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Scattering wave systems that are periodically modulated in time offer many new degrees of freedom
to control waves in both the spatial and frequency domains. Such systems, albeit linear, do not conserve
frequency and require the adaptation of the usual theories and methods. In this paper, we provide a gen-
eral extension of transmission-line or telegraph equations to periodically time-modulated systems. As a
byproduct of the theory, we obtain a general approach to compute and measure the complete scattering
matrix of such systems. Finally, the proposed theory and methods are applied and validated on a concrete
practical example in the realm of airborne acoustics: a time-modulated actively controlled loudspeaker
membrane terminating a monomode waveguide. Different modulation functions and parameters are tested.
The experimental results are compared to both numerical simulation and an analytical model based on a
two-time-scale method.
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I. INTRODUCTION

Time-varying wave media have attracted a great deal of
interest over the past few decades and have opened new
perspectives in the field of metamaterials by adding a new
degree of freedom in wave manipulation and engineering
possibilities [1]. The first studies on wave propagation in
time-varying media date back to the work of Morgenthaler
[2], Felsen et al. [3], and Fante [4] on spatially homo-
geneous but time-varying dielectric and dispersive media.
Scattering from temporal boundary conditions and discon-
tinuities gives rise to intriguing phenomena. The temporal
dual of wave scattering on a planar interface between
two media cannot, due to causality, involve a reflection
to negative times, thus leading to different Fresnel coef-
ficients. Another important contrast between spatial and
temporal crystals or metamaterials, i.e., a slab of (locally
resonant) medium varying periodically in time, is the fact
that they can generate not only frequency band gaps, but
also wavenumber gaps, corresponding to linearly unstable
regimes [5].

In particular, systems that are periodically modulated
in time, or time-Floquet systems, have the ability to
alleviate some of the constraints of simple static media
[6], such as the breaking of time-reversal symmetry and
of reciprocity [7–9]. As a result, exciting possibilities
for wave control open, such as magnet-free circulators
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and temporal aiming [10,11], Floquet topological insula-
tors [12–15], unidirectional and parametric amplification
[16–25], frequency conversion [25–27], holography [28],
near-zero-index-enabled behaviors (negative refraction,
high harmonic generation, time reversal, broadband, and
controllable frequency shift) [29–33], or strong nonlinear
behavior [34] allowing the observation of Floquet soli-
tons [35] or the development of wave-based neuromorphic
computing [36]. One of the main characteristics of Floquet
metamaterials is the generation of harmonics at integer
multiples of the modulation frequency, thus requiring an
adaptation of classical experimental or theoretical meth-
ods where natural hypotheses such as linearity, reciprocity,
and frequency conservation are assumed.

Many efforts have already been made to theoretically
describe time-varying systems [37,38] and their compo-
nents [39] as well as to extend theoretical tools such as
the generalization of Kramers-Kronig relations [40], of
particle’s dipolar polarizability [41], of the transfer-matrix
methods [42], or of the T matrix [43], among others. The
transmission line is another key concept fundamental to
wave engineering, as it allows for the characterization of
wave systems involving the scattering of guided waves.
From this theory, one can describe and define the scatter-
ing of N -port systems, and easily connect several scatterers
together to compose more complex systems. The growing
interest in time-varying media requires this theory to be
extended to multiharmonic systems, from both theoretical
and experimental points of view.

In this paper, we provide a comprehensive framework
to explore the guided-wave scattering of time-modulated
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loads, from theory to experiments. In particular, the
measurement of the complete scattering matrix of such
systems, including potential Floquet harmonics, remains
an experimental challenge, for which we propose a solu-
tion.

The paper is structured as follows. In a first section, we
derive and expose the extended theory of transmission-
line, scattering and reduced-impedance matrices, for time-
modulated systems. In a second section, we present a
method for extracting the complete scattering matrix based
on a multiload technique. These two sections are general
and can be applied to several domains of wave physics
(electrical, acoustic or mechanical transmission lines, for
example). Finally, we take an acoustic example to apply
the theory on a concrete case, and demonstrate exper-
imentally our S-matrix extraction method: an actively
controlled loudspeaker with an assigned input impedance
modulated in time. Analytical modeling based on a two-
time-scale method and numerical simulations are used
to confirm the experimental results obtained for different
modulation functions and parameters.

II. TIME-MODULATED TRANSMISSION-LINE
THEORY

We consider here a very general one-dimensional trans-
mission line where x and y can represent any quantities
such that, in the static case, the two are related by the
impedance Z(ω):

x(z, ω) = Z(z, ω)y(z, ω). (1)

For electrical, acoustic, or mechanical circuits, x is, respec-
tively, the voltage U, the pressure P, or the force F , while
y is the current intensity I , the particle velocity V, or
the velocity V. The transmission line is terminated by a
time-varying load, Zt(t), as shown in Fig. 1.

