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Electrodynamics of Accelerated-Modulation Space-Time Metamaterials
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Space-time-varying metamaterials based on uniform-velocity modulation have spurred considerable
interest over the past decade. We present here an extensive investigation of accelerated-modulation space-
time metamaterials. Using the tools of general relativity, we establish their electrodynamic principles
and describe their fundamental phenomena, in comparison with the physics of moving-matter media. We
show that an electromagnetic beam propagating in an accelerated-modulation metamaterial is bent in its
course, which reveals that such a medium curves space-time for light, similarly to gravitation. Finally,
we illustrate the vast potential diversity of accelerated-modulation metamaterial by demonstrating related
Schwarzschild holes.
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I. INTRODUCTION

Space-time-modulation [1] metamaterials are metama-
terials that are formed by varying (modulating) some
parameter (e.g., the refractive index) of a host medium in
both space and time [2–10]. The modulated parameter may
be of various possible natures, including electronic, opti-
cal, acoustic, mechanical, thermal, and chemical [11–13],
while the modulation is typically provided by an external
drive. These metamaterials are thus moving-perturbation
media, involving no net transfer of atoms and molecules,
and may hence be seen as the modulation counterparts
of moving-matter media, which are simply referred to as
moving media in the literature and whose basic electrody-
namics was discovered between the early nineteenth and
early twentieth centuries [14–17]. Space-time-modulation
metamaterials share most of the electrodynamics of mov-
ing media, including Doppler shifting [18], Bradley aber-
rations [19] and light deflection [20], Fresnel-Fizeau drag
[14,15], and wave-compression amplification [20–22], as
shown in a number of studies [23–28]. However, they
encompass extra physical regimes, such as instantaneous
[29–33] and superluminal [3,4,6,34–38] responses, and
offer drastic advantages in terms of potential applica-
tions, particularly the dispensability of cumbersome mov-
ing parts and the easy access to relativistic velocities and
accelerations.

The quasitotality of the research on space-time-
modulation metamaterials to date has pertained to uniform-
velocity modulation. Removing the restriction of velocity
uniformity by introducing accelerated modulation would

*christophe.caloz@kuleuven.be

naturally imply greater diversity and hence pave the way
for novel physics and technology. The related enhance-
ment might perhaps be compared to that gained by extend-
ing gravitationless systems to gravity systems, as done
from special relativity [20,39] to general relativity [40–
42], or, according to the principle of equivalence [43],
by extending uniformly moving media to accelerated
media. The resulting metamaterials would feature some
similarities with conventional gravity analogs [44,45]
and modulated devices [11,12], but also transcend them
via the incorporation of more sophisticated space-time
metrics.

II. ACCELERATED SPACE-TIME STRUCTURES

Figure 1 shows the space (top panels) and space-time
(bottom panels) structures of the accelerated-matter and
accelerated-modulation media. It specifically corresponds
to the regime of constant proper acceleration and uni-
form direction of motion, which will pertain to most of the
paper. This regime is chosen because it is the simplest pos-
sible acceleration regime while sufficing to reveal the most
fundamental physics of accelerated-modulation space-time
metamaterials. The last part of the paper, on analog holes,
will involve a more complex acceleration regime, featuring
varying acceleration and nonuniform, spherical direction
of motion, but featuring a structure that is locally similar
to that in Fig. 1(b) and basic principles that draw from the
related physics.

Figure 1(a) represents the structure of an accelerated-
matter medium. Such a medium is typically an object that
has been propelled by a mechanical force, and the moving
entities are the atoms and molecules [shown in the insets of
Fig. 1(a)] that form the object. The motion of these entities
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FIG. 1. (a) Accelerated-matter medium and (b)-accelerated-
modulation medium, with constant proper acceleration (Rindler
metric) and uniform direction of motion (z), in space at time
t = t0 (top panels) and in space-time at any position x (bottom
panels). The two media are shown as bounded (on their left
side) to emphasize their evolution, in a host medium of refrac-
tive index n0. The acceleration, corresponding to the constant
proper acceleration (a′), is inversely proportional to the curva-
ture of the curves (Rindler hyperbolas) in the bottom panels, and
is hence time-dependent, a = a(z, t), with sgn(a) = sgn(a′) (see
Appendix A).

induces magnetoelectric coupling [16], which generally
makes the medium bianisotropic, with well-known tenso-
rial permittivity, permeability, and coupling parameters, ε,
μ, and χ [46].

Figure 1(b) depicts the structure of an accelerated-
modulation medium. Such a medium may be formed,
for instance, by illuminating a dielectric/piezoelectric slab
with a circular phasefront optical/acoustic pump, or by
switching a varactor-loaded artificial transmission line
structure according to a nonuniform voltage sequence.
Here, the atoms and molecules that form the structure
[shown in the insets Fig. 1(b)] do not move; what moves
is only the modulation, which is a traveling-wave, typi-
cally sinusoidal, perturbation of the refractive index. We
shall assume throughout the paper that the structure is
operating in the metamaterial regime, where the modula-
tion is subwavelength (λmodulation � λwave) and subperiod
(Tmodulation � Twave) [9,24,25], so that the striped struc-
ture in Fig. 1(b) can be reduced, by proper averaging,
to a homogeneous medium [47], as will be done in Sec.
V. In this regime, the sinusoidal modulation profile may
be approximated by a bilayer periodic profile, with layer
indices n1 and n2, and the corresponding configuration may
be seen as an effective “atom-vacuum” sequence that is
akin to the atom-vacuum structure of the real medium in
Fig. 1(a).

III. METHODOLOGY AND ASSUMPTIONS

We shall now derive and compare the dispersion
relations and Poynting-vector directions for the two media
in Fig. 1. This will be done using some mathematical tools
of general relativity, specifically the Maxwell-Cartan equa-
tions [48], the Rindler transformations and metric [49],
and the general tensorial coordinate transformation formu-
las [50] (see Appendix A), and making extensive use of
frame-hopping between the laboratory frame, K (unprimed
variables), and the moving frame, K ′ (primed variables).
We shall assume that the problem is invariant in the y
direction (Fig. 1), and hence spatially two-dimensional,
and restrict our attention to the case of s-polarization,
where the electric field is directed along the y direction,
the case of p-polarization being formally analogous.

