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The design and implementation of accelerators capable of providing high-quality bunches require pre-
cise and efficient online modeling tools. Current comprehensive beam dynamics studies are prohibitively
costly and challenging to use for interactive system design. A precise high-speed method for beam
dynamics analysis in accelerator components is presented and compared to the results of the conven-
tional particle-in-cell codes. Using powerful mathematical techniques, the suggested method evaluates
the temporal evolution of a bunch shape in six-dimensional (6D) phase space along the accelerators. The
moment equations that govern the evolution of the bunch envelope in 6D phase space are introduced.
The three-dimensional space-charge, external, and emittance forces are calculated to be fully analytically
insensitive to different beam envelopes. Substituting the obtained forces into the beam-envelope equations
establishes a set of six modified equations describing the beam dynamics using simple algebraic expres-
sions. The whole solution considers the energy spread inherent to an electron beam. The model accuracy
is demonstrated by studying beam transport through various components of an accelerator. Applying this
analytical approach not only forms a style of physical thinking by indicating the factors that affect the
behavior of the charged particle bunches but also has an ultrafast computational speed that is at least 3
orders of magnitude faster than that of particle tracking codes for designing today’s linear accelerators.
Finally, the model’s feasibility is benchmarked for successfully designing a photoinjector for the advanced
proton driven plasma wakefield acceleration experiment.
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I. INTRODUCTION

Beam dynamics studies are a powerful and reliable
source to design high-performance accelerators and have
an essential influence on the achievement of high-quality
beams [1,2]. Analyzing charged-particle-beam behavior
along accelerator components allows for the generation of
high-quality, high-current, and very short bunches [3–5].
Providing straightforward and elegant methods to investi-
gate beam dynamics seems critical for the development of
current electron sources and reveals the next generation of
them [6,7].

A detailed description of all particle trajectories in six-
dimensional (6D) phase space is one of the most practical
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methods for studying beam dynamics [8,9]. This is an
approved model for the interpretation of charged-particle-
beam behavior and is extensively used in particle-in-cell
base (PIC) codes like PARMELA [10] and ASTRA [11]. To
find the optimum operating point for an accelerator, a
sweeping algorithm is introduced, which relies on running
a PIC code in several rounds of trial and error. These meth-
ods involve solving thousands of coupled differential equa-
tions of motion simultaneously, which makes them too
slow for designing an interdependent system. In addition,
they might screen the physics behind [12] and suffer from
statistical errors, e.g., emittance estimation. However, the
most important key parameter for the description of a beam
in an accelerator line is measuring the general parameters
of the beam, such as divergence and beam size. Therefore,
introducing models that consider the entire beam as one but
not individual particles, is highly recommended to analyze
the physics ruling the bunch evolution along the accelera-
tor line. Such models provide fast-running computational
tools for analyzing beam dynamics and, consequently,
designing modern accelerators. An appropriate approach
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to reach this goal is using conventional beam-envelope
equations [13].

The beam-envelope equations calculate the shape of the
entire bunch by taking into account space-charge forces,
beam emittance, and external forces. Generally, solving
these equations and finding an appropriate expression, in
terms of the overall beam parameters, is impossible, except
for some special conditions. For instance, when the trans-
verse bunch size is ignorable against its length. The axial
forces are negligible and the bunch evolution can be stud-
ied in two dimensions, thus only variations of beam rms
radii are considered. In this model, the space-charge forces
are calculated independent of the beam distribution and are
expressed in terms of the average bunch current through
Sacherer’s theorem [14]. The effect of energy spread, even
in the case of nonlinear motions, is included using a set of
appropriate canonical transformations on the conventional
Hamiltonian of the system [15]. However, apart from the
two-dimensional (2D) nature of this model, the model
cannot lead to appropriate expressions for describing the
evolutions of the bunch emittance and energy spread due
to its inherent complexity. While the bunch length is com-
parable to its radius, one can approximate the bunch by
an ellipsoid filled with uniformly distributed charged parti-
cles, ignoring the energy-spread effect (uniform ellipsoidal
bunch model) [16]. Although the model studies the evo-
lution of a bunch in three dimensions, it fails to reflect
the nonlinear effects of the space-charge forces (due to
the presence of nonuniformity in the bunch distribution)
and the external forces on the bunch motion [17,18].
For bunches with nonuniform distribution, different tech-
niques are suggested to derive the envelope equation in
two dimensions. One of these models solves the space-
charge forces in terms of what is called the space-charge
coefficients [19]. This 2D model is very practical for space-
charge-dominated beams. However, it fails in the quantita-
tive description of the emittance forces and, moreover, the
beam’s energy-spread effect is totally neglected. Another
frequently used model for nonuniform distributions is
assuming the beam as many uniform cylindrical slices
of equal lengths and different radii [20,21]. Each slice
would be affected by the local external fields and its own
space-charge field, separately. Although this model allows
for resolving the beam shape by an envelope equation,
it still calculates the emittance variations of the beam by
tracking individual particle trajectories. In addition, it is
appropriate for 2D problems, when the bunch distribution
in transverse and longitudinal directions is nearly uni-
form for each cylindrical slice. This approach is employed
widely in the HOMDYN code [22,23]. Studying the conse-
quences of three-dimensional (3D) effects, e.g., asymmetry
in beam shape or fields, the beam’s energy spread and
emittance calculations are quite significant for stable beam
propagation along an accelerator lattice. Particle-tracking
codes perform three-dimensional simulations, but this is a

time-devouring process and suffers from statistical errors.
Generating high-quality beams requires a model that can
interpret general beam behavior precisely in an accelera-
tor line and is fast enough for online modeling with the
intention of tuning accelerator components. Thus, the eval-
uation of a fast simplified model for solving envelope
equations seems inventible.

