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The implementation of a universal quantum processor still poses fundamental issues related to error mit-
igation and correction, which demand investigation of also platforms and computing schemes alternative
to the main stream. A possibility is offered by employing multilevel logical units (qudits), naturally pro-
vided by molecular spins. Here we present the blueprint of a molecular spin quantum processor consisting
of single molecular nanomagnets, acting as qudits, placed within superconducting resonators adapted to
the size and interactions of these molecules to achieve a strong single spin-to-photon coupling. We show
how to implement a universal set of gates in such a platform and to readout the final qudit state. Single-
qudit unitaries (potentially embedding multiple qubits) are implemented by fast classical drives, while
an alternative scheme is introduced to obtain two-qubit gates via resonant photon exchange. The latter is
compared to the dispersive approach, finding in general a significant improvement. The performance of
the platform is assessed by realistic numerical simulations of gate sequences, such as Deutsch-Josza and
quantum simulation algorithms. The very good results demonstrate the feasibility of the molecular route

towards a universal quantum processor.
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I. INTRODUCTION

Recent advances in the realization of quantum chips
with gradually better performances (both in the number
of qubits and in the fidelity of operations) [1-8] could
stimulate the question: is it still worth to pursue other
routes different from the most established technologies?
Are there fundamental issues (not barely technical prob-
lems), which could be more easily tackled by alternative
platforms, potentially in the short term?

One should first acknowledge that even the most
advanced platforms, i.e., superconducting qubits and ion
traps, are still limited by key errors in the manipulation of
a relevant number of qubits, thus placing the actual imple-
mentation of a universal, error-corrected hardware still far
from current capabilities. A promising option to strongly
mitigate errors and simplify quantum operations is to move
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from the binary qubit logic to the use of multilevel logi-
cal units called qudits. In fact, qudits can be exploited to
reduce the number of required entangling gates in the syn-
thesis of arbitrary unitaries [9], with potentially disruptive
applications in quantum simulation [10] and quantum error
correction [11-13].

In this respect, it was shown that molecular spin systems
such as molecular nanomagnets (MNMs) could consti-
tute the natural playground [14]. Indeed, they can pro-
vide many low-energy states with naturally long coher-
ence [15—-18], which can be engineered by chemistry to
achieve an impressive degree of control, thus meeting
the requirements of tailored quantum computing [19-21],
quantum simulation [22,23], and quantum error-correction
[12,24,25] schemes. The fundamental limitation toward
the realization of a MNM-based quantum hardware is
represented by the realization of a scalable platform in
which individual molecules are initialized, manipulated,
and readout. The natural way of achieving this is to
export standard methods from superconducting qubits’
technology [26-29], i.e., to couple MNMs to on-chip
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superconducting resonators and exploit the tools of cir-
cuit quantum electro-dynamics to “wire them up.” This
idea was already put forward in Ref. [30], but it has
remained a long-term vision until recent progresses both
in increasing the coupling of spins to superconducting
resonators [31-34] and in understanding the crucial advan-
tage of molecular qudits for quantum information pro-
cessing [14]. Indeed, on the one hand, the fabrication of
nanoscopic constrictions on the transmission lines allow
one to concentrate the magnetic field in regions where
MNMs of the same size can be naturally accommodated.
This enhances the spin-photon coupling by orders of mag-
nitude, as experimentally demonstrated [31,32]. On the
other hand, the potentiality of properly designed molec-
ular spins to encode qudits with suppressed decoherence
[35,36] or embedded quantum error correction [13,35,37—
39] has been investigated. Hence, we are now in a position
to understand and quantify advantages and limitations of
a quantum hardware consisting of individual MNMs cou-
pled to superconducting resonators. This requires a scheme
for implementing qudit gates and for reading the output, a
suitable design of the platform and accurate simulations
to figure out where we are and what we can eventually
accomplish.

To this end, we present hereafter the blueprint of a
molecular spin quantum processor (MSQP). Both super-
conducting resonators and MNM qudits embedded within
them are designed to achieve a strong coupling to single
photons, by locally concentrating the microwave magnetic
field and choosing suitable molecular states.

We illustrate how to implement a universal set of gates
in such a platform and how to readout the final qudit state.
In particular, we show that several qubits can be encoded
within an individual qudit and single-qudit unitaries cor-
responding to multiqubit algorithms can be implemented
by classical drives sent through proper auxiliary control
lines [30]. Moreover, we propose an alternative scheme to
obtain two-qudit gates by means of a relatively fast res-
onant real photon exchange [40,41], using the tunability
of the resonator frequency as the unique knob [42]. This
scheme is compared with a dispersive approach [43] for
the implementation of two-qudit gates by virtual photon
exchange, finding a useful speedup for the former and
hence an improved fidelity, due to the limited effect of
decoherence. The overall performance of the proposal is
assessed through realistic simulations of elementary gates
and of more complex sequences, such as those involved in
the Deutsch-Josza algorithm implemented on a single qudit
and in the quantum simulation of interesting physical mod-
els. Our simulations take into account the most paramount
errors occurring on a real platform, namely photon loss and
pure dephasing of individual spins. The very promising
results achieved with experimentally reachable conditions
demonstrate that a MSQP could be a valid path toward a
universal quantum hardware.

The paper is organized as follows: we first present the
working principles of the MSQP (Sec. II) and then move
to the design of the resonator, along with the estimate of
feasible spin-photon coupling strengths (Sec. II). Then we
simulate the related performance of the hardware (Sec. [V)
for elementary gates and for more complex quantum simu-
lation sequences. We finally summarize results and discuss
perspectives for further steps in Sec. V.

II. WORKING PRINCIPLES OF THE
MOLECULAR SPIN QUANTUM PROCESSOR

We illustrate below the working principles of our
MSQP. In particular, we first introduce the static system
Hamiltonian and basic ideas to choose the optimal spin
system. Then, we show how each of the five DiVincenzo
criteria can be fulfilled.

For sake of clarity, we start here by considering an
elementary unit of the MSQP, consisting of a single res-
onator embedding two molecular spin qudits, both strongly
coupled to the photon field. The scheme can then be eas-
ily generalized to an array of such units, as explained
below (Sec. II F). Each unit of the scalable architecture is
described by the following Hamiltonian:

H = H, + Hg + Hg,. (1)

Here the first term H, = hw, (1) (a'f'a +1 /2) represents
the photon field of tunable frequency w,(f) = wy + 5(¥)
around a central value wg, with af (a) boson creation
(annihilation) operators satisfying [a,a'] = 1.

The second term in Eq. (1) is the spin Hamiltonian of
two spin S qudits:

Hs=ppB Y @S-+ Y DiS%, )
i=1,2 =12

consisting of the Zeeman interaction with an external field
and of a zero-field splitting anisotropy term, which is
essential to make all the energy gaps inequivalent and
hence individually addressable by resonant pulses. The
eigenstates of Hg are the same as S, (|m;)), with ener-
gies £, = Dimi2 + giupgBm; and allowed |m;) — |m; £ 1)
dipole transitions. (We omit here for simplicity other pos-
sible anisotropic terms, which do not qualitatively alter our
results.)