IV. ACCELERATED-MATTER MEDIUM

Let us start our electrodynamic study with the case of the
accelerated-matter medium [Fig. 1(a)]. As is usually done
in such problems, to avoid the complexity of bianisotropy,
we first compute the dispersion relations and the fields
in the K ′ frame, whose noninertiality requires a general-
relativistic treatment, and then transform these quantities
back to the K frame. Writing the K ′-frame dispersion rela-
tion in its covariant form, gμ′ν′kμ′

kν′ = 0, where kμ′ =
(ω′/c, k′), and inverse-Rindler- transforming the result-
ing relation yields the K-frame dispersion relation (see
Appendix B 1)

(kz − χω/c)2

α2n′2 + k2
x

αn′2 =
(ω

c

)2
. (1)

In this relation, n′ is the (K ′-frame) refractive index of
the medium, which is assumed to be isotropic, disper-
sionless, and linear so that n′ is a constant, α = (1 −
β2)/(1 − n′2β2), and χ = β(1 − n′2)/(1 − n′2β2), where
β = v/c = tanh(a′t′/c + ξ0) is the instantaneous normal-
ized velocity of the medium [Fig. 1(a)], with a′ being
the (constant) proper acceleration and ξ0 = sinh−1(β0γ0),
where β0 = v(0)/c and γ0 = 1/

√
1 − β2

0 are the normal-
ized initial velocity and the corresponding Lorentz factor,
respectively.

On the other hand, the direction of the Poynting vector,
S, may be obtained by writing the wave equation in the K ′
frame, solving it using a vacuum-field ansatz, and inverse-
Rindler transforming the resulting field expressions [51],
which yields (see Appendix B 2)

θS = tan−1
(

γ
sin θ ′

n + n′β
cos θ ′

n

)
, (2)

where γ = 1/
√

1 − β2 = cosh(a′t′/c + ξ0) is the instan-
taneous Lorentz factor and sin θ ′

n = N/D with N = 1 −
sin θ tanh(a′t′/cn′+ ξ0) and D = sin θ − tanh(a′t′/cn′ + ξ0),
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where θ is the incident (initial) angle, shown in the top
panels of Fig. 1. Note that Eq. (2), although partially
expressed in terms of K ′-frame variables, for the sake of
compactness, really represents a K-frame quantity.

V. ACCELERATED-MODULATION MEDIUM

Let us move on now to the case of the accelerated-
modulation medium, which is the main object of this paper.
The corresponding analysis is considerably more involved
than that of the accelerated-matter medium, due to both the
more complex, bilayer structure of the medium [Fig. 1(b)]
and the nonexistence of a motionless frame, as we shall see
next. Here, in the K frame, the modulation is accelerating
and matter is stationary, while in the K ′ frame, the modula-
tion is stationary and matter is accelerating in the opposite
direction, with velocity v′ = −v. So, motion occurs in both
frames, which is unusual in conventional relativity prob-
lems. We still elect to attack the problem in the K ′ frame,
on the grounds that moving matter with stationary bound-
aries [here, the interfaces between the layers in Fig. 1(b)] is
a known problem [52], where the addition of noninertiality
is tractable using the tools of general relativity.

In the K ′ frame, the two media forming the strati-
fied structure [Fig. 1(b)]—assumed to be isotropic in K ,
with scalar refractive indices, relative permittivities, and
relative permeabilities n1,2, ε1,2, and μ1,2, respectively
(n1,2 = √

ε1,2μ1,2)—are bianisotropic, due to the motion of
their constituent matter, and noninertial, due to accelera-
tion. Upon this consideration, the sought after dispersion
relation may be obtained by first constructing the corre-
sponding K ′-frame constitutive relations, which include
the tensorial constitutive parameters ε

′
1,2, μ

′
1,2, and χ

′
1,2,

then space-time-averaging the tangential and normal com-
ponents of these parameters (metamaterial regime), next
inverse-Rindler-transforming the so obtained averages,
and finally substituting the resulting expressions into the
general (K-frame) bianisotropic dispersion relation [46]
(see Appendix C 1). This yields

(kz − χω/c)2

ε‖μ‖
+ k2

x

ε‖μ⊥
=
(ω

c

)2
, (3)

which involves the averaged tangential and normal consti-
tutive parameters

ε‖ = �ε − β2ε1ε2�μ

1 − β2�ε�μ

, ε⊥=2ε1ε2

�ε

, (4a)

μ‖ = �μ − β2μ1μ2�ε

1 − β2�ε�μ

, μ⊥=2μ1μ2

�μ

, (4b)

and

χ = β

ε
μ

1 − β2�ε�μ

, (4c)

where �ε = (ε1 + ε2)/2, 
ε = (ε1 − ε2)/2, and similarly
for �μ and 
μ.

On the other hand, the Poynting vector direction may
be obtained by taking the spatial Fourier transforms of
the K-frame Maxwell equations and dispersion relations,
inserting the resulting former expression into the result-
ing latter expression, eliminating the electric and magnetic
flux density fields, and taking the appropriate ratio of the
remaining field components (see Appendix C 2), which
yields

θS = tan−1
(

μ⊥
μ‖

sin θ − χ

cos θ

)
, (5)

whose parameters are given by Eqs. (4).

VI. FORMAL MODULATION-MATTER
EQUIVALENCE

Comparing Eq. (3) with Eq. (1) reveals a most inter-
esting fact: the accelerated-modulation medium is for-
mally equivalent to the accelerated-matter medium (in K).
Both media are indeed bianisotropic, with identical tenso-
rial structure. Thus, an accelerated-modulation space-time
metamaterial can potentially alter light in the same man-
ner as accelerated matter and hence, by the equivalence
principle, as gravitation.