A. Constant load

We first recall some well-known generalities about
transmission lines where the termination load does not
vary with time [44]. In this case, the scalar fields at position
z can be written as the superposition of the incident xi and
reflected xr waves. Denoting the characteristic impedance
of the line by Z0, one has

x(z, ω) = xi(z, ω) + xr(z, ω), (2)

y(z, ω) = xi(z, ω) − xr(z, ω)

Z0
, (3)

which can be related by a scalar scattering coefficient at
z = 0,

xr(z = 0, ω) = Stxi(z = 0, ω), (4)

(a)

(b)

FIG. 1. Transmission-line circuit terminated by a time-
modulated load (a), and reduced-impedance circuit (b).

i.e., the complex reflection coefficient St = R. Alterna-
tively, the scalar impedance of the load can be related to
the reflection coefficient as

St = R = Zt/Z0 − 1
Zt/Z0 + 1

, (5)

or, equivalently,

Zt = Z(z = 0) = Z0
1 + R
1 − R

. (6)

B. Periodically time-modulated load

If the load is now modulated periodically in time with
a circular frequency ωm, Floquet harmonics at ω ± nωm
(n ∈ N) are generated around the excitation frequency ω

and will be reflected from the load. Moreover, since in
the general case the source is not impedance-matched,
the multiharmonic reflection from the load will also be
reflected back from the generator side. Both the incident
and the reflected waves can therefore be developed in
Fourier series. Since the amplitudes of the harmonics must
decrease at large n, we can always truncate their sum-
mation to a given harmonic order N , approximating the
signals as follows:

x(z, t) =
N∑

n=−N

x[n](z)ei(ω+nωm)t, (7)

y(z, t) =
N∑

n=−N

y[n](z)ei(ω+nωm)t. (8)

Here x[n](z) and y[n](z) are the nth elements of the com-
plex amplitude vectors x(z) and y(z) of length 2N + 1,
respectively, defined at each position z.
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As a generalization of Eqs. (2)–(4), these complex
amplitudes can be expressed as

x(z) = xi(z) + xr(z) = [1 + S(z)] · xi(z), (9)

y(z) = xi(z) − xr(z)
Z0

= [1 − S(z)] · xi(z)
Z0

, (10)

using the matrix generalization of the scattering coeffi-
cient, Eq. (4).

The incident and reflected complex amplitude vectors
can be expressed as the elementwise multiplication of a
magnitude vector xabs

i,r and a phase vector d(z),

xi,r(z) = xabs
i,r � d(z), (11)

where the magnitude vector is given by xabs
i,r = [|x(−N )

i,r |, . . . ,
|x(0)

i,r |, . . . , |x(+N )
i,r |]T. The phase vector is defined as d(z) =

[eik(−N )z, . . . , eik(0)z, . . . , eik(+N )z]T, with the wavenumbers
k(n) = (ω ± nωm)/c0. The wave celerity in the line is c0 =
const. The operator � is the Hadamard product, i.e., the
elementwise multiplication operator.

Because of the multiharmonic content, Eqs. (5) and (6)
also need to be generalized. What used to be the scalar
scattering coefficient and impedance now become (2N +
1) by (2N + 1) matrices, related by

Zt = Z(z = 0) = Z0 [1 + St] · [1 − St]−1 , (12)

St =
[
1 + Zt

Z0

]−1

·
[

Zt

Z0
− 1

]
. (13)

These relations can be easily derived by introducing
Eqs. (9) and (10), in the matrix extended definition of the
impedance and scattering coefficient at the load position:

x(z = 0) = Zt · y(z = 0), (14)

xr(z = 0) = St · xi(z = 0). (15)

We can then determine the scattering and impedance matri-
ces at any z position along the transmission line from
those at the termination. The reduced impedance can be
expressed as

Z(z) = Z0

[
1 +

[
1 + Zt

Z0

]−1

·
[

Zt

Z0
− 1

]

� (
d(z) · d(z)T)

]

·
[
1 −

[
1 + Zt

Z0

]−1

·
[

Zt

Z0
− 1

]

� (
d(z) · d(z)T)

]−1

, (16)

and the scattering matrix reduced to the z position is given
by S(z) = St � (

d(z) · d(z)T
)
.

Finally, we can compute the average power along the
transmission line as

P(z) = 1
2

Re{x · y∗} = [1 + S(z)] · [
xabs

i � d∗(z)
]

· [1 − S(z)]∗ · xabs
i � d(z)

Z0
. (17)

In terms of incident Pi and reflected Pr power, we have

P(z) = Pi(z) + Pr(z) = 1
2Z0

|xi|2 − 1
2Z0

|S(z) · xi|2.

(18)

According to Fig. 1(b), the incident wave can also be
defined with respect to the generator voltage, pressure, or
force through the load impedance reduced to the generator
position,

xin = Zin · [Zs + Zin]−1 · xg

= [1 + S(−L)] · xabs
i � d∗(−L), (19)

with the input impedance Zin being defined from Eq. (16),

Zin = Z(−L). (20)

These equations provide, from the measured time signals
x(t) and/or y(t) developed in Fourier series, the total field
at each Floquet harmonic, x and y, and allow one to fully
characterize a time-modulated load in terms of scattering,
impedance, and power.

