching control-free evolution periods (ana-
log blocks). We distinguish two versions of DAQC, the
stepwise (sDAQC) and the banged version (bDAQC). The
difference between both is in the way the digital blocks are
applied. In sDAQC the interaction Hamiltonian is switched
off during the digital block. On the contrary, in bDAQC
the driving for applying the SQGs is applied on top of the
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FIG. 4. The Trotterized evolution: digital quantum circuit for implementing the Trotterized evolution under the fermionic Hamilto-
nian. Note that the position of the qubits is the same at the start and at the end of each of the symmetric Trotter steps. We do not show
here the SQGs to rotate the σ xσ x and σ yσ y interactions to the σ zσ z axis.

interaction. Assuming square pulse drivings, the descrip-
tion of a single analog block sandwiched between two
digital blocks is

UsDAQC = e−itSQGHSQG,1e−itHI e−itSQGHSQG,2

≈ UbDAQC = e−itSQG(HSQG,1+HI )

e−i(t−2tSQG)HI e−itSQG(HSQG,2−HI ),

(9)

where HSQG is the driving Hamiltonian for implementing
the SQGs and tSQG is the duration of the driving, such that
the SQG can be written as USQG = e−itSQGHSQG. This differ-
ence introduces a small deviation in the unitary evolution
of bDAQC compared with sDAQC, which gets reduced as
the time to apply the SQGs decreases. Even though the per-
formance of the sDAQC circuits will give a better fidelity
compared with bDAQC, it might be challenging to turn
on and off the interaction Hamiltonian in actual experi-
ments. Thus, the bDAQC model provides a realistically
implementable description of the DAQC paradigm. The
comparison between both is further depicted in Fig. 5.

While we can implement the SWAP gate in a digital cir-
cuit employing three CNOT gates, for the digital-analog
implementation, we decompose the SWAP gate between the
qubits i and j into interactions in the Pauli basis, SWAPij
= exp[−i(π/4)(σ x

i σ
x
j + σ

y
i σ

y
j + σ z

i σ
z
j )]. As we have done

in a previous step, when writing all the terms in the Pauli
basis, we can merge adjacent terms with the same type of
interactions.

The next step is to simulate the Hamiltonians with
σ x

k σ
x
k+1 and σ y

k σ
y
k+1 with the resources from the hardware

Hamiltonian HI . For this, we rotate the qubits to the desired
axis. Let us employ a compact notation for the SQGs,
αθk ≡ Rk

α(θ) = exp(−iσαk θ/2), α = {x, y, z}. Noting that
exp(−itσ x

k σ
x
k + 1) = Y−π/2

1 Y−π/2
2 exp(−itσ z

k σ
z
k + 1)Y

π/2
1 Yπ/22

and exp(−itσ y
k σ

y
k+1) = X π/2

1 X π/2
2 exp(−itσ z

k σ
z
k+1)X

−π/2
1

X −π/2
2 , we can express each Trotter step in Eq. (8) in terms

of SQGs and interaction terms between neighboring qubits
of the form exp(−itβiσ

z
i σ

z
i+1).

With all terms written as σ z
i σ

z
i+1 interactions, we can

implement them in a quantum hardware whose coupling
connectivity completely covers the target couplings we
want to simulate. The simulation can be implemented by
applying a sequence of X ±π rotations (digital blocks) and
control-free evolutions (analog blocks). In Ref. [37] it
was shown how to generate a digital-analog schedule in
order to simulate an inhomogeneous Ising Hamiltonian
employing another inhomogeneous Ising Hamiltonian as
a resource.