VII. DISPERSION AND PROPAGATION

Figure 2 shows typical temporal evolutions of the isofre-
quency contours for the accelerated media of interest.
Figure 2(a) corresponds to the accelerated-matter case,
computed by Eq. (1), while Fig. 2(b) corresponds to the
accelerated-modulation case, computed by Eq. (3). As time
passes, the isofrequency contours progressively shift, in
both cases, parallel to the direction of motion, z. In the case
of accelerated matter [Fig. 2(a)], the shift occurs in the −z
direction, which corresponds to deflection of energy (direc-
tion vg in the figure) in the +z direction. This deflection
is a manifestation of Fresnel-Fizeau drag [14,15], which
adds the momentum χk0 ∝ β, increasing with time due to
acceleration, to the kz component of the wave [Eq. (1)].
The physics is drastically different in the case of acceler-
ated modulation [Fig. 2(b)]. Now, the isofrequency contour
shift is in the +z direction, corresponding to deflection
of energy in the −z direction, that is, contradirectionally
to the motion [8,24,25]. Such contradirectional deflection
is not due to the Fresnel-Fizeau effect, since no motion
of matter occurs in the laboratory frame; it results from
the space-time weighted averaging [8] of the constitutive
parameters in Eq. (4), whereby the wave traveling along
the direction of the modulation, spending more time in
the denser layers (n1, assuming n1 > n2), propagates more
slowly in that direction than in the opposite direction [25]
[53], which imparts the negative momentum contribution
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FIG. 2. Temporal evolution of isofrequency curves for (a) the
accelerated-matter medium [Eq. (1)] and (b) the accelerated-
modulation medium [Eq. (3) with (4)] in Fig. 1, with proper
acceleration a′/c2 = 0.45 and initial normalized velocity β0 = 0.
The time t = 0 corresponds to the onset of the modulation. The
modulation medium has the K-frame refractive indices n1 =√

ε1μ1 and n2 = √
ε2μ2, with ε1 = μ1 = 1.5 and ε2 = μ2 = 3,

while the matter medium has the K ′-frame refractive index n′ =√
ε′μ′ with ε′ = �ε and μ′ = �μ, corresponding to n′ = 2.25.

The insets show the isofrequencies t = 0 and t = 2.2 ns and cor-
responding representative phase velocity vector, vp , and group
velocity vector, vg [with directions given by Eqs. (2) and (5)].

− |χ | k0 ∝ −β to the kz component of the wave [Eq. (3)]
[54].

In order to further examine this contradirectional deflec-
tion effect, let us consider the propagation of a Gaussian
beam, launched perpendicularly to the direction of motion
[x direction in Fig. 1(b)] for maximal deflection. Such a
field may be obtained by inserting the paraxial approxima-
tion of the dispersion relation in Eq. (3) into the integral
expression for the field corresponding to the propagat-
ing Gaussian beam, and calculating the resulting integral,
which yields (see Appendix C 3)

Ey(z, x) = E0
ein‖k0(1−δ)x

1 + i n‖2x

n2
⊥k0W2

0

exp

⎛
⎜⎜⎝− (z + zδ)

2

(
1 + i n‖2x

n2
⊥k0W2

0

)
W2

0

⎞
⎟⎟⎠ ,

(6)

where n‖ = √
ε‖μ⊥, n⊥ = √

ε‖μ‖, δ = χ2k0/2n2
⊥, and

zδ = xχn‖/n2
⊥ [Eq. (4)], with k0 = ω/c = 2π/λ0, and

where W0 is the waist of the beam at x = 0 [55].
Figure 3 plots the Gaussian beam field, computed by

Eq. (6), with Figs. 3(a) and 3(b) corresponding to positive
modulation acceleration and negative modulation accel-
eration (or deceleration), respectively. A first observation
is that the beam, in both cases, is deflected away from
the launching axis (x), that is, in the opposite direction
to the velocity (β), as expected from the previous results
[Fig. 2(b)]. However, the figure also reveals that the beam

(a) (b)
x x

zz

a(z, t) a(z, t)

β(z, t) β(z, t)

S Sk k
θS θS

FIG. 3. Deflection and bending of a Gaussian beam in
the accelerated-modulation medium in Fig. 1(b), specifically∣∣Re

{
Ey
}∣∣ [Eq. (6)], with the medium parameters in Fig. 2

(ε1 = μ1 = 1.5 and ε2 = μ2 = 3), W0 = 1.5λ0 = 0.45 mm, and
|a′|/c2 = 0.45, for the cases of (a) positive acceleration, with
β0 = 0, and (b) negative acceleration (or deceleration), with
β0 = 0.3. The arrows associated with a and β correspond to the
direction of the acceleration and velocity, respectively.

is bent by the medium, with bending occurring towards the
direction of the acceleration (a). This result indicates that
accelerated modulation curves space-time for light, simi-
larly to gravitation [40,41,56]. In fact, such curving could
have been inferred from the (known) existence of deflec-
tion (without curving) in a uniform-velocity (or accelera-
tionless) modulation medium [8,24,25] [Eq. (3) with χ =
constant from β(a′ = 0) = β0 = constant, corresponding
to a straight, vertical elliptic cylinder in Fig. 2(b)]. Indeed,
since acceleration is locally equivalent to uniform velocity
and since uniform-velocity sections with different veloci-
ties at different positions of space-time point to different
directions, combining the related infinitesimal uniform
sections automatically produces the observed curving.
However, the exact dispersion and field quantities given
above could naturally not have been obtained without a
rigorous general relativistic treatment.

VIII. LIGHT BENDING FOR VARIOUS
CONSTITUENT MEDIA

So far, we have implicitly assumed that the two media
forming the unit cell of the space-time -modulation meta-
material in Fig. 1(b) have specific double-positive consti-
tutive parameters (ε1, μ1 > 1 and ε2, μ2 > 1). However,
modulation parameters might take various and even nega-
tive values. Therefore, we shall now perform a parametric
analysis of the light-bending effect for different constitutive
parameters, and compare the results with those of moving
matter with equivalent average parameters. This analysis
is presented in Fig. 4, which plots the temporal evolution
of the Poynting vector direction for a wave launched in
the x direction, with Figs. 4(a) and 4(b) respectively corre-
sponding to different double-positive and double-negative
medium parameters.

