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Metagratings offer promising opportunities for highly efficient yet anomalous wave-diffraction control
characterized by scattering matrices. In this work, those degenerated states of scattering matrices, arising
from elaborately induced non-Hermiticity and encoding unique scattering behaviors, are of interest. In par-
ticular, we theoretically and experimentally investigate the exotic degeneracies, exceptional points (EPs)
and diabolic points (DPs) in such scattering systems. We show the distinct response strength induced by
EP and DP. The extremely asymmetrical reflection occurs on the EP state in a metagrating, which exhibits
a stronger reaction to disturbances and offers opportunities for microvariable detection and external per-
turbation monitoring. As a contrast, a stable dual-angle absorber is proposed on the DP state, which is
almost unaffected by external perturbations. Our work may pave the way for extreme wave manipulation
via non-Hermitian metagratings on degenerated states.
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I. INTRODUCTION

The evolution of eigenstates leads to a variety of excit-
ing applications both in natural science and engineer-
ing [1,2]. Resultant singularities associated with peculiar
physical effects have attracted significant attention from
researchers. Among them, exceptional point (EP) is con-
spicuous for its strong response to external perturbation
[3–5], and it occurs while the eigenvalues and eigenvectors
in Hamiltonian (H matrix) or scattering matrix (S matrix)
simultaneously coalesce [6–11]. Prompted by this concept,
researchers have proposed various opportunities for wave
control, such as laser absorbers [10], coherent perfect wave
absorption [12], and asymmetric reflection and transmis-
sion [13–16]. In these works, accompanied by the change
of system parameters, eigenvalues would become cou-
pled and decoupled, accounting for the diverse spectacles.
However, according to our previous research, the gener-
alized nth-order EP requires the H matrix or S matrix
to be similar to the Jordan-block canonical form [17,18]
(n × n). All the eigenvectors should be linearly correlated,
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otherwise leading to another, more conventional degener-
ate state, diabolic point (DP) [19–21]. As a less demanding
singularity, eigenvalues merge around DP accompanied
by n linearly independent eigenvectors [12,19,20,22–24].
Due to the increasing sensitivity from EP or DP, these
singularities play an essential role in sensing applications
[3,5,17,23,25]. For example, light-matter interaction is
leveraged for constructing high-quality optical microcav-
ities, achieving accurate monitoring for nanoscale objects
in a confined volume [3,26]. Nevertheless, there is a lack
of research on acoustics, and the discrepant characteristics
of EP and DP in acoustic detection remain mysterious.

In the last decade, the two-dimensional (2D) category of
functional acoustic microstructures, namely metasurfaces
[27], have offered efficient opportunities to exploit the
physical predominance of non-Hermitian systems [16,17,
25,28,29]. The traditional acoustic metasurface is intrin-
sically composed of various subunits, each individually
designed so that the locality fundamentally limits the effi-
ciency of anomalous wave manipulation. Notably, recent
advances in nonlocality have revealed its crucial role in
wave manipulation and unlocked the strength of cou-
pling among subunits [30,31]. Pivoted on this concept,
researchers have proposed the metagrating [32–36], in
which the subunits were randomly arranged, and the phase
gradient was no longer dominant in wave manipulation.
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In this paper, we show that the nonlocal metagrating
[32–36] could be leveraged as an ideal platform for theo-
retically and experimentally exploiting the scattering fields
around EP and DP. Empowered by this, this paper intends
to demonstrate the evolution of eigenvalues and eigenvec-
tors associated with these two singularities, to quantify the
diverse response strengths to external perturbations. To be
convenient but without loss of generality, the second-order
scattering matrices (2 × 2) around singularities are taken
as examples.

II. RESULTS AND DISCUSSIONS

A. Multichannel scattering system based on the
metagrating

Following the significance of EP and DP, the scattering
matrix on second-order singularities are ruled as [17,18],

SEP =
(

E0 1
0 E0

)
, SDP =

(
E0 0
0 E0

)
. (1)

Here SEP ∼ J (2)(E0) so that the eigenvalues and eigenvec-
tors coalesce simultaneously, while the identical eigenval-
ues in SDP are accompanied by the eigenvectors perpen-
dicular to each other. To intuitively show the disturbance
in the sound field after introducing the perturbation, both
degenerate eigenvalues set E0 = 0 in Eq. (1). The singu-
larities from non-Hermitian scattering matrices [19] are
demonstrated in the two-channel metagratings filled with
sound-absorbing materials, which is a two-port scattering
system creating anomalous reflections at ±45◦, as shown
in Fig. 1. Without loss of generality, three rectangular-
groove-type subunits arranged periodically are adopted to
construct the nonlocal metagrating prototype [17,36]. It is
apparent that the metagrating acts as an asymmetric unidi-
rectional retroreflector around EP or an all-angle absorber
on DP.