III. EXTRACTION OF THE SCATTERING
MATRIX

Extracting the complete scattering matrix of a time-
modulated system remains a challenge due to the multi-
harmonic content. One needs to measure 2N + 1 linearly
independent data sets from which one can extract any of
the elements of the St matrix.

Here, we propose a general methodology based on mul-
tiload techniques [45] to measure the (2N + 1) by (2N +
1) scattering matrix while limiting the number of sensors
required. It is worth noting here that another method would
consist in multiplying the number of sensors in the system.

Two extraction methods can be employed. First, St can
be extracted by probing x(t) at two positions in the trans-
mission line, which allows one to differentiate the incident
xi and reflected xr fields for each harmonic that are related
to St through Eq. (15). For the second method, we can use
Eq. (12) to obtain St from the Zt matrix that relates the
harmonic content of the x(t) and y(t) fields measured at
the load position [Eq. (14)].
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A. Multiload technique

Both methods involve inverting equations with vectors.
To do this, we expand the vectors xi and xr, or x and y, into
square matrices, multiplying the number of measurements,
thus multiplying the number of equations, to solve for the
(2N + 1)2 unknowns. In order to invert these matrices, the
equations must be linearly independent in the frequency
range of interest. We can then vary the length of the trans-
mission line between the load to be characterized and the
probe position for each measurement. By doing so, we can
change the phase of the reflected field at the microphone
position. The length should be chosen so that each con-
figuration gives independent data sets over the frequency
range for xi and xr, or x(z = 0) and y(z = 0). In addition,
these methods assume plane-wave propagation. The exci-
tation frequency as well as all generated Floquet harmonics
must be lower than the waveguide cutoff frequency.

Equations (15) and (14) can then be rewritten as

St =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x−N
rL1

· · · x−N
rL2N+1

...
. . .

...
x0

rL1
· · · x0

rL2N+1

...
. . .

...
x+N

rL1
· · · x+N

rL2N+1

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

·

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x−N
iL1

· · · x−N
iL2N+1

...
. . .

...
x0

iL1
· · · x0

iL2N+1

...
. . .

...
x+N

iL1
· · · x+N

iL2N+1

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

−1

(21)

and

Zt =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x−N
L1

· · · x−N
L2N+1

...
. . .

...
x0

L1
· · · x0

L2N+1

...
. . .

...
x+N

L1
· · · x+N

L2N+1

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

z=0

·

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

y−N
L1

· · · y−N
L2N+1

...
. . .

...
y0

L1
· · · y0

L2N+1

...
. . .

...
y+N

L1
· · · y+N

L2N+1

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

−1

z=0

.

(22)

The inversion of these square matrices is sensitive to the
independence of the data sets, i.e., to the choice of the load
lengths. Computing the condition number of the matrix to
be inverted allows one to select adequate lengths correctly.
Initially, different lengths can be chosen so that, for the
midrange frequency, each produces a phase shift linearly
distributed in the range [0, π ].

To increase the accuracy for each frequency in the
band, one can also overdetermine the system by increas-
ing the number of configurations to be measured to M ,
i.e., M of transmission-line lengths. One can then solve the
pseudoinverse of a (2N + 1) by (M ) matrix with a least-
mean-squares procedure, thus minimizing the uncertainties
in the inversion process due to matrices that may be close

to singularity at some frequencies, i.e., data sets that are
not sufficiently independent.

B. S matrix from xi and xr discrimination

For each of the 2N + 1 charges, the incident x(±n)
i and

reflected x(±n)
r complex amplitudes can be discriminated

from the total field x(±n)(z) at each harmonic using two
carefully calibrated probes positioned at z1 and z2:

[
x(±n)

i x(±n)
r

] = [
x(±n)(z1) x(±n)(z2)

]

×
[

e−ik(±n)z1 e−ik(±n)z2

eik(±n)z1 eik(±n)z2

]−1

. (23)

One can then access St from the 2N + 1 vectors xr and
xi concatenated in matrices, as detailed in Eq. (21). This
approach assumes linearity along the transmission line,
and requires that individual harmonics do not interact
with each other during propagation. The sole interactions
should occur at the load.

C. S matrix from Z matrix

The impedance matrix can be obtained directly by
simultaneously probing, at the load position, the total fields
x(±n) and y(±n) at each harmonic and for the 2N + 1
charges,

x(z = 0) =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

x(−N )

z=0
...

x(0)

z=0
...

x(+N )

z=0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

= Zt ·

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

y(−N )

z=0
...

y(0)

z=0
...

y(+N )

z=0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

= Zt · y(z = 0).

(24)

The scattering matrix can then be deduced from the
impedance matrix by simply solving Eq. (12).

IV. APPLICATION TO A TIME-MODULATED
ACTIVELY CONTROLLED LOUDSPEAKER

We now apply the general theory and the extraction
procedure of the scattering matrix to an acoustic example.

