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We report a theoretical study of the phase diffusion in a gain-switched single-mode semiconductor laser.
We use stochastic rate equations for the electric field to analyze the phase statistics of the gain-switched
laser. Their use avoids the instabilities obtained with rate equations for the photon number and optical
phase when the photon number is small. However, we show that a new problem appears when the field
equations are integrated: the variance of the optical phase becomes divergent. This divergence cannot
be observed with the numerical integration of the commonly used equations for the photon number and
optical phase because of the previous instabilities. The divergence of the phase variance means that this
quantity does not reach a fixed value as the integration time step is decreased. We find that the phase
variance increases as the integration time step decreases, with no sign of saturation behavior even for tiny
steps. We explain the divergence by making the analogy of our problem with two-dimensional Brownian
motion. The fact that the divergence appears is not surprising because in 1940 Paul Lèvy demonstrated that
the variance of the polar angle in two-dimensional Brownian motion is a divergent quantity. Our results
show that stochastic rate equations for the photon number and phase are not appropriate for describing the
phase statistics when the photon number is small. Simulation of the stochastic rate equations for the electric
field are consistent with Lèvy’s results but gives unphysical results since an infinite value is obtained for
a quantity that can be measured.
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I. INTRODUCTION

Semiconductor lasers are normally used as single-
photon sources in most commercial and research quan-
tum key distribution (QKD) systems [1]. Light pulses
with random phases are generated by gain-switching these
lasers because of the random character of the phase of
the spontaneous-emission photons that seed these pulses
during their formation. Weak coherent pulses, obtained
from attenuation of semiconductor-laser pulses, have been
used as single-photon sources in practical QKD systems
since the early 1990s [2]. Another practical application
of random-phase pulses emitted by gain-switched semi-
conductor lasers is quantum random number generation
[3–6]. Quantum random number generators (QRNGs) are
a particular type of hardware physical random number gen-
erator in which the data are obtained from quantum events.
Their main advantage is that the randomness generated is
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inherent to quantum mechanics, making quantum systems
a perfect source of entropy for random number genera-
tion [5]. Applications of QRNGs include those typical of
random number generators such as Monte Carlo simula-
tions, weather prediction, industrial testing, gambling, and
quantitative finance. Specific applications of QRNGs can
be found in fundamental-physics tests and particularly in
quantum communications because use of these generators
is a necessary security requirement for QKD [2].

Most existing QRNGs are based on quantum optics
because of the availability of high-quality optical com-
ponents and the possibility of chip-size integration [4].
Single-photon QRNGs [7–9] and multiphoton QRNGs
[10–23] have been demonstrated. QRNGs based on gain-
switching semiconductor lasers are an example of mul-
tiphoton QRNGs. They exploit the fact that the product
of the interference of two pulses with random phases
is a third pulse with random amplitude [2,16–23]. The
advantages of QRNGs of these types include fast opera-
tion at rates of gigabits per second, robustness, low cost,
operation with flexible clock frequencies, use of standard
photodetectors due to the high signal level, and full inte-
gration on an InP platform [22]. In these generators the
current applied to a single-mode laser diode is periodically
modulated from a well-below-threshold value to a value
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above the threshold to obtaining gain-switching operation
[13,16–18,21–23]. While the laser is operated below the
threshold, the evolution of the optical phase becomes ran-
dom due to the spontaneous-emission noise. The laser
emits then a series of pulses with a random phase. Phase
fluctuations are converted into amplitude fluctuations by
use of an unbalanced Mach-Zehnder interferometer, with a
delay matching the pulse repetition period. Detection and
postprocessing of the amplitude values provide the gener-
ation of random numbers. Fast generation rates (quantum
random bit generation of up to 43 Gbit/s) have been shown
experimentally [16].

The above-mentioned generators belong to the class of
trusted-device QRNGs [4]. In these systems it is very use-
ful to build a model of the physical entropy source to
guarantee unpredictability, in the sense that the device is
generating randomness of genuine quantum origin [23]. By
use of numerical simulations of the stochastic rate equa-
tions that quantify the phase noise, a comparison with the
experimental results is performed to validate the opera-
tional limits of the phase-noise QRNG [23]. This valida-
tion process can be used to check the device performance
to detect malfunctioning or malicious manipulation of the
QRNG [23]. A good quantitative description of experi-
mental phase noise using stochastic-rate-equation model-
ing can be obtained only when extraction of the parameters
of the semiconductor laser is performed [23,24].

Experimental and theoretical studies of laser-light fluc-
tuations began in the late 1960s [25–29]. Study of fluctua-
tions of the light emitted by semiconductor lasers has also
received much attention [30–37]. A theoretical description,
deduced from first principles and valid for below-threshold
and above-threshold operation, has been provided that is
based on the Fokker-Planck equation or alternatively on
stochastic rate equations of the Langevin type [27,38].
The dynamical description of the statistics of the optical
phase in gain-switched semiconductor lasers, which are the
basis of phase-noise QRNGs, was performed using these
Langevin equations [2,16,19,21,23,24,39,40], which cor-
respond to the widely used models described in Refs. [30,
31,33,34]. Quantifying the phase noise in gain-switched
lasers is also important in the context of QKD, where phase
randomization is essential to security [2,23,41].

Most of the previous stochastic rate equations consider
the evolution for the carrier and photon densities inside
the device and the optical phase of the laser [2,16,19,
21,23,39]. Numerical integration of these equations using
explicit methods such as the first-order Euler-Maruyama
method or the second-order Milstein method or implicit
methods such as Heun’s predictor-corrector algorithm
present numerical instabilities when the laser is below the
threshold [40], which is precisely the regime in which
most of the phase randomization occurs. When the pho-
ton number is very small, random fluctuations that model
the spontaneous-emission noise can produce a negative

value of the photon number. Numerical instabilities appear
because the photon number appears inside the square-root
factors that multiply the noise terms in the equations for
the photon number and optical phase. These instabilities
can be avoided when the corresponding rate equations for
the laser electric field and carrier number are used [40].

