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Hong-Ou-Mandel (HOM) interferometry is a powerful quantum metrology technique to reconstruct the
surface-depth profile of transparent samples with complementary benefits of measurement precision and
experimental robustness. It is generally assumed that a trade-off exists between the standard HOM interfer-
ometry sensitivity and its ambiguity-free dynamic range. Here we challenge this “well-known” assumption
through the implementation of spectrally resolved HOM interferometry with discrete color entanglement,
and show that the well-separated frequencies embedded in a quantum state suffices to achieve great advan-
tages in enhancing the temporal resolution but without limiting its ambiguity-free dynamic range. Backed
by the Fisher-information analysis, spectrally resolved coincidence detection is an optimal measurement
strategy as it enables us to recover the quantum Cramér-Rao bound. These results may significantly facil-
itate the use of spectrally resolved quantum interference for real-time quantum information processing,
such as ultrafast phase transition and spectral-temporal photography.
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I. INTRODUCTION

Quantum interference provides an alternative route
towards enhancing the metrology and sensing technolo-
gies that are beyond the possibilities of classical physics
[1-3]. Hong-Ou-Mandel (HOM) interference, the fact that
two indistinguishable photons that arrive simultaneously
at a balanced beam splitter would bunch into the identical
output port, is a prototypical example of such a quantum
phenomenon [4,5]. HOM interferometry can reconstruct
the surface-depth profile of transparent samples without
any requirement of temporal or spatial scanning [6-9],
which provides complementary benefits and additional
opportunities with respect to the classical metrology tech-
niques. For example, HOM interferometry typically uses
low-intensity light at single-photon level, which is crucial
for delicate photoactive samples [9,10]. Since HOM inter-
ference is measured via photon correlation, the inherent
stability and the robustness against perturbation are readily
achieved as a direct result of biphoton quantum inter-
ference [11]. Thus, quantum metrology techniques based
on HOM interference enable a wide range of quantum
information processing tasks, ranging from the ultrasensi-
tive metrology, high-resolution imaging, as well as high-
dimensional quantum communication and computation
[6,12—14].
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In the context of such applications, indistinguishable
photons are necessary prerequisites such that degener-
ate photons (identical spectral distribution) are typically
used. Based on the theoretical prediction and experimen-
tal certification, it is generally known that the single-
photon frequency bandwidth imposes the ultimate limit
on the precision. The ultimate limit of a HOM-based sen-
sor for estimating an unknown parameter t of a physical
system is known as the Cramér-Rao bound §t, which
is attached to a particular probe state but is indepen-
dent of any ingenious measurement procedure. Typically,
indistinguishable photon pairs that are commonly used in
the standard HOM interferometry allow us to achieve a
bound as 8t = 1/(20+/N), where o is the rms bandwidth
of single photons, N represents the number of indepen-
dent experimental trials [15]. Recently, two well-separated
and entangled-discrete frequency modes and coincidence
detection on a biphoton beat note are proposed that suffices
to achieve great precision. Its sensitivity limits is mainly
determined not only by the single-photon frequency band-
width, but also by the difference frequencies of color-
entangled photons. Thus, the use of two well-separated fre-
quencies embedded in a quantum entangled state suffices
to achieve a greater precision as 8t = 1/{/N (402 + A?).
Additionally, coincidence detection at two output ports of
the HOM interferometry is certified as the optimal mea-
surement strategy since it enables the recovery of the
quantum Cramér-Rao bound [16]. However, this method
faces the significant challenge of limited dynamic range.
While the typical ambiguity-free measurement length of
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the standard HOM interferometric sensor is fundamentally
determined by the coherence time of single photons [17],
the ambiguity-free dynamic range of HOM interferometry
on a biphoton beat note is much shorter than the coherence
time because of the periodic oscillation in the temporal
detection [16,18,19]. As a direct consequence, the broad
consensus has been that a trade-off exists between a HOM
interferometry sensitivity and its ambiguity-free dynamic
range [15,20]. On the other hand, the temporally resolved
HOM interferometry has a notorious requirement for the
precise scanning process in the temporal domain, and thus
poses a serious obstacle for its use in real-time or ultrafast
sensing applications.