In the case of matter, all the results in Fig. 4
(dashed curves) may be simply explained in terms of
the Fresnel-Fizeau drag effect, according to which the
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FIG. 4. Direction of the Poynting vector (angle shown in
Figs. 2 and 3) versus time for different values of the parameter
� = ε2/ε1 = μ2/μ1 (with

√
μ1/ε1 = √

μ2/ε2 for local match-
ing) in the accelerated-modulation medium [Eq. (5)] and in the
accelerated-matter medium [Eq. (2)] for a′/c2 = 0.83 (and hence
a > 0) and β0 = 0 (and hence v > 0). The index n′ for matter
has been chosen as in Fig. 2 for proper Fresnel-Fizeau density
and quantitative comparison. (a) Double-positive (n′2 > 0) and
(b) double-negative (n′2 > 0) medium parameters.

velocity of light in the moving-matter medium is given by
vlight = c/n′ + v(1 − 1/n′2) [15], where n′ is the refractive
index of the matter medium at rest. Since it occurs in the z
direction, the drag effect implies θS ∝ v(1 − 1/n′2). It may
be easily checked that results in the figure precisely follow
this prediction for the two different types of medium con-
stituents, with the factor v (∂v/∂t = a > 0) accounting for
the temporal evolution of any given curve and the factor
1 − 1/n′2 accounting the signs and difference between the
different curves at any given time.

Let us now examine the results for the modulation
case (solid curves in Fig. 4). The figure shows that the
metamaterial can reach a great range of energy deflec-
tion and bending amounts upon proper parametric tuning,
similarly to its matter medium counterpart, as expected
from the formal equivalence between the two types of
media that was previously pointed out. These results are
harder to explain than those for matter, due to the greater
complexity of the metamaterial structure and related space-
time-averaged quantities [Eq. (4)]. However, the negative
direction of deflection and bending for the double-positive
constituent-media structure [Fig. 4(a)] clearly corresponds
to the motion-contradirectional effect that was explained
in connection with Fig. 2(b), while the strength of the
effect is explained by the amount of contrast between
the layer parameters, 
ε,μ, since it is this contrast that
forms the medium. Moreover, the results for the double-
negative constituent-media structure [Fig. 4(b)] may be
understood as follows. For � = −1, the structure alter-
nates equal-magnitude positive and negative index layers
so as to form a Pendry lens [57] periodic configuration
[58], here with moving interfaces, where the positive and
negative x momentum components across the unit cell can-
cel out so as to produce purely z-directed propagation. For
� �= −1, the refractive indices of the two layers of the unit

(a) (b)

x x

xx

z z

zz

a(r, t)

a(r, t)

β(r, t)

β(r, t)

rs

FIG. 5. Scattering of a Gaussian beam of light by
Schwarzschild (a) black and (b) white holes based on a
cylindrical version of the accelerated bilayer-unit-cell space-
time-modulation medium in Fig. 1(b) (

∣∣Re
{
Ey
}∣∣; Appendix D),

for offset (top panels) and facing (bottom panels) illuminations,
with rs = 3.15λ0 = 0.63 mm (horizon radius), and W0 = 6.5λ0
for (a) and W0 = 8.5λ0 for (b).

cell have different magnitudes, which breaks the � = −1
x-momentum antisymmetry; as a result, the rays in the two
layers undergo different deflections, which produces a net
wave deflection, proportional to the index contrast.

IX. ANALOG-GRAVITY MEDIA

While the paper has focused on a uniform-direction
and constant proper acceleration profile until this point,
the reported accelerated-modulation space-time metamate-
rials may assume a virtually unlimited diversity of metrics,
and potentially feature equally diverse opportunities for
light manipulation. To illustrate this, Fig. 5 presents meta-
materials that mimic Schwarzschild holes [59], based on
an average refractive index profile that follows the cor-
responding metric [60]. The black hole, shown in Fig. 5,
displays the well-known light attraction and absorption
effects, while the white hole, whose cosmological exis-
tence is purely theoretical but which may actually be
implemented by an accelerated-modulation metamaterial,
displays the complementary light deviation and repelling
effects (see Appendix D).

X. CONCLUSION

This paper has introduced the field of accelerated-
modulation space-time metamaterials. The ability of such
materials to curve space-time of light, as gravitation does,
promises vast opportunities for scientific and technologi-
cal development with multiple applications in electronics,
electromagnetics and optics.
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APPENDIX A: GENERAL RELATIVITY TOOLS

The key results in the paper are obtained using gen-
eral relativistic electrodynamics, specifically the Maxwell-
Cartan equations, the Rindler transformations of the space-
time variables and the general tensorial coordinate trans-
formation formulas.

The Maxwell-Cartan equations are generalizations of
the Maxwell’s equations for curved space-time. They read
[42,48]

∂(λFμν) = ∂λFμν + ∂νFλμ + ∂μFνλ = 0 (A1a)

and

∂μGμν = 0, (A1b)

where Fμν is the Faraday tensor and Gμν is its dual [61],
which are defined as

Fμν =

⎡
⎢⎣

0 Ex Ey Ez
−Ex 0 −cBz cBy
−Ey cBz 0 −cBx
−Ez −cBy cBx 0

⎤
⎥⎦ (A2a)

and

Gμν =

⎡
⎢⎣

0 −cDx −cDy −cDz
cDx 0 Hz −Hy
cDy −Hz 0 Hx
cDz Hy −Hx 0

⎤
⎥⎦ . (A2b)

Note that the Einstein summation convention, whereby
repeated indices imply summation over corresponding
indices, are assumed everywhere in the paper, as for
instance in (A1b), where ∂μGμν = ∑3

μ=0 ∂μGμν .
The Rindler transformations are the coordinate trans-

formations between the laboratory frame and the moving
frame for the case of constant proper acceleration [49].
We shall use here the Kottler-Møller [62] version of
the Rindler transformations [49] to accommodate nonzero
constant initial velocities. The Kottler-Møller transforma-
tions, assuming propagation in the z-direction, are given
by the relations

ct = c2

a′
√

g00 sinh(ξ + ξ0) − c2

a′ sinh(ξ0), (A3a)

x = x′, (A3b)

y = y ′, (A3c)

and

z = c2

a′
√

g00 cosh(ξ + ξ0) − c2

a′ cosh(ξ0), (A3d)

where

ξ = a′t′/c (A3e)

and

ξ0 = sinh−1(β0γ0), (A3f)

with a′ being the (constant) proper acceleration, β0 and
γ0 being the initial relative velocity and Lorentz factor
respectively, and where

g00 = (
1 + (a′z′/c2)

)2
, (A4a)

is the 00-term of the Rindler metric, which is sim-
ply gμ′ν′ = diag(g00, 1, 1, 1). The corresponding (K-frame)
instantaneous normalized velocity may be calculated by
dividing (A3d) and (A3a) by dt′, calculating the related
derivatives and taking the ratio of the resulting expres-
sions, which yields