In this work we use these electric field equations to
analyze the phase statistics of the gain-switched laser. As
mentioned above, their use avoids the previously described
instabilities, but we show that a new problem appears:
the variance of the optical phase becomes divergent. The
divergence cannot be observed with the simulation of the
equations for the photon number and optical phase because
the appearance of the previous instabilities does not permit
the correct calculation of the dynamical evolution when the
power is very low. We find that the phase-variance diver-
gence manifests itself as a monotonous increase of its value
as the integration time step decreases. We compare the
optical-phase evolution obtained with the stochastic rate
equations with that obtained in two-dimensional Brownian
motion. In this way, we use the long-known result of the
divergence of the variance of the polar angle in the pla-
nar Brownian motion [42] to explain the divergence of the
phase variance.

This paper is organized as follows. In Sec. II, we present
our theoretical model. Section III is devoted to the presen-
tation of the numerical results, with special emphasis on
the divergence of the phase variance. In Sec. IV, we dis-
cuss the origin of this divergence. Finally, in Sec. V, we
discuss and summarize the results.

II. THEORETICAL MODEL

The dynamics of a gain-switched single-mode laser
diode can be modeled by use of a set of stochastic differ-
ential rate equations. These read (in Ito’s sense) [2,16,19,
21,23,24,30,33,35,39,40,43]

dp
dt

=
[
�vgg(n)

1 + ε̄p
− 1

τp

]
p + �Rsp(n)

+ √
2�Rsp(n)pFp(t), (1)

dφ

dt
= α

2

[
�vgg(n) − 1

τp

]
+

√
�Rsp(n)

2p
Fφ(t), (2)

dn
dt

= I(t)
eVa

− R(n) − vgg(n)p
1 + ε̄p

, (3)

where p(t) is the photon density, φ(t) is the optical phase
in the reference frame corresponding to the resonant fre-
quency at the threshold current [35], n(t) is the carrier
density, Va is the active volume, e is the electron charge, vg
is the group velocity, g(n) is the material gain, ε̄ is the non-
linear gain coefficient, � is the optical confinement factor,
τp is the photon lifetime, α is the linewidth-enhancement
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factor, R(n) is the carrier recombination rate, and Rsp(n)

is the rate of the spontaneous emission coupled into the
lasing mode. We consider a temporal dependence for the
injected current, I(t), and a material gain, g(n), given by
g(n) = dg/dn(n − nt), where dg/dn is the differential gain
and nt is the transparency carrier density. The Langevin
terms Fp(t) and Fφ(t) in Eqs. (1) and (2) represent fluctu-
ations due to spontaneous emission, with the correlation
property < Fi(t)Fj (t′) >= δij δ(t − t′), where δ(t) is the
Dirac δ function and δij the Kronecker δ function, with the
subindices i and j referring to the variables p and φ. We do
not take into account in our model the carrier noise terms
because it has been shown that their effect on the statistics
of the phase is very small in transient regimes [19,36,44].

We now write the corresponding equations for the num-
ber of photons inside the laser, P(t), and the number of
carriers in the active region, N (t), by doing the following
change of variables: P = pVp and N = nVa, where Vp is
the volume occupied by the photons. These equations read

dP
dt

=
[
GN (N − Nt)

1 + εP
− 1

τp

]
P + βBN 2 +

√
2βBPNFp(t),

(4)

dφ

dt
= α

2

[
GN (N − Nt) − 1

τp

]
+

√
βB
2P

NFφ(t), (5)

dN
dt

= I(t)
e

− (AN + BN 2 + CN 3) − GN (N − Nt)P
1 + εP

.

(6)

To obtain these equations, we considered that R(n) = an +
bn2 + cn3 and Rsp(n) = βbn2, where a, b, and c are the
nonradiative-recombination, spontaneous-recombination,
and Auger-recombination coefficients, respectively, and
β is the fraction of spontaneous emission coupled into
the lasing mode. The expressions for the new parame-
ters are GN = �vgdg/dn/Va, Nt = ntVa, A = a, B = b/Va,
C = c/V2

a, and ε = ε̄�/Va. In deriving these equations, we
also used that � = Va/Vp .

When laser diodes are used for phase-noise QRNGs,
a large signal modulation of I(t) is considered in such
a way that a random evolution of the phase is induced
by the spontaneous-emission noise, specially when the
bias current is below the threshold current, Ith. Informa-
tion on the temporal dependence of the phase statistics
under large-signal-current modulation has been obtained
by numerical solution of Eqs. (1)–(3) [23,39] by use of
the Euler-Maruyama method [27,45]. As discussed in the
previous section, numerical integration of these equations
is problematic: when P is very small, negative values of
P can appear in the square-root factors that multiply the
noise terms in Eqs. (4) and (5), causing instabilities. The
usual solution for this problem is the integration of the cor-
responding rate equations for the complex electric field, E,
instead of equations for p and φ [40,46]. These equations

read [40]

dE
dt

=
[(

1
1 + ε | E |2 + iα

)
GN (N − Nt) − 1 + iα

τp

]
E
2

+
√

βB
2

Nξ(t), (7)

dN
dt

= I(t)
e

− (AN + BN 2 + CN 3) − GN (N − Nt) | E |2
1 + ε | E |2 ,

(8)

where E(t) = E1(t) + iE2(t) is the complex electric field
and ξ(t) = ξ1(t) + iξ2(t) is the complex Gaussian white
noise with zero average and correlation given by <

ξ(t)ξ ∗(t′) >= 2δ(t − t′) that represents the spontaneous-
emission noise. The application of the rules for the change
of variables in Ito’s calculus [38] to P =| E |2= E2

1 + E2
2

and φ = arctan (E2/E1) in Eqs. (7) and (8) gives our initial
equations (4)–(6), as explained in Appendix A. Integra-
tion of Eqs. (7) and (8) avoids the previously mentioned
instabilities because P does not appear inside the square-
root factors that multiply the noise terms, and hence
no instabilities are observed. We include in Appendix B
the equations corresponding to the implementation of the
Euler-Maruyama method to our model. We also discuss in
Appendix B the numerical procedure used to obtain the
optical phase from the integration of the equations for the
real and imaginary parts of the electric field.