To tackle this issue, spectrally resolved HOM interfer-
ometry is an alternative commonly used method in prac-
tical applications, which also promises enhancements in
precision and sensitivity within a wide dynamic range [18,
21-23]. Since the spectrally resolved quantum interference
pattern maps monotonically with respect to the unknown
parameter t, the corresponding ambiguity-free dynamic
range is independent on temporal detection. Additionally,
competing with the conventional temporal measurements,
spectral detection in quantum interference provides an
improvement in shorting the capturing time as two-photon
joint-spectral intensity can be obtained from single mea-
surement [18,24]. This scan-free technology enables a
variety of real-time sensing applications such as ultra-
fast phase transition and spectral-temporal photography
[25,26].

Here, we show that spectrally resolved HOM interfer-
ometry with discrete color entanglement is an optimal
measurement strategy, wherein the ultimate bound 6t =
1/v/N(4c? + A?) can be recovered and the ambiguity-
free dynamic range is significantly widened. Building on
the specific measurement-estimation strategy, the Fisher
information is analyzed to determine the optimum sens-
ing points in a practical experiment, and thus it enables the
adaptive modulation to achieve the optimal measurement
precision and accuracy even in the presence of imper-
fect experimental conditions. These results show that our
approach provides a simple way of beating the tempo-
ral resolution limit but without limiting its ambiguity-free
dynamic range, and may also indicate an alternative direc-
tion towards fully harnessing a biphoton spectral-temporal
wave function in quantum metrology and quantum infor-
mation processing [19,27-29].

Il. CRAMER-RAO BOUND OF SPECTRALLY
RESOLVED HOM INTERFEROMETRY

Let us consider an experimental configuration of spec-
trally resolved HOM interferometry as shown in Fig. 1
[15,16]. In the context of spectrally resolved HOM inter-
ferometry, the probe state is frequency entangled photon

Entanglement source HOM interference

e

&

4'{ 4 Camera

delay

e

Tsrou -
Continuous PC

laser @405 nm

r A

PBS BS PPKTP HWP Mirror LP  Lens Grating

FIG. 1. Experimental setup of spectrally resolved HOM inter-
ferometry. HWP, half-wave plate; PPKTP, periodically poled
potassium titanyl phosphate nonlinear crystal; LP, long-pass fil-
ter; PBS, polarizing beam splitter; BS, beam splitter; SPDM,
single-photon detection module; AND, coincidence counts; grat-
ing, near-IR diffraction grating.

pairs that can be expressed as

1
W =— [ dQf (@
W (1)) vif ()
« [ei(A+2Q)ra1f(Qs 4 Q)a; (€2 — )

— al (@ + Q)al (@, — Q) ]Ivac), (1)

where ©; and €2; are well-separated center frequencies
embedded in a quantum entangled state, A = Q, — ;
is the difference frequency of these color-entangled pho-
tons, |vac) is the vacuum state, and f (€2) is the Gaussian
spectral amplitude function that fulfills the normalization
condition as [ dS2|f (R)|?> = 1. As proved in Ref. [16], this
particular probe state enables us to achieve the quantum
Cramér-Rao bound as 6t = 1/{/N (402 + AZ?). Next we
show that spectrally resolved HOM interference measure-
ment is indeed an optimal strategy to recover this ultimate
bound.

