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We experimentally implement a one-directional virtual geometric periodicity in an elastic metamaterial.
First, unwanted boundary reflections at the domain ends are cancelled through the iterative injection of
the polarity-reversed reflected wave field. The resulting boundless experimental state allows for a much
better analysis of the influence of metamaterials on the propagating wave field. Subsequently, the propa-
gating wave field exiting on one end of the structure is reintroduced at the opposite end, creating a virtual
geometric periodicity in one propagation direction. We find that the experimentally observed band gap
converges to the analytical solution through the introduction of the virtual periodicity. The established
work flow introduces an approach to the experimental investigation and validation of metamaterial proto-
types in the presence of strongly dispersive wave propagation and internal scattering. The fully data-driven
ad hoc treatment of boundary conditions in metamaterial experimentation with arbitrary mechanical prop-
erties enables reflection suppression, virtual periodicity, and the introduction of more general fictitious
boundaries.
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I. INTRODUCTION

Engineered metamaterials have long since proven their
capabilities to exhibit extraordinary material properties
[1–3], as well as to manipulate and attenuate wave prop-
agation [4,5] using band gaps. Such prohibited frequency
ranges can be architected into materials via either Bragg-
scattering phononic crystals [6] or locally resonant meta-
materials [7]. The latter enable subwavelength band gaps
[8] and have recently been leveraged for broadband energy
harvesting [9–12]. Numerical simulations drive the devel-
opment of metamaterials, the ever-increasing available
computational power making it feasible to rapidly model
different designs. Nevertheless, experimental investiga-
tion and validation of prototype structures remains essen-
tial. Whereas in numerical studies, effects such as low-
absorbing boundary layers or local damping [13,14] can be
introduced to simulate free-space wave propagation, labo-
ratory experiments are often plagued by modal responses
of the system caused by, e.g., free or clamped bound-
aries. Additionally, wave propagation within the structure
is difficult to interpret due to boundary reflections. Thus,
it is often challenging to accurately distinguish phenom-
ena caused by the metamaterial under study from those
of the whole system. Conventional experimental solutions
to these pitfalls are passive boundary reflection damping,
such as acoustic black holes [15–18], or graded impedance
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interfaces [19]. However, these practices result in modi-
fications of the host structure, which in turn can lead to
deviations from the desired system response.

A promising alternative is elastic “immersive wave
experimentation” (IWE) [20], used to actively remove the
unwanted boundary reflections at the domain ends of a
solid target, such as an elastic metamaterial wave guide.
IWE is an experimental methodology aimed at overcoming
laboratory- and sample-size-related limitations that affect
conventional wave-propagation experimentation. This is
achieved by linking wave propagation between a physical
experimental domain and a desired virtual domain through
modification of the physical boundary conditions encoun-
tered in the laboratory [21]. The method can be used in a
wide range of applications, such as cloaking and hologra-
phy [22], as well as virtual extension [20] and modification
[23] of the finite physical domain encountered in the lab-
oratory. A proposal has also been made to utilize acoustic
IWE in the implementation of arbitrary experimental peri-
odic boundary conditions by cancelling reflections on one
end of a structure and reintroducing the propagating wave
field on the opposite side [24]. If successfully employed,
this would allow us to study the effect of, e.g., phononic
crystals or locally resonant metamaterials without the need
to physically realize large structures in the laboratory but,
instead, only a few unit cells. Integral to IWE is the cor-
rect identification of the first-order incident event at the
domain boundaries, i.e., wave energy that has not inter-
acted with said boundaries before. This event is then used
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to construct a secondary force signature that when applied
at, e.g., the free ends of an aluminum beam, leads to the
cancellation of the reflected energy, creating a transparent
boundary that can then be fully controlled and linked to an
arbitrary virtual domain, if desired.

Our work demonstrates the first use case of elastic
IWE and significantly expands on the method in two key
aspects: (1) the frequency range of interest is <1 kHz,
rather than tens of kilohertz; and (2) we focus on flexural
(Lamb) waves propagating along a graded beam charac-
terized by strong dispersion and internal scattering. Such
wave propagation is often encountered in metamaterials
research and isolation of the first-order reflected wave field
cannot be easily achieved due to the strong dispersion and
scattering. In this context, the cancellation of reflections
originating at the ends of the structure allows us to clearly
analyze the modulation of the wave when passing through,
e.g., the graded area of a prototype metamaterial.

