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Thermoelectric materials have attracted considerable interest for energy applications such as waste-heat
recovery and energy harvesting to power Internet-of-things sensors. In recent decades, an increasing num-
ber of different strategies to increase performance have been invented and tested, including the synthesis
of thin films and other high-performance multilayered structures. Although it has already been shown that
the pure combination of the properties of each layer without interactions will yield worse performance
compared to the best layer, a critical estimation of the size of the deviation to trace back individual prop-
erties is still missing. In this paper we derive a set of formulas to describe the total Seebeck coefficient,
electrical and thermal conductivity, power factor, and z7 value of a two-layer system from a simple model
and elucidate the origin and size of the contribution of each layer to the total thermoelectric performance.
We further show that the influence of the substrate can lead to large deviation between the measured and
the film’s properties, advising caution when analyzing such systems. Moreover, this model allows one to
ensure that the contribution of the substrate is below a desired threshold by introducing material-related

quantities &, and &;,.
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I. INTRODUCTION

Increasing the efficiency of energy utilization is an
important task in the progression of the global climate
and energy crisis. Estimations by Forman et al. revealed
that the majority of global primary energy (approximately
72%) is lost at conversion, with thermal losses having
the largest share [1]. In addition, energy harvesting for
Internet-of-things sensors has recently become an impor-
tant topic [2,3]. One promising power source for these
sensors are thermoelectric devices, which have the ability
to directly convert waste heat into electricity by mak-
ing use of the Seebeck effect. The performance of such
a device is described by its dimensionless figure of merit
zT = (Sza/ k) T, where T is the absolute temperature, S the
Seebeck coefficient, o the electrical conductivity and A =
Aph + A, the total thermal conductivity, consisting of the
phononic part A, and the electronic part A.. For substantial
waste-heat harvesting, z7 should exceed 1.5 [4].

Despite the apparently clear path to high effi-
ciency—maximizing the Seebeck coefficient and electrical
conductivity and minimizing thermal conductivity—the
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fact that all electronic quantities strongly depend on the
charge carrier density makes the simultaneous enhance-
ment of all of these difficult. The phononic part of the
thermal conductivity, on the other hand, can often inde-
pendently be tuned, which is why huge effort is put into
increasing the thermoelectric performance via reduction of
the lattice contribution A,,, with remarkable success for
example by thin-film deposition [5—15].

Beside this reduction of the thermal conductivity, even
enhancements of the power factor S?c have been found
in thin two-layer systems in recent years [16—22]. Clar-
ifying the individual contributions of the substrate to
overall thermoelectric performance is essential in accu-
rately assessing a film’s properties. This is particularly
relevant in cases where the power factor improves with
decreasing film thickness, as observed in various research
studies.

Yordanov et al. reported a significantly enhanced See-
beck coefficient in Ca3Co409 thin films on SrTiO;
and LaAlO; substrates, compared to the bulklike val-
ues obtained on [LaAlO3]y3[Sr,AlTaOg]o.7, LaSrAlO4 and
MgO substrates [16]. They attributed the enhancement of
the total Seebeck coefficient S, to the contributions of the
substrate and the interface layer using the well-known
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where o; is the electrical conductivity, d; the thickness and
i = {film, int, sub} denotes the film, the interface layer, and
the substrate, respectively. Under the assumption that the
electric current only flows through the film, the electri-
cal conductivity was calculated, revealing a power factor
above 1.5 mW/mK? on SrTiO; at 993 K.

Shimizu et al. found an enhancement of the Seebeck
coefficient from +3.8wV/K to —454 1 V/K at 200 K in
FeSe films on SrTiO;3 by reducing the thickness to 1 nm
[17]. The authors attributed this increase to a transition of
the density of states from a three-dimensional to a two-
dimensional behavior and ruled out any influence of the
substrate due to the screening nature of the metallic film as
well as the formation of a Schottky barrier between the lay-
ers. Together with a small resistivity, calculated using only
the film’s thickness, they achieved a record high power fac-
tor of 1300 mW,/mK? at 50 K and 26 mW/mK? at room
temperature.