These paired photons are routed into the two input ports
of a HOM interferometer, which transforms the incident
state into

W(T)) = |D4(1)) + [Pp(T)), 2

where |®,(7)) and |®p(7)) correspond to the events that
two photons emerge in opposite and identical outports,
respectively. The normalized coincidence detection prob-
ability identified by single-photon detectors at distinct
spatial modes reads
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1 (w0 — Qy)? (@ — Q)*
P.(t,w) = 4\/ﬁ[l —cos((2w — w,)1)] [exp <—T‘2> + exp <_Tr2>:| , 3)

where w is the frequency of one of the indistinguishable paired photons [24,30] (see Appendix for more details). In the
case of a real HOM interferometer, that is subject to photon loss y and imperfect experimental visibility «, there are three
possible measurement outcomes; either both photons are detected as coincidence event, one photon is detected, or no
photon is detected. The corresponding probability distributions read

— )2 _ 5 PN
Pr(t,w) = fl_l—y)[l + cos((2w — wp)7)] |:exp (-M) T exp (_ (w— ) >:| ’

o2 202 202

1—p)? [1+3 — Q,)? - Q)?
Pi(t,w) = i 2_7:;2 [ I _;/ —cos(Cw — a)p)t)] [exp (_—(w 252 ) ) + exp (_—(a) 292 ) ):|,

v (0 — ) (0 — @)’
i) = s o (052 e (-3 | @

where subscripts 0, 1, and 2 denote the number of detec- An estimator T is a function of the experimental
tors that click, corresponding to total loss, bunching,  data that allows us to infer the value of the unknown
and antibunching, respectively. For degenerate frequency-  time delay using a particular statistical model for the

entangled photons (A = 0), the theoretical prediction and  probability distribution of measurement outcomes. It is
experimental observation of HOM interference patternsare  thus itself a random variable, that can be constructed

shown in Fig. 2(a)-2(d). For nondegenerate frequency-  from the probability distributions as a function of time
entangled photons (A =5 THz), the theoretical pre-  delay. The average of an unbiased estimator corresponds
diction and experimental observation of HOM interfer-  to the real-time delay. For any such estimator, classi-

ence patterns are shown in Fig. 3(a)-3(d). The outcome  cal estimation theory states standard deviation is lower
probabilities in this measurement can now be used to  bounded by
construct an estimator for the value of 7.
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FIG. 2. Spectrally resolved HOM interferometry based on degenerate photons (A = 0). (a) Normalized interference probability
as functions of the single-photon frequency and the relative time delay. (b) The normalized joint spectral intensity for time delays
7 = 0.30 ps, (c) the normalized joint spectral intensity for time delays t = 0.34 ps, and (c) the normalized joint spectral intensity for
time delays 7 = 0.39 ps. The single-photon frequency bandwidth o is set as 4.24 THz. By performing a Fourier transform on the
joint spectral intensities, the two-photon temporal signals are obtained as shown in (f)~(h). (¢) The normalized temporal signals are
calculated as functions of single-photon frequency bandwidth.
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FIG. 3. Spectrally resolved HOM interferometry based on nondegenerate photons (A # 0). (a) Normalized interference probability
as functions of the single-photon frequency and the relative time delay. (b) The normalized joint spectral intensity for time delays
7 = 0.30 ps, (c) the normalized joint spectral intensity for time delays t = 0.34 ps, and (c) the normalized joint spectral intensity for
time delays T = 0.39 ps. The single-photon frequency bandwidth o is set as 4.24 THz, and the difference frequency A is set as 5 THz.
By performing a Fourier transform on the joint spectral intensities, the two-photon temporal signals are obtained as shown in (f)—(h).
(e) The normalized temporal signals are calculated as functions of single-photon frequency bandwidth.

_ 1 This value is tied to a particular quantum state and a
dtcr = > 81QcR, %) ) . X
(NF)1/2 specific measurement strategy. In a specific experiment
_ _ ) (measurement strategy), the Fisher information quantifies
where the Fisher information £ reads the information that a particular measurement can reveal
about the unknown parameter of interest. Note that opti-
o * do (3:Pr(t,w))*  (8:Pi(r,w)° mizing over all probability distributions results we can
L Py(t,w) Pi(t,w) recover the quantum Cramér-Rao bound, which states that
(0. Py (7. )’ this measurement strategy is optimal. Evaluating the Fisher
;(()—t,a)) (6)  information for this set of probabilities, we find that
olT,w
|
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which is undefined at the position of 7 = 0 in the ideal
experimental environment. We find that its upper bound is
achieved in ideal case (y = 0, = 1) as