As an example, let us consider a simpler case. Let
us assume that we want to simulate the evolution of a
toy inhomogeneous nearest-neighbor Ising Hamiltonian
Htoy = ∑n−1

i=1 αiσ
z
i σ

z
i+1 for a time tf . As a resource, let

us assume that we have an inhomogeneous Ising Hamil-
tonian as in Eq. (5). Using the fact that X πσ zX −π =
X −πσ zX π = −σ z, we can invert the sign of a coupling by
applying an X gate on one of the two qubits. In this way,
we can write

U
tf
toy = exp

(
−itf

n−1∑

i=1

αiσ
z
i σ

z
i+1

)

=
n−1∏

k=1

[(
n∏

i=1

X
πAk,i

k

)
exp (−itkHI)

(
n∏

i=1

X
−πAk,i

k

)]

= exp

⎛

⎝−i
n−1∑

j =1

n∑

k=1

(−1)Ak,j +Ak,j +1 tkβiσ
z
j σ

z
j +1

⎞

⎠ ,

(10)

where Ak,i ∈ {0, 1} is a matrix that marks the application
of X ±π gates on qubit i at the start and end on the kth
analog block. Now, we have to solve the following system
of equations:

tf αi =
n−1∑

k=1

(−1)Ak,i+Ak,i+1 tkβi, ∀i ∈ {1, . . . , nq}. (11)
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(a)

(b)

FIG. 5. The digital-analog schedule. (a) sDAQC schedule for
the state preparation and the first term from the first Trotter step
(see Fig. 4). See here that in order to simulate the evolution under
the H a

XX Hamiltonian we need to apply a Y±π/2 rotation to all
qubits before and after the analog blocks. For this, we assume
that our hardware only allows us to implement x and z rota-
tions, so we employ the identity Yθ = Zπ/2X θZ−π/2. Employing
the fact that single-qubit z rotations commute with the evolu-
tion under the Ising Hamiltonian and by merging all the adjacent
SQGs of the same type, we have simplified the circuit to what
is shown in the figure. In blue we depict the hardware Ising
Hamiltonian, in purple and green we depict the single-qubit x
and z gates, respectively. In the sDAQC circuit, the interaction
Hamiltonian is turned off during the application of the SQGs.
The angles for the SQGs are shown inside the squares, while the
time for the analog blocks is shown between them. (b) Corre-
sponding bDAQC schedule. Note that since the Hamiltonian is
always on, the length of the analog blocks is reduced to fit the
SQGs while keeping the time in which the Hamiltonian is on,
with td1 = 5/2tx + 2tz and td2 = 3/2tx + tz .

We are free to choose any A matrix that generates a com-
patible system of equations. Following the same reasoning
as in Ref. [37], we can choose to invert just one of the cou-
plings per analog block. Then, an easy choice would be to
apply the digital gates to the first k qubits, this is Ak,i = 1 if
i ≤ k and Ak,i = 0 else. With this, we can directly solve the
equations to obtain the corresponding analog block times
{tk}.

From this general example, let us now go to the problem
of generating the digital-analog schedule for our simu-
lation. In this case, we have to simulate the following

nearest-neighbor Hamiltonians with alternating couplings:

Hsim = ν

n−1∑

i={odd}
σ z

i σ
z
i+1 + ξ

n−1∑

i={even}
σ z

i σ
z
i+1. (12)

Here ν and ξ are the corresponding couplings. For sim-
plicity, let us assume that we employ a system whose
couplings are designed to be equal, so we have βi =
β ∀i in Eq. (5). When solving this system, we note
that it can be reduced to just a set of two equations if
we employ the following selection of X ±π gates, A1,i =
1 ∀i, A2,j = 1 j ∈ {1, 4, 5, 8, 9, . . . , 2n − 1} if ξ > ν, A2,j =
1 j ∈ {2, 3, 6, 7, 10, . . . , 2n} if ξ < ν, and A2,j = 0 else.
This way, the time duration of the analog blocks is t1 =
(ξ + ν)/2 and t2 = |ξ + ν|/2.

With all these ingredients, we can now write the
full digital-analog circuit for simulating the evolution.
By applying every optimization trick mentioned in this
section, the total time for the digital-analog circuit is

Ttotal = 3tz + 7tx + l
[
4tz + 12tx + tZZ + tπ/4

+ tXX + max
(
tπ/4, tXX

)]
, (13)

where tx (tz) is the time to implement a digital x-(z-)rotation
gate, tZZ = (π + (tε/l))/(4β), tπ/4 = π/(4β), and tXX =
λt/(lβ). In total, we have to apply 3 + 8l analog blocks,
2 + 4l Rz digital blocks, and 6 + 12l Rx digital blocks. As
we see, the digital-analog implementation scales linearly
with the number of Trotter steps, and the total simulation
time, O(tl).