Finally, Hy, represents the spin-photon interaction con-
tribution, given by

HSP = Z 2Gi(a + aT)Sxi
=12

~ Y GMalm+ 1) (m| +a |m) m+ 1)), (3)

im

where in the second line G/ = G;+/S(S+ 1) — m(m + 1)
and we apply the rotating-wave approximation (RWA),
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which is practically exact in the examined range of
parameters. Even though not employed in our numeri-
cal simulations, the RWA allows us to perform all of the
following reasoning with only energy-conserving terms.
From Eq. (3) we note that the coupling of the resonator
field with each spin transition G} (and hence the time
required to implement two-qudit gates) can be enhanced
by proper choice of the spin system and of the transi-
tions, besides resonator engineering. Such a degree of
freedom is a rather unique opportunity offered by molec-
ular nanomagnets, which can be exploited to significant
speedup two-qudit gates. In particular, for a spin S sys-
tem described by Hamiltonian (2), transitions between
|m; = 0) and |m; = £1) states (the lowest energy ones in
the presence of easy plane anisotropy and at low field)
are enhanced by a factor /S(S 4 1) compared to a spin
1/2. To fully exploit this degree of freedom, we consider
in the following two S = 10 qudits, with D;/27 ~ 7 — 8
GHz and spin transitions always involving a |m; = 0) state
(here and in the following, parameters are in units of A).
Although not corresponding to a specific molecule, the
assumed parameters are perfectly reasonable. Indeed, the
employed |D| are exactly in between those of the two most
famous S = 10 single-molecule magnets, namely Feg [44]
and Mn; [45,46]. Moreover, multispin clusters with easy
plane anisotropy (D; > 0) have also been already synthe-
sized (see, e.g.,an S = 6 Cry, [47] with D/27 = 2.6 GHz),
and examples exist even with much larger S [48], although
with smaller or less characterized anisotropy.

In the following subsections we address one by one the
DiVincenzo criteria.

A. Encoding and initialization

In the idle configuration [i.e., with §(¢#) = 0], the cou-
plings G}' are much smaller than the difference between
the bare photon (fiwo) and spin [E” = E{ — E,(:,")] exci-
tation energies, for each qudit ¢;. Hence, the eigenstates
of Hamiltonian (1) are practically factorized and can be
expressed as |mimy) ® |n,), with S;; |m;) = m;|m;) and
a‘a |n,) = ny, |np).

Then, we encode two-qudit logical states in the zero-
photon subspace (a'a) =0, i.e., we represent the two-
qudit wave function as |[pg) = |[mim;) ® |n, = 0). This
choice reduces the harmful effect of photon loss. Here-
after, we relabel the states with p,¢q = 0,...,2S in order
of increasing energy. With the parameters considered in the
text (i.e., low B and D; > 0), the sequence of single-qudit
states is given by m; = 0, —1,+1, —2,+2,.. ., as shown in
Fig. 1.

By working at a base temperature below 10 mK (cor-
responding to a frequency of approximately equal to 0.2
GHz), high-fidelity initialization of each qudit in its ground
state can be achieved by cooling.

A
30
)

N
5/ 20 qujft ; —
i quait

10t v
g S @rw,

0 | | | v
0 10 20 30 40 50
B (mT)
FIG. 1. Lowest energy levels for the two qudits used in the

reported simulations, with D;/2xr =7.1 GHz, D,/2n =17.7
GHz, g; = 2. Blue double arrows indicate allowed EPR transi-
tions for qudit 2 between |my) — |my £ 1) levels, induced by
resonant (low-power) microwave classical pulses in the range
5-20 GHz. An analogous situation is found for qudit 1 (not
shown for clarity). The thick arrow on the right indicates the bare
resonator frequency fwy.

B. Single-qudit gates

In analogy to what is usually done for qubits, a universal
qudit set can be obtained by combining general single-
qudit gates with one two-qudit entangling gate [36,49].

As far as the former are concerned, any single-qudit
unitary can be decomposed into approximately @*> Givens
rotations [49] between consecutive |m) — |m &£ 1) transi-
tions.

These transitions are indicated by blue arrows in Fig. 1
and can be accomplished by classical control drives
Hi(6) = B10(|t — to] — T)pup cos(wt + ¢) (2151 + £25,2)
resonant with the addressed pair of levels. With the here
employed parameters, this sets the driving frequency in
the 520 GHz range, perfectly achievable using low-power
pulses, i.e., B; ~ 1-5 G. Using larger values of B; (faster
pulses) would only increase leakage towards other tran-
sitions (different from the addressed one) without signifi-
cantly reducing the time to implement a generic algorithm.
Indeed, even with small By, the latter is largely dominated
by the duration of two-qudit gates, as discussed below. In
the near future, the performance of single-qudit gates (both
in terms of gating time and leakage reduction) could be
further improved by optimal quantum control techniques
[50].

In the current development stage, noise is particularly
relevant for multiqubit gates, while manipulations on indi-
vidual objects (i.e., a single qubit-qudit) are much easier.
Hence, an interesting perspective in the near term is to
embed several qubits into a single qudit and then rewrite
multiqubit algorithms in terms of single-qudit transitions
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and gates. This requires proper development of a dictio-
nary to map multiqubit into single-qudit operations. Such
a dictionary must include the correspondence between the
eigenstates of the multiqubit and of the qudit system. This
allocation of levels can be chosen arbitrarily depending on
the connectivity between levels in our qudit. For exam-
ple, we can assign the multiqubit levels on which most
operations are to be acted upon to the levels which can be
manipulated faster. Once such a structure is constructed,
we decompose the unitary that comprises the whole mul-
tiqubit circuit into single-qudit operations (or Givens rota-
tions) using a QR decomposition method [36,49,50]. With
this method, we can decompose any unitary matrix U into
the product U = QR, where Q is an orthogonal matrix that
will be the sequence of different pulses and R is a diago-
nal matrix that will account for the relative phases induced
by the operations between the qudit levels. More explic-
itly, the operations that we apply to our molecule have the
following Givens rotation representation R, ,,+1(0,¢) =
Em,m+1 o, (p) D I(m): where

C N
gm,m-i-l(ee 90) - |: _S* c i|5

with ¢ = cos(6/2) and s = —isin(0/2)e", is the two-
level rotation on the levels m, m +1 and LT is
the identity over the rest of qudit levels. By choosing
properly 6 and ¢ we can transform our unitary U into
the diagonal matrix R: R = ([]; L, Rm,m+1(9i,<pi))T U.
This diagonal matrix can be further transformed into the
identity applying two-level rotations around the Z
axis, which can be achieved from the previous ones:
Ri,m+1 (9) = Rm,m—H (7-[/29 7T)Rm,m+1 (99 ﬂ/z)Rm,m+l (77/2: 0)
(cf. Appendix A in Ref. [50] for a detailed description of
the algorithm). With these definitions we have everything
that is needed to decompose any multiqubit circuit into a
single-qudit one. We now need to find the relation between
the decomposition parameters (9, ¢) and the physical ones
that we are able to implement.