A. Experimental setup

We consider a one-dimensional acoustic waveguide of
circular cross section with diameter d = 7.18 cm termi-
nated by an actively controlled loudspeaker enclosed in a
cavity of volume Vb = 1081.6 cm3 as depicted in Figs. 2(a)
and 2(b). The waveguide is instrumented with two micro-
phones to measure the incident and reflected pressures,
and is excited from the left by a monochromatic wave of
circular frequency ω.
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(b)

Measured front 
pressure

Force factor

Controller

Loudspeaker
admittance

Laplace force

Acoustic
force

Total
force

(c)

(a)

Source 
speaker

Microphones Time-modulated
active speaker

FIG. 2. Photograph (a) and schematic (b) of the experimental
setup used to measure the entire scattering matrix of a time-
modulated acoustic system. Block diagram (c) of the active
control strategy.

With active control, the characteristics of a resonator,
such as an electrodynamic loudspeaker, can differ com-
pletely from its natural properties, e.g., modified reso-
nant frequency, stiffness, impedance [46], and nonlinearity,
paving the way for a plethora of applications such as non-
reciprocal behavior [47], gain and loss control [48,49], or
enhanced broadband absorption [50–55], among others.

Here, we periodically modulate in time the impedance
of the loudspeaker, so that it responds with a tar-
get impedance Ztarg(t). The control part illustrated in
Fig. 2(c), and performed using a field-programmable gate
array–based (FPGA-based) Speedgoat Performance real-
time controller (I/O 131), consists first in measuring the
pressure pf in front of the loudspeaker and then apply-
ing a feedback loop that assigns a given current i(t) to the
speaker, based on a given control law �:

i = �pf = Sd

Bl

(
1 − Zms(ωc)

Ztarg(t)

)
pf . (25)

Here Sd is the speaker effective cross section, Bl is the
force factor, and Zms is the specific impedance of the
loudspeaker.

In the following, we will first consider a narrowband
control, allowing the response of the resonator to time
modulation to be carefully studied while decoupling the

effect of the control at other frequencies. Apart from the
narrow frequency range where the modulation occurs, no
Floquet harmonics are generated. Only the middle column
of the scattering matrix is thus meaningful, i.e., reflection
at the different harmonics for incidence at the excitation
frequency. Finally, we will demonstrate the experimental
extraction of the full scattering matrix using a broadband
control law, allowing the generation of harmonics for any
excitation frequency and making the characterization of
the complete matrix relevant.

B. Narrowband control

To limit the control over only a given bandwidth Bc
around the control frequency fc, a complex envelope tech-
nique based on a second-order Bessel function is adopted.
More details on this technique and the control efficiency
can be found in Ref. [46].

Two different periodic modulation functions are inves-
tigated in Figs. 3(a)–3(c), a cosine modulation, a positive
circular modulation, and a negative circular modulation,
respectively, such that

Ztarg(t) = Zt (1 + Am cos(ωmt + φm)) (26)

or

Ztarg(t) = Zt (1 + Am exp(±i(ωmt + φm))) , (27)

where Am, φm, and ωm = 2π fm are the modulation depth,
phase, and circular frequency, respectively, and Z̃t = Zt/Z0
is the amplitude of the target normalized impedance.

To characterize the effect of the modulation functions,
the second column of the scattering matrix is extracted
experimentally following the procedure detailed in Sec. III.
In the following examples, the control characteristics are
fixed as follows: fc = 220 Hz, Bc = 2 Hz, Z̃t = 0.8, Am =
0.2, and fm = 50 Hz. A prior pressure measurement along
the transmission line ended by the time-modulated load
showed that only the first Floquet harmonic is measurable
in the system. Thus, the truncation in the Fourier series is
set as N = 1.

Because of the control, the reflection at ω for an inci-
dence at ω exhibits that of the natural loudspeaker, except
in the control bandwidth around fc = 220 Hz, where the
reflection reaches the value given by the target impedance
|R| = |(Z̃t − 1)/(1 + Z̃t)|, as shown in Figs. 3(a)–3(c-2).
This is also the case for a time-invariant control, except
that all the extra-diagonal terms of the matrix St are in
this case null. Nonzero off-diagonal terms appear only
when time modulation is enabled. In addition to the change
in the reflection |R(0,0)| in the control range, it generates
some reflection at the ±1 Floquet harmonics. For exam-
ple, two reflection peaks centered on fc are now visible in
Figs. 3(a-1) and 3(a-3), corresponding, respectively, to a
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(b-1)

(b-2)

(a-1)

(a-2)

(c-1)

(c-2)

(b-3)(a-3) (c-3)

FIG. 3. Effect of the modulation function: the second column of the full scattering matrix for a cosine modulation (a), positive
circular modulation (b), and negative circular modulation (c). The first, second, and third lines correspond, respectively, to |S12| =
|R(−1,0)|, |S22| = |R(0,0)|, and |S32| = |R(+1,0)|. Analytical, numerical, and experimental results are given, respectively, by the solid
lines, the dashed lines, and the symbols.

reflection at ω ± ωm in response to an incidence at ω, i.e.,
|S32| = |R(+1,0)| and |S12| = |R(−1,0)|.

