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Cavity-optomechanics-based phonon lasers are traditionally described in terms of three-mode reso-
nance, while the energy nonconservation optomechanical terms are conventionally ignored. Here, we
present a complete theory of phonon lasers, emphasizing the importance of the previously omitted optome-
chanical interaction. We show that this indispensable optomechanical interaction is equivalent to a Kerr
nonlinear interaction. Analytical results show that the interference between this Kerr-type interaction and
three-mode resonance adds a transition channel with no phonon emission or absorption, thus enhancing
phonon lasing and realizing an ultralow-threshold phonon laser and even a phonon cooler. The interfer-
ence effect produces an asymmetric gain profile with a Fano spectral shape in addition to the traditional
Lorentzian shape. Our complete theory shows perfect agreement with existing experiments and provides
a new degree of freedom to manipulate optomechanical phonon lasers.
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I. INTRODUCTION

Phonon lasers, which are analogous to optical lasers,
produce coherent amplification of mechanical oscilla-
tions, which is of great importance for high-precision
sensing and imaging [1–3], precision metrology [4,5],
gravitational-wave detection [6], quantum synchroniza-
tion [7], anomalous cooling [8], integrated phonon-photon
chips [9,10], quantum information [11], and nonclassical-
state engineering [1]. Phonon lasers have been experimen-
tally demonstrated in a wide range of physical systems,
such as harmonically trapped ions [12], optical tweezers
[1], active levitated optomechanical systems [13], cav-
ity optomechanics [14–16], ultracold atoms [17], quan-
tum dots [18,19], nanomechanical resonators [20,21], and
superlattice structures [22].

Among the various realization schemes, the phonon
laser [14] based on cavity optomechanics [23] (COM) has
recently attracted increasing attention due to its flexibly
controllable amplifying spectrum from the radio-frequency
to the microwave regime, ultralow lasing threshold [15],
and pronounced linewidth broadening [16]. The COM
phonon laser consists of two optical cavities (acting as a
two-level system) interacting with a mechanical breathing
mode [14–16]. This kind of optical system has been widely
used to realize optical memory [24], slow light [25,26],
parity-time symmetry and optical isolation [27,28], optical
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nonreciprocity [29], electromagnetically induced trans-
parency [30], quantum sensors [31], quantum networks
[32,33], and phonon and photon amplification [34,35].
Based on this COM device, a variety of novel phonon
lasers have been investigated, such as PT -symmetric
[36] and exceptional-point phonon lasers in non-Hermitian
systems [16,37,38] and nonreciprocal phonon lasers in
spinning resonators [39].

The previous theories [14,34,36,39,40] of this phonon
laser are all described by a three-mode resonance, where
the transition between optical supermodes accompanies
a phonon emission or absorption, while the conven-
tional optomechanical interaction (energy nonconserva-
tion terms) inducing virtual transitions is omitted by a
rotating-wave approximation. These theories successfully
interpret the experimental results [14,15], but only quali-
tatively, without accurate comparison. Therefore, a com-
plete phonon-laser theory capable of quantitatively and
accurately explaining the lasing experiments is highly
desirable. Naturally, the neglected optomechanical terms
[14,34,36,39,40] should be reconsidered for a reasonable
complete theory of optomechanical phonon lasers.

The conventional optomechanical interaction can be
recognized as equivalent to a Kerr nonlinear effect [41,42].
The nonlinear effect can induce a nonreciprocity of phonon
transmission [43] to realize a phonon diode [44], and
can also be used to generate quantum effects such as
photon blockade [45–50] and phonon blockade [51–53].
With a weak Kerr nonlinearity, the unconventional photon
blockade [54–57] is induced by the quantum interference
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between multiple excitation paths. The quantum interfer-
ence effect has thus been responsible for many novelties,
such as electromagnetically induced transparency [58,59],
lasing without inversion [60,61], Fano resonance [62,63],
and virtual-real excitations interference [64]. However, the
quantum interference in phonon lasing has not yet been
explored.

In this paper, with re-emphasis on the importance of
the omitted optomechanical interaction, which is equiva-
lent to a Kerr-type interaction, the indispensable transition
between optical supermodes without phonon emission or
absorption is reconsidered in addition to the conventional
phonon lasing channel. This transition is induced by inter-
ference between Kerr-type interaction and three-mode res-
onance, and depends on both the optomechanical coupling
strength and the total photon number. The interference
effect causes an asymmetric gain profile of Fano spectral
shape. By tuning the optomechanical coupling strength,
the phonon lasing can be significantly enhanced or, on the
contrary, even turned to a phonon cooler.