2 _02
o  exp (——(w;{gy) ) + exp (——(‘”2(2’) )
F, < / dw
—00 2\/ 27‘[02
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In the case of zero loss and perfect visibility we recover
the quantum Cramér-Rao bound, thus confirming that the
measurement strategy is indeed optimal. In our experi-
ment, the ultimate Fisher information that can be achieved
is shown in Fig. 4, where Fig. 4(a) agrees well with the
conventional HOM interferometry, and Fig. 4(b) agrees
well with the HOM interferometry on a biphoton beat note.
Additionally, these statistical prediction states that the opti-
mal sensing position depends on the specific experimental
parameters in the presence of imperfect visibility or photon
loss.
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FIG. 4. Fisher information as functions of the relative time delay t and (a) single-photon bandwidth ¢ with specific difference
frequency A = 0, (b) difference frequency A with specific single-photon bandwidth o = 4.24 THz in the case of imperfect interference
visibility ¢ = 0.9 and photon loss rate y = 0.2. (c) The ultimate limit of Fisher information that can be achieved in our spectrally
resolved HOM interferometry in the ideal case. (d) Measurement precision as a function of the relative time delay for various discrete

color entanglement.

III. STATISTICAL ESTIMATION IN SPECTRALLY
RESOLVED HOM INTERFEROMETRY

While the ultimate resolution limit of spectrally resolved
HOM interferometry is provided in Eq. (7), we further
show how to construct a suitable estimator for v based
on the observation of biphoton joint spectral distribution.
Let us consider a conventional statistical analysis method
based on the connection between a biphoton spectral and
temporal wave function, which can directly reveal the
enhanced resolution by using discrete frequency entangle-
ment. Recent works propose a quantum Wiener-Khinchin
theorem to state that two-photon joint spectral intensity
and the cross-correlation of two-photon temporal signal
can be connected by making a Fourier transform, which
has various applications in quantum interferometric spec-
troscopy and quantum optical coherence tomography [24,
31]. In analogy to this approach, by performing a Fourier
transform on the biphoton joint spectral distribution as
demonstrated in Eq. (4), the correlation of two-photon
temporal signals are obtained as

m .
Py(w)e “Tdw

R(T) = F'[Py(w)] = f

—00

x cos(AT)exp(—asz)
+ cos[A(T + 1)]exp[—o > (T + 1)%]/2
+ cos[A(T — 1)]exp[—02(T — 1)*1/2,  (8)

which obviously manifests itself as a main peak that is
accompanied by two bilateral symmetrical side peaks.
Thus, the optimal estimator 7 is predicted as the temporal
distance between the main and side peaks, which conse-
quently fulfills the task of quantum metrology. As with
the quantum interferometric metrology by using color-
entangled photons as demonstrated in Ref. [16], the peri-
odic oscillation appears within the two-photon temporal
signals such that its pattern is more sensitive to relative

time delay. For degenerate frequency-entangled photons
(A =0, 0 =4.24 THz) that are used to detect the rela-
tive time delays at 0.39 ps, the correlation of two-photon
temporal signals as a function of single-photon band-
width is shown in Fig. 2(e). For simplicity, we show
the absolute value of R(7) such that the phase shifts in
temporal domain are neglected. This indicates that the
temporal bandwidth gets narrower as single-photon band-
width increases, which agrees well with the well-known
statement that the temporal resolution is dependent on the
single-photon bandwidth. For nondegenerate frequency-
entangled photons (A = 5 THz, o0 = 4.24 THz), the cor-
relation of two-photon temporal signals as a function of
difference frequencies of color-entangled photons is shown
in Fig. 3(e). In addition to the envelope that is limited
by single-photon bandwidth, the oscillation gets faster as
difference frequency increases, which indicates that the
temporal resolution can be extremely enhanced.