In the following, we first introduce our proposed work
flow to implement elastic “immersive boundary control” in
the experimental domain. We schematically showcase how
to effectively cancel boundary reflections in three cases
often encountered in physical experiments, with a focus on
metamaterials: (1) the base-case single-sided IWE, where
a clear identification of the incident or reflected wave field
at the structures boundaries is possible; (2) iterative single-
sided IWE, where the clear identification of the incident
and/or reflected wave field is not possible due to, e.g.,
the presence of strong dispersion; and (3) double-sided
IWE, with internal scattering caused by strong impedance
contrasts due to, e.g., the design of the metamaterial,
requiring, again, the utilization of an iterative procedure.
The proposed work flow is then used to successfully
remove unwanted boundary reflections from a metamate-
rial designed for energy-harvesting purposes [12] and to
create a one-directional virtual geometric periodicity in the
elastic experiment.

II. ITERATIVE PROCEDURE TO IMPLEMENT
IMMERSIVE BOUNDARY CONDITIONS

Elastic IWE states that applying the incident traction
as an auxiliary force on the free surface of an experi-
mental domain, such as the face of a rock or the ends of
an aluminum beam, results in a cancellation of the wave
field reflected at said boundary, accounting for any mode
conversions. Thomsen et al. [20] have shown that this
effect can be implemented experimentally by applying the
polarity-flipped first-order reflected wave field at the free-
surface ends of the physical domain under investigation,
allowing for the cancellation of both reflected longitudinal
and flexural wave modes. A first-order reflection describes
an event that has not interacted with the domain ends
before. Different to acoustic IWE, as presented by, e.g.,
Becker et al. [23] and Börsing et al. [22], elastic IWE is

nearly impossible to implement in real time because of the
high wave-propagation velocities. This leads to an unfeasi-
ble small lag time to predict the incident wave field before
it reaches the boundary. Therefore, the desired immersive
experimental state is built up iteratively. Key is the correct
identification of the incident and reflected wave fields. Pos-
sible methods to achieve this are, e.g., wave-field injection
[25], redatuming [26], and f -k domain filtering [27]. The
latter is used in our proposed work flow.

A. Case 1: Single-sided IBC and clear incident or
reflected wave identification

The most straightforward procedure to implement
immersive boundary conditions (IBCs) is through injection
of the polarity-reversed first-order reflected wave mea-
sured at the ends of the experimental domain. Figure 1(a)
schematically shows a one-dimensional example of a lon-
gitudinal wave propagating back and forth between two
free ends over time. The wave field is induced on the left
side by the source (SRC). Identification and isolation of
the first event reflected at the right end (indicated by the
“1”) results in the design of the IBC: the polarity-reversed
version of said event. When injected on the right, as indi-
cated by IBC A in Fig. 1(b), the first reflection that occurs is
effectively cancelled and any higher-order reflections cease
to exist. This procedure is used if the first-order reflected
event can be clearly identified.

B. Case 2: Single-sided IBC and iterative procedure

Unfortunately, a clear identification of just the required
first-order reflected event is not always possible, especially
when dealing with strongly dispersive wave propagation
or internal reflection. In such cases, the desired boundary
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FIG. 1. A conceptual representation of time-distance plots for
case 1: single-sided and clear incident or reflected wave identi-
fication. (a) The initial experimental state. (b) The result when
cancelling the reflected events by injecting the polarity-reversed
first-order reflected event at the right end. The applied IBC is
indicated by a black trace on the right end of the plot.
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control can still be achieved through the use of the iterative
procedure proposed herein.

Starting with the initial experimental state displayed in
Fig. 2(a), rather than injecting just the polarity-reversed
version of the first reflected event, the full reflected wave
field, labeled “1” to “4,” i.e., the wave field propagating to
the left, is injected as indicated by IBC A on the right end
of Fig. 2(b). As a result, the first-order reflected event is
removed, as can be seen in the same figure. This results
in all higher-order events ceasing to exist, as in case 1.
However, by applying the polarity-reversed full reflected
wave field, new energy is actively injected into the system.
Thus, the second-order event can now be found propagat-
ing at opposite polarity to the initial experimental state.
Additionally, the wave field is amplified for every higher
interaction with the right end due to the constructive inter-
ference of the propagating wave field with the continued
injection of higher-order reflected events as part of the ini-
tial IBC A. These unwanted events are eventually removed
by repeating the experiment and using the consecutive

experimental states to iteratively modify the IBC. The
final IBC only applies the first-order reflected wave field
without introducing unwanted wave-field propagation.