III. NUMERICAL RESULTS

In this section we numerically solve Eqs. (7) and (8)
by using the Euler-Maruyama algorithm [27,45]. We use
the numerical values of the parameters that have been
extracted for a discrete-mode edge-emitting laser [40,43].
This device is a single-longitudinal-mode semiconductor
laser emitting close to a wavelength of 1550 nm and with
Ith = 14.14 mA at 25 ◦C. The values of the parameters
are as follows: GN = 1.48 × 104 s−1, Nt = 1.93 × 107,
ε = 7.73 × 10−8, τp = 2.17 ps, α = 3, β = 5.3 × 10−6,
A = 2.8 × 108 s−1, B = 9.8 s−1, and C = 3.84 × 10−7 s−1

[40,43]. Simulation and experimental results have shown
not only qualitative agreement but also a remarkable quan-
titative agreement for a very wide range of gain-switching
conditions [24,40,43,47].

We consider an injected bias current that follows a
square-wave modulation of period T with I(t) = Ion during
T/2 and I(t) = Ioff during the rest of the period. We take
the following values: Ion = 30 mA and T = 1 ns. The laser
is switched off with Ioff below the threshold value to get
randomness of the phase due to the spontaneous-emission
noise. The temporal evolution during several consecutive
periods of P, N , and φ when Ioff = 7 mA is plotted in Fig. 1
in Ref. [44]. Similar evolutions but plotted in one time win-
dow of duration T can be found in Fig. 5 in Ref. [40]. In
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that figure, the initial conditions for one period correspond
to the final values of the variables at the end of the pre-
vious period. The final value of the phase at the end of
the period, φ(T), leaves the [0, 2π) interval, so the ini-
tial value of the phase, φ(0), must be converted to the
[0, 2π) range if we want to obtain well-defined statisti-
cal moments of φ [40,44]. This is done by taking φ(0) as
φ(0) = φ(T) − int

(
φ(T)/2π

)
2π [40,44].

Figures 1(a)–1(c) show the dynamical evolution of
the averaged photon number, carrier number, and optical
phase, respectively. The values of the rate-equation param-
eters and the integration time step (0.01 ps) are similar to
the values used in Ref. [40]. The effect of spontaneous-
emission noise on some individual realizations under the
same modulation conditions as for Fig. 1 is well illustrated
in Fig. 5 in Ref. [40] with its corresponding discussion.
Fluctuations of P and φ are more important at the begin-
ning and at the end of the period (before 0.1 ns and after
0.7 ns, respectively). Since P is small in those regions, the
noise terms dominate in Eqs. (4) and (5) [40]. Figure 1(d)
shows the dynamical evolution of the standard deviation
of the phase, σφ , which is the relevant quantity for deter-
mining the performance of the gain-switched laser diode
as a QRNG. The initial value is larger than zero due to
our choice of random initial conditions. The two large
increases of σφ(t) occur at the beginning and at the end
of the period and correspond to a phase-diffusion regime
because in those regions P has small values determined by
the spontaneous-emission noise.

Figure 2 shows the effect of decreasing the integration
time step, �t, on the dynamical evolution of the phase
statistics. A change of several orders of magnitude, from
�t = 10−1 ps to �t = 10−6 ps, is considered. Figure 2(a)
shows that the averaged phase quickly achieves convergent
values because it does not change significantly with �t.
A similar convergence (not shown) occurs with the aver-
aged values and standard deviations of P and N . However,
the behavior of the variance of the optical phase, σ 2

φ (t),
is radically different, as shown in Fig. 2(b). There is no
evidence of the convergence of this quantity as the time
step is decreased, even for values of �t as small as 10−5

or 10−6 ps. The differences between results for different
time steps appear at the beginning and at the end of the
period. In these regions, linear increases of σ 2

φ (t) with t
appear with slopes that increase as �t is decreased. The
linear increase of the phase variance is characteristic of the
phase-diffusion process. The fact that the slope of σ 2

φ (t) in
the phase-diffusion regime keeps on increasing when �t
decreases indicates that the phase variance is a divergent
quantity: its value can be arbitrarily large providing that a
small-enough integration time step is considered.

To show that there is no sign of convergence in the
values of the previous slopes, and in consequence of the
phase-variance values, we calculate the slope of σ 2

φ versus
t at the beginning and at the end of the period. The results

(a)

(b)

(c)

(d)

FIG. 1. (a) Averaged photon number, (b) averaged carrier
number, (c) averaged phase, and (d) standard deviation of the
phase as a function of time. Ioff = 7 mA, the number of periods
is 5 × 104, and the integration time step is 0.01 ps.

are shown in Fig. 3 for the different �t values considered
in Fig. 2. The initial (final) slope is calculated by linear
fitting of the values included in Fig. 2 from 0 to 0.025 ns
(from 0.9 to 1 ns). Adjusted R2 merit values, R̄2, which give
information on the goodness of the fit, range from 0.99850
to 0.99992, indicating that good linear fits are obtained.

The fact that phase diffusion is the dominant process at
the beginning and at the end of the period should result
in similar slopes in those time regions. Figure 3 shows
that the values of the initial and final slopes are simi-
lar. More importantly, Fig. 3 also shows that both slopes
increase as the time step decreases, with no sign of sat-
uration at the smallest values of �t. The plot in Fig. 3
has a logarithmic horizontal axis. Figure 3 also shows that
the slope depends linearly on ln �t, so the phase diver-
gence is characterized by a logarithmic dependence of the
slope on �t: the slope is equal to −c1 ln �t + c2, where
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(a)

(b)

FIG. 2. (a) Averaged phase and (b) variance of the phase as a
function of time. Results for different integration time steps are
plotted with lines of different colors, as indicated in the insets.
Ioff = 7 mA and the number of periods is 5 × 104.

c1, c2 > 0. Linear fitting of the data in Fig. 3 gives an ini-
tial slope of −77.525 ln �t + 414.277, R̄2 = 0.9993, and a
final slope of −83.062 ln �t + 371.362, R̄2 = 0.9976. The
divergence of the phase variance is then characterized by
the previous logarithmic dependence because if we cal-
culate the change of σ 2

φ during a time interval (t1, t2) in
which phase diffusion dominates the evolution, we obtain
σ 2

φ (t2) − σ 2
φ (t1) = (−c1 ln �t + c2)(t2 − t1).