The remainder of the paper is organized as follows. In
Sec. II, we introduce the cavity optomechanical phonon-
laser system and model. We discuss the essential physics
of the Hamiltonian and emphasize that the Kerr-type inter-
action plays a very important role in a phonon laser. In
Sec. III, we evaluate an analytical formula for the gain of
a phonon laser. In Sec. IV, with the numerical results, we
discuss the laser gain, and the threshold power for reso-
nance and nonresonance cases. We show that, by tuning,
the optomechanical coupling strength can realize a laser
to cooler transformation. Finally, a summary is given in
Sec. V.

II. SYSTEM AND MODEL

COM phonon lasers can be realized in various typical
schemes, such as two coupled cavities interacting with a
middle moveable mirror by radiation pressures [Fig. 1(a)],
or two coupled whispering gallery cavities with one cavity
coupled with a vibrational breathing mode [Fig. 1(b)]. In
both schemes, one optical cavity is driven by a laser with
frequency ωL and amplitude η = √

2γiPin/(�ωL), where γi
is the ith cavity’s decay rate and Pin is the input power.
Thereafter, we set � = 1.

The interaction between two cavities and the mechan-
ical oscillator can be generally expressed as (a com-
plete Hamiltonian, see Appendix A) V̂ = (b̂ + b̂†)(g1n̂1 +
g2n̂2), where n̂i = â†

i âi are the photon number operators,
with â†

i (âi) and b̂† (b̂) being the creation (annihilation)
operators of the cavity field i and mechanical oscilla-
tor, respectively. The optomechanical coupling strength is
g1 = −g2 for the first scheme [Fig. 1(a)] and g1 = 0 for
the second scheme [Fig. 1(b)]. In fact, in the first scheme,
we can realize |g1| �= |g2| by choosing two cavities with
the same resonant frequencies but filled with different
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FIG. 1. Schematic illustration of phonon lasers. (a) A cav-
ity optomechanics system composed of a moveable membrane
placed inside an optical cavity, and the two optical modes cou-
pled via transmission. (b) A conventional phonon laser composed
by two coupled whispering gallery cavities, with one cavity
supporting a mechanical breathing mode. (c) In the supermode
picture, the phonon lasing channels are superposed by the con-
ventional phonon lasing transitions channel and the no-phonon-
assisted transition channels; see discussion after Eq. (2).

media (different refractive indices) or different transverse
electromagnetic modes.

We can rewrite V̂ = V̂d + V̂a, where V̂a = λ(b̂ +
b̂†)(n̂2 + n̂1) and V̂d = g(b̂ + b̂†)(n̂2 − n̂1), with coupling
strengths λ = (g2 + g1)/2 and g = (g2 − g1)/2, respec-
tively. Rewritten with supermode operators â± = (â2 ±
â1)/

√
2 and omitting the energy nonconservation terms,

one can see that V̂d = g(p̂†b̂ + b̂†p̂) (with p̂ = â†
−â+ the

polarization transition operator) is the conventional three-
mode resonance interaction adopted to describe the phonon
lasing Hamiltonian [14,34,36,39,40]. As such, the Hamil-
tonian of the COM phonon laser can be generally written
as (with a frame rotating at frequency ωL)

Ĥ = ωmb̂†b̂ + ω+n̂+ + ω−n̂− + Ĥdrive + g(p̂†b̂ + b̂†p̂)

+ λ(b̂ + b̂†)n̂tot, (1)

with the driving term Ĥdrive = η(â†
+ − â†

−)/
√

2 + h.c., ωm
being the phonon frequency, and ω± being the frequen-
cies of up and down supermodes n̂± = â†

±â±, respectively.
It is crucial to notice that the last term, the optomechani-
cal interaction V̂a = λ(b̂ + b̂†)n̂tot (n̂tot = n̂+ + n̂− = n̂1 +
n̂2), has always been omitted in previous phonon-laser
theory as a convention [14,34,36,39,40].