β = dz
d(ct)

= dz/d(ct′)
d(ct)/d(ct′)

= tanh(ξ + ξ0), (A5)

while the (K-frame) acceleration may be derived by taking
the time derivative of this equation, which gives

a = a′ (cosh(ξ + ξ0))
−3 . (A6)

The inverse of (A3a) and (A3d) may be found as follows.
First, we isolate sinh(ξ + ξ0) in (A3a) and cosh(ξ + ξ0)

in (A3d). Then we obtain the relation t′ = t′(t) by succes-
sively taking the ratio of the resulting expressions and the
inverse of the new expression, while we obtain the rela-
tion z′ = z′(z) by squaring the resulting expressions, taking
the difference of the new expressions and taking the square
root of the result. The final result is

ct′ = c2

a′ tanh−1

(
ct + c2

a′ sinh(ξ0)

z + c2

a′ cosh(ξ0)

)
− cξ0 (A7a)

and

z′ =
√(

z + c2

a′ cosh(ξ0)

)2

−
(

ct + c2

a′ sinh(ξ0)

)2

− c2

a′ .

(A7b)

Finally, the tensorial coordinate transformations of the
fields are given by the covariant and contravariant
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relations [50]

Fμ′ν′ = ∂xρ

∂xμ′
∂xσ

∂xν′ Fρσ (A8a)

and
∣∣∣∣∣det

(
∂xμ′

∂xν′

)∣∣∣∣∣Gμ′ν′ = ∂xμ′

∂xρ

∂xν′

∂xσ
Gρσ . (A8b)

For a rank-one tensor, such as the wave tensor (kμ), these
relations reduce to

kμ′ = ∂xρ

∂xμ′ kρ (A9a)

and

kμ′ = ∂xμ′

∂xρ
kρ . (A9b)

APPENDIX B: ACCELERATED-MATTER MEDIA

1. Dispersion relation

In the K ′ frame, matter is stationary and isotropic. How-
ever, K ′ is noninertial, which requires a general relativistic
treatment [42]. In particular, the dispersion relation must
be written in its covariant form [63], namely,

kμ′kμ′ = 0, (B1)

where

kμ′ =
(

ω′

c
, k′/n′

)
(B2)

is the contravariant form of the wave tensor, with k′ being
the wave vector, and the covariant form of the wave tensor
is found by contraction with the metric tensor, which yields

kμ′ = gμ′ν′kν′ =
(

−g00
ω′

c
, k′/n′

)
. (B3)

Substituting (B2) and (B3) into (B1) then yields the K ′-
frame dispersion relation

k′2
z

n′2 + k′2
x

n′2 = g00

(
ω′

c

)2

. (B4)

Finally, inverse-transforming (B4) with (A3a) to (A3d)
according to (A9) leads to the K-frame dispersion relation

(kz − χω/c)2

α2n′2 + k2
x

αn′2 =
(ω

c

)2
, (B5a)

where

α = 1 − β2

1 − n′2β2 (B5b)

and

χ = β(1 − n′2)
1 − n′2β2 , (B5c)

with n′ being the refractive index of the medium measured
in the K ′ frame.

2. Fields and deflection angles

Let us now consider an incident plane wave in vac-
uum, which will be later used as an ansatz to calculate the
fields of interest. Under the assumption of s-polarization,
depicted in Fig. 6, such a wave satisfies the relations Ex =
Ez = By = Dx = Dz = Hy = 0, and its Faraday tensor and
dual Faraday tensor are then found, upon inserting these
relations into Eq. (A2), to be

Fμν =

⎡
⎢⎣

0 0 1 0
0 0 − cos θ 0

−1 cos θ 0 sin θ

0 0 − sin θ 0

⎤
⎥⎦E0f (ζ ) (B6a)

and

Gμν =

⎡
⎢⎢⎢⎣

0 0 −η−1
0 0

0 0 cos θ
η0

0
η−1

0 − cos θ
η0

0 sin θ
η0

0 0 − sin θ
η0

0

⎤
⎥⎥⎥⎦E0f (ζ ) , (B6b)

after defining

ζ = z sin θ + x cos θ − ct, (B6c)

where f (·) and θ are the incident (initial) wave profile
and angle, respectively. The fields in the K frame may be
derived by solving the wave equation in the K ′ frame and
inverse-Rindler-transforming the results to the K frame,
which results in [51]

S,k

x

y zE,D

E,D

H,B

H
B

a, β

S k

θS,k

θS

θk θdef

FIG. 6. Configuration of incident and propagating fields.
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Fμν = γ
Pn

n′ E0f (ζ )

⎡
⎢⎢⎢⎣

0 0 1 + n′β sin θ ′
n 0

0 0 n′ cos θ ′
n

γ
0

−(1 + n′β sin θ ′
n) − n′ cos θ ′

n
γ

0 (n′ sin θ ′
n + β)

0 0 −(n′ sin θ ′
n + β) 0

⎤
⎥⎥⎥⎦ (B7a)

and

Gμν = γ PnE0f (ζ )

⎡
⎢⎢⎢⎢⎣

0 0 − n′+β sin θ ′
n

η0μ′ 0

0 0 cos θ ′
n

γ η0μ′ 0
n′+β sin θ ′

n
η0μ′ − cos θ ′

n
γ η0μ′ 0 − sin θ ′

n+n′β
η0μ′

0 0 sin θ ′
n+n′β

η0μ′ 0

⎤
⎥⎥⎥⎥⎦

, (B7b)

where

Pn = cosh(ξ/n′ + ξ0) − sin(θ) sinh(ξ/n′ + ξ0), (B7c)

cos θ ′
n = cos θ

Pn
, (B7d)

and

γ = 1/
√

1 − β2 = cosh(ξ + ξ0), (B7e)

with β and n′ = √
ε′μ′ being the instantaneous velocity

and the stationary refractive index of the medium.
The Poynting vector is given by

S = E × H = −EyHxẑ + EyHzx̂, (B8)

and its angle with respect to the x-axis can be written as

θS = − tan−1
(

EyHx

EyHz

)
= − tan−1

(
Hx

Hz

)
, (B9)

where Hz and Hx are found in (B7b) with the help of (A2b),
which yields

θS = tan−1
(

γ
sin θ ′

n + n′β
cos θ ′

n

)
. (B10)

where θ ′
n is given in (B7d).

