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The interaction between light and an atom causes perturbations in the atom’s energy levels, known as
the light shift. These light shifts are a key source of inaccuracy in atomic clocks, and can also deteriorate
their precision. We present a study of light shifts and associated dynamic polarizabilities for a two-photon
atomic clock based on the 5S1/2–5D5/2 transition in rubidium-87 over the range 770–800 nm. We deter-
mine experimental and theoretical values for a magic wavelength in this range and the electric dipole (E1)
matrix element for the 5P3/2–5D5/2 transition. We find a magic wavelength of 776.179(5) nm (experi-
mental) and 776.21 nm (theoretical) in the vicinity of the 5P3/2–5D5/2 resonance, and the corresponding
reduced E1 matrix element 1.80(6)ea0 (experimental) and 1.96(15)ea0 (theoretical). These values resolve
a previous discrepancy between theory and experiment.
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I. INTRODUCTION

High-precision frequency references underpin a range
of military, government, and private position, navigation,
and timing applications in modern society such as the
global positioning system [1–3]. Further use of such fre-
quency references is also found in fundamental tests of
physics using atoms and molecules, tests of relativity, and
astronomy [4–6].

For many of these applications, the limits on factors
such as range, sensitivity, and accuracy can be improved
by using a more precise and accurate timing signal [3–6].
However, these applications also require that the com-
pact clock supplying the timing signal must maintain this
precision when deployed outside of the laboratory. These
requirements motivate a clock design that is robust to dis-
turbances and environmental variations while minimizing
size, weight, and power.

The 5S1/2–5D5/2 transition in rubidium has emerged as
a promising candidate for an atomic frequency standard
that meets these requirements [7–15]. This optical tran-
sition lends itself well to this application because it has
a number of convenient properties. The two-photon exci-
tation scheme allows counterpropagating optical beams
to be used, producing a very narrow transition that may
be free of Doppler broadening [16]. The excitation of
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this two-photon process is particularly efficient because of
the intermediate 5P3/2 state, which falls almost half way
between the 5S1/2–5D5/2 transition of interest, leading to
high signal-to-noise ratios.

The two-photon transition can be excited by either two
778-nm photons [9] or a 780-nm and 776-nm photon [8],
which is the scheme used in this work. The advantage of
the single-color excitation scheme is that the transition is
completely free of Doppler broadening [9]. The two-color
excitation has the advantage of being much more effi-
cient in driving the two-photon transition, at the expense
of residual Doppler broadening due to the mismatch in
photon energies [8].

A major factor limiting the accuracy and precision of
atomic clocks, such as this rubidium two-photon clock, is
the presence of light shifts [10,17,18]. Light shifts arise
from the interaction between the atom and the electro-
magnetic field of the laser(s) used to excite the clock
transition (see, for example, [19]). This interaction per-
turbs the energy levels of the clock transition, which in
turn shifts the clock frequency. This shift is dependent on
both the frequency and intensity of the perturbing light
fields. Therefore, fluctuations in the laser powers result in
a reduction in the stability of the clock [20]. On the other
hand, to maximize the signal-to-noise of the clock readout
it is desirable to use the highest possible optical pow-
ers to excite the clock transition, particularly in the case
of a two-photon transition. Therefore, there is a trade-off
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between maximizing the signal-to-noise ratio and reducing
deleterious light shifts.

Recent work has shown it is possible to mitigate
these light shifts in a two-photon rubidium atomic clock
[10,15,18]. For the single-color excitation at 778 nm, a
secondary off-resonance laser could be applied to reduce
the effect of light shifts on the clock transition [18], while
for the two-color two-photon excitation process, balancing
of the excitation laser powers has been shown to miti-
gate light shifts on the clock transition [10]. The two-color
two-photon excitation process allows for the possibility of
tuning the wavelengths, intensities, and polarizations of the
two beams such that the light shift induced by one beam
exactly cancels that of the other. In order to take advantage
of this principle in future clock designs, a detailed under-
standing of the underlying atomic physics is required. In
particular, we seek accurate values of the electric dipole
(E1) matrix elements and dynamic polarizabilities, which
determine the strength of the light shifts associated with
the relevant clock transitions.