According to the generalized diffraction law in the grat-
ing, the nth-order reflected wave and incidence should
be satisfied k0(sin θr − sin θi) = nG. k0, θr, and θi are the
wave number in free space, reflection, and incident angles,
respectively. G = 2π/D is the reciprocal lattice vector. We
notice that the grating period D determines the number of
free-space propagation modes. For the two-channel meta-
grating, G = √

2k0, and D = √
2λ/2. θi and θr are set to

be ±45◦. Then the state vectors of reflection and incident
fields could be represented as

(
pR

r

pL
r

)
= S

(
pL

i

pR
i

)
=

(
rL

0 rR
+1

rL
−1 rR

0

) (
pL

i

pR
i

)
. (2)

p indicates the complex pressure amplitude, where the
superscript L (R) represents the left (right) side of the
two-channel metagrating. The subscript r (i) marks the out-
put (input) sound waves, i.e., the reflection or incidence.
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FIG. 1. Diagram of metagratings at EP (a) and DP (b). D is
the period of metagrating. ts, ls, and xs refer to the width, depth,
and spacing of the sth groove. One or two tracks are filled with
sound-absorbing materials in EP or DP scenarios in each period,
as shown in white-dashed rectangles. Yellow and green rays rep-
resent the incident wave and strong retroreflection, respectively.
Black arrows show the propagation waves, while the dashed
arrows represent the suppressed reflected waves. p denotes the
complex pressure amplitude, the superscript represents the left
(L) or right (R) channel, while the subscript marks the incidence
(i) or reflection (r).

The scattering matrix (S) relating these vectors is S =
(rL

0, rR
+1; rL

−1, rR
0 ), while the elements represent the reflec-

tion coefficients of each mode, whose superscripts refer
to the direction of incidence, i.e., L (R) indicates to the
left (right) incidences with θi = 45◦(−45◦). The subscripts
denote the reflection orders. Notably, the clinodiagonal ele-
ments in S(rR

+1, rL
−1) correspond to retroreflection in two

channels, while rL
0 and rR

0 represent the mirror reflection.
As Eq. (1) reveals, EP is achieved when the 2 × 2 scat-

tering matrix coalesces, accompanied by two eigenvalues
degenerating and the initially orthogonal eigenvectors con-
verting to parallel. At the same time, the latter maintains
orthogonal on DP. Coupled-mode theory considering com-
plex velocities is utilized to theoretically calculate the scat-
tering coefficients in parameter space. Note that the global
optimization, genetic algorithm (GA), is a powerful tool,
while Eq. (1) is logically defined as the optimization objec-
tive in the design. We assume the operating frequency to be
3430 Hz, then the geometrical parameters from two meta-
gratings could be rigorously solved. Relevant details about
coupled-mode theory and the geometrical parameters are
shown in Appendix A.

B. Eigenvalues’ variation around EP and DP

We start with the eigenvalues’ behavior around the
singularities. The S matrix on EP associated with the
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perturbation term should be written as [3,23]

S(δ)EP = S0EP + δS1 =
(

E0 A0
0 E0

)
+ δ

(
E1 A1
B1 E2

)
, (3)

S0EP represents the accurate EP matrix [SEP in Eq. (1)].

δS1 = δ

(
E1 A1
B1 E2

)
reveals a stochastic matrix referring

to the environmental perturbation introduced into the
metagrating. In other words, δS1 represents the deviation
in reflection coefficients accounting for complex sound
velocity, complex frequency, or even the error in sample
sizes, etc.