Cosine modulation then generates both positive and
negative Floquet harmonics [Figs. 3(a-1,3)] while a com-
plex function, e.g., a positive (respectively negative) com-
plex exponential, generates only positive (respectively
negative) Floquet harmonics as evidenced in Fig. 3(a-1)
[respectively Fig. 3(c-3)].

We compare the experimental results (circle symbols)
with numerical simulation based on a finite-difference
time-domain (FDTD) approach (dashed lines) and an ana-
lytical model based on a two-time-scale approach (solid
lines). More details on the analytical and numerical model-
ing can be found in Appendix A. It is noteworthy here that
these three methods require prior and accurate characteri-
zation of the loudspeaker and evaluation of its mechanical
parameters (see Appendix A).

We can note a slight discrepancy just before the control
frequency between the analytical model and the numeri-
cal and experimental results. This can be explained by the
way the control bandwidth is applied. Indeed, both numer-
ically and experimentally, a complex envelope technique
involving second-order Bessel filtering is used, whereas
the analytical modeling involves only a generalized normal
distribution window (see Appendix A). Nevertheless, it is
worth noting that the analytical model matches well with

the expected numerical and experimental reflection value
at fc, both at the fundamental and at the first positive and
negative Floquet harmonics, thus validating our analytical
modeling and the extraction procedure.

A detailed analysis of the effect of the modulation depth,
target impedance, and modulation frequency can be found
in Appendix B.

C. Broadband control

Extracting the full scattering matrix is only relevant if
the time-modulated load is effective also at the frequency
of the harmonics. Then, the generated harmonic, for exam-
ple at ω ± ωm, generates back a Floquet harmonic that
contributes to the reflection at ω, making the measurement
more challenging.

A substantial incident amplitude at ω and ω ± ωm is
required to measure these backscatter coefficients, which
correspond to the first and third columns of the scatter-
ing matrix in our case. Floquet harmonics then need to be
generated by the time-modulated load for any incident fre-
quency. In other words, the control has to be broadband
and has to generate large-amplitude harmonics.

To do so, we change the control law applied to the
system and modulate no longer the magnitude of the
load impedance but its compliance Cms, i.e., its resonance
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(c-1)

(c-2)

(c-3)

(b-1)

(b-2)

(b-3)

(a-1)

(a-2)

(a-3)

FIG. 4. Full scattering matrix of the time-modulated loudspeaker for a modulation fm = 50 Hz (blue) or fm = 25 Hz (red), φm = 0,
and Ztarg = Zms(ω) + 0.2(iωCmsS2

d)
−1 cos(ωmt + φm). Reflection coefficient towards ω − ωm (1), towards ω (2), and towards ω + ωm

(3) for incidence at ω − ωm (a), at ω (b), and at ω + ωm (c). Finite-element method (FEM) (only for the second column) and FDTD
simulations are given, respectively, by the dashed-dotted and long-dashed lines. Experimental results are given by the circle symbols.

frequency,

Ztarg(ω, t) = Zms(ω) + (iωCmsS2
d)

−1Am cos(ωmt + φm).
(28)

This new broadband control law still generates mostly
one positive and one negative Floquet harmonics, but
its stronger effect increases their amplitude, allowing the
extraction of the complete St matrix.

Figure 4 shows two complete three-by-three scatter-
ing matrices obtained for two different modulation fre-
quencies, fm = 50 Hz (blue) and fm = 25 Hz (red). The
experimental results represented by the circle symbols are
compared to the scattering coefficients extracted using the
two-probe multiload technique applied to the FDTD exper-
iment. To complement these two methods, a finite element
method (FEM) model based on a Fourier expansion of the
target impedance is also developed to validate the second
column of the scattering matrix. Only the reflections for an
incidence at the excitation frequency, i.e., second column
only, is accessible with the FEM model (dashed-dotted
line, see Appendix A for more details).

The first, second, and third columns of the scattering
matrix [see Figs. 4(a)–4(c)] correspond, respectively, to
reflection from incidence at ω − ωm, ω, and ω + ωm, to
ω − ωm, ω, and ω + ωm for the first, second, and third line
elements [Figs. 4(1,2,3)].

The reflection at the excitation frequency is again that of
the speaker with a drop in reflection at the natural resonant

frequency, i.e., 200 Hz for |S22| in Fig. 4(b-2). Since the
first and third columns refer to what happens at ω ± ωm,
the reflection curve and the drop are therefore delocalized
to 200 Hz ± fm for |S33| and |S11|, shown in Figs. 4(c-3)
and 4(a-1), respectively.