IV. EXPLAINING THE DIVERGENCE

We explain the divergence of the phase by using the
analogy of our problem, under certain restrictions, to the
simplest two-dimensional Brownian motion, which corre-
sponds to a particle diffusing in a plane subjected only to
a random force. We first consider a semiconductor laser
biased slightly below the threshold, Ioff � Ith, and with
α = 0. In this case, E/2 and the term that multiplies it in
Eq. (7) are small and the noise term dominates the evolu-
tion at the beginning and at the end of the period. In this

FIG. 3. (a) Slope of the phase variance versus time as a func-
tion of the integration time step. Results for the final and initial
parts of the period are plotted with different symbols.

way, we can approximate Eq. (7) by

dE
dt

=
√

βB
2

Nξ(t). (9)

Since the real and imaginary parts of ξ(t), ξ1(t) and ξ2(t),
are independent Gaussian white noise, the evolution of the
real and imaginary parts of the electric field, E1(t) and
E2(t), is described by two-dimensional Brownian motion.
E1(t) and E2(t) are independent Gaussian processes, each
with zero mean value and diffusing with a diffusion coef-
ficient given by βBN 2/2. We also note that considering
α = 0 means that the phase evolution is affected only by
the spontaneous-emission-noise term, as can be seen in
Eq. (5).

A first clue to the divergent behavior of the phase is
given by the distribution of the ratio of those two Gaus-
sians, E2/E1, since its calculation is an intermediate step to
calculate the phase. It is shown in Ref. [48] that the proba-
bility density of this ratio is that corresponding to a Cauchy
distribution, which is a well-known example of a continu-
ous random variable with infinite variance. However, the
quantity of interest is the phase, φ = arctan(E2/E1), so we
extend our discussion using the well-established mathe-
matical theory of two-dimensional Brownian motion.

A freely diffusing particle in two dimensions (i.e.,
one executing two-dimensional Brownian motion) can be
described mathematically in polar coordinates. Since E1(t)
and E2(t) are continuous stochastic processes, the polar
angle, φ(t), of the corresponding planar Brownian motion
has the freedom to vary from −∞ to ∞. φ(t) is the wind-
ing number of the continuous path E(τ ) = E1(τ ) + iE2(τ ),
0 ≤ τ ≤ t, about the origin [49]. φ(t) is a continuous func-
tion of t with probability 1 (the probability is zero that
E(t)=0 in any t interval) [42,49]. Since φ takes values
in (−∞, ∞) instead of [0, 2π), we can view the planar
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Brownian motion as occurring in the universal cover of
C \ {0}, which is the Riemann surface of ln z. There is a
long-known but particularly striking feature of polar-angle
evolution in the planar Brownian motion: φ(t) has infinite
variance, σ 2

φ (t) = ∞, as Lèvy demonstrated [42] from the
fact that φ(t) tends to assume very large values due to the
roughness of the Brownian trajectory when P(t) is close
to zero. This arises from the fractal nature, the infinites-
imal, infinitely frequent, random-walk steps of the planar
Brownian motion, and applies whatever the starting radius,√

P(0), is from the origin [50].
The reason why we observe the divergence described

in the previous section is the infinite value of the vari-
ance of the phase. We show in Fig. 4 the evolution of
P(t) and φ(t) for different random trajectories when α = 0
and Ioff = 0.9Ith (12.73 mA). Results obtained with �t =
10−1 ps and �t = 10−5 ps are shown in Figs. 4(a) and 4(c)
and Figs. 4(b) and 4(d), respectively. In each plot we show
five typical trajectories and a nontypical trajectory (solid
black line) for which the maximum value of | φ(t) | us
obtained in a simulation with 5 × 104 periods. It is clear
in Figs. 4(a) and 4(b) how the spontaneous-emission noise
dominates the evolution at the beginning and at the end of
the period. Figures 4(c) and 4(d) shows that the realiza-
tions of φ are continuous functions of t in such a way that

(a) (b)

(d)(c)

FIG. 4. Different realizations of the (a),(b) photon number and
(c),(d) optical phase as a function of time. The integration time
step is 10−1 ps in (a),(c) and 10−5 ps in (b),(d). α = 0 and
Ioff = 12.73 mA. The trajectory for which the maximum value of
| φ(t) | is obtained in a simulation with 5 × 104 periods is plotted
with a solid black line.

they are also dominated by noise in the previously men-
tioned regions. It is clear from Figs. 4(a) and 4(c) that the
largest excursions of the phase appear in the trajectories
that get closer to zero (see the evolution of the solid black
lines close to 0.82, 0.85, and 0.91 ns). In these cases there
are more rotations induced by the noise around the origin
of the complex plane (E1, E2). Figures 4(b) and 4(d) show
the results obtained when �t has decreased by 4 orders
of magnitude. The decrease of �t results in more-frequent
rotations induced by noise around the origin for a given tra-
jectory. This can be seen by comparing the two trajectories
with the largest phase excursions in Figs. 4(c) and 4(d):
these excursions widen when �t decreases. The maximum
value of the phase, φ/2π , observed for our simulations
with 5 × 104 trajectories is 6.63, 10.44, 11.22, 12.03,
and 12.97 for �t = 10−1, 10−2, 10−3, 10−4, and 10−5 ps,
respectively.

Widening of the random trajectories as �t decreases
was previously discussed with those in which the excur-
sions are maxima but also occurs for the other trajectories.
Since the averaged phase and variance are calculated with
use of a fixed number of trajectories, the previous widen-
ing results in an increase of the variance of the phase
in the diffusing regions as �t decreases, as can be seen
in Fig. 5. These increases are similar to those shown in
Fig. 2(b). The discussion using the visualization of random
trajectories is done for the case of α = 0 and Ioff = 0.9Ith
because the effects of drift in the phase are minimized in
such a way that we have a better correspondence with the
two-dimensional free Brownian motion.