This is achieved by isolating the new wave field
reflected at the right end as indicated by “2” to “4” in
Fig. 2(b), reversing it in polarity and adding it to the pre-
viously applied IBC A. The resulting IBC B is shown in
Fig. 2(c). Here, the second-order event is removed from
the trace of IBC B. Thus, one higher-order event less is
reintroduced to the experimental state during the appli-
cation of IBC B. Figure 2(d) then shows how IBC B,
when applied, removes both the first- and second-order
reflections, yet still introduces the third- and amplified
higher-order events. Finally, by repeating the process an
additional 2 times, IBC D in Fig. 2(f) matches IBC A from
Fig. 1(b) in the time range shown.

In summary, the iterative procedure removes the
unwanted higher-order reflected events step by step. The
IBC, initially containing the full reflected wave field,
converges to the first-order reflected wave field.
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FIG. 2. A conceptual representation of time-distance plots for case 2: the single-sided and iterative procedure to remove boundary
reflections. (a) The initial experimental state. (b),(d)–(f) The evolution of the IBC applied to the right end, as indicated by the black
trace, as well as the resulting wave propagation. (c) How the IBC is iteratively modified by adding the currently applied IBC and the
resulting polarity-reversed reflected wave field.
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C. Case 3: Double-sided IBC with internal scattering
present

The iterative method to construct the IBC described
above can also be used when reflections occur not only at
the ends but also within the structure, as schematically dis-
played in Fig. 3(a). In this example, an internal impedance
contrast, indicated by the gray-shaded area, causes inter-
nal scattering. Such cases are commonly encountered
when investigating metamaterials where, e.g., resonators
introduce frequency-dependent impedance contrasts in the
medium. The internal impedance contrast results in two
types of undesired boundary reflections: those transmit-
ted through the structure and reflected at the ends and
those radiated internally and then interacting with the end
boundaries.

Therefore, the construction of the IBC requires a double-
sided iterative procedure to construct the desired boundless
experimental state where only primary wave propagation
remains. In Fig. 3(a), we can observe first-order reflec-
tions on both the left and right ends, as indicated by 1L
and 1R, respectively, as well as higher-order events (2L-
4L, 2R, and 1L1R-2L1R). In a first step, the complete
wave field reflected at the left end is reversed in polar-
ity and injected together with the source wave field. The

result, displayed in Fig. 3(b), shows how both first-order
reflections (1L) are removed on the left side. The higher-
order events are again amplified as previously described
in case 2. Additionally, the reflection on the right side
(event 1L1R), originating from event 1L, is also removed
in Fig. 3(b). Next, the full reflected wave field acquired on
the right side of the new experimental state, displayed in
Fig. 3(b), is reversed in polarity and injected at the right
end. As a result, the reflection of event 1R is cancelled
and event 2R is flipped in polarity, as can be observed in
Fig. 3(c). Next, the IBC on the left end is updated with the
new experimental state, resulting in the removal of event
2L, as shown in Fig. 3(d). This iterative process of apply-
ing and then constructing the IBC wave field on opposite
sides is repeated several more times [Figs. 3(e)–3(g)], until
the left and right IBC wave fields, displayed as black time
traces at the ends of Fig. 3(g), only contain the first-order
reflected events when compared to the initial IBC shown
in Fig. 3(c). The final boundless experimental state when
applying the double-sided IBC is shown in Fig. 3(g). All
undesired reflections at the boundaries are removed and
only the propagation of the primary scattered wave field
remains.

Note that the iterative procedure described cancels the
unwanted boundary reflections up to a cutoff time defined
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FIG. 3. A conceptual illustration of time-distance plots for case 3: double-sided IBC with internal scattering due to an impedance
contrast indicated in gray. (a) The initial experimental state. (b)–(f) The evolution of the IBC applied to the right and left ends, as
well as the resulting wave propagation. (g) The final experimental state after the left and right IBCs converge to only applying the
polarity-reversed first-order events and the resulting primary wave-field propagation.
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by the iteration step, i.e., the order of reflected events cur-
rently removed. Wave propagation after this time is ampli-
fied due to the constructive interference of the injected IBC
wave field and propagating waves. Thus, increased damp-
ing in the system under investigation can be advantageous,
as it would reduce the required iteration steps to achieve
the desired experimental state.

III. EXPERIMENTALLY IMPLEMENTED
VIRTUAL PERIODIC BOUNDARY

We now experimentally demonstrate the implementa-
tion of a virtual periodic boundary along one propagation
direction using IWE to aid in the investigation of a graded
metamaterial. The prototype structure under investigation
is shown in Fig. 4(a). It is made up of a 2-mm-thick
1-m-long host beam endowed with “wings” of increas-
ing length arranged in the central region spanning 30
cm (from 0.3–0.6 m). The wings form a graded meta-
surface, which acts as a spatial-frequency filter on the
propagating wave while simultaneously slowing down the
group velocity of the traveling wave. This metamaterial
has been designed by Zhao et al. [12] for broadband and
high-capability energy harvesting at low-frequency ambi-
ent noise vibrations. First, we construct and apply an IBC
on the right and left ends of the host beam to cancel the
reflections and create transparent boundaries. Following
this, the wave field incident on the right end is reintro-
duced to the structure on the left end to create a virtual
geometric periodicity for waves propagating to the right in
the metamaterial.