After simplification, the gap between eigenvalues
approaching EP in parameter space characterizes as

�EEP =
√

δ

√
δ(E1 − E2)

2 + 4A0B1 + 4δA1B1

=
√

δ
√

4A0B1 + o(δ), (4)

where o(δ) is the higher-order terms of δ, which is neg-
ligible when the perturbation is imperceptible. Similarly,
the general S matrix approaching DP accompanied by
disturbance could write as [3,23]

S(δ)DP = S0DP + δS1 =
(

E0 0
0 E0

)
+ δ

(
E1 A1
B1 E2

)
. (5)

For comparison, the elements in S1 here are the same as
in the EP case. Then we could obtain the gap between
eigenvalues near the DP state as

�EDP = δ
√

(E1 − E2)
2 + 4A1B1. (6)

Comparing Eq. (4) with Eq. (6), the linear eigenvalue
deviation around DP relates to the perturbation. While in
the general matrix around EP, since A0 �= 0, the departure

of eigenvalues is exponentially related to δ. As a multi-
ple of

√
δ, A0 determines the separation distance between

eigenvalues, and it is the crucial element in the scattering
system to characterize the response strength to an exter-
nal perturbation. Note only if B1 �= 0 in S1 that the more
extensive splitting around EP would exist [23]. Otherwise,
�EEP = �EDP, which induces by the turmoil associated
with B1 = 0.

In order to elucidate the utterly different trend around
two singularities intuitively, the Riemann surface [11,37]
is calculated, as shown in Fig. 2. Here, we take the pertur-
bation in complex sound velocity as an example to provide
the eigenvalues’ variation, which is associated with the real
part of the normalized complex velocity cr

s and the imagi-
nary parts ci

s. The subscript s represents the serial number
of grooves. The white domain in the Reimann surface on
the z = 0 plane refers to the merging state of EP [Fig. 2(a)]
and DP [Fig. 2(b)], which is marked on the intersection
of green lines (Im(λ) = 0). It is apparent that the eigen-
values travel on a nonlinear path around EP, while the two
eigenvalue surfaces cross each other, accompanied by a flat
and smooth variation around DP. Indeed, after the inter-
action on EP, the eigenvalues could not be distinguished
immediately, which is different from DP.

To further contrast the above splitting tendency in eigen-
values, i.e., the response sensitivity around singularities
[25], we calculate the real-part deviation in Fig. 3. The
abscissa δ = ci

s − ci
s|EP(DP) represents disturbance induced

into the lossy groove. ci
s|EP(DP) is the original imaginary

part of sound velocity in the nth track on EP (DP). In
Fig. 3, the red triangles refer to the eigenvalues’ differ-
ence solved analytically from the metagrating on EP. In
contrast, the fitted curve (red solid line) corroborates that
the sensitivity follows a square-root dependence on the
δ

(
|Re(�E)| ∝ √

δ
)

. For comparison, the eigenvalues’
division tendency around DP is marked by blue boxes. It
fits by the solid blue line, which satisfies |Re(�E)| ∝ δ.
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FIG. 2. Riemann surfaces around EP (a) and DP (b) for two metagratings. The x (y) axis refers to the real (imaginary) part of the
normalized velocity, while the z axis and color bar represent the range of eigenvalues. Bright green lines refer to the contours of
Im(λ) = 0. The merging states are marked at the intersection of the contours on the z = 0 plane.
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FIG. 3. Response sensitivity of the designed metagratings
around EP (red data sets) and DP (blue data sets). |Re(�E)| on
the y axis represents the splitting tendency of the eigenvalues’
real parts varying with δ = ci

s − ci
s|EP(DP).

The above tendency is consistent with the analytical solu-
tion in Eqs. (4) and (6). From Fig. 3, when δ is small
enough (for example, on the e−4 scale), the division of
eigenvalues away from EP is more aggressive than that
from DP. This muscular response strength is precisely
owing to element A0 in Eq. (4).

C. Eigenvectors’ variation around EP and DP

In addition to the evolutionary trajectories of Riemann
surfaces, the general mathematical condition on EP [17]
and DP [19,20] [Eq. (1)] indicates that the eigenvectors
ought to possess different variation tracks accompanied by
the disturbance. This paper will then elicit the evolution
of eigenvectors around the two singularities. Phase rigid-
ity [11,18,38] has been defined in previous research to
describe the deviation of eigenfunctions around singulari-
ties. Furthermore, this variable is adopted here to illustrate
the evolution of eigenvectors. For convenience, we first

define the normalized biorthogonal left eigenvectors
〈
φ̃L

∣∣∣
and the right one |φ̃R〉 based on Dirac symbol [39], as

〈
φ̃L

∣∣∣ = 〈φL|√〈φL|φR〉 , |φ̃R〉 = |φR〉√〈φL|φR〉 . (7)