Here, a simplified analytical model for beam dynamics
studies in accelerator components is presented that is much
faster than simulation-based procedures and has good con-
sistency with the simulation outcomes. The 6D envelope
equations are established in real space and momentum
space for a practical beam. The envelope equations are
modified in 6D phase space by deriving the external forces,
space-charge forces, and thermal pressure forces, in terms
of beam sizes and their divergences. The space-charge
forces are calculated in terms of beam size and divergence
for a correlated 6D Gaussian distribution. It is verified that
a Gaussian distribution is capable of estimating very accu-
rately the temporal evolution of practical beams, regardless
of their real envelope shapes along the accelerator line. The
space-charge forces are expressed regarding certain coef-
ficients that are labeled as the space-charge coefficients,
which can suppress the time-consuming process of aver-
aging the space-charge fields over the distribution of the
particles in each time step. The external forces on the beam
are expressed as some simple algebraic expressions for the
different basic components of linear accelerators. Finally,
a set of six coupled differential equations can describe the
whole general beam parameters in 6D phase space. Thus,
it is a very fast-running computational tool rather than
PIC codes that calculate thousands of differential equations
every time step. In addition, these differential equations
easily inform us about the determinative factors that partic-
ipate in the beam behavior through accelerator lines. The
model takes six essential features into account. (1) It shows
the evolution of rms beam size and rms beam divergence
in 6D phase space in both linear and nonlinear regimes.
(2) Correlations between the momenta and coordinates of
the particles in the bunch are considered. (3) It calcu-
lates the space-charge forces analytically in terms of rms
beam size and rms divergence. (4) It includes the beam’s
energy spread to implement the real average behavior of
the beam particles in all fields. (5) It explains the inter-
actions of particles in the beam with each other and with
the external components within the accelerator by some
simple algebraic expressions. (6) It is able to calculate the
thermal pressure force (emittance) analytically with high
accuracy.

To verify the accuracy of our model, the results are com-
pared with those obtained with PIC codes. It is shown
that the suggested model shows a very accurate approx-
imation, regardless of the practical beam-envelope shape
in 6D phase space. The suggested model represents an
analytical approach for emittance variations; thus, this
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would be an efficient tool for the challenging problem
of emittance compensation along the injectors [24,25].
Since this model is an ultrafast tool that supports full
beam dynamics analysis, it is the preeminent alterna-
tive to time-consuming particle-tracking codes. The high
computational speed is measured as at least 3 orders of
magnitude faster on standard personal computers, which
makes it a realistic approach for online modeling of accel-
erators that can predict the beam behavior for accurate
design.

Section II introduces the envelope equations in 6D phase
space. Section III explains how to calculate the space-
charge forces. In Sec. IV, external forces for a variety
of applied external fields on a beam by accelerator com-
ponents are obtained. In the last section, the represented
analytical model is applied to design an ultrashort-bunch,
high-current, and low-emittance S + X -band photoinjector

for the advanced wakefield experiment (AWAKE) [26]
very successfully.

II. 6D ENVELOPE EQUATIONS

General beam parameters like beam size and beam
divergence allow one to address the beam dynamics in
accelerator structures. Thus, the beam-envelope equation
plays an essential role. The envelope equations are directly
inferred from averaging over ray equations [27,28]. The
so-called ray equations determine the trajectory of individ-
ual particles with respect to a reference particle, which has
energy γ0, normalized velocity β0, and momentum p0 =
γ0β0. Utilizing Lorentz equations in the presence of space-
charge (s superscript) and external (e superscript) elec-
tric fields, �E = �Es + �Ee, and magnetic fields, �B = �Bs + �Be

yields

γ ′ = η�E · �β
β0

, (1)

�u′′ + γ ′
0

p0
3 βu = −η(�E · �β)βu

γ β0
2 − (1 − û · ẑ)η2c2(

−−→
BSM · ẑ)

2
�u

4γ 2β0
2 + η(�E + �βc × �B − (1 − û · ẑ) �βc × −−→

BSM) · û
γ β0

2 , (2)

with βu = β0(û · ẑ + �u′). u stands for x,y,z coordinates; η = q/mc2 is the particle-charge-to-mass ratio; γ and �β are

the energy and normalized velocity of the charged particle, respectively; and
−−→
BSM shows the solenoidal magnetic field.

Derivatives are with respect to z0, which is the position of the reference particle.
Multiplying Eqs. (1) and (2) by �u and averaging over the particles gives the envelope equation for the beam shape:

σ ′′
u + γ0γ

′
0

γ0
2p0

2 σ ′
u = Fe

u + Fs
u + Fε

u , (3)

where σu =
√〈

�u2
〉
is the rms beam size in the u direction. The terms on the right-hand side of Eq. (3) show generalized

forces (F type), including external Fe
u , space-charge Fs

u, and emittance Fε
u forces, that evolve the beam size in the u

direction, where

Fe
u = − η

β0
2σu

〈
(
−→
Ee · �β)βu�u

γ

〉
− η2c2(1 − û · ẑ)

4β0
2σu

〈
(
−−→
BSM · ẑ)

2
�u2

γ 2

〉

+ η

β0
2σu

〈
(
−→
Ee + �βc × −→

Be − (1 − û · ẑ) �βc × −−→
BSM) · �uû

γ

〉
, (4)

Fs
u = − η

β0
2σu

〈
(
−→
Es · �β)βu�u

γ

〉
+ η

β0
2σu

〈
(
−→
Es + �βc × −→

Bs )�uû
γ

〉
, (5)

Fε
u = �u

2 − σ ′
u

2

σu
. (6)

The resulting envelope equation describes the evolution of the rms size, �σ (�σ = σxx̂ + σy ŷ + σz ẑ), of a beam under the

influence of all involved generalized forces of the F type (�F = −→
Fe + −→

Fs + −→
Fε). The parameter �u =

√〈
�u′2〉 indicates

the rms beam divergence in the u direction.
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From Eq. (3), two regimes of beam propagation
can be identified: emittance dominated and space-charge
dominated. A measure of the relative importance of
space-charge effects versus emittance effects can be
given by defining a new parameter: χu = Fs

u/Fε
u . If

χu > 1 (χu < 1), the beam shows more space-charge
effects (emittance dominated). For χu � 1, the beam
is space-charge dominated and the emittance effects
can be neglected, while, for χu � 1, the opposite is
true.

On the other hand, it is possible to derive an equation
for the evolution of the beam rms divergence in momen-
tum space similar to the envelop equation for beam shape
[Eq. (3)]. To achieve that goal, taking the derivative of〈
�u′2

〉
with respect to z0 and substituting �u′′ from Eq. (2)

gives

d�u

dz0
+ γ0γ

′
0

γ0
2p0

2 �u = Ge
u + Gs

u, (7)

where Ge
u and Gs

u are the generalized forces that affect the beam rms divergence in the u direction and are defined as

Ge
u = − η

β0
2�u

〈
(
−→
Ee · �β)βu�u′

γ

〉
− η2c2(1 − û · ẑ)

4β0
2�u

〈
(
−−→
BSM · ẑ)

2
�u�u′

γ 2

〉

+ η

β0
2�u

〈
(
−→
Ee + �βc × −→

Be − (1 − û · ẑ) �βc × −−→
BSM)�u′û

γ

〉
, (8)

Gs
u = − η

β0
2�u

〈
(
−→
Es · �β)βu�u′

γ

〉
+ η

β0
2�u

〈
(
−→
Es + �βc × −→

Bs )�u′û
γ

〉
. (9)

Similar to Eqs. (3) and (7), this provides an enve-
lope equation for the evolution of beam divergence,
�� ( �� = �xx̂ + �y ŷ + �z ẑ), under the influence of all
involved generalized forces of the G type (�G = −→

Ge + −→
Gs).