A. Ladder architecture

In the previous section it was assumed that the connec-
tivity of the qubits in the hardware is linear, as shown in
the upper panel of Fig. 2, with the underlying Hamilto-
nian given by the Ising model in Eq. (5). This forced us
to apply a set of SWAP gates in order to implement the
HZZ Hamiltonian from Eq. (7b), since it contains long-
range interactions. This introduces an extra cost in time
that might have an impact on the performance of the cir-
cuit. We can avoid this problem by employing a more
appropriate chip architecture.

This means that we can start from a different archi-
tecture, in which the underlying Hamiltonian has already
the same connectivity as the problem, thus eliminating
the necessity of all the SWAP gates. This new architecture
would decrease the overall error and time of the computa-
tion, thus decreasing the number of necessary Trotter steps
to achieve a given precision. Figure 6 shows the optimal
architecture in the sense of the one that would require the
minimal number of digital and analog blocks. This proces-
sor architecture emerges naturally from the Hamiltonian in
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FIG. 6. The ladder architecture. The blue circles represent the
physical qubits, which interact with each other with strengths α
and γ with a ZZ interaction. Given such ladder architecture, in
order to implement the HZZ Hamiltonian [Eq. (7b)] all we need
to do is to decouple all the α interactions. This can be done by
single-qubit rotations as explained in the text. To implement the
HXX [Eqs. (7c) and (7d)] and HYY [Eqs. (7e) and (7f)] interac-
tions, we need to decouple all the qubits linked by γ . This can
also be done by single-qubit rotations. Moreover, by employing
such single-qubit rotations, we can change the coupling between
the desired qubits in order to achieve the target ones given by ε
and λ, in the same way we did in the examples discussed in the
text.

Eq. (4),

Hladder =
n−1∑

i=1

αiσ
z
i σ

z
i+1 + αn+iσ

z
n+iσ

z
n+i+1 +

n∑

i=1

γiσ
z
i σ

z
n+i,

(14)

with αi and γi the corresponding couplings.
With this new codesigned processor we can directly

implement the FH model by employing a reduced num-
ber of steps compared with Eq. (8). Again, employing a
symmetric Trotter formula, we can write a single step as

Ut
s = lim

l→∞

[
Ut/2

XX Ut/2
YY Ut

ZUt
ZZUt/2

YY Ut/2
XX

]l
, (15)

where we have already merged all commuting terms.
Now, for implementing each of the interacting terms, we

have to first rotate the qubits as before. However, now there
is a difference in the digital-analog blocks. Now, we have
to simulate the evolution under Hamiltonians with the form

Hladder = ν

n−1∑

i=1

(
σ z

i σ
z
i+1 + σ z

n+iσ
z
n+i+1

)+ ξ

n∑

i=1

σ z
i σ

z
n+i,

(16)

with ν and ξ the corresponding coupling constants. Assum-
ing that we have enough control over the design of the
system, we can set the couplings so that all horizontal
couplings are equal, and so with all vertical couplings,
this is αi = α and γi = γ ∀i. This selection allows us
to simulate each ladder Hamiltonian with just two ana-
log blocks with time duration t1 = [(ξ/γ )+ (ν/α)]/2 and

t2 = |(ξ/γ )− (ν/α)|/2. A design of the digital blocks that
allows for this distinguishes two cases. If we have to simu-
late a Hladder with ξ/γ > ν/α, we apply A1,i = 1 ∀i, A2,j =
1 for j = {1, 3, 5, . . . , n + 1, n + 3, n + 5, . . .}, A3,k = 1 for
k = {2, 4, 6, . . . , n + 2, n + 4, n + 6, . . .}, and A = 0 else.
On the contrary, when ν/α > ξ/γ , the digital blocks are
A1,i = 1 ∀i, A2,j = 1 for j = {1, 2, . . . , n}, A3,k = 1 for
k = {n + 1, n + 2, . . . , 2n}, and A = 0 else.