However, as we will demonstrate, this traditionally dis-
regarded term plays an important role in the COM phonon
laser. This can be seen by the unitary transformation H̃ =
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Û†Ĥ Û with Û = e−(λ/ωm)(b̂†−b̂)n̂tot , so that

H̃ = ωmb̂†b̂ + ω+n̂+ + ω−n̂− + H̃dr + g(p̂†b̂ + b̂†p̂)

− (λg/ωm)(p̂† + p̂)n̂tot − (λ2/ωm)n̂2
tot, (2)

where H̃drive = Û†ĤdriveÛ is the driving term (see
Appendix A). The last term in Eq. (2), coming from
U†V̂dU, is a Kerr-type nonlinear effect, which renormalizes
the supermode levels.

More interestingly, the second-to-last term (λg/ωm)

(p̂† + p̂)n̂tot denotes the interference of the three-mode
resonance (with strength g) and the Kerr-type interaction
(with strength λ). This interference term causes an addi-
tional transition [Fig. 1(c)] from the up (down) supermode
to down (up) supermode without phonon emission (absorp-
tion). This is different from the conventional phonon lasing
composed by a three-mode resonance, where transitions
are associated with a phonon emitting or absorbing. The
interference-induced no-phonon-assisted photon transition
processes [Fig. 1(c)] will have a significant impact on the
up-down optical supermodes so as to influence the phonon
emission or absorption, especially at large photon number,
n̂tot ∼ ωm/λ (Refs. [39,65] show n̂tot ≈ 105–107). More-
over, in the original optical mode picture, (p̂† + p̂)n̂tot =
n̂2

2 − n̂2
1, which indicates that the interference effect in the

supermode picture corresponds to the difference of Kerr
nonlinearities of cavities 1 and 2. The Kerr-type nonlinear-
ity is not intrinsic to the photon cavities, but is induced by
the coherent phonon b̂† + (λ/ωm)n̂tot, dressed by photons.

III. ANALYTIC RESULTS OF PHONON LASER

We define the population-inversion operator as �n̂ =
n̂+ − n̂− and the optical energy difference ωp = ω+ − ω−.
The equations of motion of the phonon lasing system are
given by

dâ+
dt

= − (iω+ + γ ) â+ − iλ
(

b̂ + b̂†
)

â+

− igâ−b̂ − i
η√
2

,

dâ−
dt

= − (iω− + γ ) â− − iλ
(

b̂ + b̂†
)

â−

− igâ+b̂† + i
η√
2

,

dp̂
dt

= − (
iωp + 2γ

)
p̂ + ig�n̂b̂ − i

η√
2

(
â+ + â†

−
)

,

db̂
dt

= − (iωm + γm) b̂ − iλn̂tot − igp̂ , (3)

with γ = (γ1 + γ2) /2 being the average decay rate of two
optical cavities and γm being the phonon decay rate of the

mechanical breathing mode. Clearly, the non-negligible
terms with nonzero λ have a significant impact on the
equations of motion.

To find the phonon lasing gain, we solve these equa-
tions in the weak coupling regime with γm � γ . With
the slowly varying amplitudes b̂ = b̃e−iωmt and p̂ =
p̃e−iωmt, and the standard procedures (see Appendix B for
more details), we obtain the lasing gain G as db̃/dt =(
G − γm − iω′) b̃. The coherent amplification of stimu-

lated emitted phonons will emerge once G � γm. Keeping
up to the second orders of g and η, we can finally obtain
the phonon-laser gain as G = G0 + G1 + G2, where

G0 = γ g2�n̂

2
(
ωp − ωm

)2 + 8γ 2
, (4)

G1 = λ

g

[
1 − 2ωp

ωm
f

(
− γ

ωp

)]
G0, (5)

G2 = 2λ

g
ωp − ωm

ωm
f

(
ωp

4γ

)
G0, (6)

with the Fano-like spectrum profile

f (x) = (x + �)2

1 + �2 − x2

1 + �2 , (7)

where �n̂ = −4�Lωmη2/
[
γ 2ω2

p

(
1 + �2

)]
denotes

photon-number inversion, and �=
[
�2

L− (
ωp/2

)2 +γ 2
]/

(
γωp

)
. Here �L = ωc − ωL is the detuning between the

optical cavities ωc and the drive laser frequency; and x
denotes the Fano parameter.