In order to get the physical parameters that are needed
for implementing such decomposition, we rewrite H,(f)
within the RWA and in interaction picture, setting for each
Im) — |m') transition hew = E" . Then we get

4 1 » )
HI" ~ SguaBi| (m| S, Im') | (7 Im) (m'| +hec.). (4)

Here, the angle ¢ = ¢ — § results from the phase of the
driving pulse, ¢, and from the possible phase induced
in the transition between levels (here § = 7 /2, since we
choose an oscillating field along y). From here, the unitary
evolution of the system in the interaction picture reads

UM (r) = exp [_i? (cos (pa;”'"/ — sin (pUymm,):| , (5)

with 6(¢) = gugBi| (m| S, |m') |t and where the Uo’an/ (x =
X,y) operators act as the Pauli operators in the subspace of
the two levels involved in the transition |m) — |m’). U™(f)
is precisely the kind of rotations we get from our decom-
position algorithm: 6 modulates the population transfer
between levels and ¢ the relative phase acquired. There-
fore, we can construct directly the experimental pulses
that are needed to implement any multiqubit circuit in our
molecule from the sequence of operations that we obtain
from the QR decomposition.

C. Two-qudit gates

Terrific advances have been recently done in increas-
ing single spin to photon couplings [31,32] and estimates
for G;/2m can reach values in the order of 10? kHz for
a spin 1/2, as demonstrated in Sec. III below. Neverthe-
less, these numbers still require a careful engineering of
photon-mediated two-qudit gates in order to keep gating
times (1y,) significantly shorter than the system coherence.
Indeed, the established scheme to implement two-qubit
gates in the dispersive regime [51] implies rather long 1y,
thus making its realization practically difficult. Even for
qudits, where additional strategies to optimize the coupling
and reduce the required interaction time can be consid-
ered [43]. To overcome this limitation, we introduce below
an alternative scheme, which significantly shortens 7,, by
operating in the resonant regime.

Before illustrating our proposal, we recall the working
principles of the dispersive approach. The idea is analo-
gous to the first proposals on transmon qubits [26]. If we
consider a pair of spins coupled to the same resonator and
such that the spin gaps (E¥ )) are significantly detuned

mm

from ho, (e, G < |ho,—E! |), we can derive a
second-order effective spin-spin interaction mediated by

the virtual exchange of a photon [14], of the form

Hgr =Y T mom') L F1], (6)

. /’ / 1 ~ ’ i
with )W~ G'GY /A;and A; = ho, — E,y 1\ Now,
if the two spin gaps are significantly different |E! .| —

E:Inz,’m,ﬂl > FZZ;;:;;TI, Hegr is ineffective and the two qudits
are decoupled. This occurs, for instance, if the two
molecules have slightly different g; or D; in Eq. (2). To
turn on the mutual spin-spin interaction, we can apply local
magnetic fields [30] to make £, ., = E,; ., thus acti-
vating an oscillation between |m,m’) and |m &+ 1,m’ F 1)
two-qudit states.

In the case of qubits, the resulting evolution Uxy(t)
is equivalent to that induced by a spin Hamilto-
nian of the form Hyy = sy18x + 8,182, i.e., Uyy(t) =
exp [—iHxyt/h)]. Hence, the unitary gate Uyy(t) can be
naturally exploited in the quantum simulation of several
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models, which can be mapped to this Hamiltonian, as illus-
trated below. For proper choice of the interaction time
7, this evolution implements entangling gates such as the
ISWAP or the +/iSWAP. The resulting gating time (to imple-
ment, e.g., an iISWAP) is given by 175, = nA/2(G§")2. With
the parameters employed here, 75, ~ 6 ps, thus making
two-qudit gates implemented with the dispersive approach
rather slow and hence prone to decoherence.

We now move to our alternative proposal for two-qudit
gates in the resonant regime, i.e., by real (rather than vir-
tual) photon exchange. This leads to gate times scaling
linearly (instead of quadratically) with G, achieving a
significant speedup compared to the dispersive regime. In
particular, we consider a qudit controlled-phase gate, in
which a desired phase ¢ is added only to a specific compo-
nent [pg) of the two-qudit wave function. This corresponds
to the unitary transformation

Uy =7 1pg) (pql
+ ) 1pg) (gl (1 = 8p53)-

pq

()

To minimize the duration of the two-qudit gate, we exploit
only transitions among the lowest m states (i.e., |[m = 0) <
|m = %1)) in the level diagram of Fig. 1, thus getting an
enhancement of the coupling of +/S(S + 1) &~ 10. In the
example below, this allows us to directly implement U9',

which can be easily transformed into any other U, gate
by adding single-qudit gates implemented via much faster
classical resonant pulses. This not only guarantees qudit
universality, but also a relevant flexibility in the two-qudit
gate, which could be very useful to reduce the depth of
many algorithms.

To illustrate the implementation of a generic U,/ gate,
we refer to the scheme reported in Fig. 2. In particular,
we consider a three-level qudit ¢; (including an auxiliary
level |e) exploited during the gate) and a four-level qudit
q2, but the scheme can be straightforwardly extended to
qudits of different size. As a unique knob to implement the
gate, we exploit the tunability of the resonator frequency
by insertion of proper superconducting quantum interfer-
ence device (SQUID) elements. Such a tunability can reach
about 30 % of the bare frequency wg with a reduction of the
resonator quality factor O of only a factor of 2—3 [42] and
can be as fast as 1 ns [52].

We then proceed along the following steps (see
Fig. 2):

(a) In the idle phase the resonator frequency is set off
resonance from all qudit excitations [Fig. 2(a)] and no
photons are present (dark resonator).

(b) We then bring the resonator into resonance with

E(()qlz), i.e., the |0) < |1) transition of g, [Fig. 2(b)]. If state

(q2)
Eo5

IDLE: off resonance

(a)

(b) Resonance with

FIG. 2. Scheme of the two-qudit resonant gate: dark (bright)
boxes indicate empty (single photon) resonators. Two photon
states (included in the simulations) are never populated. Energy
levels of the two qudits are indicated by red lines. In this exam-
ple, we use two levels to encode the logical state of ¢; (left) and
four to encode ¢, (right), while the second excited state of ¢,
(dotted line, |e)) is an auxiliary one exploited during the gate.
The dashed green line indicates the resonator frequency, which
is varied at each step. We illustrate the steps of the gate for a
system prepared in |01) (crosses). (a) Idle state, with no photons
(dark) and the resonator out of resonance with respect to all qudit
transitions. (b) The resonator is brought into resonance with E(()[f)
and a photon is emitted if g, is prepared in [1). (c) A photon is
now in the resonator (bright) and can be absorbed emitted if ¢,
is prepared in |0), once the resonator is brought into resonance
with E(()Z‘) . (d) The resonator is brought again into resonance with
E(()‘{z) and the photon is absorbed, ending up again with [01) and
an additional phase.

[1) of ¢ is populated, a photon is emitted and the resonator
becomes bright (c).

(c) We then induce a 27 transition from |0) to |e) on ¢,
[Fig. 2(c)] with photon absorption and re-emission. If the
transition is resonant, the amplitude is completely trans-
ferred from |0) to |e) and back, resulting in a 7 phase
added to the |01) component of the two-qudit wave func-
tion. If we slightly detune the excitation from resonance
(the so-called semiresonance), only part of the amplitude
is temporarily excited to |e) and comes back with an addi-
tional phase, which can be chosen by setting the detuning
[41]. In this way, we add an arbitrary phase to |01).