To this end, another widely used analytical technique
is maximum-likelihood estimation (MLE). The likelihood
function L£(t) is defined from measurement outcomes,
whose logarithm can be maximized by using optimization
algorithm such as gradient descent to predict the parameter
T that we want to infer. In our framework, the likelihood
function is a multinomial distribution as

LNG,N?, N3 1) o [ [ Polx, )"0 Py (x, )" Py (x, )7,
w

)

where N, N}”, and N3’ denote the numbers of events that
no, only one and two detector(s) click(s) for single photons
at a center frequency of w, respectively. Note that Py (7, w),
being independent of 7, results in a constant scale factor
that is of no relevance to the final calculation of the Fisher
information and parameter estimation. The likelihood is
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extremized as [15]

0 =: (0:l0gL) 1
lepl (t,w)
Pi(r,w)

Nzwpz(‘[,a))/
P(t,w)
(10)

_ Z N P()(T C())/
Py(t,w)

and solving this equation enables us to predict an opti-
mal estimator as Ty g. Here P; (7, w) is independent on the
parameter of interest t, and thus it can be neglected. Based
on the calculation in Eq. (3), we know that P (t,w) =
P, (7, w)’ such that the likelihood function is simplified as

NP Ny
0= ! Lo 11
Lot P (4

We note that the values of parameters «, ¥, o, and A needs
to be separately estimated before the measurement begin.

IV. EXPERIMENTAL IMPLEMENTATION OF
SPECTRALLY RESOLVED HOM
INTERFEROMETRY

As shown in Fig. 1, paired signal and idler photons
are prepared by spontaneous parametric down-conversion
(SPDC) in the nonlinear crystals that is pumped with a
continuous-wave pump laser. As the difference frequen-
cies of down-converted signal and idler photons typical
exceed the spectral bandwidth of the pump photons, fre-
quency entanglement arises quite naturally as a direct
result of energy conservation. In order to tune the differ-
ence frequency flexibly, two nonlinear crystals with type-II
SPDC are placed in sequence, wherein the optical axis
of the second crystal is rotated by 90° with respect to
the first. Therefore, the balanced pumping of two crystal
results in equal probability amplitudes for SPDC emission
|[H,w,) — [H,ws)|V,w;) in the first crystal, or |V, w,) —
|V, ws)|H, w;) in the second crystal, where H and V' denote
horizontal and vertical polarizations, and w,; represent
the center frequencies of pump, signal and idler photons
[32,33]. This created frequency-entangled state can be
written as

V) — %(l@s)l(ﬂi) -

A polarizing beam splitter is used to map the orthogonally
polarized photon pairs into the input ports of a beam split-
ter. The detection probability can be observed by scanning
the arriving time of one of the paired photons incident on
the beam splitter, which constitutes a HOM interferome-
ter. One output port of the coupler is directly connected to
a single-photon counting module (SPCM), while a Bragg
grating is inserted between the other output port and SPCM

lwi)|wg)) @ H)|V). (12)

to map the continuous spectrum into the spatial distri-
bution. In our experimental implementation, the grating
provides a spectral resolution with respect to spatial sep-
aration as 0.4 nm/10 wm. The coincidences are identified
between the distinct output ports of the beam splitter when
two photons arrive at the detectors within a temporal win-
dow of approximately 1 ns. Figures 2(a)-2(d) and 3(a—d)
show the theoretical and experimental measurement results
of the normalized coincidence probabilities with respect to
the relative time delay and the difference frequencies.