Clearly, here G0 is the conventional phonon-laser gain
of symmetric Lorentz spectrum shape, generated merely
by the three-mode resonance [39], while G1 and G2 are the
additional gains induced with the indispensable Kerr-type
interaction manifested by the nonzero λ, which are ignored
in previous literature [14,36,39,40]. At resonant condition
ωp = ωm, G1 is finite but G2 vanishes, i.e., G2 is caused
by the nonresonance excitation (ωp �= ωm). The terms G1
and G2 contain both the three-mode resonance strength g
and the Kerr-type interaction coupling strength λ, and the
contained spectrum profile f (x) is superposed by Fano-
type [the first term in Eq. (7)] and Lorentz-type [the second
term in Eq. (7)] shapes, which indicates that G1 and G2 are
induced by an interference effect.

IV. NUMERICAL RESULTS AND DISCUSSION

First, we consider the resonance excitation (ωp = ωm)
case, i.e., G2 = 0. Figure 2(a) shows the phonon gain as
functions of detuning �L and the optomechanical coupling
strength ratio λ/g, with parameters I [14,39]. Because
λ = (g2 + g1)/2 and g = (g2 − g1)/2, where g1 and g2 are
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the optomechanical coupling strengths of cavities 1 and 2,
respectively, we can transform λ/g from >0 to <0 by tun-
ing g1 and g2. This can be realized in both schemes we have
listed in Figs. 1(a) and 1(b). In the first case [Fig. 1(a)], due
to g1 and g2 having opposite signs (suppose g1 < 0 and
g2 > 0, i.e., g > 0), by tuning g1 and g2 (filled with differ-
ent media), we can change from |g1| > |g2| to |g1| < |g2|,
i.e., change from λ < 0 (λ/g < 0) to λ > 0 (λ/g > 0). In
the second case [Fig. 1(b)], due to both g1, g2 > 0 (λ > 0),
we can adjust g1 and g2 to realize the change from g1 < g2
to g1 > g2, i.e., the change from g < 0 (λ/g < 0) to g > 0
(λ/g > 0). By tuning λ/g, the no-phonon-assisted tran-
sition can enhance the phonon lasing process compared
with the case of G0 at λ = 0 (this corresponds to the
conventional phonon-laser theory disregarding the energy
nonconservation optomechanical terms [14,34,36,39,40]).

We note that, if we merely consider G0 as in previous
experiments [14], the gain peak of G0 ≈ 0.5γm [λ/g =
0, the green line in Fig. 2(a)] is less than the loss γm,
i.e., there is no phonon laser generated, in contradic-
tion with the experimental results [14]. This contradic-
tion can be well solved by considering the indispens-
able Kerr-type interaction, where we see the complete
phonon gain G = G0 + G1 > γm [the red line in Fig. 2(a)
with λ/g = 1], which is consistent with the experimental
results [14]. Because γ � ωp , γ /ωp → 0, and then G1 =
(λ/g)[(1 − �2)/(1 + �2)]G0 means that the total phonon
gain G at positive λ has a symmetric Lorentz resonance
profile with a narrower linewidth than the conventional
phonon gain G0 at λ = 0. Moreover, the transformation
from a phonon laser (G > γm) to a phonon cooler (G < 0)
[14,66–69] can be significantly realized at negative λ/g.
Similar results are obtained for parameters II [15], which
are not shown here for brevity.

Figure 2(b) shows the threshold input power of a phonon
laser as a function of coupling strength λ. The threshold
power is obtained as

Pth = Pth,0
G0

G
, where

Pth,0 = C�L

(
1 + �2)

[(
ωp − ωm

)2 + 4γ 2
]
/g2,

(8)

is the conventional laser threshold power (without
Kerr nonlinear effect) given by G0 = γm, where C�L =
−�γ γmωLω

2
p/ (4γ1ωm�L) [39]. We see in both parameter

sets I and II that, with increasing λ, the threshold powers
Pth are significantly reduced, since G > G0.