(d) Finally [Fig. 2(d)], we bring again the resonator into
resonance with E(()‘{Z). For the initial component |1) on ¢
[which emits the photon in (b)] the photon is absorbed
again and we go back to |01) with no photons in the
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resonator and the additional phase inherited from the pre-
vious step. The time interval between steps (b) and (d)
can be adjusted in order to compensate any additional
phase acquired, so that only (c) introduces a two-qudit
phase. This happens only for the |01) component, while
all the others are left unaffected by the sequence. Hence,
the whole sequence implements U)', as desired.

We conclude this section by noting that, although signifi-
cantly slower, the dispersive approach has some significant
advantages, which must be kept in mind. In particular,
gates are practically insensitive to photon loss, which
instead becomes more relevant in the resonant regime.
Hence, a quantitative comparison between the two meth-
ods is needed, as reported in Sec. IV below.

D. Readout

We provide here two different strategies to readout the
final state of a qudit strongly coupled to a superconduct-
ing resonator. Analogously to two-qudit gates, these two
strategies are designed to work either (i) in the dispersive
or (ii) in the resonant regimes.

Case (i) (proposed in Ref. [53]) mimics the approach fol-
lowed with superconducting qubits and relies on transmis-
sion measurements in the dispersive regime. The resonator
frequency experiences a shift x that depends on the qudit
state and that is proportional to the dispersive resonator-
qudit coupling. More specifically, it scales as (G"")*/A.
Well-known advantages of this readout technique are its
single-shot nature and that it is a quantum nondemolition
measurement [51].

The alternative approach (ii) we propose here is based
again on resonant photon emission, as illustrated in Fig. 3.
In practice, it is equivalent to swap the quantum state we
want to detect from the qudit to the resonator (by bringing
a specific qudit gap into resonance with the photon field
for a time 7 /2G), detect the possible presence of a pho-
ton in the resonator and swap the projected state back by
a classical drive depending on the measurement outcome.
This effectively implements a projective measurement on
the qubit. Extension to the qudit case is straightforward,
by addressing different spin gaps one at a time.

The readout fidelity of (i) depends on a proper dis-
crimination of the resonator shift y. Hence, the main
limitation comes from the broadening of the resonance
peaks, mainly due to resonator losses and to spin dephas-
ing of the qudit, as discussed in the next subsection (Sec.
ITE). This broadening must be smaller than the frequency
separation associated with each qudit state. The effect can
be partially mitigated by measuring the transmission phase
rather than its modulus, as it seems to be more insensitive
to broadening [53].

In addition, the time needed to complete the read-
out process scales as 1/x. Readout times of the order

(b)

1) 0)

FIG. 3. Scheme of the resonant readout of a qubit in state |0)
(left) or |1) (right). (a) Starting with no photons (dark cavity)
the resonator is brought into resonance with Eg;. If the qubit
is in state |1) (left) a photon is emitted and the cavity becomes
bright (b), bringing the qubit to the ground state. At this step, a
single-photon counter detects the possible presence of the photon
(and annihilates it). In the case of positive outcome, a classical
drive sends back the qubit state to |1) (c), thus implementing a
projective measurement on the qubit.

of 50-100 ns have been achieved with superconducting
transmons having x = 7.9 MHz and operating at G/A ~
1/10, using high-sensitivity detection stages, involving
parametric amplification [54]. Applying similar detection
conditions, we expect x to be approximately 2 orders of
magnitude smaller in our MSQP, with corresponding read-
out times of approximately 5—10 ws. For algorithms that
do not involve any measurement-dependent feedback dur-
ing the execution process, the readout time needs to be
sufficiently short as compared to the spin relaxation time
Ti. This requirement does not pose a very stringent limita-
tion, as 77 becomes rather long at very low temperatures.
Yet, if one attempts to implement quantum error-correction
codes, then the limiting time scale is the spin coherence
time 75, thus it might be necessary to look for faster
methods.

The resonant approach (ii) provides such a large
speedup. It will also increase the readout fidelity, by reduc-
ing the harmful effects of both spin decoherence and
resonator losses. Indeed, the time required to implement
a resonant readout is dominated by the time for photon
emission (approximately equal to 250 ns for the lowest
energy gap of the S = 10 molecule considered here), while
single-photon detectors can work as fast as 50—100 ns [55].

In summary, resonant and dispersive readout provide
different ways to measure the state of the qudits. Each
regime of operation comes with certain advantages and
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disadvantages, which is why different experimental setups
might embrace different options. The dispersive regime is
nondemolition, but it is much slower due to the small dis-
persive spin-resonator coupling. In addition, it requires the
design of more complex protocols, especially in the case of
qudits with a large number of levels [53]. In terms of deco-
herence, it is mainly limited by spin dephasing. In contrast,
the resonant readout is a projective measurement that can
be applied to any given pair of levels. In this regime, the
effect of photon loss is expected to increase, but the sig-
nificant speedup which is achieved makes it practically
negligible.

In both cases, the most direct way to improve the read-
out fidelity is to increase the spin-photon coupling G},
such that in scheme (i) transmission peaks are more sep-
arated and the readout time is shorter, whereas in scheme
(ii) resonant photon emission becomes faster.

E. Decoherence

The most important decoherence channels in our plat-
form are represented by (i) photon loss and single-
molecule (ii) pure dephasing, originating at low temper-
ature from the interaction between the central spin and the
surrounding nuclear spin bath [38].

As already noted above, photon loss (occurring at a
rate w,/2mQ, with Q the resonator quality factor) is a
much more crucial effect in the resonant compared to the
dispersive regime, due to real (rather than virtual) pho-
ton exchange. Nevertheless, by encoding the logical state
within the n, = 0 subspace, this effect is largely reduced
and limited to the resonant emission and absorption pro-
cesses of two-qudit gates and readout. In all other steps
of computation (namely single qudit rotations and idle
phases) photon loss is irrelevant.

As far as spin dephasing is concerned, a high-fidelity
two-qudit gate requires coherence time 7, significantly
longer than the gating time 1,,. With the present param-
eters T, ~ s in the resonant regime, thus requiring 7, >
50 s to achieve high-fidelity gates. Remarkably, these
values have already been experimentally accomplished by
proper chemical optimization of the molecular structure,
combined with deuteration and dilution, in V/Cu com-
plexes [17,56], reaching even the ms range [15]. Moreover,
it is worthwhile to note that the setup we are consider-
ing here will work (i) at much lower temperatures than
those usually employed in 7, measurements and (ii) at
the single-molecule level, where a possible distribution of
anisotropy orientations observed in a crystal will no longer
be an issue. Hence, by working on properly engineered
single molecules and in the mK region, coherence times
approaching ms can be expected.

F. Scalability

Having introduced all the working principles of the ele-
mentary unit of the MSQP, we can now address the final
scalability issue.