Zhang et al. reported a power factor of 1.78 mW/mK?
at 700 K in MoO,,, films on a Si substrate, being around
42 timer larger than the value obtained from the same film
on a quartz substrate [18]. Subsequently, a further increase
of the power factor of up to 12.5mW/mK? at 668 K was
reported by reducing the thickness of the film from 700 nm
to 130 nm [22].

Apart from film-substrate systems, Byeon et al. found
extreme values of the figure of merit z7 ~ 471 in Cu,Se,
when a large vertical temperature gradient was applied, in
addition to the horizontal one used to measure the thermo-
voltage [19,20]. The vertical temperature difference inside
the material (= 40 K) causes a structural phase transi-
tion at the hotter side. The authors concluded that both an
extraordinary large Seebeck coefficient associated with the
low-temperature phase, and the low electrical resistivity
of the high-temperature phase, are measured simultane-
ously, leading to a very high power factor. A large value
of zT' ~ 20 was also found in Ag,S by the same group
under the same conditions and interpreted in a similar
manner [21].

In contrast, Bergman et al. mathematically derived that
the total power factor and figure of merit of a two-material
composite are worse than those of the better material when
property-changing interactions are neglected [23,24]. Fur-
thermore, Alvarez-Quintana obtained a reduction of the
thermoelectric figure of merit for a parallel setup of a film-
substrate system due to heat and current flow through the
latter. The degree of reduction was found to be dependent
on the ratio of the thickness of the substrate to the thickness
of the film [25].

In this work we investigate the thermoelectric behavior
of multilayer systems from a theoretical point of view and
highlight the importance of critical analysis of the mea-
surement data in more complex systems. By doing so, we
make no statement about effects such as diffusion, energy
filtering, confinement, lattice distortion, epitaxial growth,
charge transfer, or others, which can additionally modify
the layers properties and may contribute to some of the
cases reported above. Our calculations will only focus on
the total performance due to the interplay of the single
properties of each layer.

II. ANALYSIS OF THE THERMOELECTRIC
PROPERTIES OF A FILM-SUBSTRATE SYSTEM

When a temperature gradient is applied along the sur-
face of a film, all layers, including the substrate, are
affected as well. In order to allow for a proper evalua-
tion of performance, all individual quantities and potential
contributions need to be considered. Each layer of a multi-
layer system comprises electrical and thermal resistances,
and a voltage that is proportional to the material’s See-
beck coefficient. For the purpose of calculating the overall
Seebeck coefficient and electrical conductivity, the sys-
tem can be modeled by an electric circuit with voltage
sources and internal electrical resistances. A common sce-
nario of this type is a film deposited on a substrate, as
shown in Fig. 1(a). To focus on the contribution of the
substrate, the model neglects a potential interface layer
between film and substrate and effects altering the proper-
ties of either layer, although they can be considered within
the individual quantities.

The interface connections divide the circuit into smaller
subcircuits. The subvoltages cause circular currents flow-
ing through the surface and the nearest interface connec-
tion, as alternative paths have a higher resistance. As a
result, opposing interface currents from neighboring cir-
cuits cancel out each other, leading to the net current /..
only flowing through the edge of the interface. To fully
describe the system it is therefore sufficient to only connect
the layers at both ends, as shown in Fig. 1(b).

When measuring resistance and thermovoltage, film and
substrate form a parallel system. Without considering the
chemical interaction at the interface, the total resistance R;
can thus be written as

_ RyR,
R +RS

)

t

with Ry s being the resistance of the film and the substrate,
respectively. Ry is therefore calculated as

Rl‘ Rf
h = =—, (3
where ¢, R_R R 3)

Ry = +e5) Ry,

in which &, is the ratio of the resistance of the film to the
resistance of the substrate and determines the influence of

054024-2



CRITERIA FOR ERRONEOUS SUBSTRATE CONTRIBUTION...