In this paper we present both the experimentally and
theoretically determined differential dynamic polarizabili-
ties which show excellent agreement across the explored
wavelength range from 770 nm to 800 nm. We find a
magic wavelength of 776.179(5) nm (experimental) and
776.21 nm (theoretical) in the vicinity of the 5P3/2–5D5/2
resonance, and the corresponding reduced E1 matrix ele-
ment 1.80(6)ea0 (experimental) and 1.96(15)ea0 (theoret-
ical), where e the elementary charge, and a0 is the Bohr
radius. This resolves a previous discrepancy between theo-
retical [21] and experimental [22] results for this transition.

This paper is structured in the following way. In Sec. II
we present the theory background for the differential polar-
izability. In Sec. III we describe the experimental setup for
the measurements, and in Sec. IV we show how the con-
version from measured light shifts to differential dynamic
polarizabilities of the clock transition is made. The method
for the atomic many-body theory calculations is described
in Sec. V. Finally, the experimental and theoretical results
are presented and discussed in Sec. VI, and our conclusion
is presented in Sec. VII.

II. DIFFERENTIAL POLARIZABILITY
BACKGROUND

The perturbation of atomic energy levels due to the pres-
ence of an oscillating electric field is known as a light
shift (or ac Stark shift). For an optical clock, the clock fre-
quency will be affected by light shifts to the ground and
excited states. As such, the light shifts discussed in this
work refer to the difference between the shifts experienced
by the two energy levels in the clock transition. In the fol-
lowing description connecting the light shift to dynamic
polarizabilities we follow Ref. [20]; atomic units (a.u.) are
used in this section (e = � = me = 1).

The light shifts induced by an oscillating external elec-
tric field ε arise due to mixing of opposite-parity states by
the interaction operator VI , given by

VI = −ε · d, (1)

where d is the electric dipole operator. The first-order
correction to the energies vanishes, and the lowest-order
correction to the energy of the atom in state v is given by

δE =
∑

k

〈v|VI |k〉〈k|VI |v〉
Ev − Ek

, (2)

where v and k are unperturbed atomic states with energies
Ev and Ek, respectively. The sum is taken over all interme-
diate states k permitted by the selection rules. The energy
shift of state v, due to a time-varying electric field with fre-
quency ω, is proportional to the dynamic polarizability of
the state α(ω),

δE = −1
2
|ε|2α(ω). (3)

The light shift of a transition,�E, is the difference between
the perturbation in energy experienced by the two levels in
the transition,

�E = 1
2
|ε|2�α(ω), (4)

where we have defined �α(ω) as the differential polariz-
ability between the ground, g, and excited, e, states of the
affected transition,

�α(ω) = αg(ω)− αe(ω). (5)

The dynamic polarizability of the state v may be expressed
in terms of scalar and tensor components, α0(ω) and α2(ω),

α(ω) = α0(ω)+ α2(ω)
3m2

v − Jv(Jv + 1)
Jv(2Jv − 1)

, (6)

where Jv and mv are the total angular momentum and
its projection (see, for example, [20,23,24]). The scalar
polarizability is given by

α0(ω) = 2
3(2Jv + 1)

∑

k

ωkv|〈v‖d‖k〉|2
ω2

kv − ω2
, (7)

where 〈v‖d‖k〉 are reduced E1 matrix elements and ωkv are
transition frequencies. Similarly, the tensor polarizability
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is expressed in terms of the reduced E1 matrix elements in
the following way:

α2(ω) = C
∑

n

(−1)Jv+Jk

{
Jv 1 Jk
1 Jk 2

}
ωkv|〈v‖d‖k〉|2
ω2

kv − ω2
,

(8)

where

C = 4
(

5Jv(2Jv − 1)
6(Jv + 1)(2Jv + 1)(2Jv + 3)

)1/2

,

and {:::} is a 6j symbol. The polarizabilities are calculated
using all-orders relativistic many-body methods described
in Sec. V.