From Eqs. (4), (5), and (8), we get G0/G ∝ (1 + λ/g)−1

and Pth,0 ∝ g−2, so that, for λ � g, the threshold power
Pth ∝ g−2; while, when λ � g, then Pth ∝ g−1 and λ−1.
This indicates that, by increasing g and λ, ultralow-
threshold phonon lasing can be realized. When only one
optical cavity is optomechanically coupled with the vibra-
tional mode, as in the experimental schemes of Refs. [14,

G0

P t
h

μ
W

Τ

Expt. ref.[4]

Expt. ref.[5]

Parameters I

Parameters II

(a)

(b)

FIG. 2. Phonon lasing at the resonance case ωp = ωm. (a) The
phonon gain G as functions of �L and coupling strength λ.
Three typical laser gain profiles G > γm, G = G0 (the conven-
tion phonon gain), and G < 0 are depicted, for λ/g = 1 (red
line), 0 (green line), and −1 (cyan line), respectively. Here the
parameters I and input power 7 µW are used. (b) The thresh-
old powers of phonon laser as a function of λ; blue line for
parameters I and orange line for parameters II. Vahala’s [14]
(the dark blue star) and Xiao’s [15] (the red star) experimental
results are marked. Parameters I [14,39]: the vibration frequency
is ωm = 2π × 23.4 MHz; the quality factors of optical cavities
and mechanical oscillator are Q1 = 3 × 107, Q2 = 9.7 × 107,
and Qm = 625, respectively; the decay rates are given by γ1,2 =
ωc/Q1,2 and γm = ωm/Qm; the diameters of the optical cavi-
ties are R = 69 µm; the optomechanical coupling strength is
g = (ωc/R)

√
(�/2mωm). Parameters II [15]: ωm = 2π × 59.2

MHz; Q1 = 2.5 × 107, Q2 = 9.7 × 107, and Qm = 18 000; and
R = 60 µm. A 1550 nm driving laser and 50 ng mechanical
oscillator are used for Parameters I and II.

15], i.e., g1 = 0 as shown in Fig. 1(b)), we have λ/g = 1
and obtain the threshold powers as 6.3 µW [blue star
in Fig. 2(b)] for parameters I and 1.2 µW [red star in
Fig. 2(b)] for parameters II, respectively.

As one can see, the analytical theory results are con-
sistent with Vahala’s [14] and Xiao’s [15] experimental
results, respectively. But, for the conventional phonon-
laser theory without three-mode resonance and Kerr inter-
action interference (λ = 0), the threshold power is almost
twice as large as the experimental results [see the threshold
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powers at λ = 0 in Fig. 2(b)]. These results demonstrate
that the interference effect is indispensable for a reason-
able complete phonon-laser theory that accurately explains
experiments.

Second, we explore the nonresonance excitation case
(ωp �= ωm). Figure 3(a) depicts the phonon gain profiles
at the nonresonance condition with ωp = 1.4ωm, which
indeed have asymmetric Fano shapes. The components of
laser gain G1 and G2 induced by the interference effect
are much larger than the conventional laser gain G0, and
especially G2 dominates at this nonresonance condition.
Gain G2 is almost antisymmetric about the axis �L =
−ωp/2, while G1 approaches a symmetric shape, so that
the joint effect of G1 and G2 causes laser gain G to have
an asymmetric Fano shape. Figure 3(a) also shows that,
with the detuning �L in the range (−0.8ωm, −0.7ωm),
a phonon laser (G > γm) is generated, but in the region
�L > −0.68ωm there is a phonon cooler (G < 0).

Figure 3(b) shows that the amplitudes of gain
are increased with increasing optomechanical coupling
strength λ, i.e., the laser gains are increased in the region
�L ∈ (−0.8ωm, −0.7ωm), while the cooling effects are
increased for �L > −0.68ωm. Figure 3(c) shows that, with
increasing difference of

∣∣ωp − ωm
∣∣, i.e., further away from

the resonance condition, the laser gains are decreased.
Moreover, the gain shapes for ± ∣∣ωp − ωm

∣∣ are asym-
metric about the resonance excitation (ωp = ωm). By
using Eq. (8), we can calculate the laser threshold power
for nonresonance excitation. Figure 3(d) shows that, far
away from the resonance condition (increasing ωp ), the
laser threshold powers are increased, but with increasing
coupling strength λ, the laser threshold powers can be
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FIG. 3. Phonon lasing at the nonresonance case ωp �= ωm. (a)
The phonon-laser gain and its components with λ/g = 10 and
ωp = 1.4ωm as a function of detuning �L are shown. (b),(c)
Phonon-laser gains for different coupling strengths λ (with ωp =
1.4ωm) and optical energy differences ωp (with λ/g = 5) are
shown in (b) and (c), respectively. (d) The laser threshold powers
for different ωp and λ are shown. Here, the other parameters are
given by parameters II.

decreased, so that, by adjusting the Kerr-type interaction
coupling strength λ, we can realize a phonon laser (cooler)
with very low threshold power in the nonresonance case.