Whenever the eigenvalues are determined, the correspond-
ing eigenvectors could be obtained as

〈
φL

∣∣ and |φR〉, where〈
φL

∣∣ is the conjugate vector of |φR〉 and
〈
φ̃L

i |φ̃R
j

〉
= δij . Here

i and j are the serial numbers of eigenvectors. Then the
phase rigidity could be defined as [11,18]

rj =
〈
φ̃L

j |φ̃R
j

〉
〈
φ̃R

j |φ̃R
j

〉 = 1〈
φ̃R

j |φ̃R
j

〉 . (8)

Figure 4 describes the variation of rj accompanied by ci
s.

It is apparent that the phase rigidity evolves dramatically
and vanishes near EP, revealing the depravity and division
process of eigenvectors [18,38] [Fig. 4(a)]. For compar-
ison, the steady state of rj remains unchanged around
DP [Fig. 4(b)], accompanied by the linearly independent
eigenvectors. Considering the components of scattering
matrices on EP and DP, A0 in Eq. (4) is also the critical
variable determining whether the eigenvectors degenerate.

The above discussion explains why the scattering sys-
tems at two singularities own different sensitivities to
perturbations. Of note, the parameter dependence around
EP could apply to the high sensitivity detection. At the
same time, the insensitivity to perturbations behind DP
could be utilized to achieve stable wave manipulation, such
as dual-angle absorption, as shown in the following.

D. Numerical simulation and experimental
demonstration for EP and DP

To demonstrate the parameter dependence around EP
and DP in theory, numerical simulation and experimental
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FIG. 4. Phase rigidity profile calculated theoretically around EP and DP, where the ordinates are managed with the logarithm. (a) The
eigenvectors’ evaluation from the EP metagrating varies with ci

2. (b) The trajectory of eigenvectors calculated from the DP metagrating
as functions of ci

1.
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FIG. 5. Numerical simulation and experimental demonstration around EP (top two lines) and DP (bottom two lines). (a)–(d) The
reflected field without disturbance introduced in the groove height. (e)–(h) The reflected field when a 2-mm gasket adds into the
first (second) groove in the EP (DP) scenario. The scanning area is marked by the solid-line box in the simulation, while the sweep
graph displays outside the semicircular field. White arrows indicate the propagation of incidence and reflection waves, and the less-
visible ones refer to the near-perfect absorption (no reflection). Lines and dots in (i)–(l) represent the simulation and experiment data,
respectively, extracted along the scanning area’s central lines. The black-dotted lines in (i)–(l) depict simulation data on the red-dashed
lines in (a)–(d). λ in lateral axes is the wavelength of the operating frequency. The operating frequency in the simulation is 3430 Hz.

demonstration are then performed. To precisely regulate
the perturbation variables, the slight change in the groove’s
height is taken as δ, then the disturbance in scattering fields
could be calculated and demonstrated intuitively. Numeri-
cal simulation is performed with the finite-element analysis
in COMSOL Multiphysics. The reflected fields in the sim-
ulation and experiment around EP and DP are shown in
Fig. 5.

In the EP scenario, the reflected fields under the left and
right incidence in the simulation are shown in Figs. 5(a)

and 5(b), respectively. The measured fields outside the
semicircular field are normalized by the incident pressure.
To verify the response strength of EP status, a 2-mm gasket
is added into the first groove to tune the height. The details
of the experimental setup and the preparation of measured
samples are described in Appendix B. Relevant results are
shown in Figs. 5(e) and 5(f). Simulated and measured data
extracted from the scanning areas are consistent in both
channels, as shown in Figs. 5(i) and 5(j). Through the com-
parison between solid and dashed lines in (i) and (j), the
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stray speckle would appear in the original reflected field
after the groove depth is reduced by 2 mm (λ/50). The
coincidence between simulation and experiment also exists
in the DP situation, as shown in the bottom two lines in
Fig. 5. Differently, when the groove depth tunes with the
same size (2 mm), the scattering field remains unchanged,
as demonstrated in Figs. 5(k) and 5(l). In other words,
the efficient dual-angle absorption in this metagrating is
not affected by the external perturbation. To demonstrate
the weak response strength induced by DP, near-perfect
absorption under various incident angles is further inves-
tigated, indicating a consistently quasiperfect absorption
around the designed incident angles (θi = ±45◦), as shown
in Appendix C. These curious phenomena stem from the
nonlocal effect manifested by the nonuniform energy flow
around the grating surface at EP and DP, as shown in
Appendix D.