We now discuss the situation found when we have a real-
istic value of α and a smaller value of Ioff so as to have a
stronger effect of the phase diffusion (α = 3, Ioff = 7 mA),
which is the precisely the case described in the previous

FIG. 5. Variance of the phase as a function of time. Results for
different integration time steps are plotted with lines of different
colors, as indicated in the inset. α = 0, Ioff = 12.73 mA, and the
number of periods is 5 × 104.
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(a) (b)

(c) (d)

FIG. 6. Different realizations of the (a),(b) photon number and
(c),(d) optical phase as a function of time. The integration time
step is 10−1 ps in (a),(c) and 10−5 ps in (b),(d). α = 3 and Ioff =
7 mA. The trajectory for which the maximum value of | φ(t) | is
obtained in a simulation with 5 × 104 periods is plotted with a
solid black line.

section. Figure 6 shows P(t) and φ(t) for six different ran-
dom trajectories obtained with two different values of �t
(10−1 and 10−5 ps).

Again we show the trajectory for which the maxi-
mum value of | φ(t) | is obtained in our simulations and
the trajectories corresponding to five consecutive periods.
Figures 6(c) and 6(d) show that both deterministic drift
and fluctuations of the phase are important in determining
the value of the phase at the beginning and at the end of
the period. While P is large, the phase evolution is mainly
deterministic, being characterized by the relaxation oscil-
lations before t = T/2 and a monotonous decrease after
t = T/2 since N (t) < Nth [see Eq. (5)]. Figure 6 shows
that the largest excursions of the phase appear in the tra-
jectories that get closer to zero [see, for instance, the
evolution of the solid black lines close to 0.74, 0.88, and
0.98 ns in Figs. 6(b) and 6(d)]. Also, comparison between
Figs. 6(a) and 6(b) shows that when �t decreases, the min-
imum values of P are closer to zero, with more-frequent
rotations induced by noise around the origin of the com-
plex plane. This is seen by the widening of the trajectory
with the largest phase excursions in Figs. 6(c) and 6(d) as
�t decreases. Widening of typical random trajectories as
�t decreases is clearly seen when we compare Figs. 6(c)
and 6(d). Widening of trajectories explains the increase of
the variance of the phase in the diffusing regions as �t
decreases, as shown in Fig. 2(b).

(a) (b)

FIG. 7. Difference between the random phase of the trajecto-
ries in Fig. 6 and their corresponding deterministic phase. Each
trajectory is identified with the same color in Fig. 6 and here. The
plots in (a),(b) correspond to Figs. 6(c) and 6(d), respectively.

We show in Fig. 7 the difference between the random
phase of the trajectories in Fig. 6, φ(t), and their cor-
responding deterministic phase, φdet(t); that is, �φ(t) =
φ(t) − φdet(t). The values of φdet(t) are calculated from the
integration of the deterministic rate equations from the ini-
tial conditions at t = 0.2 ns, a time at which a deterministic
evolution has been reached for all the trajectories. Under
these conditions the effect of noise becomes important just
before t = 0.7 ns and the features discussed for Fig. 6 are
better visualized: the large random excursions of the phase
at 0.74, 0.88, and 0.98 ns are well seen in Fig. 7(b), and
the increasing widening of trajectories as the integration
step decreases is also well seen by comparison of Figs. 7(a)
and 7(b).

Another way of understanding the divergence of the
variance of the phase is by using the following result.
Spitzer [49] showed that the normalized winding angle
obtained with unit diffusivity, 
(t), converges to a standard
Cauchy distribution as t → ∞:

2
(t)
ln t

d−→ X , f (x) = 1
π

1
1 + x2 , (10)

where f (x) is the probability density of X . This means
that given a large t, 
(t) and so φ(t) behave as a Cauchy
distribution, having therefore an infinite variance. This
divergence can be numerically manifested when one sim-
ulates X by using the method of the cumulative distri-
bution function, FX (x). For the normalized Cauchy dis-
tribution, FX (x) = 1/2 + arctan(x)/π , for −∞ < x < ∞.
Values of X are numerically obtained by use of x =
F−1

X (u) = tan(π(u − 1/2)), where u, 0 < u < 1, is dis-
tributed according the uniform random variable, U(0, 1).
As the number of simulated values of u increases, val-
ues closer to 0 and 1 are obtained that result in values of
x closer to −∞ and ∞, respectively. The role of these
numbers in determining numerically the average of X 2,
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< X 2 >, is essential because < X 2 > keeps on increasing
as the number of simulated x values is increased.

We complete the discussion on the divergence of the
phase variance by including in Appendix C a calculation
of this quantity when the system reaches the steady state
for a current below the threshold value. We find that σ 2

φ

is proportional to < 1/P >, which is a divergent quan-
tity because P is an exponential random variable for the
below-threshold operation.

V. DISCUSSION AND SUMMARY

The numerical integration of Eqs. (4)–(6) presents
numerical instabilities as mentioned earlier. In the sim-
ulations of these equations using the Euler-Maruyama
scheme, the unphysical results due to negative values of
P and N have been treated by solving the equations with
the constraint that P and N are non-negative [39]. However
no details are given in Ref. [39] for how that constraint is
implemented. In that work, simulations were performed at
different integration steps such that �t < 0.1 ps in such a
way that the results obtained at different �t values were
the same for all simulations [39]. Therefore when that
scheme is used, there is a convergence, but not to the cor-
rect mathematical solution of Eqs. (4)–(6) because as we
show in this work, no convergence is achieved when we
solve the equivalent field equations that avoid the numer-
ical instabilities. The main reason for this difference is
that the integration of Eqs. (7) and (8) describes well the
evolution close to P = 0 given by stochastic-rate-equation
modeling. The fact that there are several mathematical the-
orems [42,49] confirming the divergence of the polar angle
in two-dimensional Brownian motion gives us confidence
in our results.