III. EXPERIMENTAL SETUP

The experimental schematic of the clock, and the adjust-
ments made to measure light shifts, are presented in
Fig. 1, with a list of experimental parameters summa-
rized in Table I. The fundamental operation of the clock
is described in Ref. [11], and we present a short descrip-
tion here. The lasers driving the clock are 1552 nm and
1560 nm fiber lasers. These lasers are combined and ampli-
fied through an erbium-doped fiber amplifier (EDFA),
and frequency-doubled to 776 nm and 780 nm to excite
the two-photon transition between the 5S1/2(F = 2) and
5D5/2(F = 4) levels in rubidium-87 [25], shown in Fig. 1.
The 780-nm laser is frequency shifted by � = 1.5 GHz
using an electro-optic modulator (EOM) and stabilized to a
saturated absorption spectroscopy feature of the 5S1/2(F =
2)–5P3/2(F = 1) transition. While the stabilization of the
780-nm laser to this transition is not needed to lock

FIG. 1. Relevant energy levels in rubidium-87, and experi-
mental schematic of the clock modified to measure light shift.
AOM: acousto-optic modulator, SHG: second harmonic gener-
ator, WDM: wavelength division multiplexer, EDFA: erbium
doped fiber amplifier, SFG: sum frequency generator, EOM:
electro-optic modulator, PD: photodiode, PBS: polarization
beam splitter, QWP: quarter wave plate, PMT: photo multiplier
tube, Pol: linear polarizer.

TABLE I. Nominal values for experimental parameters and
associated absolute uncertainties. The beam diameter is quoted
as the 1/e2 ≈ 0.135 relative intensity diameter. Absolute uncer-
tainties in optical powers are estimated from the 10% uncertainty
in the photodiode sensitivity. Natural line width (full width at
half maximum) and associated uncertainty, of the 5D5/2 state are
derived from the lifetimes in Ref. [26].

Parameter Nom. Val. Abs. Unc.

780-nm laser power (mW) 0.75 0.08
776-nm laser power (mW) 1.2 0.1
Beam diameter (mm) 1.5 0.1
Detuning from 5P3/2(F = 3) (GHz) 1.50 ±0.01
Cell temperature (◦C) 80 ±10
Residual Doppler broadening (MHz) 3.7 ±0.1
5D5/2 natural line width (kHz) 667 6

the clock to the two-photon transition, this stabilization
reduces light-shift instabilities generated by a changing
detuning from the intermediate state.

The 776-nm laser is stabilized to the 5S1/2(F =
2)–5D5/2(F = 4) two-photon transition of rubidium-87
via the 420-nm fluorescence produced by the 6P3/2–5S1/2
transition which is detected by a photomultiplier tube. The
776-nm frequency lock stabilizes the laser to maximize the
420-nm fluorescence extracted from the rubidium atoms.
The two-photon transition is excited within a rubidium
cell heated to 80 ◦C to increase the rubidium vapor den-
sity and thus the fluorescence power detected and improve
the short-term stability of the clock. All optical fields are
polarized by a linear polarizer before passing through the
rubidium cell. The transition is excited by a retroreflected
beam of two copropagating laser beams at slightly differ-
ent wavelengths, and this difference results in a decrease in
the effectiveness of Doppler compensation, yielding a tran-
sition width of 3.7 ± 0.1 MHz (1/e ≈ 0.368 full width).
Frequency modulation spectroscopy is employed, imple-
mented via an acousto-optic modulator (AOM) acting
upon the 776-nm laser, to produce a feedback signal to
stabilize the sum of the 780-nm and 776-nm lasers to the
two-photon transition. The AOM’s also provide a means
to power stabilize the 780-nm and 776-nm lasers at the Rb
cell in which the two-photon transition is excited.

The stabilized clock output is the sum frequency of the
1552-nm and 1560-nm lasers at 778 nm which is com-
pared to a commercial frequency comb stabilized to an
ultra-low expansion cavity as a frequency reference. The
stability of the clock over the time frame of a measurement
(around 250 s) is approximately 300 Hzrms, which can also
be expressed as a fractional frequency Allan deviation of
about 4 × 10−13 for integration times between 1 s and 50 s.

To produce the light shifts to be measured, a third tun-
able laser is combined with the 780-nm and 776-nm clock
lasers via a polarization-maintaining 50 : 50 fiber coupler
prior to launching into the heated rubidium cell. Light
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shifts induced by the tunable laser perturb the energy levels
associated with the two-photon transition. Thus, the fre-
quency associated with the maximum fluorescence shifts,
and the clock output frequency tracks this change. These
frequency changes, and hence the light shifts, are mea-
sured through comparison of stabilized 778-nm output to
the frequency comb.