A. The metamaterial under investigation

A flexural plane wave is induced on the left end by a
piezoelectric actuator (P. 153.05 [28]). The same type of
actuator is also attached to the beam on the opposite end.
Both actuators act as IBC sources to control their respec-
tive boundaries. Additionally, two 44.3-g counterweights
are attached to the respective ends of the beam. Together
with the actuator, they create a symmetric boundary con-
dition. Testing shows that when only the piezoelectric
actuator is attached to the ends of the beam, undesired
mode conversions occur during wave reflection. Adding
the actuators modifies the boundary conditions at the ends
of the beam. However, contrary to conventional reflection-
mitigation methods, we retain full control of the boundary
response through the application of the IBC. The out-of-
plane velocity is measured in the time domain along the
beam using a robotized 3D laser Doppler vibrometer [29]
as illustrated in Fig. 4(a). The data are recorded for 100 ms
with a sampling frequency of fs = 100 kHz and averaged 5
times at each of the 101 measurement points, spaced 1 cm
apart along the beam. A 500-Hz (central frequency) Ricker
wavelet, with a peak amplitude of 100 V, is driven to the
out-of-plane component of the actuator placed on the left
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FIG. 4. (a) The experimental setup. A piezoelectric actua-
tor and counterweight are attached to both ends of the beam.
The three-dimensional (3D) laser Doppler vibrometer is used to
measure the out-of-plane wave-field propagation. Overlain is a
snapshot of the out-of-plane velocity recordings along the full
structure at 12.88 ms. (b) The work flow to iteratively construct
and apply the IBC. The dashed lines indicate steps only required
for the first iteration.

end of the beam. Figure 5(a) depicts a time-distance rep-
resentation of the resulting out-of-plane flexural wave (A0
Lamb mode) traveling along the beam for the initial 25 ms.
The strongly dispersive nature of the propagating flexural
wave, as well as the strong internal scattering occurring
due to the large impedance contrast imposed by the graded
area, are apparent.

The effect of a metamaterial on the propagating wave
is commonly investigated through analyzing the normal-
ized spatial-frequency distribution along the structure, as
depicted in Fig. 5(c). The length of the wings attached to
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FIG. 5. A time-distance representation of the out-of-plane velocity measured along the beam. The vertical dashed lines indicate the
graded area. (a) Source ON (illustrated by the black line on the left) and IBC OFF. (b) Source ON and IBC ON (illustrated by the
black lines on the left and right). (c),(d) The spatial-frequency distribution, normalized for each frequency, along the structure with the
IBC OFF and ON, respectively. The black dashed lines track the band gap. Animations of the wave propagation along the structure,
scanned by the 3D LDV, for both (a) and (b), can be found in Movies 00 and 01 in the Supplemental Material [30].

the host beam evolves from short to long. Consequently,
higher frequencies are filtered out earlier along the graded
area than the lower frequencies. Thus, the frequency con-
tent of the wave field incident on the graded area is mod-
ified through interaction with it. A phenomenon referred
to as rainbow trapping [4,31,32]. Overall, the metamate-
rial induces a band gap from 200 to 680 Hz. A peak in
the spatial-frequency content at 585 Hz, protruding into the
band gap, is noticeable. As we show later, this mode shape
is a result of the boundary reflections occurring at the ends
of the host beam.

A clear understanding of the frequencies at which the
individual wings comprising the graded metastructure res-
onate at is also crucial during the experimental investiga-
tion of the prototype. Such insights are important when
optimizing the grading profile and the resulting band gap.
As an example, the red (dark) lines in Figs. 6(a) and 6(b)
depict both the out-of-plane velocity and the frequency
spectrum measured at the tip of wing 13. Strong peaks in
the frequency response can be observed at both 220 and
805 Hz, showing how the reflections at the ends of the
structure can make a clear identification of the resonance
frequency difficult.