In both the resonance and nonresonance cases, the
phonon lasing behavior can be significantly altered by
tuning the optomechanical coupling strength λ. Thus, it
provides a new freedom to manipulate this optomechani-
cal system; for example, we can realize a phonon cooler
by tuning the coupling strength λ in the resonance case
[Fig. 2(a)], which can be helpful to realize the quantum
ground state of a mechanical oscillator [70–72] and the
entanglement of macroscopic vibrators [73,74]. In the non-
resonance case, with the Fano shape gain [Fig. 3(a)], it is
very sensitive to the detuning (i.e., a very small change in
detuning turns the phonon laser into a phonon cooler), so
it can be used to realize a highly sensitive sensor [75–77].

Quantum interference plays a very important role in
our phonon-laser theory. Here, we emphasize that “quan-
tum” originated from the energy nonconservation transi-
tion which is caused by the interference effect between the
Kerr-type interaction and three-mode resonance. This dif-
fers from a recent experiment [78] in which a Paul trap was
used to co-trap two ion species to realize a phonon laser in
the quantum regime. In their work, “quantum” means that
the phonon laser was operated close to the quantum ground
state with an average phonon number <10. The phonon
number statistics and correlation beyond this work will be
discussed in the future.

V. SUMMARY

By reconsidering the Kerr-type optomechanical inter-
action, which was previously overlooked in traditional
phonon-laser theory, we have obtained a reasonably
complete theory for cavity-optomechanics-based phonon
lasers, which precisely explains the existing experiments.
With this indispensable optomechanical interaction, an
additional transition without phonon assistance has been
induced to the conventional phonon lasing channel, result-
ing in a phonon gain profile of asymmetric Fano shape.
Thus, optomechanical phonon lasers can be enhanced with
an ultralow threshold, or even a phonon cooler can be
realized, by the transition without phonons. We hope that
this complete theory could pave the way for quantita-
tively exploring further experiments of ultralow-threshold
phonon lasers [15] and nonreciprocal phonon lasers [39].
Our work provides a new route to manipulate phonon
lasers, and in the future may facilitate applications in
high-precision imaging [79–81], ultrasensitive sensors and
detection of ultraweak forces [75–77], steering phonon
chips [13], high-frequency modulation [82], modulating a
material’s optical or electronic properties [18], nonclassi-
cal correlations of optomechanical systems [83], informa-
tion processing [1], mechanical oscillator cooling [71,72],
and macroscopic entanglement [73,74].
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APPENDIX A: DERIVATION OF THE
HAMILTONIAN

A general COM system is composed of two optical cav-
ity modes (â1 and â2) coupled with a mechanical mode (b̂)
with coupling strengths g1 and g2, respectively (Fig. 1).
We assume two optical cavities with the same resonant fre-
quencies ωc, and the mechanical mode with frequency ωm
and effective mass m. One of the optical cavities (â1) is
driven by a laser with frequency ωL and amplitude η. In
this system, the couplings between optical modes and the
mechanical mode are optomechanical interactions (radia-
tion pressure), while the two optical modes are coupled by
photon-hopping interaction with coupling strength J . The
total Hamiltonian with a frame rotating at frequency ωL is

Ĥ = ωmb̂†b̂ + �L

(
â†

1â1 + â†
2â2

)
+ J

(
â†

1â2 + â†
2â1

)

+
(

b̂ + b̂†
) (

g1â†
1â1 + g2â†

2â2

)
+ η

(
â†

1 + â1

)
,

(A1)

where �L = ωc − ωL.
The optomechanical interactions can be divided into two

parts,

V = g1

(
b̂ + b̂†

)
â†

1â1 + g2

(
b̂ + b̂†

)
â†

2â2 = V̂a + V̂d

= λ(b̂ + b̂†)(n̂2 + n̂1) + g(b̂ + b̂†)(n̂2 − n̂1), (A2)

where λ = (g2 + g1)/2 and g = (g2 − g1)/2, and n̂1(2) =
â†

1(2)â1(2). By using the supermode operators â± = (â2 ±
â1)/

√
2, we rewrite this Hamiltonian as

Ĥ = ωmb̂†b̂ + ω+â†
+â+ + ω−â†

−â− + V̂a + V̂d + Ĥdrive,
(A3)

where the driving term is

Ĥdrive = η√
2

(
â†

+ − â†
− + â+ − â−

)
, (A4)

and optomechanical terms are

V̂a = λ
(

b̂ + b̂†
) (

â†
+â+ + â†

−â−
)