A titanium-sapphire laser that could be tuned between
760 nm and 800 nm was used to induce light shifts. The
wavelength of the tunable laser for each light-shift mea-
surement was measured using a wavemeter (accuracy
±200 MHz, precision ±5 MHz).

Light-shift measurements were made in a differential
fashion, whereby the titanium-sapphire laser periodically
illuminated the rubidium cell, enabling a difference mea-
surement to be made with and without the induced light
shifts. This enabled rejection of any drifts of the clock
frequency over time. The measurement consisted of a
repeated sequences of approximately 25 s of exposure from
the titanium-sapphire laser followed by the same period
without exposure, which was implemented using an optical
shutter. While on, the titanium-sapphire laser induced light
shifts dependent on the optical power of the laser beam,
which was controlled by an AOM.

For each frequency step of the tunable laser, the induced
variation in the clock frequency was measured as a func-
tion of the tunable laser’s power. The resulting light shift
per watt (Hz/W) is extracted for each wavelength of the
tunable laser which is converted to differential polarizabil-
ity (see Sec. IV).

The largest source of uncertainty in the light-shift mea-
surements is our measurement of the optical power of
the titanium-sapphire laser interacting with the rubidium
atoms. The optical power was measured using a silicon
photodiode (New Focus 2031, low gain) located behind
the Rb cell and retroreflection mirror (4% transmission).
The output of the New Focus photodiode was calibrated
using a calibrated power meter (Thorlabs S120C Silicon
photodiode). This calibration was repeated 15 times at dif-
fering optical powers in order to estimate the uncertainty of
the power measurement. This gave a photodiode sensitiv-
ity of 0.55 ± 0.05 A/W, from which the relative uncertainty
in the power measurement is ±10%, which dominates our
experimental error.

IV. EXPERIMENTAL DETERMINATION OF
DIFFERENTIAL POLARIZABILITY

To extract the differential polarizability from light-shift
measurements, we need to understand how the light-shift
measurement averages over the Gaussian beam intensity
profile of the perturbing laser. The connection between
differential polarizability and beam intensity is nontrivial
owing to the nonlinear nature of the two-photon transition
that weights light-shift contributions from different parts

of the probing laser beam nonlinearly. To understand this,
we model the light-shifted two-photon fluorescence spec-
tra by averaging over the driving and perturbing laser-
beam profiles.

We model the two-photon transition’s spectral profile as
a Gaussian lineshape, as the underlying natural Lorentzian
lineshape is masked by residual Doppler broadening. We
use the measured 1/e full width of the fluorescence spectra,
σ = 3.7(0.1)MHz, in the model (see Table I). The two-
photon fluorescence spectral lineshape at a given radial
point of the beam profiles, F(�776, r), has an amplitude
proportional to the product of the 780-nm and 776-nm
exciting laser intensities, I(r)780 and I(r)776, respectively
[27,28]. The resonant frequency of the two-photon tran-
sition experiences a light shift induced by the perturbing
titanium-sapphire laser. To account for the spatial depen-
dence of the laser beam, we integrate over the beam area
to produce an average fluorescence spectral lineshape,
F(�776), for a given 776-nm laser detuning, �776:

F(�776) =
∫ ∞

0
F(�776, r) r dr, (9)

with

F(�776, r) = I(r)780I(r)776e−((�776−�ν(r,ω))/σ)2 ,

where the Gaussian term represents the spectral lineshape
of the light-shifted two-photon transition, and the r factor
originates from the Jacobian in cylindrical coordinates. We
assume the intensity profiles do not change over the length
of the rubidium vapor cell as the two-photon transition
absorbs minimal light from any of the laser beams.