One of the appealing features of this approach is that
the MSQP can be scaled up at different levels. First, by
chemical design that brings in multiple states within each
molecular unit. Eventually, this would allow proof-of-
concept implementations of qudit-based algorithms even
working with molecular crystals. Yet, moving beyond the
Hilbert space provided by each molecule relies on the
coupling to a superconducting circuit. Several molecular
spin qudits can be integrated within a superconducting
resonator, up to the limit allowed by nanofabrication tech-
niques (as molecules themselves are microscopic entities).
Finally, one can consider an array of capacitively coupled
resonators, each one containing a single or a few molec-
ular qudits strongly coupled to the local photon mode,
described by the boson field hw;; (ajal- + 1/2). The capac-
itive coupling between neighboring resonators is described
(in the rotating-wave approximation) by an interaction
term of the form /ca,Taj +h.c., with /27 in the 10-25
MHz range [57]. Neighboring resonators are characterized
by different bare frequencies (i.e., |wo; — wg;| >> k), so
that the intercavity photon hopping is effectively turned off
in the idle phase.

To implement two-qudit gates between molecules
placed into different resonators, we proceed in a way anal-
ogous to that illustrated in Fig. 2, but with an additional
step. The two qudits we consider can now be located into
neighboring resonators i and j . Hence, after photon emis-
sion in step (b), one needs to bring resonators i and j
into mutual resonance, i.e., make wo; = wy;, thus inducing
hopping of the single photon from the resonator contain-
ing qudit 2 to that containing qudit 1. We then proceed
with photon absorption and re-emission as in Fig. 2(c) and
repeat the previous steps of photon hopping and reabsorp-
tion, as in Fig. 2(d), eventually implementing the same U,
gate illustrated above.

III. SYSTEM LAYOUT AND TECHNICAL
ASPECTS

We now present in more detail the layout of the MSQP
elementary unit, together with numerical estimates of the
spin-photon coupling, which can be accomplished by a
proper design.

The basic unit of our platform is schematically shown
in Fig. 4. It consists of two molecular spin qudits cou-
pled to a resonator, whose resonant frequency w, can be
tuned by means of a SQUID. As explained above, the res-
onator reads out the spin states and mediates an effective
interaction between the two qudits that allows performing
conditional quantum operations. The circuit includes also
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FIG. 4. Schematic layout (a) and electric circuit (b) of the
MSQP elementary unit, which consists of an on-chip LC super-
conducting resonator with a few magnetic molecules deposited
on top. Nanosized constrictions concentrate the magnetic field
at specific regions, where the coupling to single molecules, with
spins S; and S, is enhanced. Transmission lines introduce elec-
tromagnetic pulses to coherently control each spin qudit and to
tune the flux though a dc SQUID in series with the inductor. The
latter serves to tune the resonator characteristic frequency. An
additional transmission line reads out the state of the resonator,
which provides information on the spin-qudit states.
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control transmission lines, which generate local magnetic
field pulses to control the spin states of each qudit and the
flux through the SQUID loop, and a readout line. Since the
aim of this work is to discuss its operation and potential
based on a realistic layout, we provide here estimations for
all relevant parameters based on circuits that are feasible.

As the previous sections show, the main technical chal-
lenge behind this proposal is the achievement of a spin-
photon coupling that is sufficiently strong as compared to
the decoherence rates of the spins (typically determined by
1/T,) and the photons (w, /27 Q). Values of Q in the range
5 x 10> — 10°, corresponding to photon line widths of the
order of 1-10 kHz, can be achieved for 3—8 GHz resonators
[58].

For this reason, we consider here a circuit designed to
maximize and then also confine the superconducting cur-
rent in resonance, thus enhancing the photon magnetic field
in a nanoscopic region. The circuit consists of a lumped-
element LC resonator, made of two capacitors connected
by a single-wire inductor [Fig. 5(a)]. These resonators
provide ample room for tuning relevant parameters, such
as impedance L and resonance frequency, without com-
promising the transmission through the readout line that
carries information about the system state. Moreover, sev-
eral of them can be coupled to a single transmission line.
Parallel plate capacitors are employed as they are free

(a)

(b)

(c)
7
Center line width
6 ——20nm ——1um
5F —— 50 nm 2 um
=al —— 100 nm 4 um
= —— 500 nm
<3
2F
1 -
1 4 4 1
-2 -1 0 1 2
X (um)
FIG. 5. (a)Layoutofa 7.5-GHz LC superconducting resonator

with a 22-um-long and 4-pm-wide inductor and two parallel
plate capacitors. (b) Two-dimensional plot of the distribution of
currents at resonance. (c) Spatial dependence of the microwave
magnetic field generated by the resonator for different inductor
widths w.

from parasitic inductances present in other designs, such
as interdigitated capacitors. This reduces the mode volume,
confining the current / almost completely in the inductor,
as shown in Fig. 5(b). Near resonance, the photon energy
splits equally between the magnetic and electric compo-
nents. Since the former equals LI?/2, a very low induc-
tance leads to large current intensities for single-photon
excitations. The circuit shown in Fig. 5 has a 22-pm-long,
4-pum-wide, and 100-nm-thick Nb inductor. We simulate
its electromagnetic response using the SONNET package
[59]. This gives a resonator inductance L >~ 12.9 pH, lead-
ing to a rms current I, = +/hw,/2L >~ 438 nA. In the
simulation we consider a kinetic inductance of 0.1 pH/sq,
corresponding to a 100-nm Nb film.

The photon magnetic field b, which determines the cou-
pling to the spins, is then calculated with the 3D-MLSI
simulation package [60]. The input parameters are the rms
current (438 nA) flowing through the inductor and the Lon-
don penetration depth of Nb A; >~ 90 nm. An example of
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the magnetic field intensity obtained at a distance of 1 nm
above the chip’s surface is shown in Fig. 5(c). For the orig-
inal inductor width w = 4 wm, it peaks at values below
0.4 T near the inductor edges.

A way to further enhance b at specific locations is to
locally confine the current by fabricating nanoconstric-
tions in the inductor line [61]. Such constrictions can be
made by ion-beam lithography and they do not signifi-
cantly affect the resonator’s properties provided that they
are sufficiently short (below 1 pm) [61]. Figure 5 shows
how b increases as the constriction width w is decreased,
reaching values close to 7 W T for w = 20 nm, close to the
limit of nanofabrication techniques.

Once the photon magnetic field is known, the spin-
photon coupling G™ in Eq. (3) can be calculated as follows:

— 83
h

The direct relationship between the G™ and b suggests
that, near a nanoconstriction, the spin-photon coupling
can reach values much higher than those achieved for
conventional resonators. Following this route, spin-photon
couplings G/2m near 1 kHz have been achieved exper-
imentally for single spins 1/2 located close to a 45-nm
constriction in a 1.5-GHz coplanar resonator [31], whereas
G/2m =~ 3 kHz was achieved with 8-GHz lumped-element
resonators having 100-nm-wide inductors [32]. Figure
5(c) shows that working with very low-impedance res-
onators and sufficiently high frequencies (in this example,
w,/2m = 7.5 GHz) much higher values can be envisioned.
The simulations give G/2m ~ 95 kHz for a § = 1/2 qubit
located near a 20-nm constriction in the inductor of the cir-
cuit shown in Fig. 5. Besides, and as discussed above, the
coupling is also enhanced when working with high-spin
molecules. The bottom and top panels in Fig. 6 correspond
to spin qudits with easy-axis [D < 0 in Eq. (2)] and easy-
plane (D > 0) magnetic anisotropy, respectively. It follows
that the latter case, characterized by a ground state with
m = 0, represents a more favorable situation. Then, single
spin to single-photon couplings as large as 1 MHz can be
achieved with a S = 10 molecule. A further enhancement
could be obtained by proper choice of the molecule (e.g.,
with larger S) or by choosing peculiar eigenstates, such
as atomic clock transition states (|S) & |—S))/ﬁ [30,61].
Nonetheless, this value is already close to the physical
limit for this approach, as it involves an optimum circuit
design combined with a close to maximum photon con-
finement and a close to perfect integration of the molecules
with the device.