The deflection angle is the angle the Poynting vector
makes with the phase angle (θk = tan−1(kz/kx)). There-
fore, it can be represented as θdefl = θS − θk, and explicitly
written as

θdefl = tan−1
(

γ (Qn + n′βPn) − sin θ

cos θ + γ (Qn + n′βPn) tan θ

)
, (B11)

where

Qn = sin θ cosh(ξ ′
n + ξ0) − sinh(ξ ′

n + ξ0) (B12)

and Pn is given in (B7c).

APPENDIX C: ACCELERATED-MODULATION
MEDIA

1. Dispersion relation

Under the assumption of (moving-modulation) layer
isotropy in the K frame, the K-frame constitutive relations
read

B1,2 = μ1,2H1,2 (C1a)

and

D1,2 = ε1,2E1,2. (C1b)

Rindler-transforming (C1) to the K ′ frame using (A8) with
(A3) yields, for each of the two layers, the bianisotropic
constitutive relations

√
g00B′

1,2 = μ0μ
′
1,2H′

1,2 + χ
′
1,2E′

1,2 (C2a)

and

√
g00D′

1,2 = ε0ε
′
1,2E′

1,2 − χ
′
1,2H′

1,2, (C2b)

with

μ
′
1,2 =

⎡
⎣

α′
1,2μ

′
1,2 0 0

0 α′
1,2μ

′
1,2 0

0 0 μ′
1,2

⎤
⎦ , (C3a)

ε
′
1,2 =

⎡
⎣

α′
1,2ε

′
1,2 0 0

0 α′
1,2ε

′
1,2 0

0 0 ε′
1,2

⎤
⎦ , (C3b)

and

χ
′
1,2 =

⎡
⎣

0 χ ′
1,2/c 0

−χ ′
1,2/c 0 0
0 0 0

⎤
⎦ , (C3c)
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where

α′
1,2 = (1 − β2)

(1 − ε′
1,2μ

′
1,2β

2)
(C3d)

and

χ ′
1,2 = −β(1 − ε′

1,2μ
′
1,2)

(1 − ε′
1,2μ

′
1,2β

2)
. (C3e)

Averaging these relations via the continuity of the field
E′

‖, H′
‖, D′

⊥, and B′
⊥ at the layer interfaces yields the

homogenized constitutive relations

√
g00

⎡
⎣

B′
x

B′
y

B′
z

⎤
⎦ =μ0

⎡
⎣

μ′
‖ 0 0

0 μ′
‖ 0

0 0 μ′
⊥

⎤
⎦
⎡
⎣

H ′
x

H ′
y

H ′
z

⎤
⎦

+
⎡
⎣

0 χ ′/c 0
−χ ′/c 0 0

0 0 0

⎤
⎦
⎡
⎣

E′
x

E′
y

E′
z

⎤
⎦ (C4a)

and

√
g00

⎡
⎣

D′
x

D′
y

D′
z

⎤
⎦ =ε0

⎡
⎣

ε′
‖ 0 0

0 ε′
‖ 0

0 0 ε′
⊥

⎤
⎦
⎡
⎣

E′
x

E′
y

E′
z

⎤
⎦

+
⎡
⎣

0 −χ ′/c 0
χ ′/c 0 0

0 0 0

⎤
⎦
⎡
⎣

H ′
x

H ′
y

H ′
z

⎤
⎦ , (C4b)

where

ε′
‖ = (α′

1ε1 + α′
2ε2)/2, (C5a)

ε′
⊥ = 2(ε−1

1 + ε−1
2 )−1, (C5b)

μ′
‖ = (α′

1μ1 + α′
2μ2)/2, (C5c)

μ′
⊥ = 2(μ−1

1 + μ−1
2 )−1, (C5d)

and

χ ′ = (χ ′
1 + χ ′

2)/2. (C5e)

Following its homogenization, the bilayer-unit-cell
moving-modulation medium at hand has become a bulk
medium, whose general dispersion relation is well known
and is found by inserting the bulk constitutive relations into
the wave equation and taking the Fourier transform of the
resulting expression [46]. This relation reads

∣∣∣ω2ε + [k + ωξ ] × μ
−1 × [k − ωζ ]

∣∣∣ = 0. (C6)

inverse-Rindler-transforming (C4a) and (C4b) to the K
frame using (A8) with (A3) and inserting the resulting

equation into (C6) yields

(kz − χω/c)2

ε‖ μ‖
+ k2

x

ε‖μ⊥
=
(ω

c

)2
, (C7)

where

ε‖ = ε′
‖

(1 − β2)

(1 − βχ ′)2 − ε′
‖ μ′

‖c2β2)
, (C8a)

ε⊥ = 2(ε−1
1 + ε−1

2 )−1, (C8b)

μ‖ = μ′
‖

1 − β2

(1 − χ ′β)2 − ε′
‖ μ′

‖c2β2
, (C8c)

μ⊥ = 2(μ−1
1 + μ−1

2 )−1, (C8d)

and

χ = ((χ ′ − β)(1 − χ ′β) + ε′
‖ μ′

‖c2β)

((1 − χ ′β)2 − ε′
‖ μ′

‖c2β2)
. (C8e)

We can simplify (C8) by substituting (C5), which leads to

ε‖ = �ε − β2ε1ε2�μ

1 − β2�ε�μ

, (C9a)

ε⊥ = 2ε1ε2

�ε

, (C9b)

μ‖ = �μ − β2μ1μ2�ε

1 − β2�ε�μ

, (C9c)

μ⊥ = 2μ1μ2

�μ

, (C9d)

and

χ = β

ε
μ

1 − β2�ε�μ

, (C9e)

where �ε = (ε1 + ε2)/2 and 
ε = (ε1 − ε2)/2. and simi-
larly for �μ, 
μ.

2. Deflection angles

The fields are solutions to Eq. (A1) which, upon substi-
tution of (A2), take the explicit form

εijk∂j Ek = − ∂

∂t
Bi (C10a)

and

εijk∂j Hk = ∂

∂t
Di, (C10b)

where εijk (not to be confused with the permittivity tensor,
εij ) is the Levi-Civita pseudo-tensor [64] and where the
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Latin indices run from 1 to 3 (instead of from 0 to 3 for the
Greek indices in what precedes).