A correct numerical integration in the below-threshold
regime is essential when one is describing QRNGs and
QKDs based on gain-switching laser diodes because that
is precisely the regime where phase randomization mainly
occurs [23,41]. As we show, integration using stochas-
tic rate equations for the photon number and phase does
not describe well the phase statistics below the thresh-
old. Simulations must be performed using the equations
for the complex field, from which we obtain the values
of P and φ at each integration step. However, our results
show that the phase variance is a divergent quantity, with
a value that increases as the integration step is decreased.
This divergence is slow but it is still a divergence, mean-
ing that we cannot obtain a well-defined value of the phase
variance when using stochastic rate equations in the below-
threshold regime. In this way, stochastic rate equations for
P(t) and φ(t) [2,23,39,40,51] or for complex E(t) [40] can-
not describe well the experimental phase statistics when
the photon number is small.

The main reason for this result lies in the idealized math-
ematical formulation of the spontaneous-emission noise as

white noise, ξ(t), which is a quantity with no correlation
at different times and with the rather pathological result
that ξ(t) has infinite variance [38]. We find that the use of
white noise as an idealization of a realistic fluctuating sig-
nal causes problems when one is describing some variables
of the system, the optical phase in our case.

A possible solution of this problem could be model-
ing the spontaneous-emission noise with a realistic version
of almost-uncorrelated noise, for instance, an Ornstein-
Uhlenbeck process with a very small value of the corre-
lation time. We do not know the order of magnitude of
that correlation time, but it could be established by com-
paring experimental measurements of the phase variance,
such as those reported in Ref. [23,39], with the numerical
predictions of the stochastic rate equations for E(t) driven
by colored noise, instead of white noise. We would expect
a convergent behavior of the phase variance at integration
time steps determined by the correlation time of the noise.

A rigorous treatment of spontaneous emission would
require quantization of the electric field. At the most-
fundamental level, the origin of these fluctuations (inten-
sity and phase fluctuations) lies in the quantum nature of
the lasing process itself [31]. A proper description requires
a quantum mechanical formulation of the rate equations
using quantum Langevin terms [25,52] or master equa-
tions [52]. Stochastic rate equation models (SREMs) such
as those used in this work are approximations that worsen
as the photon number decreases. There are two types of
SREM. The first one, SREM1, corresponds to that derived
from first principles by Lax and Louisell [26] and Henry
[34] for a system where the matter and radiation have
reached equilibrium. In the derivation, a constant bias cur-
rent is assumed in such a way that the steady-state average
values of the variables appear in the terms that multiply
Fp(t) and Fφ(t) in Eqs. (4) and (5) [see Eqs. (19) and
(20) in Ref. [24] for comparison]. Both types of noise
appear as additive noise in SREM1. With use of this model,
when the steady state corresponding to a bias current below
the threshold has been reached, the optical phase dif-
fuses with a variance that increases linearly with time. No
divergence of the phase variance is observed because the
phase evolution is analogous to one-dimensional Brownian
motion.

The situation is different when we are considering a
high-frequency modulation of the bias current. The laser
is in a transient regime, the matter-radiation equilibrium
has not been achieved yet, and the exact form of the
spontaneous-emission noise terms is unknown [37]. A sec-
ond type of model, SREM2, is considered in which the
steady-state averaged values of the variables in the noise
terms are replaced by the corresponding variables so as to
analyze transient situations. This approximation is the one
considered in this work [corresponding to Eqs. (4) and (5)
or to Eq. (7)], and is commonly used in the analysis of
phase-noise QRNGs [2,16,19,21,23,24,39,40]. To the best

054005-8



DIVERGENCE OF THE VARIANCE. . . PHYS. REV. APPLIED 19, 054005 (2023)

of our knowledge, this approximation has not been justified
in a rigorous way. The use of this approximation has been
successful in describing the experimental results relative to
the statistics in transient regimes of quantities related to the
laser power, such as the turn-on timing jitter. However, our
work shows that this approximation fails when we analyze
the statistics of the optical phase. In this approximation,
spontaneous-emission fluctuations appear as multiplicative
noise in SREM2, the phase evolution is analogous to that
found in two-dimensional Brownian motion, and the diver-
gence of the phase variance is observed. These results also
hold for a constant bias current when SREM2 is used, so an
analysis of phase fluctuations using SREM1 is more appro-
priate. This analysis was performed in Ref. [24], in which
a good comparison between experimental and theoretical
phase variance was obtained when the current is larger
than 0.6 times the threshold current. For smaller values
of the current, the theoretical results clearly underestimate
the experimental values, so a theoretical model better than
SREM1 is needed to describe the phase fluctuations.

Another consequence of our results is related to the
recently proposed procedure for finding the operational
limits of a phase-noise QRNG [23]. This method is based
on quantifying numerically and experimentally the amount
of phase-noise randomness produced by a gain-switched
laser diode. In the method, the intensity distribution at the
output of the interferometer of the QRNG is measured. An
experimental value of the phase variance is extracted from
a fit to the previous intensity distribution. A successful
comparison of this value with the Monte Carlo simulation
results is needed to validate the operational limits of the
QRNG. Since the results of those simulations depend on
the integration time step, the results of that comparison will
depend on that step. To obtain a better method for compar-
ison, we propose a slight modification of the process. This
consists in using the full width at half maximum (FWHM)
of the phase distribution in the validation method instead of
the values of the phase variance. We have shown that the
phase converges to a standard Cauchy distribution. This
random variable has infinite variance but finite FWHM.
Calculation of FWHM would avoid the dependence on the
integration time step of the quantities used in the validation
method.