The light shift of the two-photon transition at a given
radial point in the beam is given by

�ν(r,ω) = �α(ω)

2 c ε0 h
I(r)Ti, (10)

where I(r)Ti is the radial intensity profile of the Ti:Sapp
laser which induces the light shifts, and ω is its angu-
lar frequency. This expression is found from Eq. (4) by
converting energy to linear frequency via E = hν, by
expressing the laser’s electric field in terms of intensity
via I = |S| = ε0c|ε|2, and by converting from atomic units
to SI units using the factor 4πε0a3

0. Here, ε0 is the vac-
uum permittivity, c is the speed of light, and a0 is the Bohr
radius.

We evaluate F(�776) over a range of 776-nm laser
detunings to produce a two-photon fluorescence spectrum,
shown in Fig. 2. The frequency detuning that gives the
maximum fluorescence is the averaged light shift, �ν(ω),
as measured by the clock. By simulating two-photon spec-
tra at a range of titanium-sapphire laser powers, PTi, we are
able to derive a conversion factor between the measured

054059-4



EXPERIMENTAL AND THEORETICAL STUDY. . . PHYS. REV. APPLIED 19, 054059 (2023)

F(Δ776, r = 0)

F(Δ776, r = w/2)

F(Δ776, r = w)

F(Δ776)

– 4 – 2 0 2 4

0.0

0.2

0.4

0.6

0.8

1.0

776 nm laser detuning, Δ776 (MHz)

F
lu

o
re

sc
en

ce
 (

ar
b
. 
u
n
it

s)

Δν(ω)

FIG. 2. Modeled fluorescence spectrum as a function of 776-
nm laser detuning, �776. The dashed line is an example of an
averaged spectrum over the laser beam from which the value of
light shift�ν(ω) is extracted. Solid lines are fluorescence spectra
at different radial positions within the laser beam of beam waist
w (1/e2 intensity diameter).

two-photon light shift averaged over the laser beam profile
at a given titanium-sapphire laser power, and the atomic
differential polarizability. This conversion factor is found
to be approximately 3.6, yielding

�α(ω) ≈ 1
3.6

�ν(ω)

PTi
, (11)

where �ν(ω)/PTi is extracted from our measurements.
This factor of 3.6 accounts for the conversion from SI
to atomic units, the physical constants in Eq. (10), and
the integration over the fluorescence spectra at each radial
position (Eq. (9)).

V. ALL-ORDERS MANY-BODY CALCULATIONS

Rubidium has a single valence electron above a closed
kryptonlike core. The natural starting point for the cal-
culation is the relativistic Hartree-Fock (RHF) model. A
nonlocal energy-dependent operator, 
, is then added to
the RHF equation for the valence electron to account for
the core-valence correlations [29],

(hHF +
)ψ(Br) = ε(Br)ψ(Br), (12)

where hHF is the single-particle RHF Hamiltonian. This
yields correlated (“Brueckner”) energies and orbitals. To
calculate 
, we use the Feynman diagram technique [30],
in which the dominating correlations (screening of the
Coulomb interaction by the core electrons, and the hole-
particle interaction inside hole-particle loops) are included
to all orders in the Coulomb interaction. To gauge the
importance of inclusion of the higher-order correlations,
we also calculate correlations to lowest (second) order

in the residual Coulomb interaction through use of the
second-order correlation potential 
(2).

In the presence of an external laser field, the core elec-
tron wave functions are perturbed, ψ → ψ + δψ . This
leads to a correction to the RHF potential that contains
the external field. This core polarization correction is an
important addition to the E1 matrix elements. We account
for this using the time-dependent Hartree-Fock method
[31], which is equivalent to the random phase approxi-
mation with exchange. By calculating the matrix elements
using Brueckner orbitals and accounting for core polariza-
tion, the most important correlation effects are included.

There are also non-Brueckner correlation effects, the
most important being the structure radiation, which arises
from the perturbation of the correlation potential by the
external field, and the normalization of states, which arises
due to the change of the normalization of the many-body
wave function [32]. We account for these at the lowest
(third) order of perturbation theory. We also account for
the Breit interaction (see, for example, [33]) and quan-
tum electrodynamic radiative corrections [34]. Finally,
we include the effect of missed higher-order correlations
through the introduction of semiempirical scaling factors
for the correlation potential, 
 → λ
, which are tuned to
match the experimental energies. The factors are very close
to 1, due to the already high accuracy of the ab initio results
[35]. These semiempirical corrections allow us to estimate
the dominant contribution to the uncertainty in the theory
calculations. This is discussed further in Ref. [35], where
full details of the method of calculation may be found.

To calculate the polarizabilities, a full spectrum of inter-
mediate states is required, as may be seen from Eqs. (7)
and (8). To improve the numerical precision of the calcula-
tions, the sum over (discrete and continuous) intermediate
states in the polarizability is reduced to a sum over a
pseudospectrum of discrete states, by placing the atom
in a cavity. The cavity is made large enough so that the
pseudostates match the physical states for the lowest-lying
levels.