On the other hand, the constitutive relations may be
generally expressed in the bianisotropic form [46]

D̃i = εij Ẽj + εijkχj H̃k (C11a)

and

B̃i = μij H̃j + εjikχj Ẽk, (C11b)

where εij and μij are the diagonal tensors

εij = ε0 diag(ε‖, ε‖, ε⊥) (C12a)

and

μij = μ0 diag(μ‖, μ‖, μ⊥), (C12b)

and where

χj = (0, 0, χ/c), (C12c)

with the different tensor components being given by (C8a)
to (C8e).

In order to combine (C10) and (C11), we write (C10) in
the Fourier domain, namely,

εijkkj Ẽk = ωB̃i (C13a)

and

εijkkj H̃k = −ωD̃i. (C13b)

Substituting these relations into (C11) and separating the
Ẽj and H̃j in each of the resulting equations yields

εij Ẽj = − 1
ω

(
εijkkj + ωεijkχj

)
H̃k (C14a)

and

μij H̃j = 1
ω

(
εijkkj − ωεjikχj

)
Ẽk. (C14b)

Inserting (C8a) to (C8e) into (C12), and substituting the
resulting expressions into (C14) yields

Ẽy = −kz − ωχ/c
ωε‖

H̃x + kx

ωε‖
H̃z, (C15a)

H̃x = −kz − ωχ/c
ωμ‖

Ẽy , (C15b)

and

H̃z = kx

ωμ⊥
Ẽy . (C15c)

The Hx and Hz in the direct domain are then found
as the inverse Fourier transform of (C15b) and (C15c),
respectively.

The spectral Poynting vector is given by

S̃ = Ẽ × H̃ = −ẼyH̃xẑ + ẼyH̃zx̂, (C16)

and its angle with respect to the x-axis can then be written
as

θS = − tan−1

(
ẼyH̃x

ẼyH̃z

)
= − tan−1

(
H̃x

H̃z

)
. (C17)

Substituting (C15b) and (C15c) into this relation yields

θS = tan−1
(

μ⊥
μ‖

kz − ωχ/c
kx

)
, (C18)

which, using kx = k0 cos θ and kz = k0 sin θ , may also be
written as

θS = tan−1
(

μ⊥
μ‖

sin θ − χ

cos θ

)
. (C19)

The deflection angle, defined as the difference between the
phase (launching) direction and the power direction, is then
obtained as θdefl = θS − θk, where θk = arctan(kz/kx) is
the phase angle. Using the identity tan−1(x) − tan−1(y) =
tan−1((x − y)/(1 + xy)), this angle may be expressed as

θdefl = tan−1
(

(μ⊥−μ‖)kxkz − μ⊥kxωχ/c
μ⊥k2

x + μ⊥k2
z − kzωχ/c

)
. (C20)

3. Fields for Gaussian beam excitation

We consider the propagation of an s-polarized plane-
wave Gaussian beam that is launched in the x direction.
The corresponding field in the plane x = 0 reads

Ey(z, x = 0) = E0 exp
(

− z2

W2
0

)
, (C21)

where E0 and W0 are the amplitude and the waist of the
beam. Taking the z-spatial Fourier transform of (C21)
yields

Ẽy(kz; x = 0) = 1
2π

∫ +∞

−∞
E0 exp

(
− z2

W2
0

)
e−ikzzdz

= W0E0

2
√

π
exp

(
−k2

z W2
0

4

)
. (C22)

The spectral field in any plane x may be obtained by mul-
tiplying (C22) by the propagator of the problem [65], eikxx,

054044-10



ELECTRODYNAMICS OF ACCELERATED-MODULATION... PHYS. REV. APPLIED 19, 054044 (2023)

namely,

Ẽy(kz, x) = eikxxẼy(kz, x = 0), (C23)

where kx is related to kz by (C7). The field in (C22) then
becomes

Ẽy(kz, x) = W0E0

2
√

π
exp

(
−k2

z W2
0

4

)
eikxx, (C24)

to which we apply the inverse Fourier transform to provide
the field at any point z and x,

Ey(z, x) = W0E0

2
√

π

∫ +∞

−∞
exp

(
−k2

z W2
0

4

)
ei(kxx+kzz)dkz.

(C25)

Given the assumed x-direction of propagation and the
Gaussian nature of beam, kz � k0 (k0 = ω/c), kx in (C7)
may be approximated as

kx ≈ √
ε‖μ⊥k0

(
1 − (kz − χk0)

2

2ε‖μ‖k2
0

)
, (C26)

which is a modulation-motion bianisotropic generaliza-
tion of the paraxial approximation. Inserting this expres-
sion into (C25), rearranging, and factoring out the kz-
independent terms yields

Ey(z, x) =E0W0

2
√

π
e

i
√

ε‖μ⊥k0

(
1− χ2k0

2ε‖μ‖

)
x

×
∫ +∞

−∞
exp

(
−k2

z

(
W2

0

4
+ i

√
ε‖μ⊥
ε‖μ‖

x
2k0

))

× e
i

√
ε‖μ⊥

ε‖μ‖ χxkz eikzzdkz. (C27)

Calculating the integral in (C27) yields the final result,

Ey(z, x) =E0
e

i
√

ε‖μ⊥k0

(
1− χ2k0

2ε‖μ‖

)
x

1 + i
√

ε‖μ⊥
ε‖μ‖

2x
k0W2

0

× exp

⎛
⎜⎜⎜⎝−

(
z +

√
ε‖μ⊥

ε‖μ‖ χx
)2

(
1 + i

√
ε‖μ⊥

ε‖μ‖
2x

k0W2
0

)
W2

0

⎞
⎟⎟⎟⎠ , (C28)

which features an x-dependent z lateral shift.
Note that in the absence of modulation (β = 0 and two

identical layers), the medium reduces to a simple isotropic

x x

zz

a(z, t) a(z, t)

β(z, t) β(z, t)

SS kk

(b)(a)

FIG. 7. Finite-difference time domain (FDTD) simulation cor-
responding to the analytical result in Fig. 3, with FDTD mesh
size 
z = 
x = (3/2)10−5 m, time step 
t = (2/3)10−13 s,
Mur’s absorbing boundary conditions, and a computational
domain of area 417
z × 250
x and duration 33 000
t.

stationary medium, with (C28) correspondingly reducing
to

Ey(z, x) = E0
eikx

1 + i 2x
kW2

0

exp

⎛
⎜⎜⎝− z2

(
1 + i 2x

kW2
0

)
W2

0

⎞
⎟⎟⎠ ,

(C29)

where k = nk0, in which n is the refractive index of the
medium [65].