For degenerate frequency-entangled photon pairs (A =
0), the joint spectral distributions for time delays r = 0.30,
0.34, and 0.39 ps are shown in Fig. 2(b)-2(d), wherein
the single-photon frequency bandwidth is approximately
4.24 THz, corresponds to a coherence time of 0.24 ps.
By performing a Fourier transform on the joint spectral
function, the correlation of two-photon temporal signal are
obtained as shown in Fig. 2(f)-2(h), which enables us to
extract the estimator of t. According to the analysis of
Fisher information in Eq. (7), the ultimate Cramér-Rao
bound of measurement precision depends on the single-
photon frequency bandwidth o. More specifically, the
temporal bandwidth achieved in the correlation of two-
photon temporal signal becomes narrower with respect to
the increase of o as shown in Fig. 2(a), namely it is eas-
ier to obtain the temporal distance between peaks in the
correlation patterns. This agrees well with the theoretical
prediction that the Fisher information can be increased by
using photons with broader spectral distribution as shown
in Fig. 4(a).

By using nondegenerate frequency-entangled photon
pairs (A # 0), the joint spectral distributions for time
delay v = 0.30 ps, 0.34 ps, and 0.39 ps are shown in
Fig. 3(b)-3(d). Analogously, by performing a Fourier
transform on the joint spectral function, the correlation
of two-photon temporal signal are obtained as shown in
Fig. 3(f)y3(h). It is interesting to find that the oscilla-
tion appears in the typical Gaussian envelopes, which is
determined by the difference frequency A. As shown in
Fig. 3(d), the periodic oscillation in the correlation pat-
terns makes it easier to obtain the temporal distance,
which indicates the estimator of 7. As verified by the
analysis of Fisher information in Eq. (7), the ultimate
Cramér-Rao bound of measurement precision can be fur-
ther enhanced by A. This agrees well with our previous
work that the Fisher information can be increased by using
discrete color-entangled photons with larger difference fre-
quency as shown in Fig. 4(b). As a direct result, the Fisher
information of spectrally resolved HOM interferometry is
determined by both of single-photon spectral distribution
and difference frequency of discrete color entanglement as
shown in Fig. 4(c). The resultant measurement precision
for various relative time delay is shown in Fig. 4(d).

In the standard HOM interferometry by using degen-
erate photons with single-photon frequency bandwidth of
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FIG. 5. Comparison of the ambiguity-free dynamic ranges

between the temporally resolved HOM interferometry (NSR
HOM) and spectrally resolved HOM interferometry (SR HOM).
(a) The HOM interference pattern for degenerate photons and
color entanglement with ¢ = 4.24 THz and A =5 THz. The
three vertical lines represent the time delays that are estimated
in our experiment, which are utterly beyond the coherence time
of HOM interference envelope. (b) The theoretically calculated
Fisher information for the temporally and spectrally resolved
HOM interferometry in the nonideal case of « = 0.9 and y =
0.2. In order to clearly show their comparison, we reset o =
1.5 THz and A =2 THz.

approximately 4.24 THz, its ambiguity-free measurement
length is fundamentally determined by the corresponding
coherence time of 0.24 ps [17]. However, as illustrated
in Fig. 5(a), the relative time delays to be tested in our
proof-of-principle experiments are T = 0.30 ps, 0.34 ps,
and 0.39 ps, which are obviously longer than the coherence
time. Namely, our technique enables the observation of the
HOM interference patterns for a longer time delay than
that in the standard HOM interference. For an instructive
means of understanding, we demonstrate the achievable
Fisher information in Fig. 5(b). Thereinto, it is obvious that
the Fisher information of temporally resolved (nonspec-
trally resolved) HOM interferometry decays with respect
to the relative time delay, namely its dynamic range is
limited by the coherence time of single photons. In con-
trast, the Fisher information of spectrally resolved HOM
interferometry increases versus the time delay within the
coherence time, and almost remains stable beyond the
coherence time that still enables the precise estimation. As
a direct result, these theoretical analysis and experimental
results prove that the spectrally resolved HOM interferom-
etry has the potential to extend the ambiguity-free dynamic
range of the phase-shift measurement and timing syn-
chronization [18]. In the meanwhile, we note that the
dynamic range of this spectrally resolved HOM interfer-
ometry would be limited by the resolution of single-photon
spectrometer.