As a test of the accuracy of the calculations, we calculate
E1 matrix elements and scalar and tensor polarizabilities
for the dynamic and static cases, and compare the results
against available experimental and theoretical data. We
present these results in the following section. Along with
checks of the stability of the results, and estimates of the
size of missed correlations and other effects, these com-
parisons provide an excellent gauge of the accuracy of the
calculations. Our results demonstrate an accuracy at the
level of 0.1% for most of the E1 matrix elements.

VI. RESULTS

In Sec. VI A we present the results of our measured and
calculated differential polarizabilities, and we deduce, both
experimentally and theoretically, the magic wavelengths
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FIG. 3. Measured values for differential polarizability �α(λ) [with m = 1/2; see Eq. (6)] for the 5S1/2–5D5/2 transition of Rb
(purple markers), overlaid with theoretical prediction (solid blue line). The results of calculations for the individual 5S and 5D5/2
polarizabilities are also shown (dotted and dashed lines, respectively). The inset shows the same, zoomed into the region of the
magic wavelength around 776 nm; the purple and blue circles show the experimental and theoretical values for the magic wavelength,
respectively.

for the 5S1/2–5D5/2 transition. In Sec. VI B we present the
results of E1 matrix elements extracted from our measured
differential polarizabilities, alongside the results of our
theoretically determined matrix elements. This includes,
most notably, the 5P3/2–5D5/2 matrix element, for which
our results agree, and they resolve a previous discrepancy
between theory and experiment. These quantities are of
particular interest for mitigating the light shift in atomic
clocks.

In Fig. 3 we present our experimentally and theoretically
determined differential dynamic polarizabilities and indi-
cate the magic wavelengths. In Table II we present static
(ω = 0) scalar and tensor polarizabilities calculated at var-
ious levels of many-body approximation, along with the
results of other theory and experiments as a check of the

accuracy of the methods. Our experimental and theoretical
results for E1 matrix elements of relevance to the consid-
ered polarizabilities are shown in Table III, along with the
results of other theory and experiments. The high accuracy
of the calculations is seen from these data (see also [35]).
Also seen from the tables, in the breakdown of the results,
is the high sensitivity of the 5P–5D E1 matrix elements,
and thus the polarizabilities that depend on them, to cor-
relation corrections. We discuss the results further in the
subsections below.

A. Magic wavelength determination

The magic wavelength is defined as the wavelength at
which the induced light shifts in the two states of the

TABLE II. Scalar α0 and tensor α2 static polarizabilities (a.u.) for Rb in different approximations, compared to other theory and
experiment. Here, TDHF means the time-dependent Hartree-Fock approximation, 
(2) is with second-order correlations included, 

is with all-orders correlations included (with no energy rescaling), and the final theory column also includes the scaling, Breit, quantum
electrodynamic, structure radiation, and normalization corrections. Uncertainty for the final theory was estimated using the approach
from [35].

TDHF 
(2) 
 Final theory Other theory [21] Expt.

α0
5S1/2 441.9 301.7 322.1 319.5(1.5) 322(4) 318.8(1.4) [38]
5P1/2 915.8 806.5 813.9 808(2) 814(8) 810.6(6) [39]a

5P3/2 976.8 870.5 877.5 870(2) 875(7) 857(10) [40]
5D3/2 44 856.5 15 662.9 17 043.3 17 700(400) 17 880(160)
5D5/2 43 802.7 15 357.2 16 658.7 17 300(400) 17 500(150)

α2
5P3/2 −162.8 −170.3 −164.2 −163(1) −167(2) −163(3) [40]
5D3/2 −8125.7 −545.1 −892.8 −1130(200) −1203(70)
5D5/2 −10 684.0 −153.9 −619.3 −960(200) −1070(71)

aDerived in Ref. [20] using Stark shift measurements from [39] and recommended polarizability values from [41].
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TABLE III. Reduced electric dipole matrix elements for Rb, compared to other theory and experiment (absolute values, in units ea0).
Here, TDHF means the time-dependent Hartree-Fock approximation, 
 is with all-orders correlations included, and the final theory
column also includes the scaling, Breit, quantum electrodynamic, structure radiation, and normalization corrections. (CCSD stands for
coupled cluster with single and double excitations, CCSDPT also includes partial triple excitations).