PHYS. REV. APPLIED 19, 054024 (2023)

C))

hot —VT cold

AU; AR AU, AR AU AR
A oYY . =

‘ -]~ f‘m___Jt_-_

substrate AUs ARy

(b)

hot -vTr cold

I film U Ry I

-

|
I cire I cire
Us Rs

1=

substrate

FIG. 1. (a) Electric circuit modeling the film-substrate sys-
tem without an interface layer. Each layer consists of a voltage
source U; =) AU; and an electrical resistance R; = > AR;
(i = {film, substrate}). The voltage difference leads to circular
currents /L, altering the measured Seebeck coefficient. (b) Sim-
plified model without the inner connections between film and
substrate. The resistance is measured by applying an external
current /.

the substrate on the total Seebeck coefficient and electrical
conductivity of the system, as we show below.

Unlike the resistance, the thermovoltage is measured in
open-circuit conditions. In order to understand the effect of
the combined layers on the Seebeck coefficient, a modifica-
tion of the entire thermovoltage due to the short-circuiting
of the two materials needs to be taken into consideration.
The circular current arising in the film-substrate system
when a temperature gradient is present along the surface
changes the measured thermovoltage due to the potential
drop at the resistor. By applying Kirchhoff’s law, the value
of the current is obtained:

U-U
Ry + Ry .

Icirc =

(4)

Thus, the measured voltage and Seebeck coefficient can be
calculated using

Ur=Ur +1Rs
UfRS + USRf

= 5
R 5)

and
_ SfRS + SSRf

S = 6
= ©)

where Uy  and Sy  are the voltage and the Seebeck coef-
ficient of the film and the substrate, respectively. As film
and substrate usually have the same surface dimensions,
Eq. (6) can be rewritten in accordance with Eq. (1) as

Sfofdf + S;0,d,
5, = LAY T NG

7
(def + o,dg )

with the electrical conductivity oy ; and the thickness dy
of the film and the substrate, respectively. For a multilayer
system the setup can be modified by adding additional volt-
age sources with internal resistances. This yields the more
general expression for the total Seebeck coefficient of a
system with i layers,

_ Z,‘SiGi
B ZiGi ’

with i denoting the different layers and G; = 1/R; being
the electrical conductance. For equal surface dimensions
of every layer, the equation above simplifies to Eq. (1).
This formula is frequently used to calculate the influence
of the substrate and/or interface layer on the total Seebeck
coefficient.

Inserting Eq. (3) into Eq. (6) gives the total Seebeck
coefficient of a two-layer system as a function of our newly
defined weighting parameter &, :

S, ®)

Sy + €0Ss

St(go): 1+¢

(€]
Considering this formula, the contribution of the substrate
only depends on the parameter ¢, and the total Seebeck
coefficient has the following limits:

Sy fores =0
S = 10
! {SS for &, — o0. (10)

For all other values of g, the total Seebeck coefficient
lies between those of the individual layers due to the cur-
rent, which aligns the single Seebeck coefficients. When
Ss > Sr, however, S; can be larger than Sy, which can
lead to misinterpretations when no analysis of the abso-
lute value of ¢, is performed beforehand. In the usual case
of equal surface dimensions of the film and substrate, &,
can be written as
O.SdS

L= 11
’ ordy (n

and only depends on the ratio of the conductivities
and the thicknesses. Figure 2(a) shows S;(e,) for dif-
ferent combinations of the Seebeck coefficient of the
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FIG. 2. Calculated total (a) Seebeck coefficient S;, (b) electri-
cal conductivity o;, and (c) power factor P, of a film-substrate
system with various thermoelectric properties, calculated from
the equations derived in the text. The dash-dotted lines show
the wrong conductivity and power factor obtained by using the
thickness of the film to calculate the total conductivity from the
measured resistance. The power factor is shown for different val-
ues of B = /oy /os. The values approach those of the film and
the substrate for ¢, = 0 and &, — 00, respectively.

film Sy = {—50wV/K, +50 wV/K} and the substrate S, =
{=500 wV/K,—1000 nV/K}. Here, the values and signs
are arbitrarily chosen and the influence of the substrate
would be similar for positive Seebeck coefficients.