Equations (3) and (7) provide a complete set of differ-
ential equations for the calculation of the beam envelopes
in the 6D phase space. However, the equations, except in
some very special cases, cannot be solved fully analyti-
cally. In principle, the beam-envelope equations can be
solved analytically if the averaged terms in Eqs. (4)–(6),
(8), and (9) can be expressed in terms of the beam sizes, σu;
divergences, �u; and values of the electromagnetic fields
at the location of the reference particle. Moreover, accord-
ing to the conventional definition of beam emittance in the
u direction,

εu =
√〈

�u2
〉 〈

�u′2〉 − 〈
�u�u′2〉 = σu

√
�u

2 − σu
′2, (10)

knowing the beam rms size and the beam rms divergence
along the accelerator line leads to finding an expression for
the emittance evolution of a beam without having knowl-
edge of its individual particle trajectories. The beam rms
size and rms divergence following from Eqs. (3) and (7)
can be expressed as a function of z0; thus, it is possible
to calculate the emittance of the bunch along the beam
orbit (note that εnu ∼= p0εu indicates the normalized value
of emittance).

To describe the properties of an electron beam in accel-
erator components considering the beam’s energy spread
is determinative. The effect of energy spread in this model
is taken as a perturbation. We expand the terms 1/γ , 1/γ 2,
βz/γ , βz

2/γ , and 1 − βz
2/γ , in Eqs. (3)–(9) to the third

order of perturbation. Using βu = β0(û ẑ + �u′), these
terms can be expressed in terms of �x′, �y ′, and �z′, e.g.,

1
γ

∼= 1
γ0

{
1 − p0

2�z′ − p0
2γ0

2

2
�z′2 − p0

4γ0
2

2
�z′3

− p0
2

2
(1 + p0

2�z′)(�x′2 + �y ′2)
}

. (11)

Consequently, the required average values can be calcu-
lated perturbatively for any defined distribution of the
particles.

Generally, we predict that the evolution of the average
bunch parameters (e.g., bunch dimensions in 6D phase
space) is independent of the detail of the bunch structure,
at least to a good approximation. Thus, the general bunch
parameters can be written as a function of the other ones,
for instance, σx = σx(σx, σy , σz, �x, �y , �z). The idea is
analogous to the hydrodynamic, where the general param-
eters of an ideal gas (like its pressure, P) are independent
of the details of its structure and can be expressed in
terms of the other parameters (like P = NKT/V). In the
next sections, the validity of this practical approximation is
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benchmarked and discussed by considering some practical
examples.

III. SPACE-CHARGE FORCES

To find an analytical solution for 6D envelope equations,
it is necessary to establish the space-charge forces in terms

of beam size, �σ , and divergence, ��. To reach this goal, we
consider a correlated 6D Gaussian distribution. As proved
in the following, a Gaussian distribution is capable of esti-
mating very accurately the temporal evolution of practical
beams, regardless of their real envelope shapes along the
accelerator line.

The space-charge electromagnetic fields associated with a Gaussian distribution like ρb =
qb

(
e−

(
�x/

√
2σx

)2

/
√

2πσx

) (
e−

(
�y/

√
2σy

)2

/
√

2πσy

) (
e−

(
�z/

√
2σz

)2

/
√

2πσz

)
(qb is the total charge of the bunch)

are

−→
Es = qbγ0

(2π)3/2ε0
×

∫ +∞

0

e−(�x2/(2(2s+σx2)))e−(�y2/(2(2s+σy 2)))e−(γ0
2�z2/(2(2s+γ0

2σz2)))

√
(2s + σx

2)(2s + σy
2)(2s + γ0

2σz
2)

×
[

�xx̂
(2s + σx

2)
+ �yŷ

(2s + σy
2)

+ �zẑ
(2s + γ0

2σz
2)

]
ds, (12)

−→
Bs = β0

c
ẑ × −→

Es , (13)

where the completeness property of the eigenfunctions ei�k·�r/2π3/2, i.e., 1/((x − x′)2 + (y − y ′)2 + (z − z′)2
)1/2 =

1/2π2
∫

(ei�k·(�r−�r′)/k2)d3k, is used [29]. Then by substituting the space-charge fields into Eqs. (5) and (9) and averaging
over the correlated 6D Gaussian distribution (F = FxFyFz),

Fu = p0

2εu
e
−

[((
p0�u/

√
2εu

)
�u

)2−2(p0
2σuσu′/2εu2)�u�u′+

((
p0�u/

√
2εu

)
�u′)2

]

, (14)

the space-charge force components up to the third order of perturbation can be written as

Fs
x

∼= + fb
β0

2γ0
3

× αx

σxσz
− fb

γ0

{
(�x

2 + 2σ ′2
x )αx − σ ′2

x αxx

2σxσz
+ 8�y

2αx − σ ′2
y αxy

16σxσz
+ (1 − p0

2)(2�z
2αx − σ ′2

zαxz)

4σxσz

}

− fb
γ0

{
(�x

2 + 2σ ′2
x )αx − σ ′2

x αxx

σxσz
+ σ ′

xσ
′
y(8αy − αxy)

8σzσy
+ (1 − p0

2)σ ′
xσ

′
z(2γ0

2σz
2αz − σxσyαxz)

2σxσyγ0
2σz

2

}
, (15)

Fs
y

∼= + fb
β0

2γ0
3

× αy

σyσz
− fb

γ0

{
(�y

2 + 2σ ′2
y )αy − σ ′2

y αyy

2σyσz
+ 8�x

2αy − σ ′2
x αxy

16σyσz
+ (1 − p0

2)(2�z
2αy − σ ′2

z αyz)

4σyσz

}

− fb
γ0

{
(�y

2 + 2σ ′2
y )αy − σ ′2

y αyy

σyσz
+ σ ′

yσ
′
x(8αx − αxy)