Theory (this work)a Other theory Expt.

HF TDHF 
 Final CCSD [42,43] CCSDPT [21] This Work Other

5S1/2–5P1/2 4.819 4.606 4.250 4.238(8) 4.221 4.25(3) 4.23(8) 4.233(2)b

5S1/2–5P3/2 6.802 6.505 5.999 5.982(11) 5.956 6.00(5) 6.02(10) 5.978(4)b

5S1/2–6P1/2 0.382 0.287 0.308 0.323(6) 0.333 0.3235(9) 0.3235(9) [44]
5S1/2–6P3/2 0.605 0.472 0.506 0.526(8) 0.541 0.5230(8) 0.5230(8) [44]
5P1/2–4D3/2 9.046 8.838 8.016 8.02(2) 7.847 8.04(4) 8.051(63) [39]c

5P3/2–4D3/2 4.082 3.989 3.618 3.620(9) 3.54 3.63(2) 3.633(28) [39]c

5P3/2–4D5/2 12.241 11.965 10.862 10.865(28) 10.634 10.86(6) 10.899(86) [39]c

5P1/2–5D3/2 0.244 0.345 1.407 1.33(11) 1.616
5P3/2–5D3/2 0.157 0.201 0.692 0.66(5) 0.787
5P3/2–5D5/2 0.493 0.624 2.063 1.96(15) 2.334 1.982 1.80(6) 2.27(4) [22]

aExcept for the 5P–5D transitions, these were presented previously in Ref. [35].
bAverage of several experimental results quoted in Ref. [37].
cCombined experiment [39] and theory [45].

considered transition are equal and cancel each other out,
leading to no shift of the transition frequency [36]. Con-
sequently, the magic wavelengths are found at the zero
crossings of the differential polarizability.

In Fig. 3 we present the differential polarizability of the
5S1/2–5D5/2 transition, in which two zero crossings are
observed within the explored wavelength range. The magic
wavelength values are 776.179(5) nm and 790.2(7) nm.
These were found by fitting Eqs. (5)–(8) to the experi-
mental data with the relevant matrix element as a free
parameter, and calculating the resulting zero crossing of
the fitted function. The uncertainty in this value is esti-
mated from the error in the fit, accounting for the exper-
imental uncertainty associated with each data point. The
large uncertainty in the 790.2(7) nm value is due to the
relatively few measurements taken in that region.

The magic wavelengths determined by our atomic struc-
ture calculations are 776.21 nm and 790.26 nm, in excel-
lent agreement with our experimental results. We do not
present an uncertainty estimate for the theory values; this
uncertainty is dominated by the uncertainty in evalua-
tion of the 5P3/2–5D5/2 matrix element, which is large
compared to that of the other matrix elements due to the
unusually large size of the correlation correction.

Our result may be compared to a high-precision mea-
surement for the tuneout wavelength of the 5S1/2 state,
790.032 326(32) nm [37]. Tuneout wavelengths occur
where the polarizability of a particular state goes to
zero. We expect a difference between the tuneout and
magic wavelength values due to the nonzero contribu-
tion of the polarizability of the 5D5/2 state; we calculate
this difference to be approximately 0.2 nm. Our measured
magic wavelength at 790.2(7) nm is therefore consistent
with the tuneout wavelength measured in Ref. [37].

B. Extraction of E1 matrix elements from
experimental data

Electric dipole matrix elements are extracted from
the differential polarizability of the 5S1/2–5D5/2 transi-
tion shown in Fig. 3. Near a resonance, the differential
polarizability is dominated by a single term in the sum
[see, for example, Eq. (7)]. We extract the 5S1/2–5P1/2,
5S1/2–5P3/2, and 5P3/2–5D5/2 E1 matrix elements by fit-
ting the measurements to Eqs. (5)–(8) around their respec-
tive resonances, using a weighted least-squares method.
The uncertainty associated with the values derived from
experiment is estimated using the error in the fit account-
ing for the experimental uncertainties. Fitting to multiple
data points allows us to reduce the uncertainty in the
extracted values of the matrix elements compared with the
uncertainty in each individual data point. The E1 matrix
elements extracted from the experimental data are pre-
sented in Table III, along with the theoretically deduced
matrix elements.