In summary, we analyze theoretically the phase diffusion
in a gain-switched single-mode semiconductor laser. By
using simulations of the stochastic rate equations for the
electric field, we show that the variance of the optical phase
is a divergent quantity. This result can be explained by use
of the analogy with the mathematical description of two-
dimensional Brownian motion, for which it was shown that
the variance of the polar angle is infinite [42]. The fact
that this divergence is not observed with the simulation
of the photon-number and phase equations [39] indicates
that usual simulations of that model are not suitable for
describing the phase statistics when the photon number is

small: the results of the simulation converge, but not to the
correct mathematical solution. Simulation of the stochas-
tic rate equations for the electric field is better because
they are consistent with the mathematical results but they
still have the problem of giving rise to unphysical results
since an infinite value is obtained for the phase variance, a
quantity that can be experimentally obtained [23,39]. Our
results show that stochastic-rate-equation models are not
appropriated for describing the phase statistics when the
photon number is small. A more-fundamental theoretical
description of spontaneous emission is desirable to bet-
ter characterize the experimental phase statistics in that
regime. Our work has impact on quantum random num-
ber generation and QKD based on gain-switching of laser
diodes where phase randomization, with its corresponding
good theoretical description, is essential to security.
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APPENDIX A: EQUIVALENCE BETWEEN
RATE-EQUATION MODELS

Here we use the Ito calculus to derive Eqs. (4) and (5)
from the rate equation for the complex electric field. We
first separate Eq. (7) into the equations for the real and
imaginary parts of E(t), E1(t) and E2(t), to obtain

dE1

dt
= A1 +

√
βB
2

Nξ1(t), (A1)

dE2

dt
= A2 +

√
βB
2

Nξ2(t), (A2)

where

A1 =
(

GN (N − Nt)

1 + ε | E |2 − 1
τp

)
E1

2

− α

(
GN (N − Nt) − 1

τp

)
E2

2
, (A3)

A2 =
(

GN (N − Nt)

1 + ε | E |2 − 1
τp

)
E2

2

+ α

(
GN (N − Nt) − 1

τp

)
E1

2
, (A4)

and ξ1 and ξ2 are real independent Gaussian noise with <

ξi(t) >= 0 and < ξi(t)ξj (t′) >= δij δ(t − t′), i, j = 1, 2.
The change of variables is performed by use of Ito’s for-

mula [38]. Given an n-dimensional vector x(t) satisfying
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the stochastic differential equation

dx = A(x, t) + B(x, t)dW(t), (A5)

where dW(t) is an n-dimensional vector formed by n inde-
pendent differential Wiener processes, a function of x,
f (x), satisfies [38]

df (x) =
∑

i

Ai(x, t)∂if (x)dt

+ 1
2

∑
i,j

[
B(x, t)BT(x, t)

]
ij ∂i∂j f (x)dt

+
∑

i,j

Bij (x, t)∂if (x)dWj (t). (A6)

In our two-dimensional case, x =
[

E1
E2

]
, A =

[
A1
A2

]
,

and dW =
[

dW1
dW2

]
. The elements of the B matrix

are B11 = B22 = √
βB/2N , B12 = B21 = 0, and dWi =

ξi(t)dt. Application of Eq. (A6) to f (x) = E2
1 + E2

2 = P
gives

dP =
[(GN (N − Nt)

1 + ε | E |2 − 1
τp

)
P + βBN 2

]
dt

+
√

2βBN (E1dW1 + E2dW2). (A7)

Taking into account that E1(t) = √
P(t) cos φ(t) and

E2(t) = √
P(t) sin φ(t), and defining

dWp(t) = dW1(t) cos φ(t) + dW2(t) sin φ(t), (A8)

dWφ(t) = −dW1(t) sin φ(t) + dW2(t) cos φ(t), (A9)

we obtain

dP =
[(

GN (N − Nt)

1 + εP
− 1

τp

)
P + βBN 2

]
dt

+
√

2βBPNdWp(t). (A10)

Equations (A8) and (A9) correspond to an orthogonal
transformation in which dWp(t) and dWφ(t) are incre-
ments of independent Wiener processes Wp(t) and Wφ(t)
[38]. In this way, dWp(t) = Fp(t)dt and dWφ(t) = Fφ(t)dt,
where < Fp(t) >=< Fφ(t) >= 0, < Fp(t)Fp(t′) >=<

Fφ(t)Fφ(t′) >= δ(t − t′), and < Fp(t)Fφ(t′) >= 0.
Equation (A10) is equivalent to Eq. (4), so the deriva-
tion of Eq. (5) still remains. This is done by application

of Eq. (A6) to f (x) = arctan(E2/E1) = φ:

dφ = 1
P

[−A1E2 + A2E1] dt

+
√

βB
2

N
P

(−E2dW1 + E1dW2). (A11)

Applying Eqs. (A3) and (A4), E1 = √
P cos φ, E2 =√

P sin φ, and Eq. (A9), we obtain

dφ = α

2

[
GN (N − Nt) − 1

τp

]
dt +

√
βB
2P

NdWφ , (A12)

which is the same as Eq. (5)

APPENDIX B: NUMERICAL INTEGRATION OF
THE FIELD EQUATIONS

The Euler-Maruyama algorithm corresponding to
Eqs. (7) and (8) can be obtained after Eq. (7) has been split
into equations for the real and imaginary parts of E(t). The
numerical algorithm reads

E1(t + �t) = E1(t)+
(

GN (N (t) − Nt)

1 + ε(E2
1 + E2

2)(t)
− 1

τp

)
E1(t)

2
�t

− α

(
GN (N (t) − Nt) − 1

τp

)
E2(t)

2
�t

+
√

βB�t
2

N (t)X1, (B1)

E2(t + �t) = E2(t)+
(

GN (N (t) − Nt)

1 + ε(E2
1 + E2

2)(t)
− 1

τp

)
E2(t)

2
�t

+ α

(
GN (N (t) − Nt) − 1

τp

)
E1(t)

2
�t

+
√

βB�t
2

N (t)X2, (B2)

N (t + �t) = N (t) + I(t)
e

�t

− (AN (t) + BN (t)2 + CN (t)3)�t

− GN (N (t) − Nt)(E2
1 + E2

2)(t)
1 + ε(E2

1 + E2
2)(t)

�t, (B3)

where X1 and X2 are independent Gaussian numbers with
zero mean and standard deviation equal to 1. To main-
tain the continuous and unbounded character of the phase
within each modulation period, and taking into account
that the numerical evaluation of the arctangent function
gives values between −π/2 and π/2, we have to detect
the number of times that the trajectory crosses the vertical
axis (E1 = 0) of the complex plane and the clockwise or
counterclockwise character of these crossings. If the initial
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condition is such that E1(0) > 0, the value of the phase at
t is calculated by use of

φ(t) = arctan
(

E2(t)
E1(t)