Since the thermoelectric properties depend on the film
as well as the substrate, both need to be considered when

calculating the overall power factor P, = S,%0; of the sys-
tem. In order to be able to compare the power factor of
film-substrate systems with bulk materials, the total thick-
ness (d; = dr + d,) must be used to calculate the total
electrical conductivity, as long as no better assumption
about the penetration depth of the current into the substrate
can be made. This means that the total conductivity [see
Fig. 2(b)] is given from Eq. (3) by

dr
0 (g5) = (1 +80)de_
t

_ (1 + &5) o507
05 + €507

(12)

with the limits

or fore, =0
J[ =
o, fore, — oo.

(13)

On the other hand, if only the thickness of the film is
used for calculating the electrical conductivity from the
measured resistance (d; = dy), as is usually done, one
obtains
0" (e5) = 0oy (1 +&5). (14)

It can be seen that for Eq. (14), the total conductivity
diverges (o, — 00) if the thickness of the film approaches
0 (¢, — 00). Thus, Eq. (14) is only a good approximation
for small values of ¢,, when either the film is sufficiently
thick or the resistivity of the substrate is appropriately
large compared to the resistivity of the film, meaning that
the substrate is absolutely insignificant for electrical trans-
port. The reason for the divergence of conductivity as the
thickness of the film approaches zero is relatively straight-
forward. The calculated conductivity of a single material,
obtained from the measured conductance, remains constant
regardless of its dimensions. However, in the case of a
two-layer setup where both layers make a significant con-
tribution to conduction, the measured conductance does
not decrease at the same rate as the thickness of one of
the layers. As a result, as one layer becomes thinner, the
error in the calculation becomes larger, ultimately leading
to seemingly infinite conductivity when the thickness of
the film becomes zero, since the conductance is still finite
as current is still passing through the other layer.

Using Egs. (9) and (12), a more robust and general
expression for the power factor of film-substrate systems
can be derived [see Fig. 2(c)]:

S + 26,87 Sy + 65285
(Js + 800f) (1+e&5)

Pt (80) = 0507,

(15)
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with the limits

Sf20’f = Pf for Es = 0

P, =
' Sszo—s = Ps'

(16)
for ¢, — o0.

Pr and Py are the power factors of the film and the sub-
strate, respectively. Equation (15) can also be rewritten in
terms of the individual power factors Pr :

(VP +eaBVP)’

Pi(e) = (1 + gaﬂZ) (1+¢&,)

(17)

with B = /oy /oy being a material-dependent parameter.
Notably, for 0 < &, < oo the total power factor is always
smaller than the larger power factor of the two single mate-
rials [see Fig. 2(c)]. This shows that combining the See-
beck coefficient and electrical conductivity of the film and
the substrate can never improve the total thermoelectric
power factor, but only deteriorate it.

On the other hand, wrongly neglecting the current pass-
ing through the substrate and hence using Eq. (14) leads to
a total power factor of

JPr +ea VP’

wrong — (
Py (es) 1 +e,

; (18)

which will always result in power factors larger than that
of the film alone for 0 < g, < oo.

It is worth pointing out that this model, as it currently
stands, is only quantitatively applicable to thick films.
For thinner films, though the influence of the substrate
increases even further, the impact of interface layers can
modify the overall behavior significantly. Thus, the equa-
tions derived cannot be used to accurately calculate the
total performance without taking this into consideration.