The 5S1/2–5P1/2 and 5S1/2–5P3/2 reduced E1 matrix ele-
ments were measured to be 4.23(8)ea0 and 6.02(10)ea0,
respectively. These are in agreement with our theoretically
determined values 4.238(8)ea0 and 5.982(11)ea0. Addi-
tionally, the E1 matrix elements of these transitions are
well reported in the literature and our results agree with
those of other works, listed in Table III.

We determine the 5P3/2–5D5/2 reduced E1 matrix ele-
ment experimentally and theoretically to be 1.80(6) ea0
and 1.96(15) ea0, respectively. The 5P3/2–5D5/2 E1 matrix
element is difficult to calculate accurately due to large can-
cellations between terms in the second-order correlation
correction, as also noted previously [21,43]. Our theoret-
ical result is in excellent agreement with the other most

054059-7



RHONA HAMILTON et al. PHYS. REV. APPLIED 19, 054059 (2023)

complete CCSDPT calculation of Ref. [21], and with our
experimental result reported here. We note that these val-
ues differ from the previously reported experimental value
of 2.27(4) ea0 [22] which is in agreement with CCSD
theoretical result of 2.334ea0 [43], but in disagreement
with the more complete CCSDPT theoretical result of
1.982ea0 [21]. The close agreement between our measured
5S1/2–5P1/2 and 5S1/2–5P3/2 E1 matrix elements and other
high-precision experimental and theoretical results gives
us confidence in our experimental and theoretical results
for the 5P3/2–5D5/2 E1 matrix element.

As a further check, we also extract the 5P3/2–5D5/2
E1 matrix element using our measured magic wavelength
λ∗ = 776.179(5), which lies very close to the 5P3/2–5D5/2
resonance. Close to a resonance, it is convenient to express
the differential polarizability as

�α(ω) = �αmain(ω)+�αtail(ω),

where �αmain represents the dominating terms in the sum
in Eq. (7), while �αtail represents the remaining terms.
In this case, the “main” term involves contributions from
three E1 matrix elements: 5P1/2–5S1/2, 5P3/2–5S1/2, and
5P3/2–5D5/2. Using the measured value for the magic
wavelength, and using known experimental values for the
two S–P E1 matrix elements, one can solve �α(ω∗) = 0
for the remaining 5P3/2–5D5/2 E1 matrix element with
high precision, where ω∗ = 2πc/λ∗. We include the con-
tribution from the “tail” terms, which were calculated
using the method described above, though their contri-
bution is negligible. The uncertainty in the extracted E1
matrix element is dominated by the uncertainty in the mea-
sured magic wavelength. The value extracted in this way
agrees exactly with that extracted from the fit. As magic
wavelengths are independent of the perturbing laser field
intensity, they therefore provide a means to confirm that the
experimental uncertainty in laser intensity does not impact
our fitted value of the E1 matrix element.

VII. CONCLUSION

In this work we have presented a theoretical and exper-
imental study of the differential polarizabilities in rubid-
ium over the wavelength range 770–800 nm associated
with the 5S1/2–5D5/2 transition. As part of this study we
have identified a magic wavelength in the vicinity of the
5P3/2–5D5/2 transition, with good agreement between the
values determined by experimental and theoretical means.
Our measurements give the value 776.179(5) nm for the
magic wavelength. Our all-orders many-body calculations
predict this wavelength to be 776.21 nm.

Additionally, in this work we have determined the
5P3/2–5D5/2 reduced E1 matrix element, both experimen-
tally and theoretically. Our experimentally deduced value

is 1.80(6)ea0, and 1.96(15)ea0 from our many-body calcu-
lation. This matrix element is difficult to calculate accu-
rately due to instabilities in the many-body corrections.
The close agreement between experiment and theory that
we report here gives confidence that we have accurately
accounted for the higher-order correlation corrections in
our calculations.

Our improved understanding of the light-atom inter-
actions involved in this two-photon clock could further
reduce light-shift-associated instabilities in the atomic
clock output. Ultimately this may lead to elimination of
light shifts from the clock’s output frequency leading to
a more accurate frequency output from the two-photon
rubidium optical clock.
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