V. DISCUSSION

We present a viable scheme to implement spectrally
resolved HOM interferometry for achieving great preci-
sion and sensitivity in measuring optical delays within
a wide dynamic range. Additionally, we also show that

the exploitation of discrete frequency-entangled photons
enables the conventional temporal resolution limit to be
beaten, and the spectrally resolved coincidence detection
is an optimal measurement strategy since it enables us to
recover the quantum Cramér-Rao bound. This spectrally
resolved HOM interferometry provides complementary
benefits such as low-light imaging for photonsensitive bio-
logical and chemical molecules [9], robustness against per-
turbation and noise [34], cancellation of some deleterious
dispersion effects [11,35,36], and shorting the capturing
time for real-time and ultrafast photography. Due to these
results and benefits, our approach has the potential to be
an ideal candidate for more quantum enhanced metrology
applications [19,27-29].

Although this work reports only the advantages of our
approach in estimation of the depth profile, similar great
enhancement can also be achieved for a variety of applica-
tions like state discrimination or hypothesis testing.
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APPENDIX: SPECTRALLY RESOLVED HOM
INTERFERENCE WITH
FREQUENCY-ENTANGLED STATES

To make the calculation clearer, we simplify the input
frequency-entangled states as shown in Eq. (1) to the form
of

) = / h / " dordof (@, o) @3] @)10), (A1)
0 0

where f (w;, w;) is the spectral amplitude function of fre-
quency entanglement that fulfills the normalized condi-
tion as [ [ dwdw;|f (ws,w;)|* = 1. In the ideal case, the
HOM interference measurement is accomplished by using
a lossless and balanced beam splitter. The beam-splitter
transformation on the input modes can be expressed by

3 (ws) = iz[ai(wo + & (@),

%

1
al (w,) = —Z[cﬂ(w» — ab ()]

%

As a relative time delay 7 is introduced by a transparent
sample, it results in a phase shift exp(—iw;7) that transmits

(A2)
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the two-photon state as [/ (1)) — [V¥4(7)) + |¥(T))

() = % / N / " dosdaf (@, oe= (iG] (@3)al (@)
0 0
+ ia (wy)al (@) + &l (w)al (wy)

— &} (@)a}(@)]/0), (A3)
where the subscripts 1/2 represent two output modes of the
beam splitter, and

1 [ [ .
[Wu(T)) = 3 / / dogdw;[f (ws, w;)e "
0 0
— [ (@i, 05)e” 7 al () ()]0),
1 [ [® .
[¥g(T)) =3 / / dwgdw;[f (ws, w)e ™" — f (wi, ws)
0 0

Y@ (0,)a] (@) + 85 (@0)a] (@i)10).
(A4)

Since the spectrally resolved HOM interference pattern is
identified in opposite spatial modes resulting from anti-
bunching effect, we focus on the calculation of P.(7) =
|(W (T)|¥4(T))|*. Tt is obvious that two photons after the
beam splitter are indistinguishable, we substitute w; and w;
with w; and w,. By multiplying e ™" to cancel the global
phase, we obtain

1 o0 oo

a0) = 3 / f dondorlf (@1,02) = [ (@02, 01)
0 0

eI (@1)a (@2)]0). (AS)

The detection operators of two detectors in different output
modes are

. 1 [ A
ED = —/ dwa; (w))e 1
1 /_27'[ o 141 1
R 1 [ ‘
ED = N /O dwsdir (wy)e 212, (A6)

Thus the normalized coincidence probability P(t) as a
function of time delay can be expressed as

Pe(t) = (Ya(DIETESESV Y [y (1))
1 oo oo
—i [ [ dwdontir @00 + 1f @200P
o Jo
— 2f (w1, w)f (w2, w1)cos(wy — wp)T]. (A7)
By substituting the function f (w;, ;) with the joint spec-

tral intensity of frequency entanglement, the simplified
result is shown in Eq. (3).
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