The latter condition might at first look daunting.
Molecules can be deposited from solution onto the circuits
and then delivered to the region of the nanoconstrictions
by an atomic force microscope [31] or by exploiting the
tendency of some molecules to self-organize on surfaces
[62—65]. Yet, depositing single molecules sufficiently close
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FIG. 6. Coupling to photons of individual spin qudits, located

1 nm above the inductor line of the LC resonator shown in
Fig. 5(A). Results calculated for spins with easy axis [D < 0
in Eq. (2)] and easy plane (D > 0) are shown in, respectively,
the bottom and top panels. They correspond to a different spin
ground state and, therefore, to different resonant spin transitions.
The solid line gives the coupling obtained for a simple S = 1/2
spin qubit.

to each constriction is very challenging and one will often
end up having several molecules not too far apart. Never-
theless, we can address and manipulate individually each
molecule (or each pair of molecules for two-qudit gates) by
exploiting (i) the magnetic anisotropy [Eq. 2] and (ii) the
strong dependence of the spin-photon coupling on the pre-
cise location [see Fig. 5(C)]. Indeed, in general we expect
different molecules to deposit with a different orientation.
Hence, only a specific one will meet the resonance con-
dition required to implement both single- and two-qudit
gates (as explained in Sec. II), while off-resonant ones
will not undergo any evolution. Furthermore, a reduc-
tion of the coupling of at least one order of magnitude
for molecules placed 50 nm apart from the nanoconstric-
tion will practically forbid two-qudit gates (Sec. I1IC) and
make these spins undetectable (Sec. IID). Therefore, one
can take advantage of the statistical nature of the molecu-
lar deposition processes and select those molecules from
the ensemble that fulfill a given condition vis a vis a
given circuit design. The molecular integration requisite
then softens to having a sufficiently sparse surface cov-
erage, which is achievable with molecular evaporation or
self-organization techniques [63,65].

IV. NUMERICAL SIMULATIONS

Having introduced both the working principles and the
realistic set of experimental conditions to operate the
MSQP, we can now assess and quantify its performance
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by numerical simulations. To this aim, we consider the full
series of operations (i.e., classical pulses and variations of
the resonator frequency) to implement sequences of one-
and two-qudit gates in our platform. As in the previous dis-
cussion, we focus for simplicity on a elementary unit of the
scalable setup, i.e., a single resonator containing a pair of
qudits. Simulations are realized by numerically integrating
the Lindblad equation for the full system density matrix p:

p = —i[H + H (1), p]

1
+ A Z (28082 — SZp — pS3)
1

+ o (ZapaT—aTa,o - pa*a) , )

27 Q

where the first line describes the coherent evolution, the
second models pure dephasing (where we assume the same
T, for the two qudits) and the last one represents pho-
ton loss. We assume in the following G;/2m ~ 90 kHz
(slightly different for the two spins to better match exper-
imental conditions), in line with the best values reported
in Fig. 5, and wy/27 = 7.5 GHz. This choice yields
G?/2m ~ 1 MHz for transitions involved in two-qubit
gates reported below. As far as the spin system is con-
cerned, we use D;/2mx = 7.1 GHz, D,/2n = 7.7 GHz,
g =2, B=50 mT. The small static field is compatible
with superconducting circuitry technology. Below we first
report simulations of single-qudit operations, using classi-
cal driving fields to implement the Deutsch algorithm on a
four-level qudit as illustrated in Sec. II B. We then quan-
tify and compare the performance of two-qubit entangling
gates such as the controlled-Z and iSWAP gates described
above, employing the resonant and dispersive approaches,
respectively. We finally focus on specific applications
such as quantum simulation, in which several one- and
two-qubit gates are concatenated.

A. Multiqubit algorithms onto a single qudit

Hereafter we exploit the four lowest energy states of
qudit 1 to encode two qubits and we show how to decom-
pose the two-qubit Deutsch-Jozsa (DJ) algorithm [66] into
a sequence of planar rotations on the qudit. The aim of
this algorithm is to determine if a given function, f, is
either constant or balanced. The algorithm implements
the transformation |x),[y). — |x)4ly @ f (x))a producing
|0), as the final state for the input qubit if f* is con-
stant and |1), otherwise. Here | ), denotes the state of
the input (ancilla) qubit and the sum is a mod(2) addi-
tion. The constant functions that we are going to imple-
ment are Uy, =1%? and Uy, =1, ® X, and Uy, = CX,_.q,
Uy, = X,CX,_. .X, are the balanced ones. Here CX,_., is a
controlled-NOT gate where ¢ acts as a control on a. Fol-
lowing the procedure detailed in Sec. II B, we map the
following levels from our qudit {|m)} = {|0),| + 1),| —

), —2)} ={]0),]1),]2),|3)} to the multiqubit ones:
{10),11),12),13)} = {10)¢10)a, 10)gI1)a, [1}410)a, [1)qI1)a}-
With this relation, we can now proceed to decompose the
multiqubit circuit into the exact sequence of pulses that
have to be applied to our molecule to implement the full
algorithm, which is shown schematically in Fig. 7(a). It
is worthwhile to notice that the levels chosen from our
molecule do not have the ideal ladder connectivity since
the states |1) and |2) are not connected directly. This is
solved by adding a |0) — |1) gate to the |0) — |2) rota-
tion. The operations that appear as arrows in Fig. 7(a)
represent the different pulses to be applied: the color indi-
cates the axis direction and the parameter in brackets the
rotation angle (parameters ¢ and 0 in Eq. (5), respectively).
Recall that rotations around the z axis can be implemented
from the other two axis rotations [cf. Sec. 11 B]. With this
we now evolve the system integrating Eq. (9) for differ-
ent values of the driving magnetic field, B;, and of the
decoherence time, 73, to compute the error committed in
the implementation. In the qubit case one expects to get
the state [0), (]1),) for a constant (balanced) function. In
the qudit case, with this encoding, measuring [0), (|1),)
corresponds to a projection onto the subspace spanned
by the states {|0),|1)} ({|2),3)}). Therefore, to evaluate
the performance of our implementation, we compute the
error as £ = Tr(pP), being p the final state obtained from
the pulse sequence and P the projector onto the “wrong”
subspace, i.e., P = |0)(0] + [1)(1] for Uy and Uy,; P =
12)(2] + 13) (3| for Uy, and Uy, . Figure 7 (b) shows that the
error is clearly reduced by increasing 7, and reaches values
of the order of 1 %. Increasing B; has the effect of speeding
up the gates, thus reducing the effect of dephasing. How-
ever, increasing it too much can worsen the results due to
leakage effects.