The thermal conductivity can be measured without a
distorting influence of the substrate using the 3w method
[26]. Furthermore, the influence of the substrate on the
total thermal conductance is usually treated with more
care due to the high thermal conductivity of many com-
monly used substrates such as Si, MgO, or SrTiO;3. Thus,
the thermal conductivity is less prone to misinterpretation.
Because of the similarity between thermal and electrical
conduction, the derivation steps of the total thermal con-
ductivity are similar to the electrical conductivity. Based
on Eq. (12), the thermal conductivity of the simple system
of noninteracting film and substrate is

(1 + &) Asds

A (E) =
(&) Ty

; (19)

with A, and A being the thermal conductivity of the film
and the substrate, respectively, and

A‘S dS
Apdy’

(20)

&) =

denoting the contribution of the substrate to the thermal
conduction. Once more, the total thermal conductivity has
the limits

Ar £ =
hy = 1% org, =0 @1
Ay fore; — o0

and lies between the individual thermal conductivities for
all other values.
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FIG. 3. Seebeck coefficient of Cug 33Nig 6, films on Si [27] and

CazCo409 films on SrTiO; [16] as a function of the thickness of
the film (a) and the value of &, (b). The solid lines show the
total Seebeck coefficient calculated from Eq. (9), whereas the
dashed and dotted lines are based on the assumption that Ry /R
is 5 times and 10 times larger, respectively. The Seebeck coef-
ficient of the pristine substrates is shown by unfilled symbols
and indicated by arrows. The values of the individual Seebeck
coefficients, resistivities and thicknesses were taken from the
respective literature.
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Combining Eqgs. (15) and (19), the total figure of merit
zT; of the film-substrate system can be written as

P (VT + JEa/oT)

ZT,Z_TZ 5
As (I+e&)(A+ey)

(22)

which can only have values between z7; and zT but never
exceed the performance of the better layer. If, on the other
hand, zT; is calculated from the thermal conductivity of
the film Ar and the wrong power factor from Eq. (18),
neglecting the influence of the substrate on the electri-
cal conduction, the overestimation is similar to the power
factor shown in Fig. 2(c) and will always lead to zT; > zTy .

This clearly shows that despite the fact that an increased
Seebeck coefficient or electrical conductivity due to the
contribution of the substrate may look beneficial, the ther-
moelectric performance can never be enhanced solely by
the combination of the individual properties. This of course
is only apparent if the influence of the substrate is con-
sidered when calculating the electrical conductivity. Oth-
erwise, the power factor and figure of merit can attain
incorrect values far beyond that of the film.

While these results were derived for a film-substrate sys-
tem, they are valid for any two-layer and multilayer system
in general, since no specific assumptions about the lay-
ers were made. This means that a set of parallel layers
will always have worse thermoelectric properties than the
best- performing layer. However, we emphasize that this
does not exclude the possibility of an enhancement of the
thermoelectric film performance with respect to the bulk
material.

III. COMPARISON WITH EXPERIMENTAL DATA

To validate our derived formulas, we compare Eq. (9)
with experimental data from the literature, where an influ-
ence of a conductive substrate on the overall properties is
present. Figure 3(a) shows the thickness dependence of the
Seebeck coefficient of a metallic Cug3gNig e, film on a Si
substrate [27] and a Ca3;Co40y film on a SrTiO3 substrate
[16]. The steadily increasing effect of the substrate with
decreasing film thickness is clearly visible for films below
100 nm. Furthermore, plotting the data versus &, similarly
to Fig. 2(a), reveals remarkable agreement of the measured
data with the trend predicted from our simple model, as
shown in Fig. 3(b). The solid lines show the calculated S

TABLE 1.

versus &, evaluation in this system using Eq. (9) without
any free parameters. While the experimental data of the
Cu-Ni films on Si follow our model curve extremely well,
the absolute Seebeck coefficients of the Ca;Co409 films on
SrTiO; are larger than our predictions. This is most likely
ascribed to two main issues, as indicated by the authors of
Ref. [16] themselves: (i) the presence of a potential inter-
face layer, which could be considered using Eq. (8); and
(i1) the very volatile incorporation of oxygen into SrTiOs;,
having a drastic influence on the resistances. In fact, a cor-
rection of the ratio of the resistances, Ry /R;, by a factor
5 to 10 leads to a significant improvement of the agree-
ment between the second set of experimental data and our
theory.