8σzσx
+ (1 − p0

2)σ ′
yσ

′
z(2γ0

2σz
2αz − σxσyαyz)

2σyσxγ0
2σz

2

}
, (16)

Fs
z

∼= + fb
β0

2γ0
3

× αz

σxσy
− fb

γ0

{
3(1 − p0

2)(2(�z
2 + 2σ ′2

z)αz − σ ′2
zαzz)

4σxσy
+ 2γ0

2σz
2�x

2αz − σ ′2
x σxσyαxz

4σxσyγ0
2σz

2

+ 2γ0
2σz

2�y
2αz − σ ′2

y σxσyαyz

4σxσyγ0
2σz

2

}
− fb

γ0

{
σ ′

xσ
′
z(2αx − αxz)

2σxσz
+ σ ′

yσ
′
z(2αy − αyz)

2σyσz

}
, (17)

Gs
x = + fbσ ′

x

β0
2γ0

3�x

αx

σxσz
− fbσ ′

x

2γ0�x

{
3

3�x
2αx − σ ′2

x αxx

σxσz
+ 8�y

2αx − σ ′2
y αxy

8σxσz
+ (1 − p0

2)
2�z

2αx − σ ′2
zαxz

2σxσz

}

− fbσ ′
y

8γ0�x

{
8�x

2αy − σ ′2
x αxy

σyσz

}
− fbσ ′

z

2γ0�x

{
(1 − p0

2)
2γ0

2σz
2�x

2αz − σ ′2
x σxσyαxz

σxσyγ0
2σz

2

}
, (18)
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Gs
y = + fbσ ′

y

β0
2γ0

3�y

αy

σyσz
− fbσ ′

y

2γ0�y

{
3

3�y
2αy − σ ′2

y αyy

σyσz
+ 8�x

2αy − σ ′2
x αxy

8σyσz
+ (1 − p0

2)
2�z

2αy − σ ′2
z αyz

2σyσz

}

− fbσ ′
x

8γ0�y

{
8�y

2αx − σ ′2
y αxy

σxσz

}
− fbσ ′

z

2γ0�y

{
(1 − p0

2)
2γ0

2σz
2�y

2αz − σy
′2σyσxαyz

σyσxγ0
2σz

2

}
, (19)

Gs
z = + fbσ ′

z

β0
2γ0

3�z
× αz

σxσy
− fbσ ′

z

2γ0�z

{
3(1 − p0

2)
6�z

2αz − σ ′2
zαzz

2σxσy
+ 2γ0

2σz
2�x

2αz − σ ′2
x σxσyαxz

2σxσyγ0
2σz

2

+ 2γ0
2σz

2�y
2αz − σ ′2

y σxσyαyz

2σxσyγ0
2σz

2

}
− fbσ ′

x

2γ0�z

{
2�z

2αx − σ ′2
zαxz

σxσz

}
− fbσ ′

y

2γ0�z

{
2�z

2αy − σ ′2
zαyz

σyσz

}
. (20)

All space-charge force components in Eqs. (15)–(20) are
directly proportional to the fb = ηqb/8π

√
πε0 parameter.

Parameter fb is the only factor that contains the bunch
charge. Thus, all the space-charge forces will be scaled up
linearly by the total charge of the bunch.

The α parameters are identified as the space-charge
enhancement factors, and we call them space-charge coef-
ficients, which are defined as

αx =
∫ +∞

0

kx
2sds√

(u2 + kx
2)

3
(u2 + ky

2)(u2 + 1)

, (21)

αy =
∫ +∞

0

ky
2sds√

(s2 + kx
2)(s2 + ky

2)
3
(s2 + 1)

, (22)

αz =
∫ +∞

0

kxkysds√
(s2 + kx

2)(s2 + ky
2)(s2 + 1)

3
, (23)

αxx =
∫ +∞

0

3kx
4sds

2
√

(s2 + kx
2)

5
(s2 + ky

2)(s2 + 1)

, (24)

αyy =
∫ +∞

0

3ky
4sds

2
√

(s2 + kx
2)(s2 + ky

2)
5
(s2 + 1)

, (25)

αzz =
∫ +∞

0

3kxkysds√
(s2 + kx

2)(s2 + ky
2)(s2 + 1)

5
, (26)

αxy =
∫ +∞

0

4kx
2ky

2sds√
(s2 + kx

2)
3
(s2 + ky

2)
3
(s2 + 1)

, (27)

αxz =
∫ +∞

0

kx
2sds√

(s2 + kx
2)

3
(s2 + ky

2)(s2 + 1)
3

, (28)

αyz =
∫ +∞

0

ky
2sds√

(s2 + kx
2)(s2 + ky

2)
3
(s2 + 1)

3
, (29)

where kx = σx/γ0σz and ky = σy/γ0σz represent the beam-
length ratios in the beam’s center-of-mass observer. The
space-charge behavior is identified by the ratio between
the bunch dimensions in the beam’s center-of-mass frame
and not the lab frame. The space-charge coefficients take
values between zero and one. All space-charge coefficients
can be solved numerically. The α coefficients are shown in
Fig. 1 for different values of kx and ky . Note that only three
of the α coefficients are independent. For the rest of them,
we have αx(kx, ky) = αy(ky , kx), αxx(kx, ky) = αyy(ky , kx),
and αxz(kx, ky) = αyz(ky , kx). Figure 1 shows that, for very

small values of
√

kx
2 + ky

2, αz vanishes, while αx and αy

both tend to 0.5. This means the bunch looks like a pencil
(σz � σx,y); thus, the longitudinal space-charge forces can
be neglected. In addition, if kx or ky are very small, then the
αz coefficient also vanishes, and the beam becomes a sheet

in the x-z or y-z plane. When
√

kx
2 + ky

2 tends to very
large values, the bunch gets a disk shape in the x-y plane
and αz goes to unity, while αx and αy both become zero. In
this case, the perpendicular components of space-charge
forces are negligible in comparison with the longitudinal
component.