B. Hardware requirements for DAQC

The digital-analog paradigm was introduced as a suit-
able quantum computing platform in the current NISQ
era [63]. One of the main advantages is the absence of
two-qubit gates in the circuits, which allows us to evade
the difficult task of having to reduce the gates infideli-
ties to extract meaningful results from the experiments. In
this sense, a suitable platform for DAQC could be any in
which we can address each qubit so that we can implement
arbitrary single-qubit rotations, and in which the system
Hamiltonian has a global entangling dynamics [37].

A well-established platform for performing a quantum
computational task is the trapped ions setup [64]. In the
Lamb-Dike regime a chain of trapped ions can be mod-
eled with the Ising Hamiltonian. This directly allows us to
implement the DAQC circuits, in which the single-qubit
gates can be engineered through Stark shifts mediated by
lasers [65].

Superconducting circuits are one of the most studied
platforms in digital quantum computation. In these cir-
cuits, we can employ different circuit designs to build
the qubits (e.g., transmon [66] or flux qubits [67]) and
their couplings (direct capacitive [68] or inductive cou-
plings [69], or resonator mediated couplings [67,69,70]).
The Hamiltonian arising from these circuits can then be
manipulated by changing the frame of reference in order
to match the desired couplings [71,72]. DAQC algorithms
have already been implemented in superconducting cir-
cuits, showing their capabilities as a valid platform for this
paradigm.

We argue that the current technology is ready for the
simulation of the Fermi-Hubbard model. In Ref. [63] they
employed a circuit architecture with the qubits connected
as a square lattice, which perfectly matches the proposed
codesigned topology. The coupling strength they achieved
in their system was of the order of approximately mega-
hertz. If we assume that the maximum coupling strength of
the fermionic system [ε/2, λ/2 from Eq. (1)] is of the order
of magnitude of approximately kilohertz (e.g., Ref. [73]),
then we need to run the circuit for a time in the ∼µs. Tak-
ing IBM’s systems as a example of the usual decoherence
times of current superconducting circuits, T1 ∼ 100 µs, we
estimate that our algorithm could run in a real experiment.
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IV. NUMERICAL RESULTS

In this section we numerically study the digital-analog
approach by inspecting the evolution of various observ-
ables and comparing them to the exact evolution.

In particular, we consider the total density

ni = ni,↑ + ni,↓ = 1 + 1
2
(
σ z

i + σ z
i+n

)
, (17)

and the on-site double occupancy

ni,↑ni,↓ = 1
4
(
σ z

i σ
z
i+n + 2ni − 1

)
, (18)

which measures the on-site fermionic correlations and is
customarily used as a qualitative parameter related to the
Mott insulator-metal transition.

In the following we consider the time evolution of the
average of these observables with respect to a randomly
chosen separable initial state |ψ〉 = |ψ1(θ1,φ1)〉 ⊗ · ·
·|ψn(θn,φn)〉, with |ψk(θk,φk)〉 = cos θk|0〉k + e−iφk

sin θk|1k〉 being the state of qubit k. The angles are ran-
domly chosen in the intervals {θk,φk} ∈ [0, 2π ], such that
we uniformly sample the Hilbert space of separable pure
states.

To study the behavior of our digital-analog approach,
we show a comparison between the time evolution of the
analog (A), and both the banged (bDAQC) and the step-
wise digital-analog (sDAQC) approaches for the three-site
fermion chain. In order to accelerate the numerical simula-
tions we employ a simplified model for the DAQC circuits,
we assume that all the control pulses applied are square
pulses. This implies that for the simulation of sDAQC
circuits, we assume the switching of the interaction Hamil-
tonian is performed instantly. For the simulation of the
analog schedule, we calculate the exact analog evolution
under the qubit Hamiltonian [Eq. (4)]. For calculating the
fidelity, we employ the usual formula

F =
∣∣∣〈ψ |U†

AρDAUA|ψ〉
∣∣∣ , (19)

where UA is the unitary evolution generated by the qubit
Hamiltonian HQ [Eq. (1)], and ρDA is the density matrix
representing the final state after the digital-analog circuit.