IV. CRITERION FOR THE SUBSTRATE
INFLUENCE

After clarifying that the substrate can have a detrimen-
tal effect on the overall power factor and figure of merit
compared to the properties of the film, we investigate the
size of the measurement error when determining the ther-
moelectric properties of such systems. Since the thermal
conductivity of the film can be measured separately and
without contributions of the substrate, a potential error of
the thermal conductivity is not considered here.

The deviation of the measured Seebeck coefficient from
that of the film depends on both the ratio of the individual
Seebeck coefficients and the value of &,. While the former
cannot be controlled, the latter can be altered by varying
the thickness of the film and/or the substrate.

Using Eq. (9), the relative error §5 can be written as

S, — 8 s (S
sg= 2 _® (__1). (23)
Sf 1+80 Sf

Table I shows the threshold values of g, if the relative error
of the Seebeck coefficient should not exceed 8.

Regarding the conductivity, the calculated value will be
higher than the conductivity of the film in the case of a
contributing substrate. This problem can be circumvented
by using Eq. (12), which accounts for the total thickness.
It is, however, appropriate to use Eq. (14) if the error

Ut—Gf

of

8 =

&o (24)

Approximate threshold values of &, as a function of the desired upper limit of the relative error §g = (S; — Sr)/S; for

various ratios of the individual Seebeck coefficients of substrate and film.

SS/Sf
s 2 10 100
0.1 1.1 x 107! 1.1 x 1072 1.0 x 1073
0.05 5.3 x 1072 5.6 x 1073 5.1 x 1074
0.01 1.0 x 1072 1.1 x 1073 1.0 x 107#
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FIG. 4. Relative error of the Seebeck coefficient for various
ratios of the individual Seebeck coefficients of substrate S; and
film S, (red solid lines) and relative error of the electrical con-
ductivity (green dashed line) as a function of the weighting
parameter ¢,. The gray dash-dotted lines mark relative errors of
1%, 5%, and 10%.

is considered. The visualization of Egs. (23) and (24) is
shown in Fig. 4. For S;/Sy > 2 the error of the Seebeck
coefficient is larger than that of the conductivity in the
region of interest. Thus, when evaluating the threshold of
&, the use of Eq. (23) or Table I is sufficient.

Apart from determining the value of &,, the process
can be abbreviated by depositing the film on a well-
known insulating material such as glass [14,18,28-33],
MgO [16,34-39], ZrO, [40—43], or plastic [44—51], which
is indeed very common. On the other hand, reported results
on semiconducting substrates should be interpreted with
additional caution as their influence cannot be ruled out
completely despite having a seemingly high resistivity
[16,18,22,29,52—60].

V. CONCLUSION

To summarize, we derived a set of formulas to describe
the interplay of multiple electrically and thermally con-
nected layers to the total thermoelectric performance as a
function of unique weighting parameters &, and ¢;, start-
ing from a simple equivalent electric circuit. The results
obtained confirm previous results that the overall thermo-
electric performance of the entire composite, consisting for
example of the substrate, an interface layer, and the ther-
moelectric thin film is below that of the best-performing
layer. We further illustrated that the contribution of the
substrate can lead to incorrectly interpreted results if not
considered in the analysis of the performance of a film.

Before choosing a substrate material for thermoelectric
thin-film deposition, its influence on the power factor has
to be clarified. We argue that this is best done by following
three crucial steps: estimating the electrical conductivity
and Seebeck coefficient of both the film and the substrate;
calculating the threshold value of ¢, based on the desired
limit of the error §,,; and choosing the thickness of the
film (and the substrate) according to Eq. (11) or select-
ing a different substrate with a sufficiently low electrical
conductivity.

Apart from the influence on the power factor, the plau-
sibility of a low thermal conductivity of the film in the
presence of a highly heat-conducting substrate needs to be
questioned, as the overall figure of merit of the system is
deteriorated. When comparing the performance of a mate-
rial system, it is important to consider the total thickness of
the system, including any noncontributing substrates. This
will ensure an accurate calculation of the total power factor
or figure of merit, taking into account the additional space
acquired by the substrate.
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