The scattering coefficients of these two columns rely
mainly on the incident pressures measured at ω ± ωm,
which are uniquely due to the generated harmonics and
are thus more sensitive to noise, hence the larger variance
of the experimental data. Another source of discrepan-
cies comes from the condition number of the matrix to
be inverted, which depends on the chosen lengths of the
multiloads and is optimal only for the center of the fre-
quency range but not necessarily for all frequencies of the
bandwidth. The difference in amplitude of the different off-
diagonal terms is explained by the frequency dispersion of
the speaker.

Except for the slight discrepancies for some frequen-
cies, the overall agreement of the measured data with the
simulation of the full experimental setup (including the
dispersion and mechanical damping of the source) demon-
strates the ability to measure the full scattering matrix of
time-modulated systems.

V. CONCLUSIONS

In conclusion, we have studied the effect of a time-
modulated load on a typical transmission line, and we
have extended the classical theory to include the Floquet
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harmonic generated by the system. We have tackled the
challenge of experimentally characterizing the scattering
of such structures, by implementing a multiload measure-
ment technique. The characterization of time-modulated
building blocks is an essential element for the design of
more complex devices like space-time-varying metamate-
rials. The extended transmission-line theory and scattering
extraction methodology are verified and applied to a one-
dimensional acoustic transmission line terminated by a
time-modulated load. To do so, we periodically modulated
in time the input impedance of an actively controlled loud-
speaker. The experimental scattering is confronted with
both time-domain numerical simulations and analytical
modeling based on a two-time-scale model of the con-
trolled loudspeaker. The agreement of the three is very
good for the different functions and modulation param-
eters tested. An interesting feature is the possibility to
force the generation of either positive and/or negative Flo-
quet harmonics solely by the choice of the modulation
function applied in the control law. This unique behavior
could be used to improve sound absorption by transferring
low-frequency acoustic energy only to the higher harmon-
ics, which can be absorbed more easily. In addition, to
the extended telegrapher’s equations, which could also
be applied to the characterization of nonlinear load, we

also present an analytically well-described time-modulated
controllable acoustic system which can be used in various
applications of time-varying phenomena such as nonre-
ciprocal devices, acoustic circulators, and non-Hermitian
systems, among others.

APPENDIX A: DETAILS ON THE MODELING

1. Analytical model: two-time-scale method

The actively controlled loudspeaker follows an inte-
grodifferential equation relating the velocity of the loud-
speaker diaphragm v(t) to the pressure in front of the
loudspeaker pf (t),

(
Mmsd2

tt + Rmsdt + [Cms]−1) v(t)

= Sddtpf (t) − Bldti(t)W(ω), (A1)

where Rms, Mms, and Cms are the Thiele and Small charac-
teristics of the loudspeaker, i.e., acoustic resistance, mass,
and compliance, respectively, and W(ω) is a frequency-
generalized normal-distribution window centered at fc.

Inserting Eq. (25) into Eq. (A1), imposing the change of
variable τ = ω∞t to obtain a dimensionless time variable,
and rearranging the terms, we obtain

(
d2

ττ + Rms

Mmsω∞
dτ + 1

)
v(τ) = Sd

Mmsω∞
dτ

[
1 −

(
1 − Zms(ωc)

Zt (1 + A cos ((ωm/ω∞)τ + φm))

)
W(ω)

]
pf (τ ), (A2)

with ω2
∞ = [CmsMms]−1 the natural resonance circular fre-

quency of the loudspeaker.
The system is excited by a source delivering a pressure

p(τ ) = Pinc exp (iω/ω∞τ). At τ = 0 (initial condition),
the driven loudspeaker has zero acceleration dτ v(τ )|τ=0 =
0 and has a velocity equal to Sdv(τ = 0) = pf (τ =
0)/Zms = Pinc/Zms.

We assume that the system can be described using two
different time scales: one related to the excitation at ω,
T0 ≈ τ , and the other related to the slow modulation at ωm,

T1 ≈ ετ , such that T0 � T1. We define a small parameter
for the derivations, ε ≈ ωm/ω∞ � 1. We also note that the
prefactor on the right-hand side of Eq. (A2) is of the same
order as ε, so Sd/Mmsω∞ can be replaced by εSd/Mmsωm.

The velocity field can then be extended according to
these two scales:

v(τ) ≈ v0(T0, T1) + εv1(T0, T1). (A3)

The governing equation can then be rewritten as

(
∂2

T0T0
+ 2ε∂2

T0T1
+ ε2∂2

T1T1
+ Rms

Mmsω∞
∂T0 + Rms

Mmsω∞
ε∂T1 + 1

)
(v0(T0, T1) + εv1(T0, T1))

= ε
Sd

Mmsωm
(∂T0 + ε∂T1)

[
1 −

(
1 − Zms(ωc)

Zt (1 + A cos (T1 + φm))

)
W(ω)

]
pf (T0). (A4)
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Separating the different orders in ε, we get

O(ε0) →
(

∂2
T0T0

+ Rms

Mmsω∞
∂T0 + 1

)
v0 = 0, (A5)

O(ε1) →
(

∂2
T0T0

+ Rms

Mmsω∞
∂T0 + 1

)
v1 = Sd

Mmsωm
∂T0

[
1 −

(
1 − Zms(ωc)

Zt (1 + A cos (T1 + φm))

)
W(ω)

]
pf (T0)

−
(

2∂2
T0T1

+ Rms

Mmsω∞
∂T1

)
v0. (A6)

To solve the governing equation of the loudspeaker, we
now have to solve each of the two separated partial dif-
ferential equations giving the solution at orders zero and
one, v0 and v1, respectively. We first solve the partial dif-
ferential equation at order zero, Eq. (A5), using the initial
conditions. We then reinject the solution v0 into Eq. (A6)
and cancel the secular terms, to obtain the solution v1.