B. Step 1: Reflection removal

We use case 3 described above to remove the undesired
boundary reflections, i.e., the IBC is constructed itera-
tively on both ends. First, the full wave field reflected at
the left and right end has to be determined and applied

as the IBC. Hence, the out-of-plane component (v(x, t))
measured along the beam is separated into its rightward-
(r(x, t)) and leftward- (l(x, t)) propagating components. In
the f -k–domain representation of the data, the rightward-
and leftward propagating wave fields map into opposite
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FIG. 6. A snapshot of the wave propagation recorded via the
3D LDV at 19.50 ms: the (a) time series and (b) the frequency
spectra of the out-of-plane velocity recorded at the tip of wing
13. The red (dark) lines indicate the experimental state with
boundary reflections present (SRC ON – IBC OFF) and the blue
(light) lines those with cancelled boundary reflections (SRC
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quadrants and can be separated using a masking filter [27].
However, before applying the full reflected wave field at
the respective end of the beam and iteratively realizing
the IBC, an additional step is required when working with
laboratory data. As the IBC is applied via the two actu-
ators at the ends, we must first determine which voltage
signal s(t) to apply to the actuators to induce the desired
wave-field propagation v(xd, t) at any point xd along the
beam, namely, the IBC signature [20] [see the schematic
at the bottom of the work flow in Fig. 4(b)]. To this end,
a source transfer function (STF) h−1

LS-RS(t) for both the
left (LS) and the right (RS) actuators must be found that
accounts for both the mechanical response of the actuator
(m(t)) and propagation (p(t)) along the beam to the mea-
surement point at a distance xd to the source. The left and
right ends of the beam are excited via the actuators and
the STF determined using a measurement at a distance of
xd = 0.1 m from the respective ends of the beam. We then
isolate the propagating direct wave (vd(xLS,RS, t)), which
must be clearly identifiable after wave-field separation,
measuring at xLS = 0.1 m and xRS = 0.9 m, respectively.
The STF h−1

LS-RS(t) is eventually calculated by optimally
matching the isolated direct wave to the original source
signal (s(t)) applied to the actuator in a least-squares sense.
A reliable estimation of the STF allows for an implementa-
tion of the IBC without any further assumptions about the
medium required, such as, e.g., propagation speeds or the
f -k relation. Thus, the method is fully data driven. Finally,
the polarity-reversed total reflected rightward- (−r(x, t)refl)
and leftward- (−l(x, t)refl) propagating wave fields are con-
volved with the STF h−1

LS-RS(t) and injected at the ends of
the beam in the iterative and alternating manner described
by case 3, resulting in the desired experimental state with
the boundary reflections removed as shown in Fig. 5(b).
This work flow is summarized by the flow chart depicted
in Fig. 4(b). The final IBC signature shown by the black
traces on the left and right ends of Fig. 5(b) removes the
first-order reflection, as well as all higher-order reflected
events at the domain ends up to a time of 25 ms. The corre-
sponding normalized spatial-frequency distribution along
the structure is depicted in Fig. 5(d). We observe that the
peak in the spatial-frequency content at 585 Hz present
in Fig. 5(c) is absent due to the removal of the boundary
reflections. Overall, the induced band gap between 200 and
680 Hz is also more clearly discernible. Finally, an analy-
sis of the frequency response measured at the tip of wing
13 also shows a mitigation of the strong peak at 805 Hz
[see Fig. 6(b)], making it clear that the wing resonates at
220 Hz.

C. Step 2: Introducing an experimental virtual
periodicity

Once the reflections are removed, we experimen-
tally introduce a virtual periodic boundary condition in

one propagation direction. To this end, the rightward-
propagating wave field, impinging on the right end of the
beam after passing through the graded area, is isolated and
reintroduced on the left end of the beam. Since the wave
field cannot be measured directly at the beam ends due to
the presence of the actuators, it is measured at x1 = 0.85
m and forward extrapolated to the right end of the beam at
x2 = 1.0 m before reinjection on the left side of the beam.
Assuming plane-wave propagation, the wave field at x2
can be expressed as V(x2, ω) = V(x1, ω)eikd in the Fourier
domain, where k is the flexural wave number, d = x2 − x1
the propagation distance, and V(x1, ω) is the wave field
measured at x1. Thus, the experimental dispersion relation
has to be determined.