In Figs. 7 and 8 we show the average fidelity over a num-
ber of initial states for the sDAQC and bDAQC with and
without noise. For simplicity, we call simulations in which
we omit the noise “ideal”. The number of runs is set so
that the error in the fidelity is less than 0.001, with a max-
imum of 4000 runs per data point. Figure 9 also shows
the results of the circuits when measuring the observables
from Eqs. (17) and (18). The main conclusion we extract
from these studies is the confirmation that the fidelity for
simulating the evolution over longer times drops with the
number of Trotter steps. If we compare the stepwise and

the banged implementations, we see the expected results
shown in Ref. [37], where we see a drop in the fidelity
due to the unwanted interactions during the application of
the SQGs in bDAQC. Furthermore, we see that for lower
times, the fidelity in bDAQC decreases as we increase the
number of Trotter steps. This effect comes from the reduc-
tion of the length of the analog blocks, which weakens
the assumption that the time to apply a SQG is negligible
compared with the analog block times. Therefore, there is
an optimum number of Trotter steps that maximizes the
fidelity for each simulation time t in bDAQC.

When considering the errors, there is a considerable
drop in fidelity, especially for longer simulation times. The
simulations in the linear device show that for the circuits
with a greater number of Trotter steps, the fidelity is almost
comparable to that of a thermal state. The main contribu-
tion to this increase in noise is the overhead in the analog
blocks required to implement the SWAP gates. On the con-
trary, for the ladder architecture there are no SWAP gates,
and thus, the total simulation time stays close to constant.
This allows us to increase the number of Trotter steps while
only increasing the banging error.

When we employ a codesigned circuit to simulate the
fermionic dynamics, the total time for the analog blocks
depends solely on the time for the simulation and the rela-
tion between the coupling strength of the hardware and
the corresponding couplings we want to simulate. Unlike
the simulation with a nearest neighbor hardware where
we need to apply a number of SWAP gates that scale lin-
early with the number of Trotter steps, the simulation
on the codesigned hardware is SWAP free. An unwanted
consequence of this is that for shorter simulation times,
the bDAQC implementation on the codesigned hardware
yields lower fidelities compared with the bDAQC imple-
mentation on the nearest neighbor hardware. Assuming
that we can tune the strength of the couplings before the
experiments at will, we can avoid this problem by setting
their strength such that the time of the shorter analog block
is much greater than the time to apply a SQG, minTanalog �
TSQG.

A. Simulation of noisy circuits

For the numerical experiments, we simulate both the
ideal (noiseless) and the noisy circuits. For modeling the
errors in the DAQC circuits, we follow the procedure pro-
posed in Ref. [74]. There, they introduce four main sources
of error.

The bit-flip error models the random switch of the state
of a qubit. This error can be triggered by the control signals
or by random thermal fluctuations. The simulation of this
error is made by the quantum channel formalism, with a
probability of a bit flip to happen within a digital or analog
block of pbf.
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(a)

(b)

FIG. 7. Fidelity for the “snakelike” mapping. Fidelities for a
different number of Trotter steps and times for the (a) step-
wise and (b) banged DA circuits. The dotted lines represent
the ideal implementation of the circuits, while the solid ones
show the effect of the noise. Here we show the mean value over
a maximum of 2000 runs with different initial random states.
The fermionic Hamiltonian parameters are randomly set for
each run with a uniform distribution in the ranges ε = [1/2, 2],
μ = [1/4, 1], and λ = [1/2, 2], while the hardware Hamiltonian
is set at β = 1. The time duration of the single-qubit gates are
tSQG = 10−3. The error parameters are rD = 0.025, r(sDAQC)

B =
20, r(bDAQC)

B = 10−4, pbf = 10−4, pth = 0.35, T1 = 100, and T2 =
100 (see Sec. IV A for definitions). All parameters are given in
units of � = 1, and represent realistic parameters for the current
NISQ era superconducting circuits [74].