)
+ (n − m)π , (B4)

where n is the total number of counterclockwise crossings
(from quadrant 1, Q1, to quadrant 2, Q2, and from quadrant
3, Q3, to quadrant 4, Q4) observed until time t. In the same
way, m is the total number of clockwise crossings (from
Q2 to Q1 and from Q4 to Q3) observed until time t. In
the opposite case, E1(0) < 0, the value of the phase at t is
found from

φ(t) = arctan
(

E2(t)
E1(t)

)
+ (n − m + 1)π . (B5)

The previous algorithm has to be modified if we also want
to consider the diagonal crossings: from Q1 to Q3, from
Q3 to Q1, from Q2 to Q4, and from Q4 to Q2. If we con-
sider that it is equally probable to increase or to decrease
the angle in these transitions, we modify the previous
algorithm by adding or subtracting π with probability 1/2
each time one of the previous crossings is observed from
t to t + �t. We use this modified algorithm to obtain the
results in this work. We note, however, that the effect of
considering these diagonal crossings is much smaller than
that obtained when we consider only crossings from Q1 to
Q2 or from Q3 to Q4, and vice versa, because the diagonal
crossings are just a very small percentage of the total cross-
ings of the vertical axis. For instance, the relative error of
the final value of the variance in Fig. 2(b) when we use
only Eqs. (B4) and (B5) with respect to the result found
with the modified algorithm is smaller than 1% for the case
�t = 10−5 ps.

APPENDIX C: CALCULATION OF THE PHASE
VARIANCE AT THE STEADY STATE BELOW THE

THRESHOLD

Our departure equations are Eq. (7) and a simplified
version of Eq. (8) in which linearized recombination of
carriers has been considered:

dN
dt

= I
e

− N
τn

− GN (N − Nt) | E |2
1 + ε | E |2 , (C1)

where τn is the carrier lifetime. We also consider the sit-
uation in which α = 0. We make these approximations to
obtain simple analytical expressions. They do not affect the
main result in this appendix—that is, to show in an alter-
native way the divergence of the optical phase. When the
bias current, I , is below the threshold, | E |2 can be ignored

and Eqs. (7) and (8) are written as

dEi

dt
= a(t)Ei +

√
βB
2

Nξi(t), (C2)

dN
dt

= I
e

− N
τn

, (C3)

where a(t) = (GN (N (t) − Nt) − 1/τp)/2 and i = 1, 2. The
solution of Eq. (C3) is as follows:

N (t) =
(

N (0) − τnI
e

)
e−t/τn + τnI

e
. (C4)

The solution of Eq. (C2) is given by [53]

Ei(t) = hi(t) exp
(∫ t

0
a(s)ds

)
, (C5)

where

hi(t) = Ei(0) +
√

βB
2

∫ t

0
N (t′) exp

(
−

∫ t′

0
a(s)ds

)
ξi(t′)dt′.

(C6)

hi(t) are independent Gaussian processes with < hi(t) >=
Ei(0) and variance σ 2

i =< h2
i (t) > − < hi >2, given by

σ 2
i = βB

2

∫ t

0
N 2(t′) exp

(
−2

∫ t′

0
a(s)ds

)
dt′. (C7)

The photon number is given by

P(t) = E2
1(t) + E2

2(t) = [
h2

1(t) + h2
2(t)

]
exp

(
2

∫ t

0
a(s)ds

)
.

(C8)

P(t) is an exponential process because hi(t) are inde-
pendent Gaussian processes. The exponential process is
determined by just one parameter, < P(t) >, which is cal-
culated by averaging Eq. (C8). A simplified expression for
< P(t) > can be obtained by considering the evolution at
times long enough for N to reach a constant value; that is,
t >> τn, N (t) ≈ τnI/e = N̄ , and a(t) ≈ [GN (N̄ − Nt) −
1/τp ]/2 = ā, where ā < 0 since I < Ith. Equation (C8)
then reads

P(t) ≈ [
h2

1(t) + h2
2(t)

]
e2āt, (C9)

with an average value given by

< P(t) > ≈P(0) + βBN̄ 2

2 | ā |
(
1 − e2āt), (C10)

which becomes independent of time when t >> 1/2 | ā |.
In the long-time regime, P(t) becomes an exponential ran-
dom variable, P, with statistical properties independent of
time, with an average given by ≈ P(0) + βBN̄ 2/2 | ā |.
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We now discuss the evolution of the phase by using
Eq. (A12), which for α = 0 reads

dφ =
√

βB
2P

NdWφ . (C11)

Integration of this equation gives

φ(t) = φ(0) +
√

βB
2

∫ t

0
N (t)

√
1

P(t)
dWφ . (C12)

Assuming that t >> τn and t >> 1/2 | ā |, we can approx-
imate N (t) ≈ N̄ and P(t) ≈ P so

φ(t) ≈
√

βB
2

N̄

√
1
P

∫ t

0
dWφ , (C13)

where for simplicity we assume that φ(0) = 0. The pre-
vious integral is Wφ(t), a Wiener process with zero mean
and variance given by V[Wφ(t)] = t. In this way, we have
expressed the phase as φ(t) = γ

√
1/PWφ(t), where γ =√

βB/2N̄ and where
√

1/P and Wφ(t) are statistically inde-
pendent because FP(t) and Fφ(t) are independent. Apply-
ing the formula of the variance of the product of two
statistically independent random variables, we find that the
variance of the phase is given by

σ 2
φ (t) ≈ γ 2 <

1
P

> t = γ 2t
∫ ∞

0

e−P/

P
dP. (C14)

The divergence of the phase variance lies in the fact that
this integral has a logarithmic divergence.

[1] F. Xu, X. Ma, Q. Zhang, H.-K. Lo, and J.-W. Pan, Secure
quantum key distribution with realistic devices, Rev. Mod.
Phys. 92, 025002 (2020).

[2] T. K. Paraïso, R. I. Woodward, D. G. Marangon, V. Lovic,
Z. Yuan, and A. J. Shields, Advanced laser technology for
quantum communications (tutorial review), Adv. Quantum
Technol. 4, 2100062 (2021).
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