B. Two-qudit gates

We now investigate the implementation of a two-qudit
controlled-Z gate according to our alternative resonant
approach, between a two- and a four-level qudit (plus an
auxiliary level |e) used during the gate), as in the scheme of
Fig. 2. As figures of merit for the performance of the gate,
we consider here the fidelity 7 = (¥|p|v), which quanti-
fies the overlap between the desired state |y) that one gets
in an ideal implementation of the gate and the actual state
p obtained by solving Eq. (9). As a benchmark, we con-
sider a particularly error-prone initial state, in which all
the components in the computational basis are populated
(randomly) with significant weight (see caption of Fig. 8).

Figure 8 shows a colormap of the resulting error £ =
1 — F as a function of the resonator quality factor Q and of
the qudits coherence time 75. The error is clearly reduced
both by increasing Q and 7,, but it shows a stronger
dependence on the qudit coherence time. In particular, Q
values above 10° give only a minor improvement, while
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FIG. 7. Decomposition of the circuit for the Deutsch-Jozsa (two-qubit) algorithm into a sequence of pulses on a four-level qudit.

(a) Schematic representation of the two-qubit circuit and of the sequence of qudit operations needed to implement each unitary. Each
arrow color represents one rotation direction [parameter ¢ in Eq. (5)]: black for Y, blue for X, and red for Z. (b) Error dependence with
the driving magnetic field, By, and with the decoherence time 7. The error is computed as & = Tr (pP) and P is the projector onto the
subspace in which the final wave function must not be contained according to the applied function, U.

F smoothly increases with 7 even in the ms range. Nev-
ertheless, the fidelity already overcomes 99 % for 7, =
400 ws. This is made even more evident by considering the
T, dependence of the fidelity, shown in Fig. 9 for different
values of Q.

As a comparison, here we also report simulations of the
ISWAP gate in the dispersive regime, where we assume
Ay/2mr =20 MHz, A,/2m =30 MHz for the lowest-
energy transitions of the two spins in the idle configuration.
These are then tuned into mutual resonance (A = A, =
20 MHz x2m) to activate the iSWAP. In this configura-
tion, A; ~ 20 G? and hence we are safely in the dispersive

7 Error
10 0.10
0.08
10°
0.06
&
0.04
10°
0.02
10
0.1 0.3 0.7 1.0
T (ms)
FIG. 8. Error 1 —F (log scale) in the implementation of

the resonant controlled-Z gate as a function of the resonator
quality factor Q and of the qudits’ coherence time 7,. Ran-
dom components on |p) |¢) initial state are given by |0) |g) =
(0.31,0.46,0.48,0.37) and |1) |g) = (0.37,0.25,0.25,0.24) with
q=0,1,2,3.

regime, with negligible leakage to the excited one-photon
states.

We first note that the fidelity of the iSWAP gate is
practically independent of 0, in contrast to the resonant
case. This was expected, because of the virtual versus real
exchange of photons in the two methods. However, the
approximately 6 times larger value of 7, for implementing
the iISWAP compared to the controlled Z makes the iSWAP
more prone to decoherence, resulting in a significantly
lower fidelity, only approaching that of the controlled Z
at very long 7.

1.00
0.95 4
0.90/
0.85 —Z0 =10"
—CZQ =10°
—CZQ =107
0.80 ...." ........ iswap Q = 10°
. [ T ISWAP Q =10’
0.75 : ‘
0.06 0.1 0.3 1
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FIG. 9. Fidelity in the implementation of the controlled-Z
(CZ) gate in the resonant regime (solid lines) and of the iSWAP
gate in the dispersive regime (dotted) as a function of the qudits’
coherence time 75, for different values (colors) of the resonator
quality factor Q.
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C. Application: quantum simulation

To better highlight the difference between the resonant
and dispersive approach in implementing a conditional
two-qudit dynamics, we consider here a specific applica-
tion of the gates described above. Indeed, different gates
can be targeted to different goals. Therefore, depending on
the specific algorithm, a more efficient decomposition can
be found by exploiting either iSWAP or controlled-Z gates.
A clear comparison can be made by considering the quan-
tum simulation of the Heisenberg model, which can be
decomposed by exploiting an equal number of controlled-
phase or Uyy(t) gates. In particular, our aim is to simulate
the dynamics associated to the target Hamiltonian

(10)

where s, are spin-1/2 operators. Performing a quantum
simulation corresponds to implement the unitary U(Jf) =
et starting from a generic state. In the present case, the
three terms in Eq. (10) commute, and hence we can repro-
duce the dynamics of U(Jf) by subsequently implementing
the three unitaries Uy, (Jf) = exp [—Utsa,lsa,z] for o =
x,y,z. These can be obtained by combining either the con-
trolled phase (U,) or the Uxy(7) with proper single-qubit
rotations.

As far as the resonant controlled phase is concerned, we
start from U, (Jt). This can be easily rewritten in terms of
controlled-phase gates and single-qubit rotations [41], i.e.,
U-(p) < €¥/?U,'R.(¢/2). Here R.(¢) are single-qubit
rotations about the z axis of an angle ¢ on both qubits. By
setting ¢ = Jt we simulate the target U, (Jf). The latter can
be easily transformed into Uy, (Jf) by a simple change of
reference frame, i.e., U (Jt) = R, (7 /2)U.(JOR, (=7 /2)
and analogously for U,,(Jf). Overall, we need three
controlled-phase gates and five rotations (on both qubits)
to simulate the Heisenberg model.

Following instead the dispersive approach, Uxy(t) is
naturally mapped into U,,U,,. Then, we can exploit again
changes of reference frame to transform this into U,, U,
(by means of R (&m/2) rotations) or into U, U.. [via
R, (£m/2)]. By concatenating these three steps we get
U = U (Jt/2)U,, (Jt/2) Ux (J1/2) Uz (Jt/2) U (J2/2)
U,,(Jt/2) [67,68]. Also in this case, the Heisenberg evo-
lution is obtained by using three two-qubit gates Uxy(t)
and four single-qubit rotations. Hence, this is a very good
benchmark to compare the two methods.

To perform the quantum simulation, we exploit the two
lowest energy levels of both qudits in the processor as log-
ical states and the third one on ¢; as an auxiliary state for
the implementation of the controlled-phase gate [see Sec.
I C]. Results of our simulations following the two differ-
ent approaches are shown in Fig. 10, where we plot the
time evolution of the expectation values of s, (red) and s,
(black). First, it is worth noting that the resonant approach
gives optimal results already for 7, = 50 ps, in the whole

HH =J (Sx,lsx,Z + Sy, 18y,2 + Sz,lsz,Z) )
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FIG. 10. Comparison between resonant (left) and dispersive
(right) approaches in the digital quantum simulation of the
Heisenberg model, and associated fidelity (bottom panels) as
a function of the simulated time. The system is initialized in
(]00) + |01))/+/2. In the top panels we report the time evolu-
tion of the expectation values of s,; (red) and s,, (black). The
resonator quality factor is fixed to O = 10°.

range of simulation times 7. Then, while for short 7 the
accuracy of the two methods (and the associated fidelity,
lower panels) is similar, the performance of the dispersive
approach breaks down as long as J¢ increases. Conversely,
the resonant method displays a fidelity which is practically
independent of J¢. This behavior can be easily understood
by considering that J¢ is associated either to the angle ¢
of the controlled phase or to the time evolution 7 of the
Uxy(t) gate. While the duration of the controlled phase
is only weakly dependent on ¢, the duration of Uyy(7)
increases linearly with t. As a consequence, in the resonant
regime the simulation lasts approximately 3 s indepen-
dently of the simulated time, while in the dispersive regime
it increases up to 17 ps at Jt = 2w, thus giving reliable
results only for 75 of hundreds of js.