, (A5)

V̂d = g
(

b̂ + b̂†
) (

â†
−â+ + â†

+â−
)

, (A6)

and ω± = �L ± J . If we keep only the energy conserva-
tion terms in V̂d, then we get

V̂d = g
(

â†
+â−b̂ + b̂†â†

−â+
)

. (A7)

Here V̂d is the three-mode resonance term, which is used to
generate the laser in the conventional phonon-laser theory
[14,34,36,39,40], while V̂a is the conventional optome-
chanical interaction, which is omitted in the conventional
phonon-laser theory [14,34,36,39,40]. In what follows, we
show that V̂a is equivalent to an optical Kerr nonlinear
effect, which is indispensable for a complete phonon-laser
theory.

With the unitary operator Û = e−(λ/ωm)(b̂†−b̂)n̂tot , where
n̂tot = â†

+â+ + â†
−â− is the total particle number opera-

tor, we take the unitary transformation H̃ = Û†Ĥ Û for the
Hamiltonian given by Eq. (A3) with V̂a and V̂d given by
(A5) and (A7), respectively. Then we get [Eq. (2) in the
main text]

H̃ = ωmb̂†b̂ + ω+n̂+ + ω−n̂− + H̃drive + g
(

p̂†b̂ + b̂†p̂
)

− λg
ωm

(p̂† + p̂)n̂tot − λ2

ωm
n̂2

tot, (A8)

where the driving term is

H̃drive = η√
2

[(
â†

+ − â†
−
)

e(λ/ωm)
(

b̂†−b̂
)

+ (
â+ − â−

)
e−(λ/ωm)

(
b̂†−b̂

)]
, (A9)

and p̂ = â†
−â+ is the polarization transition operator. The

last term of Eq. (A8) is an optical Kerr-type interaction,
and the second-to-last term is the interference effect of
three-mode resonance and Kerr interaction.

APPENDIX B: DERIVATION OF THE
MECHANICAL GAIN

In order to derive the mechanical gain of the phonon
laser, we begin with the Hamiltonian of Eq. (1) in the
main text. With this Hamiltonian, the equations of motion
for optical modes â±, polarization transition operator p̂
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(= â†
−â+), and phonon mode b̂ are

dâ+
dt

= − (iω+ + γ ) â+ − iλ
(

b̂ + b̂†
)

â+

− igâ−b̂ − i
η√
2

,

dâ−
dt

= − (iω− + γ ) â− − iλ
(

b̂ + b̂†
)

â−

− igâ+b̂† + i
η√
2

,

dp̂
dt

= − (
iωp + 2γ

)
p̂ + ig�n̂b̂ − i

η√
2

(
â+ + â†

−
)

,

db̂
dt

= − (iωm + γm) b̂ − iλn̂tot − igp̂ . (B1)

Here �n̂ = n̂+ − n̂− is the photon number inversion oper-
ator, n̂tot = â†

+â+ + â†
−â− is the total particle number oper-

ator, ωp = ω+ − ω−, and γ = (γ1 + γ2) /2. The equations
of motion for the conjugate quantities, â†

±, p̂†, and b̂† can
also be obtained just by using the conjugate transform for
Eq. (B1) (not shown here).

We set b̂ = b̃e−iωmt and p̂ = p̃e−iωmt; then we get

dâ+
dt

= − (iω+ + γ ) â+ − igâ−b̃e−iωmt

− iλ
(

b̃e−iωmt + b̃†eiωmt
)

â+ − i
η√
2

, (B2)

dâ−
dt

= − (iω− + γ ) â− − igâ+b̃†eiωmt

− iλ
(

b̃e−iωmt + b̃†eiωmt
)

â− + i
η√
2

, (B3)

dp̃
dt

= − [
i
(
ωp − ωm

) + 2γ
]

p̃ + ig�n̂b̃

− i
η√
2

(
â+ + â†

−
)

eiωmt, (B4)

db̃
dt

= −γmb̃ − iλn̂toteiωmt − igp̃ . (B5)