To solve the envelope equations [Eqs. (3) and (7)] faster,
we provide a data table library of α for different values
of kx and ky . Then, all that is required for calculating
space-charge forces will be to pick the α coefficients by
applying a simple interpolation between the table values
[30]. Using this technical trick helps to reduce the neces-
sary time for calculations incredibly because it suppresses
the time-consuming process of averaging the space-charge
fields over the distribution of the particles in each time
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(a) (b) (c)

FIG. 1. Space-charge coefficients (a) αx, αy , and αz; (b) αxx, αyy , and αzz; and (c) αxz , αyz , and αxy , in terms of kx = σx/γ0σz and
ky = σy/γ0σz .

step. Equation (12) shows that each one of the electric field
components is an odd function in its own direction and
an even function in the other two directions. Therefore,
the second- and third-order perturbation terms vanish in
F-type and G-type forces, respectively. There is also cou-
pling between different directions due to αxy , αxy , and αyz
which appears in higher-order perturbation. To validate the
presented model, we compare our analytical results with
a PIC simulation code (ASTRA) for an asymmetric elec-
tron bunch with rms size σx = √

2 mm, σy = 2
√

2 mm,
and σz = 0.030 mm; 1% initial energy spread; and ini-
tial normalized emittance εnx = 0.05 µm, εny = 0.10 µm,
and εnz = 2.93 µm, which is propagating in a drift section
under the influence of its space-charge force. The beam
charge is 1 nC with 5 MeV average kinetic energy. The
value for χτ is about 1.7 × 106, which is a highly space-
charge dominated beam and subscript τ stands for the
transverse direction. Figure 2 shows variations in beam
size and its divergence along a drift section. The dotted
lines and solid lines show the simulations and our ana-
lytical results, respectively. The analytical approach has
very good consistency with simulations. The reason for
the observed insignificant difference in Fig. 2(b) is that the
effect of energy spread is only considered in space-charge
forces and not in the calculation of space-charge fields.

To benchmark the speed of our presented method, we
measure the time required to perform similar calculations
with ASTRA for different cell numbers, and the results are
compared with the exact particle-tracking codes (Fig. 3).
The simulations show that the increase in cell numbers
may lead to a reduction in errors in σx calculations, as
the blue line in Fig. 3 shows an error of less than 2% for
32 × 32 × 32 cell numbers. However, the increase in cell
numbers makes the calculations excessively costly, so it
takes more than a few hours to find the exact results. The
analytical calculations take less than 1 s on the same com-
putational resource to do the calculations with the same
accuracy. This is what makes the method a practical tool
for online accelerator modeling.

Figure 4 verifies that a Gaussian beam is a proper
assumption for calculating space-charge fields for all prac-
tical beams. In Fig. 4, we consider a non-Gaussian beam
with the same parameters as in Fig. 2, although the beam
structure is a uniform ellipsoidal distribution in x, y, and
z; a uniform elliptical distribution in pxpy ; and a uniform
distribution in pz. Comparing Figs. 4 and 2 shows that
a Gaussian distribution can estimate the temporal evolu-
tion of the beam, even for non-Gaussian distributions, very
accurately.
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σ x
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m
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Λ
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)

σ z
 (

m
m

)

(a)

(b)

FIG. 2. Variations of (a) bunch size, (b) beam divergence
along a drift section due to only space-charge effect. Square
dots correspond to simulation results with ASTRA. Solid lines are
calculated from the beam-envelope equations.
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Z (cm)

σ x
–
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)

FIG. 3. Assessing the σx error of the simulation results of
ASTRA for different mesh numbers with respect to the exact
particle-tracking methods. Number of cells is shown in the inset
in the x, y, and z directions.

Generally, the represented model shows sufficient accu-
racy, except when the bunch distribution is very different
from the Gaussian distribution, e.g., a bunch with a large
tail and small head in low energies or a bunch with unre-
solvable coupling between different directions. To address
such cases, more complicated distributions have to be con-
sidered. For instance, in the case of asymmetry between
the tail and head, a combination of two different Gaussian
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)
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σ z
 (

m
m

)

(a)

(b)

FIG. 4. Variations of (a) bunch size, (b) beam divergence
along a drift section due to only the space-charge effect. Square
dots correspond to simulation results with ASTRA considering a
6D spheroidal bunch with the same parameters as those used
in Fig. 2. Solid lines are calculated from the beam-envelope
equations.

distributions might be helpful, or in the case of the pres-
ence of unresolvable coupling between different directions,
the 6D Gaussian distribution can be modified by adding
terms representing such couplings. All of these issues will
be studied in our future works.

IV. EXTERNAL FORCES

Characterization of the bunch response to accelerator
input parameters is often the first step in the accurate mod-
eling of accelerators. In the following section, a variety
of external fields applied to a beam in a linear accelerator
are considered and the external forces [Eqs. (4) and (8)] in
envelope equations are obtained analytically. For compar-
ative purposes, the envelope equations are solved and the
results are benchmarked against the simulation outcome.

A. Solenoidal magnets

Solenoid magnets are extensively used to transport low-
energy beams (up to a few hundred MeV) in an accelerator
line and have a negligible destructive effect on beam qual-
ity [31,32]. The solenoid magnetic field is very linear and
up to the first order with respect to �x, �y, and �z [32,33]:

�BSM = (μSM + �zμSM
z )ẑ − �x

2
μSM

z x̂ − �y
2

μSM
z ŷ, (30)

where μSM = (�BSM · ẑ)|��r=0 and μSM
z = ((∂/∂z)�BSM ·

ẑ)|��r=0 are the on-axis magnetic field of the solenoid and
its first derivative with respect to z0, respectively. Substi-
tuting the solenoid magnetic field in Eqs. (4) and (8), the
generalized external-force components to the third-order
perturbation are

Fe
x = −η2c2

4p0
2

(
μSM 2 +μSM 2

z σz
2) σx + η2c2μSMμSM

z σxσzσ
′
z

+ η2c2μSM 2

4
σx

(
2σ ′2

x + �x
2 + �y

2 + �z
2)

+ η2c2μSM 2
z

4
σxσz

2 (
2σ ′2

x + 2σ ′2
z + �x

2

+ �y
2 + �z

2) , (31)

Fe
y = −η2c2

4p0
2

(
μSM 2 +μSM

z
2
σz

2
)

σy + η2c2μSMμSM
z σyσzσ

′
z

+ η2c2μSM2

4
σy

(
2σ ′2

y + �y
2 + �x

2 + �z
2
)

+ η2c2μSM
z

2

4
σyσz

2
(

2σ ′2
y + 2σ ′2

z + �y
2

+ �x
2 + �z

2
)

, (32)

Fe
z = 0, (33)
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Ge
x = − η2c2