4. Numerical validation

Figure 7 shows the finite-difference time domain
(FDTD) simulation corresponding to the analytical result
in Fig. 3.

Figure 8 plots the logarithm of the difference between
the analytical field plotted in Fig. 3 and the FDTD field
plotted in Fig. 7, with this difference being defined as

δEy =

∣∣∣Eanalytical
y − EFDTD

y

∣∣∣
E0

. (C30)

We verified that the difference in Fig. 8 decreases with
increasing FDTD mesh density. This convergence of the
FDTD simulation to the analytical result validates the
latter.

APPENDIX D: MODULATION PARAMETERS FOR
BLACK AND WHITE HOLES

The electromagnetic parameters corresponding to a
given gravitational metric gμν are [66]

εij = μij = −
√−g
g00

gij (D1a)

for permittivity and permeability, and

χj = g0j

g00
(D1b)

for chirality.
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x x

z z

00 −1−1 −2−2 −3−3 −4−4 −5−5

(b)(a)

FIG. 8. Difference log10(δEy ), with range limited to the inter-
val [0, −5] dB, corresponding to max

(
δEy

) = 5 %, between the
analytical field plotted in Fig. 3 and the FDTD field plotted in
Fig. 7 .

The metric of black or white holes is found from the
Schwarzschild space-time interval

ds2 = −
(

1 − 2MG
r

)
(cdt)2

+
(

1 − 2MG
r

)−1

dr2 + r2d�2, (D2a)

where

d�2 = dθ2 + sin2 θdφ2; (D2b)

as

g00 = −
(

1 − 2MG
r

)
(D3a)

and

g11 =
(

1 − 2MG
r

)−1

, g22 = r2, g33 = r2 sin2 θ .

(D3b)

The Schwarzschild metric (D3) has two singularities,
one at the origin, r = 0, and one at the “Schwarzschild
radius,” r = 2MG. The former is an essential singularity
[67], whereas the latter is an artifact of the coordinate sys-
tem in (D2) [68] and can therefore be removed with a
proper change of coordinates [69]. An appropriate coor-
dinate system to remove the spatial singularity would be
one with the radial coordinate being transformed as [70]

r = r̂
(

1 + 2MG
4r̂

)
, (D4)

where r̂ is the new radial coordinate. Inserting (D4) into
(D2a) leads to the new space-time interval

ds2 = −
(

1 − 2MG
4r̂

1 + 2MG
4r̂

)2

(cdt)2

+
(

1 + 2MG
4r̂

)4

(dr̂2 + r̂2d�2), (D5a)

with its corresponding metric components

g00 = −
(

1 − 2MG
4r̂

1 + 2MG
4r̂

)2

(D5b)

and

g11 =
(

1 + 2MG
4r̂

)4

, g22 =
(

1 + 2MG
4r̂

)4

r2,

g33 =
(

1 + 2MG
4r̂

)4

r2 sin2 θ ,

(D5c)

and the equivalent medium parameters obtained by insert-
ing (D5b) and (D5c) into (D1),

εH = μH = (1 + 2MG
4r̂ )3

1 − 2MG
4r̂

, (D6a)

χH = 0. (D6b)

For two dimensions, we transform the coordinates from
spherical (r̂, θ , φ) to polar (ρ, φ). Now given the cir-
cular symmetry of the medium parameter in the new
coordinates, we choose a circularly symmetric modula-
tion. Therefore, the modulation has to move in the radial
direction (ρ).

For modulation with radial velocity (β = βρ) and radial
acceleration (a′ = a′

ρ) in the z–x plane the averaged con-
stitutive parameters can be derived in the same manner
as (C8a)–(C8e) by applying the continuity on the field
components of Ey , Eφ , Hy , Hφ , Dr, and Br, namely,

εy = εφ = ε‖ = �ε − β2ε1ε2�μ

1 − β2�ε�μ

, (D7a)

ερ = ε⊥ = 2ε1ε2

�ε

, (D7b)

μy = μφ = μ‖ = �μ − β2μ1μ2�ε

1 − β2�ε�μ

, (D7c)

μρ = μ⊥ = 2μ1μ2

�μ

, (D7d)

and
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χρ = χ = β

ε
μ

1 − β2�ε�μ

, (D7e)

where �ε = (ε1 + ε2)/2 and 
ε = (ε1 − ε2)/2. and simi-
larly for �μ, 
μ. Due to the time-reversal symmetry of the
metric in (D5a) (g0j = 0) the equivalent bianisotropy term
in (D1b), χj , is zero. To have zero bianisotropy we need to
have either the permittivity or the permeability modulated.
Given the assumption of s-polarization (with electric field
only along y) and the isotropic nature of the metric in the
polar coordinates, we only modulate the permittivity, and
leave the permeability unmodulated (μ = μ1 = μ2) Now
we find the a′, β0, and ε1,2 that satisfy

√
ε‖μ = √

εHμH . (D8)

This procedure is carried out numerically and the FDTD
simulation results of such equivalent modulation parame-
ters are shown in Fig. 5.

APPENDIX E: LIGHT TRAJECTORIES IN
SCHWARZSCHILD GRAVITY ANALOGS

Figure 9 depicts the qualitative trajectories of light near
Schwarzschild gravity analogs, with Fig. 9(a) correspond-
ing to accelerated matter and Fig. 9(b) corresponding to
accelerated modulation.

a(r, t)

a(r, t) a(r, t)

a(r, t)

β(r, t)

β(r, t) β(r, t)

β(r, t)

(b)(a)

FIG. 9. Qualitative light trajectories for Schwarzschild grav-
ity analogs based on (a) matter [71] and (b) modulation, with
centripetal acceleration, corresponding to a black holes (top pan-
els), and centrifugal acceleration, corresponding to a white holes
(bottom panels).
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