The required dispersion relation is obtained by adopt-
ing the inhomogeneous wave correlation (IWC) method
[33], which allows for calculation of the wave number by
maximizing the correlation between a theoretical inhomo-
geneous running wave and the spatial response of the target
over short measurement distances. We actuate the flexural
A0 Lamb mode on the right end of the beam and use the
IWC method to determine the f -k relation of the host beam
after the grading, i.e., for x > 0.6 m. Figure 7(a) shows
the resulting dispersion relation, indicated by the black
(dark) circles in the range of 0–1200 Hz. Assuming that
the A0 mode can be described by an exponential power-law
function k(ω) = aωb + c, with ω = 2π f , we use a least-
squares solver to determine a continues f -k relation in the
frequency area of interest, indicated by the (light) blue line
in Fig. 7(a). To verify the result, we forward propagate
(reposition) the wave field measured at x1 = 0.7 m [black
line in Fig. 7(b)] by d = 0.2 m to x2 = 0.9 m [red dashed
line in Fig. 7(b)] and compare it to the measured wave field
at x2 [gray line in Fig. 7(b)], observing a good match.

Finally, the right-going wave field measured at 0.85 m
with the IBC active [see Fig. 7(b)] is forward propagated
from 0.85 to 1.0 m. To utilize the STF of the left actua-
tor, where the wave field is reintroduced, the wave field
is extrapolated an additional 0.1 m, such that its virtual
recording position matches xLS = 0.1 m, the measurement
point for which h−1

LS (t) was determined. After applying the
STF, the repositioned rightward-propagating wave is rein-
troduced into the beam on the left end. The newly arising
reflections are again cancelled by iteratively constructing
a secondary IBC on both ends of the beam. The schematic
of the prototype geometry in Fig. 8(a) indicates that, as a
result, the right end of the beam acts as a one-directional
virtually periodic boundary. The time-distance plot in
the same figure depicts the rightward-propagating wave
field of the experimentally formed periodic boundary and
Fig. 8(c) its normalized spatial-frequency representation.

A numerical COMSOL� [34] simulation is used to ver-
ify the observed experimental phenomena [see Figs. 8(b)
and 8(d)]. The supercell of the numerical model, consisting
of the 1-m-long host beam and the graded area, matches
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line) compared to the measurement at x2 = 0.9 m (gray line).

the experimental prototype in its geometry. The material
properties of the prototype are approximated by a Young’s
modulus of 69 GPa, a density of 2710 g/m3, and a Poisson
ratio of 0.33. The supercell is replicated once, as indicated
by the schematic in Fig. 8(b), to represent the periodic
metamaterial. Comparing the experimental and numerical
data, the band gap is deepened in both cases as the wave
passes through the grading a second time. Furthermore,
we find that the induced periodicity recovers the analytical
solution of the periodic boundary condition (further details
can be found in the Appendix). After the first pass through
the supercell, the upper end of the band gap (dashed red
line) converges to the analytical solution (solid red line) in
both the experimental and the numerical results [Figs. 8(c)
and 8(d)].

It is important to note that by reintroducing the wave
field exiting on the right back at the left end, the back-
scattered interactions between the virtually periodic graded

metamaterial are not accounted for in this experimental
realization. These interactions are, however, included in
the COMSOL simulation as the numerical model actually
consists of two graded areas. This is where the differences
in frequency content observable between 0.6 and 1.3 m in
Figs. 8(c) and 8(d) might originate from. One additional
difference observable is the missing energy content below
200 Hz in the virtually periodic experimental realization.
Taking a closer look at the rightward-propagating wave
fields in Figs. 8(a) and 8(b), we may note that the slower
low-frequency portion of the propagating wave, which is
clearly visible in the numerical simulation, is absent in the
experimental realization during the second pass through
the metamaterial [indicated by the red circle in Fig. 8(a)].

IV. DISCUSSION

The immersive boundary method that we implement
paves a way toward further necessary exploration. First,
the experimentally induced virtual periodicity in its current
form accounts for the rightward-propagating waves, i.e.,
we can observe waves passing through sequential super-
cells of the grading and the resulting effect. However, the
leftward-propagating waves, i.e., energy scattered at the
graded resonator profile, are not accounted for. To include
these interactions, construction of another virtual link is
required. The second link would need to incorporate the
leftward-propagating wave field reflected off the graded
area after the first pass through. This wave field would then
be reinjected at the right end of the structure. Second, by
applying the IBCs far away from the graded area, we are
introducing the periodicity based on the propagating wave
field but not the evanescent nonpropagating component.
However, the evanescent short-range interactions between
the graded supercells could play an important role in the
band-gap creation [35,36]. In the work flow presented, the
direct wave must be properly separated from the reflec-
tions to determine the STF. Hence, at least one wavelength
before the scattering is required. Moving the actuators and,
thus, the IBC closer to the graded area is theoretically pos-
sible but would require a different approach to separate the
wave fields. Finally, after the introduction of the virtual
periodicity in Figs. 8(a) and 8(c), missing frequency con-
tent <200 Hz can be observed. When first applying the
periodic signal, a new set of IBCs has to be constructed.
To preserve the periodic signal in the process, it has to be
separated from the new rightward-propagating unwanted
reflections occurring at the left end through windowing.
However, the much slower low-frequency component of
the periodic signal is indistinguishable from these reflec-
tions. Consequently, the <200 Hz portion of the periodic
signal is erroneously included in the first iteration of the
new IBC and removed through its application. Instead
of utilizing visual windowing, the two wave-field com-
ponents could be separated by subtracting the predicted
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periodic signal from the full rightward-propagating wave
field.