4p0
2�x

(μSM2 + μSM
z

2
σz

2)σxσ
′
x

+ η2c2μSMμSM
z

�x
σxσ

′
xσzσ

′
z

+ η2c2μSM2

4�x
σxσ

′
x

(
3�x

2 − �y
2 − �z

2)

+ η2c2μSM
z

2

4�x
σxσ

′
xσz

2 (
2σ ′2

z + 3�x
2 + �y

2 + �z
2) ,

(34)

Ge
y = − η2c2

4p0
2�y

(
μSM2 + μSM

z
2
σz

2
)

σyσ
′
y

+ η2c2μSMμSM
z

�y
σyσ

′
yσzσ

′
z

+ η2c2μSM2

4�y
σyσ

′
y

(
3�y

2 − �x
2 − �z

2)

+ η2c2μSM
z

2

4�y
σyσ

′
yσz

2 (
2σ ′2

z + 3�y
2 + �x

2 + �z
2) ,

(35)

Ge
z = 0. (36)

The longitudinal forces in all orders of perturbation are
equal to zero; thus, the bunch length is not affected by
the solenoid directly. Since Ge

z = 0, the longitudinal diver-
gence, �z, remains constant [Eq. (7)]. Nonetheless, σz can
vary, even for Fe

z = 0, because of the emittance-force effect
(in the absence of space-charge forces) in this direction.

The solenoidal forces are linearly proportional to σu
and σuσ

′
u/�u, respectively, for F and G types in the cor-

responding direction. In the lowest order, the effect of
the solenoid on the beam is quadratically proportional to

(η/p0)

√
μSM2 + μSM

z
2
σz

2, which means that the solenoid
force is independent of the charge sign. It is such that the
F-type forces are purely focusing and the G-type forces,
depending on the sign of σ ′

u, can be focusing or defocusing.
The higher orders of perturbation include both focus-

ing and defusing terms simultaneously. Thus, not only is
the field profile, μSM ,determinative, but its derivate, μSM

z ,
also plays an important role in the effect of the field on the
beam. Here, the charge sign must also be considered and
correlations between the different directions also appear,
which is not the case in the previous order.

To compare simulations with ASTRA and our analytical
method, a long solenoid applies a field of μSM(z) = 0.5 z
to the bunch, as already considered in Sec. III. Figure 5
shows that the simulation and analytical data are in very
good agreement.
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FIG. 5. Variations of bunch envelopes (a) bunch size, (b) beam
divergence along a solenoid. Square dots correspond to simu-
lation results with ASTRA. Solid lines are calculated from the
beam-envelope equations.

B. Electrostatic lenses

Electrostatic lenses are employed for focusing (defocus-
ing) and accelerating (decelerating) beams of low-energy
electrons and ions [34,35]. The most widely used appli-
cation of such lenses is the first acceleration of electrons
in thermionic electron guns, where the particles initiate
at a hot cathode with a fraction of eV energy [36,37].
Then using a convenient geometry and induced poten-
tials for the positive and negative electrodes, the emitted
electrons form a beam of the required energy and qual-
ity [38,39]. The corresponding electric field is largely
linear and up to first order with respect to �x, �y,
and �z [14]:

�Eel = (εel + �zεel
z )ẑ − �x

2
εel

z x̂ − �y
2

εel
z ŷ, (37)

where εel = (�Eel · ẑ)|��r=0 and Eel
z = ((∂/∂z)�Eel · ẑ)|��r=0

represent the on-axis electric field of the lens and its first
derivative with respect to z at the location of the reference
particle, respectively. Substituting Eq. (37) into Eqs. (4)
and (8), the generalized external-force components to the
third-order perturbation are
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Fe
x = − ηεel

z

2γ0β0
2 σx − ηεel

γ0
σ ′

x + ηεel
z

4γ0

{
2σyσ

′
yσ

′
x − 4(1 − p0

2)σzσ
′
zσ

′
x + γ0

4�z
2σx + 2(2 + γ0

2)σxσ
′2
x

+ (2 + γ0
2)�x

2σx + γ0
2�y

2σx
} + ηεelp0

2

2γ0
σ ′

x

{
(2 + γ0

2)�z
2 + 3�x

2 + �y
2} , (38)

Fe
y = − ηεel

z

2γ0β0
2 σy − ηεel

γ0
σ ′

y + ηεel
z

4γ0

{
2σxσ

′
xσ

′
y − 4(1 − p0

2)σzσ
′
zσ

′
y + γ0

4�z
2σy + 2(2 + γ0

2)σyσ
′2
y

+ (2 + γ0
2)�y

2σy + γ0
2�x

2σy

}
+ ηεelp0

2

2γ0
σ ′

y

{
(2 + γ0

2)�z
2 + 3�y

2 + �x
2} , (39)

Fe
z = ηεel

z

γ0p0
2 σz − 3ηεel

γ0
σ ′

z + ηεel
z

2γ0

{
(1 − p0

2)(σxσ
′
x + σyσ

′
y)σ

′
z + (6 − 3γ0

2 − 2γ0
4)(2σ ′2

z + �z
2)σz − (�x

2 + �y
2)σz

}

+ ηεelp0
2

2γ0
σ ′

z

{
3(2 + γ0

2)�z
2 + (�x

2 + �y
2)

}
, (40)

Ge
x = − ηεel

z

2γ0β0
2�x

σxσ
′
x − ηεel

γ0
�x

+ ηεel
z

4�xγ0

{
6�x

2σxσ
′
x + 2�x

2σyσ
′
y − 4(1 − p0

2)�x
2σzσ

′
z + γ0

2σxσ
′
x(γ0

2�z
2 + 3�x

2 + �y
2)

}
, (41)

Ge
y = − ηεel

z

2γ0β0
2�x

σyσ
′
y − ηεel

γ0
�y

+ ηεel
z

4�yγ0

{
6�y

2σyσ
′
y + 2�y

2σxσ
′
x − 4(1 − p0

2)�y
2σzσ

′
z + γ0

2σyσ
′
y(γ0

2�z
2 + 3�y

2 + �x
2)

}
, (42)

Ge
z = + ηεel

z

γ0p0
2�z

σzσ
′
z − 3ηεel

γ0
�z

+ ηεel
z

2γ0�z

{
3(6 − 3γ0

2 − 2γ0
4)�z

2σzσ
′
z − (�x

2 + �y
2)σzσ

′
z + (1 − p0

2)(σxσ
′
x + σyσ

′
y)�z

2
}

. (43)

In the lowest order, the signs of ηEel
z and ηEel

z σ ′
u indicate

whether the force is focusing or defocusing for F- and
G-type forces, respectively. Therefore, focusing the bunch
length in the longitudinal direction leads to defocusing in
the transverse plane and vice versa. Note that the longitudi-
nal forces even appear in the lowest order of perturbation
in electrostatic lenses, unlike the solenoidal magnets. On
the other hand, similar to the solenoidal forces, the electro-
static forces are linearly proportional to σu and σuσ

′
u/�u,

respectively, for F and G types in the corresponding direc-
tion. In the next order, all forces are similarly proportional
to the value of the electric field on the beam axis, εel. The
slope of the electric field on the beam axis defines the force
behavior for the highest-order term.