Both the decoherence and the dephasing of the qubits
are modeled by the generalized damping channel and the
dephasing channel, respectively. Here, we assume that the
state of the qubit can be de-excited due to contact with an
environment, with a thermal population of the ground state
pth. The rate at which these errors occur increases with the
duration t of the process, exp(−t/T), with T1 the thermal
relaxation time for the longitudinal relaxation and T2 the
phase coherence time.

(a)

(b)

FIG. 8. Fidelity for the ladder architecture. Fidelities for a dif-
ferent number of Trotter steps and times for the (a) stepwise and
(b) banged DA circuits. Here we employ α = γ = 1. The rest
of the parameters are the same as in Fig. 7. In this architecture
the digital analog can be implemented faster than in the nearest
neighbor architecture. As a consequence, if we maintain the time
for applying a SQG, the effect of the decoherence and the dephas-
ing affect the outcome of the experiments less. This results in an
improvement on the fidelity, especially for the bDAQC circuits.

Additionally, they considered the error of applying a
SQG. This error can account for the imperfect control
pulses to perform the SQGs or from a magnetic field
affecting the qubits. For this, they introduced a random
deviation from the ideal unitary. In this paper we simulate
this error by introducing an error ε with a normal distri-
bution centered at 0 with standard deviation rD, such that
exp(−iθμ) → exp(−i(θ + ε)μ), with μ the correspond-
ing Pauli matrix.

The last source of error comes from the imperfect con-
trol over the time at which the gates are applied. This
instrumental error is modeled as a normal distribution of
standard deviation rBtSQG around the ideal time at which
each analog or digital block should start. As an example, an
analog block applied between times ti and ti+1 is simulated
as exp(−i(ti+1 − ti)HI ) → exp(−i(ti+1 − ti + δ)HI ).
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(a)

(b)

FIG. 9. The errors in measuring observables. (a) The differ-
ence between the expected value and the simulated measure-
ments of the total density for the first site. In this plot we show
the simulations of the noisy bDAQC circuits for the two topolo-
gies, with the same setup as in Fig. 7. As expected from the
results of the fidelity, we obtain a more accurate measurement
of the expected value of the observable for the case in which
we employ the codesigned hardware. We note that there is an
asymptotic behavior on the error of measuring the observables,
close to the 0.2 mark, as seen for the “snake” topology and
the codesigned experiment with nT = 10. Although not shown,
the asymptotic behavior is also present for the on-site double-
occupancy observable. (b) Measurements for the on-site double
occupancy of the first site for different times and for the same
initial state for the noisy bDAQC circuit in the codesigned hard-
ware. In this case, we see that the simulation with nT = 50 yields
a closer expected value to the exact one for times closer to t = 20
than the simulation with nT = 50.

V. CONCLUSIONS

In summary, we present a digital-analog quantum
algorithm for the quantum computation of the paradig-
matic 1D Hubbard model. For the implementation, we
propose two realistic circuit topologies, a 1D nearest-
neighbor system and a codesigned system with a ladder
architecture, in both cases with an Ising Hamiltonian as a

resource. For the case of the 1D system, we found a map-
ping that reduces drastically the number of SWAP gates,
which grows linearly with the number of Trotter steps and
is independent of the number of fermions in the system. By
inspecting the fidelity, and the evolution of the density and
double-occupancy operators, we show that the algorithm
has a very good performance, especially in the codesigned
case. The performance of this algorithm is bounded by the
errors coming from the Trotterization, which we reduce by
employing a symmetric expansion with a negligible extra
cost. We run the experiments in both an ideal scenario
for bounding the fidelity of the algorithm, and a realistic
noisy scenario. The results obtained show the validity of
our algorithm for simulating the system using the DAQC
protocol, especially when employing the bDAQC protocol
in the codesigned architecture. When applied to a spe-
cific quantum platform, more detailed considerations of
error sources and decoherence issues will be required, but
evidence based on previous works shows better scalabil-
ity for digital-analog rather than purely digital approaches
[37,38]. This work is an important step in the development
of quantum algorithms using DAQC techniques.
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