Finally, using the definition of the velocity-field expan-
sion, Eq. (A3), remembering that the two time scales are
T0 ≈ τ and T1 ≈ ετ , and replacing ε and τ by their def-
initions, we can derive the total solution to the initial
governing equation, Eq. (A1):

v(t) = Pinc

SdZms
e−(Rms/2Mms)t cos

⎛

⎝
√

1 −
(

Rms

2Mmsω∞

)2

ω∞t

⎞

⎠ + Pinc

SdZms

[
1 −

(
1 − Zms(ωc)

Zt (1 + A cos (ωmt + φm))

)
W(ω)

]
eiωt.

(A7)

The first term corresponds to the transient field and
decays exponentially with the speaker dissipation con-
stant Rms/2Mms. At the control frequency, the loud-
speaker responds effectively to the target impedance,
v(t) = Pinc/ (SdZt (1 + A cos (ωmt + φm))). A constant fit-
ting parameter is introduced such that A = Am/2.

To extract the impedance matrix Z from the analyti-
cal model, we have to use the superposition principle and
solve the system for an incident pressure at ω, ω − ωm,
and ω + ωm, and for 2N + 1 charges. Then, the Fourier
transform of the pressure and velocity fields allows us to
solve Eq. (22) and thus to derive the scattering matrix
equation (13).

2. Numerical FDTD model

Numerical results are obtained using SIMULINK mod-
eling of the entire experimental setup, based on a finite-
difference time step approach using a time step of 10−5.
The scattering and impedance matrices can then be
extracted from the incident and reflected pressures, using
the two-probe multiload technique applied to the numerical
experiment. The results obtained via the extraction proce-
dure performed as in the experimental setup are consistent
with those obtained from the direct access to the reflected
and transmitted pressures allowed by the simulation.

3. Numerical FEM model

The numerical FEM experiment is performed using the
frequency-domain solver of the commercial software COM-
SOL Multiphysics, following the methodology proposed in
Ref. [10]. The time-modulated loudspeaker is modeled as
an impedance,

Z = Zms(ω) + Am[iωCmsS2
d]−1 cos(ωmt + φm) (A8)

= Zms(ω) + δZ(ω)(eiωmteiφm + e−iωmte−iφm). (A9)

An impedance condition is implemented as follows:

−n
∇p
ρ0

= pf
−iω

Z
= −v · n iω. (A10)

Expanding pf and v (normal particle velocity) in Fourier
series, after some algebra we end up with

pfn = Z(ωn)vn + δZ(ωn)
(
vn−1e−iφm + vn+1eiφm + · · · ) ,

(A11)

or equivalently

vn = pfn − δ(ωn)
(
vn−1e−iφm + vn+1eiφm + · · · )

Z(ωn)
, (A12)

where ωn = ω + nωm.
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We then put Eq. (A12) into weak forms and solve
for n = (−2, −1, 0, 1, 2) simultaneously for any incident
frequency ω.

4. Characterization of the resonator to control

A fitting procedure of the transfer function of the loud-
speaker terminated by an open circuit, a short circuit, or a
load R = 100.8 �, allows the following Thiele and Small
parameters [56] to be obtained: Bl = 3.63 T m, Mms = 2.9
g, Cms = 0.214 mm/N, and Rms = 0.54 N s/m. The natural
resonance of the speaker occurs close to 200 Hz. We thus
choose to apply our control around the resonance to take
advantage of the stable response in this range

APPENDIX B: EFFECT AND LIMITATION OF
THE CONTROL CHARACTERISTICS

1. Change of the control frequency

Figure 5 shows three configurations with positive circu-
lar modulation and control frequency on either side of the
natural resonance frequency, i.e., fc = 180 Hz (a), fc = 220
Hz (b) and fc = 260 Hz (c). It can be seen that the active
control does capture the reflection value |R(0,0)| = 0.11 for
each of the control frequencies, and that a +1 Floquet
harmonic is generated. The amplitude of the latter dif-
fers depending on the control frequency, again, due to the
dispersion of the electrodynamic speaker.