To compare the results of our analytical model against
simulations, an electrostatic lens with a field defined by
εel(z) = 6 × 106 z and an electron beam with the same
parameters as those reported in Sec. III, except with an
average energy of 1 keV and longitudinal emittance of
0.01 µm, are considered. The results of ASTRA simula-
tions and analytical calculations are shown in Fig. 6. The

dotted lines and solid lines show the simulations and our
analytical results, respectively. Analytical estimates for the
beam’s general parameters are in excellent agreement with
numerical results.

C. Quadrupole magnets

Quadrupole magnets provide strong focusing fields and
are frequently used to transport high-energy beams along
the accelerator line [40,41]. Quadrupoles focus only in one
plane and defocus in the other one, and then asymmetric
forces are applied to the beam. The magnetic fields of the
quadrupoles have the following mathematical form [42]:

−−→
BQM = p0kQM

ηc
(�yx̂ + �xŷ), (44)

where kQM indicates the well-known characteristic of the
quadrupole magnet, i.e., the quadrupole strength. Sub-
stituting Eq. (44) into Eqs. (4) and (8), the generalized
external-force components to the third-order perturbation
are
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FIG. 6. Variations of (a) bunch size, (b) beam divergence
along an electrostatic lens. Square dots correspond to simu-
lation results with ASTRA. Solid lines are calculated from the
beam-envelope equations.

Fe
x = −kQMσx + kQMp0

2

2
σx

× {
(2 + γ0

2)�z
2 + 2σ ′2

x + �x
2 + �y

2} , (45)

Fe
y = +kQMσy

− kQMp0
2

2
σy

{
(2 + γ0

2)�z
2 + 2σ ′2

y + �y
2 + �x

2
}

,

(46)

Fe
z = −kQMp0

2σ ′
z(σxσ

′
x − σyσ

′
y), (47)

Ge
x = −kQM

�x
σxσ

′
x

+ kQMp0
2

2�x
σxσ

′
x

{
(2 + γ0

2)�z
2 + 3�x

2 + �y
2} ,

(48)

Ge
y = +kQM

�y
σyσ

′
y

− kQMp0
2

2�y
σyσ

′
y

{
(2 + γ0

2)�z
2 + 3�y

2 + �x
2} ,

(49)

Ge
z = −kQMp0

2�z(σxσ
′
x − σyσ

′
y). (50)
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FIG. 7. Variations of bunch envelopes (a) bunch size, (b) beam
divergence along a triplet set of quadrupole magnets. Square
dots correspond to simulation results with ASTRA. Solid lines are
calculated from the beam-envelope equations.

The effect of the quadrupoles in all orders is directly
proportional to kQM. Only the second- and third-order
perturbations appear in longitudinal F-type and G-type
forces, respectively. Asymmetric variations in the transver-
sal beam sizes cause the bunch length and divergence to
change. In the lowest order, the sign of kQM reveals that the
focusing effect on σx and σy is opposite. Interestingly, for
Fe

x and Fe
y , the second-order terms oppose the first order.

The transversal G-type forces act like those of F type,
except the forces are also directly proportional to σ ′

u for
the related direction. Figure 7 shows the effect of a triplet
set of quadrupole magnets with specifications defined in
Table I for the bunch of electrons considered in Sec. III.

D. Radio-frequency forces

A radio-frequency (rf) cavity is used to accelerate or
decelerate a bunch of charged particles or even manipulate
its phase space through energy transformation between the

TABLE I. Quadrupole specifications for the fourth example. L
and z indicate the length and location of a quadrupole center,
respectively.

Element kQM (1/m2) L (cm) z (cm)

Q1 −12.221 10 6.0
Q2 +12.018 10 46
Q3 +13.776 10 86
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excited fields in the cavity and the passing particles in
conventional accelerators [43,44].

The electromagnetic fields in a rf cavity are [45]

�Erf = (E rf + �zE rf
z )ẑ − �x

2
E rf

z x̂ − �y
2
E rf

z ŷ, (51)

�Brf = −�y
2c

E rf
t x̂ + �x

2c
E rf

t ŷ, (52)

where E rf = (�Erf · ẑ)|��r=0, E rf
z = ((∂/∂z)�Erf · ẑ)|��r=0, and

E rf
t = ((∂/c∂t)�Erf · ẑ)|��r=0 represent the on-axis electric

field of the rf field and its first derivative with respect to
z and t at z0, respectively. E rf

z and E rf
t are proportional to

the radial electric field component and azimuthal magnetic
field component, respectively. By substituting Eqs. (51)
and (52) into Eqs. (4) and (8), the generalized external
force of a rf cavity to the third-order perturbation is

Fe
x = −η(E rf

z + β0E rf
t )

2γ0β0
2 σx − ηE rf

γ0
σ ′

x + ηE rf
z

2γ0
σ ′

x

{
σyσ

′
y − 2(1 − p0

2)σzσ
′
z

}

+ ηE rf
z

4γ0
σx

{
γ0

4�z
2 + 2(2 + γ0

2)σ ′2
x + (2 + γ0

2)�x
2 + γ0

2�y
2}

+ ηp0E rf
t

4
σx

{
(2 + γ0

2)�z
2 + 2σ ′2

x + (�x
2 + �y

2)
} + ηp0

2E rf

2γ0
σ ′

x

{
(2 + γ0

2)�z
2 + 3�x

2 + �y
2} , (53)

Fe
y = −η(E rf

z + β0E rf
t )

2γ0β0
2 σy − ηE rf

γ0
σ ′

y + ηE rf
z

2γ0
σ ′

y

{
σxσ

′
x − 2(1 − p0

2)σzσ
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. (58)

The lowest order shows the same features of the electro-
static lenses, except that in the presence of rf magnetic
fields the transverse forces are linearly proportional to

E rf
z + β0E rf

t instead of E rf
z . In a traveling-wave rf cavity,

the electric force will cancel out the effect of the magnetic
force completely in the transverse plane at high energies.
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FIG. 8. Variations of bunch envelopes (a) bunch size, (b) beam
divergence along an rf cavity. Square dots correspond to sim-
ulation results with ASTRA. Solid lines are calculated from the
beam-envelope equations.