With γ � γm, assuming the fields â± and p̃ at steady
state, by setting the time derivatives of â± and p̃ to zero,
and keeping λ and g to first order and η to second order
in the total particle number operator n̂tot and polarization
transition operator p̃ , then we get

n̂tot ≈ gη2

2

[
ω+ + ω−(

ω2+ + γ 2
) (

ω2− + γ 2
) − 2

λ

g
ω+

(
ω2

− + γ 2
)2 + ω−

(
ω2

+ + γ 2
)2

(
ω2+ + γ 2

)2 (
ω2− + γ 2

)2

]

b̃e−iωmt, (B6)

p̃ ≈ − gγ η2 (ω+ + ω−) (A + iB)
[(

ωp − ωm
)2 + 4γ 2

] (
ω2+ + γ 2

) (
ω2− + γ 2

) b̃, (B7)

with

A = 2γ

{

1 − λ

g

[

1 + ω2
p

(
ω+ω− − γ 2

)

(
ω2+ + γ 2

) (
ω2− + γ 2

)

]

+ ωp
(
ωp − ωm

)

4γ 2

[

1 + λ

g
γ 2

(
ω2

+ + ω2
− + 3γ 2

) − ω2
+ω2

−(
ω2+ + γ 2

) (
ω2− + γ 2

)

]}

, (B8)

B = ωm

[

1 + λ

g
γ 2

(
ω2

+ + ω2
− + 3γ 2

) − ω2
+ω2

−(
ω2+ + γ 2

) (
ω2− + γ 2

) + λ

g
ωp − ωm

ωm

2γ 2
(
ω2

+ + ω2
− + 2γ 2

) + ω2
p

(
ω+ω− − γ 2

)

(
ω2+ + γ 2

) (
ω2− + γ 2

)

]

. (B9)

Here, the second lines of Eqs. (B8) and (B9) vanish in the
resonance case (ωp = ωm); these terms are only induced by
the nonresonance situation (ωp �= ωm). The terms ∝ λ/g in
A [Eq. (B8)] and B [Eq. (B9)] are induced by the reconsid-
ered optomechanical interaction. Because A ∝ Re (p̃) and
B ∝ Im (p̃), from Eq. (B5), we know that A and B con-
tribute to the frequency shift ω′ and gain G of the phonon
laser, respectively (see below).

Substitution of Eqs. (B6) and (B7) into the dynamical
equation of b̃ in Eq. (B5) results in

db̃
dt

= (
G − γm − iω′) b̃, (B10)

where

ω′ = ω0 + ω1 + ω2, (B11)

G = G0 + G1 + G2. (B12)

Here, the frequency shift components ω0, ω1, and ω2, and
the laser gain components G0, G1, and G2 are given by
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ω0 = g2�n̂
4ωm

ωp
(
ωp − ωm

) + 4γ 2

(
ωp − ωm

)2 + 4γ 2
,

ω1 = λ

g

[
ωm

�

�
(
ωp − ωm

) − γ f (3γ /ωm)

ωp
(
ωp − ωm

) + 4γ 2
− 2f (0)

]

ω0,

ω2 = 2λ2

g2

(
ωp − ωm

)2 + 4γ 2

ωp
(
ωp − ωm

) + 4γ 2

[
f

(
J
γ

)
+ f (0) − 1

]
ω0,

(B13)

and

G0 = γ g2�n̂

2
(
ωp − ωm

)2 + 8γ 2
,

G1 = λ

g

[
1 − 2ωp

ωm
f

(
− γ

ωp

)]
G0,

G2 = 2λ

g
ωp − ωm

ωm
f

(
ωp

4γ

)
G0, (B14)

with the photon number inversion �n̂, and the Fano-like
spectrum profile f (x), respectively:

�n̂ = − 4�Lωmη2

γ 2ω2
p

(
1 + �2

) , (B15)

f (x) = (x + �)2

1 + �2 − x2

1 + �2 , (B16)

where � =
[
�2

L − (
ωp/2

)2 + γ 2
]
/
(
γωp

)
. Here, ω0 and

G0 are the conventional frequency shift and laser gain
(without the reconsidered optomechanical interaction),
respectively, while ω1, ω2, G1, and G2 are, respectively, the
frequency shifts and laser gains induced by the reconsid-
ered optomechanical interaction. The frequency shifts ω1
and ω2 are related to the first order and the second order of
λ/g, respectively. The gain G1 is generally associated with
the reconsidered optomechanical interaction, while G2 is
only present in the nonresonance case.
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