The examples presented in this work showcase prop-
agating waves of a singular mode, with limited spatial
and temporal width, i.e., traveling-wave packages. In this
first realization, such propagation is desirable, as it makes
identification of the direct wave and its first- to higher-
order reflections feasible. However, our proposed work
flow could also be applied to periodic signals, such as con-
tinuous sinusoidal excitation of the metamaterial. In fact,
the signature of the propagating wave field confined to the
first 30 cm of the metamaterial, i.e., before the grading,
which is observable in Fig. 7(a), has strong similarities
to standing waves emerging during periodic excitation.
Indeed, the signature of the designed IBC on the left end of
the beam, as depicted in Fig. 7(b), resembles a continuous
sinusoidal excitation. Hence, by manipulating the bound-
ary conditions, our methodology could be used to, e.g.,
transform standing waves to traveling waves and enrich
the data sampled along the metamaterial under investiga-
tion. The possible advantages of such an experimental tool
have recently been discussed for an acoustic impedance
tube [37].

It is well known that metamaterials also support prop-
agation modes other than the flexural A0 mode utilized in
this study, such as dilatation and torsional modes [38–40].
As mentioned, in this first demonstration of elastic IWE,
an effort is made to prevent mode conversions from occur-
ring at the ends of the beam. Nevertheless, elastic IWE
is also suitable for simultaneously operating on different
propagation modes and polarities [20]. When utilizing the
reflected wave field, as presented here, the IBCs would
need to be constructed for each of the three propagation
components. Thus, multicomponent actuators are key for
an effective realization. Note that if the first-order incident
traction can be defined, rather than the reflected wave field,
its application directly cancels all mode conversions occur-
ring at the domain ends, as per the IWE theory presented
by Thomsen et al. [20]. Control of which modes are can-
celled by the IBC further allows us to study how different
types of boundary conditions influence the band structures
observed in the metamaterial under study [41].

Due to the possibilities offered by boundless metama-
terial experimentation, a real-time implementation of the
method presented here is highly desirable. However, a
real-time realization of elastic IWE is challenging and
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its feasibility strongly depends on the experimental con-
ditions. Whereas acoustic implementations of IWE have
been achieved in real time [42], the much larger wave
speeds in solids, when compared to air or fluids, are the
strongest limiting factor. Enough time is needed to pre-
dict the wave field incident on the boundary where the
desired manipulation via IWE is to take place. If the loca-
tion where the wave field is recorded and the IBC applied
are the same, a real-time implementation is not possible.
Nevertheless, in a setup similar to the one presented here,
where recordings can be made along the wave-propagation
path, a real-time implementation could be possible with
sufficiently fast hardware. In any case, it is necessary
to extrapolate the wave field from the recording to the
emitting boundary and, thus, a prior characterization of a
homogeneous portion of the medium under investigation
is required. The feasibility could be further increased by
utilizing manufactured materials with much lower wave
speeds, such as foams or plastics.

We would like to point out that our proposed methodol-
ogy has similarities to “surface related multiple removal”
[43], commonly applied in the field of geophysics. How-
ever, our method does not rely on the prediction of the
multiple reflections occurring at the domain boundaries
but, rather, is fully data driven, assuming only linear wave
propagation.

Finally, full three-dimensional (3D) three-component
elastic IWE, as proposed by Vasmel [21] and Thom-
sen et al. [20], has yet to be realized experimentally. To
this end, Thomsen et al. [25] have proposed a numeri-
cal wave-field injection-based methodology to retrieve the
primary incident wave field when only recordings of the
three-component particle velocity at the free surface are
available. However, the method requires a full charac-
terization of the physical experimental domain. Recently,
Li et al. [44] have bypassed this—in most experimen-
tal cases, unfeasible—requirement by incorporating an
internal absorbing boundary in the wave-field injection
scheme, resulting in the retrieval of the full incident and
reflected wave fields. Consequently, this wave-field injec-
tion scheme could be combined with our proposed iterative
work flow to utilize the full reflected wave field in design-
ing the IBC instead of only the primary incident wave
field.