This is not the case for standing-wave rf structures, where
the field dependencies on t and z are independent and there
is a π/2 phase difference between the two radial rf forces.
The second nonvanishing order of all forces is proportional
to (ηεel/γ0)σ

′
u and (ηεel/γ0)�u for F type and G type,

respectively. The highest-order term of the forces is the
same as the electrostatic lens, except that there is an addi-
tional effect due to the presence of the rf magnetic field
appearing in the equations as E rf

t .
Figure 8 shows a comparison between ASTRA simula-

tions and envelope-equation results. The bunch in Sec. III

Z (m)

μs
m

 (
T

)

FIG. 10. On-axis magnetic field profile of the designed
solenoid for the AWAKE injector.

is considered to pass a standard 31-cell S-band (3-GHz)
traveling-wave structure with a phase advance of 2π/3
per cell, phase velocity equal to the velocity of light, and
15 MV/m constant gradient. The results represent good
consistency.

V. APPLICATION FOR AWAKE PHOTOINJECTOR

In this section, we apply our investigated analytical
approach to the photoinjector of the AWAKE in run 2
[46]. This photoinjector is designed to generate ultrashort
(σz ∼= 60 µm), high-current (qb ∼= 100 pC), and very-
high-quality electron bunches (εnx ≤ 1 µm rad) [47]. The
general layout of the injector is presented in Fig. 9. The
injector starts from a 1.6-cell S-band (ν = 2998.5 MHz) rf
gun, which is capable of providing a maximum field gra-
dient of 120 MV/m on the cathode. The cathode is located
on the left wall of the first cell, where a UV laser illumi-
nates it to generate a 100-pC 1-ps electron beam with a
very low intrinsic emittance of about 0.26 mm mrad.

FIG. 9. Layout of the AWAKE injector.
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Z (m)

σ z
 (

μ
m

)

FIG. 11. Variations of the bunch length along the AWAKE
photoinjector. Black dots correspond to simulation results with
ASTRA. Red line is calculated from the beam-envelope equations.

The huge space-charge effect at low energies causes the
generated beam to suffer from significant quality degrada-
tion. Fortunately, this is compensated for (at least to some
extent) by high-gradient rf fields excited in the rf gun. After
this gun, the structure is followed by a buncher cavity and
one or more accelerating structures. For bunch compres-
sion, we assume a typical CLIC X -band traveling-wave
buncher cavity of 30 cells [48] followed by two subse-
quent 120-cell standard PSI traveling-wave accelerating
structures [49] with the same frequencies as the buncher.
To transport the beam, the whole injector is placed in a
long focusing channel composed of four suitable solenoid
magnets.

To design the injector, the determination of different rf-
component field gradients, the drift-section lengths, and
the magnetic field profile of the focusing channel is cru-
cial. Furthermore, transferring the electron beam with a
beam size free of oscillation along the injector would

Z (m)

σ x
 (

m
m

)

FIG. 12. Variations of the beam size along the AWAKE pho-
toinjector. Black dots correspond to simulation results with
ASTRA. Blue line is calculated from the beam-envelope equa-
tions.

Z (m)

ε x
 (

m
m

 m
ar

ad
)

FIG. 13. Variations of the beam emittance along the AWAKE
photoinjector (logarithmic scale has been applied). Black dots
correspond to simulation results with ASTRA. Green line is
calculated from the beam-envelope equations.

ensure a very small value for emittance at the final point
[50]. Therefore, designing a proper focusing channel for
controlling the beam size along the injector has a great
impact on the final beam quality. To determine all these
key parameters, we apply envelope equations [Eqs. (4)
and (8)] with space-charge, emittance, and external forces,
which are calculated in the previous sections, for the whole
injector lattice. Then a very fast iterative method can be
used instead of performing many time-consuming itera-
tions with PIC codes, which are typically necessary for
designing such an injector. These calculations lead to the
direct study of the required solenoidal field for matching
the beam size to a fixed function of z, specifying the loca-
tions and gradients of the different rf components to adjust
the beam to its nominal parameters, and optimizing all
structural parameters to the generation of a very-small-
emittance electron beam. Our calculations show rf field
gradients of 32 MeV/m for the buncher; 80 MeV/m for
the two accelerating structures; and 100-, 48-, and 50-cm
lengths for drifts d1, d2, and d3, respectively, for AWAKE.
Figure 10 shows the on-axis magnetic field profile of the
solenoid for the AWAKE injector designed by using our
model.

The generated beam has an energy of 165.6 MeV, with
εxn = 0.46 mm mrad, σx = 0.11 mm, and σz = 60 µm.
The bunch length, beam size, and emittance variations
along the designed injector are illustrated in Figs. 11–13
for analytical and simulation data. There is excellent agree-
ment between simulations and analytical calculations.

VI. CONCLUSION

An alternative analytical approach based on solving
6D envelope equations for studying beam dynamics in
a linear accelerator structure is presented. The temporal
beam evolution is investigated by analytically solving the
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moment equations in both linear and nonlinear regimes.
The 3D space-charge, external, and emittance forces are
completely derived in terms of some simple algebraic
expressions and implemented in the beam-envelope equa-
tions. For the equations to be general and very precise,
the complicated effects of energy spread and emittance
are included. Finally, a set of six differential equations are
derived, which lead to an accurate and very fast model for
simulations and designing high-current and low-emittance
electron sources.

The results reveal that this analytical approach is an
excellent practical choice, in terms of accuracy and time,
for the calculation of beam dynamics in accelerator lines.
Since this model represents an analytical approach for
emittance variations, it is an efficient tool for the challeng-
ing problem of emittance compensation along injectors.
Moreover, the model can be applied as a high-speed tool to
calculate different bunch parameters along the whole accel-
erator line by the use of diagnostic data at the measurement
point. This allows one to obtain much more efficient algo-
rithms in online optimization based on machine learning.
Finally, the feasibility of the presented model is demon-
strated for designing the hybrid S + X -band photoinjector
of the AWAKE.
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