2. Change of the target impedance Z̃t

We then test in Fig. 6 three different target impedance
values, respectively, Z̃t = 0.4 (a), Z̃t = 0.6 (b), and Z̃t = 1

(b-1) (b-2)

(a-1) (a-2)

(c-1) (c-2)

FIG. 5. Control frequency fc variation: (a) fc = 180 Hz, (b)
fc = 220 Hz, and (c) fc = 260 Hz for the fundamental |R(0,0)| (1)
and the first Floquet harmonic |R(+1,0)| (2). Analytical, numeri-
cal, and experimental results are given, respectively, by the solid
lines, the dashed lines, and the symbols.

(b-1) (b-2)

(a-1) (a-2)

(c-1) (c-2)

FIG. 6. Target impedance Z̃t variation: (a) Z̃t = 0.4, (b) Z̃t =
0.6, and (c) Z̃t = 1 for the fundamental |R(0,0)| (1) and the first
Floquet harmonic |R(+1,0)| (2). Analytical, numerical, and exper-
imental results are given, respectively, by the solid lines, the
dashed lines, and the symbols.

(c). Here, again, the agreement between the three methods
is rather good. The reflection at ω falls to |R(0,0)| = 0.28,
|R(0,0)| = 0.25, and |R(0,0)| = 0, respectively, for Z̃t = 0.4,
Z̃t = 0.6, and Z̃t = 1. The smaller the impedance, the larger
the reflection at both ω and ω + ωm. Furthermore, it should
be noted here that, even though, for Z̃t = 1, we have an
impedance matching and thus |R(0,0)| = 0, a reflection at
ω + ωm exists, |R(+1,0)| �= 0. The termination load is only
impedance-matched at the control frequency fc but not at
fc + fm; in other words, Zt(1, 2) �= Z0. A point where vig-
ilance is required is that the control may be limited by
instabilities if the loudspeaker is asked to respond with
an impedance too different from its natural impedance at
a given frequency.

3. Change of the modulation depth Am

Finally, we study the effect of changing the modula-
tion amplitude, also called modulation depth. We assign
three different values, Am = 0, Am = 0.4, and Am = 0.6, as
illustrated in Figs. 7(a)–7(c), respectively.

As anticipated, the modulation depth has almost no
impact on the reflection at the fundamental frequency. For
zero modulation depth, Fig. 7(a), i.e., a time-invariant con-
trol, no Floquet harmonics are generated. Furthermore, the
higher the modulation depth, the higher the magnitude of
the reflection at the first Floquet harmonic |R(+1,0)|. A point
of caution with the variation of Am should be noted: a high
modulation depth can also generate higher-order harmon-
ics. It is therefore important to check the magnitude of the
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(b-1) (b-2)

(a-1) (a-2)

(c-1) (c-2)

FIG. 7. Modulation depth Am variation: (a) Am = 0, (b) Am =
0.4, and (c) Am = 0.6 for the fundamental |R(0,0)| (1) and the
first Floquet harmonic |R(+1,0)| (2). Analytical, numerical, and
experimental results are given, respectively, by the solid lines,
the dashed lines, and the symbols.

reflection at ω + nωm, and, if necessary, adapt the dimen-
sion of the S matrix to account for the additional harmonics
in the calculation.

APPENDIX C: DETAILS ON THE
EXPERIMENTAL SETUP

The acoustic apparatus used for the characterization of S
and illustrated in Fig. 2 consists of an acoustic waveguide
made up of removable portions of a 7.18-cm-diameter cir-
cular duct, terminated on one side by an electrodynamic
loudspeaker (Monacor SPX-30 M, 3 in.) acting as the
source, and on the other side by the time-modulated load.
To consider only the propagation of plane waves, we take
care to work only below the first cutoff frequency of the
waveguide (fc = 1.8412c0/2πa = 1400 Hz).

The time-modulated load is an actively controlled elec-
trodynamic loudspeaker (Monacor SPX-30 M, 3 in.)
enclosed in a cavity of volume Vb = 1081.6 cm3 and
instrumented with an integrated circuit piezoelectric (ICP)
microphone (PCB 130F20, 1/4 in.) placed just in front of
the loudspeaker diaphragm. The active control scheme as
well as the excitation signal generation and data acquisi-
tion are performed with an FPGA-based Speedgoat Per-
formance real-time controller (I/O 131) controlled by the
MATLAB/SIMULINK xPC target environment. The con-
troller’s output voltage is converted by a homemade
voltage-to-current converter (0.2083 A/V) based on a
Howland pump circuit and fed into the controlled speaker.

The incident and reflected pressures are derived from the
pressure measured by two ICP microphones (PCB 130F20,
1/4 in.) 24 cm apart and 5 cm from the excitation source.

To characterize the full scattering matrix, a multicharge
technique is used, with Lload = 50, 62.5, and 87.5 cm,
respectively, thus ensuring a consistent difference in phase
delay due to the round-trip propagation distance between
the microphones and time-modulated load for each con-
figuration. It is important to note that the distance should
be chosen according to the center frequency of the band-
width under consideration. Note that a further extension to
multimode characterization is possible, but will require an
increased number of sensors.
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