V. CONCLUSIONS

We introduce an approach to the experimental inves-
tigation and validation of metamaterial prototypes that
provides a fully data-driven work flow to implement active
boundary control in the presence of strongly dispersive
wave propagation and internal scattering. Through the
design of IBCs, reflection suppression, virtual periodicity,
and the introduction of fictitious boundaries are enabled.
The IBC is constructed iteratively by injection of the

polarity-reversed full wave field reflected at the target
boundaries. Higher-order reflections are removed step by
step by adapting the IBC during each experimental itera-
tion. Our ad hoc work flow circumvents the requirement
of a perfect free-surface boundary to act on with the IBC,
as defined by elastic IWE theory [20,23], working purely
with the reflected wave field, and requires no knowledge
of the medium under investigation. Thus, it permits any
experimental conditions, such as clamped boundaries or
those deviating from prefect free surfaces due to the influ-
ence of attached actuators. In a first experimental proof of
concept, a one-directional virtual periodic boundary condi-
tion is created in an elastic metamaterial by reintroducing
waves leaving the structure on one end back into the oppo-
site end. As a result, the experimental band gap observed
converges to the analytical solution. This experimental
realization of a “Bloch-like” geometric periodicity has the
potential to facilitate the study of metamaterials without
the need to physically realize large structures in the labo-
ratory. Instead, only one to a few unit cells are required.
Boundless experimentation can thus act as a powerful tool
in future metamaterial research.
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APPENDIX: CONVERGENCE TO ANALYTICAL
BANDGAP

As is observable in Fig. 8(c), the experimental band
gap widens when the virtual periodicity is introduced.
This phenomenon can be understood as the experimental
realization converging to the analytical solution.

Recently, Pu et al. [45] have proposed a multiscatter
formulation to analytically describe the out-of-plane com-
ponent w(x) of a wave at position x propagating along a
host beam and interacting with N resonators as

w(x) = w0(x) +
N∑

n=1

QnGw(x − xn). (A1)

Here, w0(x) represents the wave field at position x incident
at the base of N parasitic wing pairs. The term Qn describes
the amplitude of the uniform normal stress at the base of
the nth pair of wings attached to the host beam. Gw is the
related out-of-plane displacement Green’s function [46].
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Together these terms compute the scattered wave field of
the N parasitic wing pairs. The normal stress amplitude Qn
can be found from the mechanical impedance via

Qn = 2Mnω
2
rnω

2

Sn(ω2
rn − ω2)

w(xn) = Znw(xn), (A2)

where ωrn = √
Kn/Mn is the resonant frequency of the

nth pair of parasitic wings. Together with the mechanical
impedance Zn, the amplitude Qn can be computed knowing

the vertical displacement w(xn) at the base of the nth par-
asitic wing pair. Thus, given a incident wave field w0(x),
the stress amplitudes can be computed and the total wave
field obtained using Eq. (A1).

Assuming a null incident field with w0 = 0, the eigen-
states of the system can be obtained in matrix form via
Eqs. (A1) and (A2) from the eigenvalue problem

AX = 0, (A3)

with

A =

⎡

⎢⎢⎢⎣

Z−1
1 − Gw(0) −Gw (x1 − x2) · · · −Gw (x1 − xN )

−Gw (x2 − x1) Z−1
2 − Gw(0) · · · −Gw (x2 − xN )

...
...

. . .
...

−Gw (xN − x1) −Gw (xN − x2) · · · Z−1
N − Gw(0)

⎤

⎥⎥⎥⎦ , X =

⎡

⎢⎢⎣

Q1
Q2
...

QN

⎤

⎥⎥⎦ . (A4)

The virtual periodicity introduced via our proposed
method only accounts for rightward-propagating waves
and neglects the interactions between supercells. A super-
cell describes one element of the host beam plus graded
parasitic wings as illustrated in Fig. 8(a). Consequently,
this extended eigenvalue problem can be formulated as

AEXE = 0, (A5)

with

AE =

⎡

⎢⎢⎣

A1
A2

. . .
AN

⎤

⎥⎥⎦ , XE =

⎡

⎢⎢⎣

X1
X2
...

XN

⎤

⎥⎥⎦ ,

(A6)

where A1 to AN describe the periodically arranged super-
cells. Comparing Eqs. (A6) to (A4), this configuration
has the same eigenvalues corresponding to the band-gap
ranges of a singular supercell of the metamaterial. Thus,
by introducing the virtual geometric periodicity experi-
mentally, we converge to the analytical solution of the
eigenvalue problem determining the metamaterials band
gap.
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