Having demonstrated the general better performance of
the resonant approach, we now consider its application to
another, more difficult problem represented by the quan-
tum simulation of the transverse-field Ising model (TIM).
The target Hamiltonian on a chain of N spins 1/2 is given
by

N-1 N
Hr=J ) suissiv1 +0)  sui (11)
i=1 i=1

The associated dynamics is nontrivial and gives rise to a
quantum phase transition for specific values of the param-
eters J and b. In the present case, the two noncommuting
terms in Hamiltonian (11), namely H; = b Zf\il sy; and
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FIG. 11. Quantum simulation of the time evolution of the

system magnetisation (S;) = (s;,| + s.2) for the transverse-field
Ising model on two qubits. Dashed (continuous) line represents
the exact evolution (after Trotter decomposition, n = 6). Colored
points are the results of full numerical simulation, including the
effect of photon loss, parametrized by the resonator quality fac-
tor O, and of spin pure dephasing, parametrized by the coherence
time 75.

Hy=J Zfi _11 82,8z i+1, require a Suzuki-Trotter decompo-
sition to approximate the unitary U, i.e.,

U= e*l"HTt ~ (efi'Hll/nefi'Hzt/n)” .

(12)

Here n is the number of Suzuki-Trotter steps in the decom-
position, the first (one-body) term directly corresponds
to single-qubit rotations e~"1%/" = R (bt/n) on the whole
register, while the second is obtained as described above.
For our benchmark, we focus on a two-qubit system (N =
2) in the most demanding regime J = 2b, where the com-
mutator between the two terms in the target Hamiltonian
(11) [H1,H,] is the largest and hence a large number
of Suzuki-Trotter steps is required for a reliable quantum
simulation.

Results of our numerical simulations are reported in
Fig. 11, using n = 6 Trotter steps. This corresponds to
a sequence of n controlled phase gates (implemented by
variations of the resonator frequency, as illustrated in
Sec. 1I.C) and 2n rotations (implemented via classical
drives). To compare the results of our simulation with
the expected ones, we compute the final magnetization of
the target system (S.(f)) = (Y (t)|sz1 + s:2]¥ (), where
[ (9)) = Ulyy) is the target system state at the simulated
time ¢ and |yo) = |00).

In spite of the significant number of operations (12
rotations and six controlled-phase gates) involved in the
quantum simulation of each point in Fig. 11, the MSQP is
able to reproduce very well the expected behavior of (S.),
even with Q = 10° and 7, = 50 ps.

V. DISCUSSION AND CONCLUSIONS

We introduce the working principles of a quantum pro-
cessing unit based on molecular nanomagnets coupled
to superconducting circuits, and test its performance via
numerical simulations based on a realistic experimental
layout. The results are promising and indicate that the
MSQP designed in this work traces a viable path for
manipulating individual molecular qudits and for wiring
them up in a scalable device. In particular, we exploit the
hybrid character of the proposed architecture that com-
bines the mobility of photons to the multilevel structure
of spin systems. This allows one to implement entangling
gates even between distant molecules in the register with
no need of highly demanding SWAP operations, and to
switch off completely their coupling at the end of the gate,
thus avoiding crucial cross-talking issues, which occur in
the presence of a permanent qubit-qubit interaction [20].

The simulations achieve a high fidelity in the imple-
mentation of two-qudit gates in the resonant regime, by
using spin coherence times of a few hundreds of ps. These
results represent a key improvement compared to the dis-
persive regime, thanks to the significant speedup achieved
in the implementation of entangling gates. A drawback of
the resonant approach (which is however strongly limited
by encoding logical states in np, = 0 subspace) is repre-
sented by photon loss, whose effect is instead practically
negligible for the dispersive method. To mitigate these
issues, intermediate regimes (with detuning of the order

of approximately 5 G") could be explored. Although less

flexible (the time evolution of Uxy(t) should be limited to
fixed values of 7 to avoid leakage), this would allow for
reaching gating times similar to the resonant case, with a
reduced effect of photon loss.

Moreover, to solve specific problems (e.g., quantum
simulation) the MSQP could already operate with good
performance even with significantly shorter values of 7, ~
tens of ps. These values have already been achieved and
even largely overcome in molecular spin qubits [15,17],
in much worse experimental conditions than those pro-
posed here, i.e., at significantly higher temperatures and
on a (diluted) molecular ensemble. The possibility to
reach these 7, with qudits needs still to be experimentally
investigated, although theoretical results indicate that opti-
mal coherence could be obtained in compounds with the
suitable pattern of interactions [35,38].

Further improvements could be obtained by enhancing
the ratio 7> /1, between coherence and gate times. This,
in turn, calls for a joint multidisciplinary effort to increase
not only spin coherence but also the coupling of spins
to superconducting resonators. Increasing the values esti-
mated under Sec. III by pushing the circuit miniaturization
is a challenge, although the application of ultrahigh reso-
lution nanolithography methods might still provide room
for some improvement [69]. The alternative is to look
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for a different coupling regime between spins and pho-
tons. A possibility is to introduce interaction mediators
based on magnonic excitations [70,71], e.g., in magnetic
films or two-dimensional materials, investigate the cou-
pling of spins with electric instead of magnetic fields (as
recently done in an EPR setup [72—74]) or even explore
hybrid circuits that might bring tools from molecular elec-
tronics [75—77] into the circuit-QED realm. In parallel to
seeking alternative circuit designs, the spin-photon cou-
pling could also be improved via a proper engineering
of the system Hamiltonian. For instance, a further fac-
tor of approximately 2 in the effective coupling could be
reached by encoding qubits into atomic clock transition
states (|S) £|-S))/ V2, coupled by S, and protected from
magnetic field fluctuations.

On the chemical side, different classes of compounds
could be explored. Besides multispin clusters with very
large total spin ground state [48], other possible implemen-
tations are offered by lanthanide qubits, whose g tensors
can be engineered to achieve values up to 510 [37] and
hence a corresponding enhancement of the spin-photon
coupling. For instance, Yb(trensal) complex [12] shows
2. = 4.3 and ensembles of this molecule have already been
coupled to superconducting resonators [33].

All these classes of compounds share the typical trade-
mark of MNMs, i.e., they provide many low-energy states,
which represent a crucial resource to simplify quantum
algorithms and especially to embed quantum error cor-
rection. By combining this peculiar advantage with an
accurate design of the device, we indicate here a clear
route for the actual realization of a promising kind of quan-
tum chip. Indeed, integration of molecular spins, offering
advantages as multilevel logical units, into existing super-
conducting resonators takes advantages from both classes
of materials and bridges the gap between current and future
technologies.
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