III. CONCLUSION

According to the general condition for second-order
EP and DP in S matrix, we theoretically investigate the
fantastic wave behavior on the two singularities with meta-
gratings. The diverse response strengths around EP and DP
are demonstrated based on the variation of eigenvalues and
eigenvectors. In addition, through the subtle change in the
size of metaunits, we experimentally investigate the evo-
lution of scattering systems in the face of perturbations.
This paper provides efficient approaches toward microvari-
ation detection and sound dual-angle absorption, based on
the physical significance of the two singularities. Relevant
ideas could apply to acoustic impedance engineering or
object identification in underwater environments.
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APPENDIX A: DEVIATION OF THE NUMERICAL
METHOD TO SOLVE THE REFLECTION

SPECTRA

As shown in Fig. 1, when the plane waves are incident
into the reflection-type metagrating, we could describe the
total field pt above the surface as

pt(x, y) = A+
0 ej (−k0sinθix+k0cosθiy) + ∑

n
A−

n e−j kx,nxe−j ky,ny ,

(A1)

where k0 is the wave number in free space, A+
0 is the

incident wave amplitude with angle θi, and A−
n repre-

sents the amplitude of the nth-order diffraction wave.
kx,n = k0 sin θi + nG, while G = 2π/D is the reciprocal
vector determining the propagation orders in free space.
To demonstrate the second-order singularities in scattering
systems, we set n = 1 to provide the two-channel meta-

gratings. ky,n =
√

k2
0 − k2

x,n represents the nth-order wave
vector in the y direction. We could describe the pressure
distribution inside the closed-end grooves as

ps
g(x, y) =

∑
k

aks cos αks(x − xs)(ej βksy + e−j βks(y+2ls)).

(A2)

ps
g refers to the pressure in the sth groove, aks and bks mean

the amplitudes of the kth-order waveguide mode along
∓y directions inside the sth track. Due to the melamine
cotton added into tracks, the complex wave number in
the sth lossy groove should represent k′ = k0/(1 + ici

s).

αks = (kπ)/ts and βks =
√

k′2 − α2
ks represent the x and y

components. ts, ls, and xs are the width, depth, and initial
position of the sth groove.

Based on the above equation, particle velocity in the y
direction could be expressed as

vt(x, y) = − A+
0

ρω
k0 cos θiej (−k0sinθix+k0cosθiy)

+
∑

n

ky,n

ρω
A−

n e−j kx,nxe−j ky,ny , (A3)

vs
g(x, y) = −

∑
k

βks

ρω
akscosαks(x − xs)ej βksy

+
∑

k

βks

ρω
bkscosαks(x − xs)e−j βksy . (A4)

According to the continuum distribution for the sound
pressure and normal velocity, we could deduce the linear
equations about the corresponding vectors as

(
P1
V1

)
A+

0 =
(−P2 P3

−V2 V3

) (
A−
A

)
, (A5)

where A− = (A−
−N , . . . , 0, . . . , A−

N )T describes the ampli-
tude of 2N + 1 orders of reflection components. A =
(A1, . . . , AS)

T and AS = (A1,S, . . . , AK ,S)
T represent the

amplitude of waveguide modes, in which K and S are
the total numbers of standing-wave modes and grooves,
respectively. The conditional matrix elements in P1 ∼
P3 can be expressed after multiplying by the orthogonal
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functions.

Ps
1(k) = 1

ts

∫ xs+ts

xs

e−j k0sin θixcos αks(x − xs)dx, (A6)

Ps
2(k, n) = 1

ts

∫ xs+ts

xs

e−j kx,nx cos αks(x − xs)dx, (A7)

Ps
3(k2, k1) = 1

ts

(
1 + e−2j βk1shs

)

×
∫ xs+ts

xs

cos αk2s(x − xs)cos αk1s(x − xs)dx,

(A8)

Similarly, elements in V1 ∼ V3 can be represented as

V1(m) = −k0 cos θi

D

∫ D

0
e−j k0 sin θixej kx,mxdx, (A9)

V2(m, n) = ky,n

D

∫ D

0
e−j (kx,n−kx,m)xdx, (A10)

Vs
3(m, k) = −βk,s

D
(
1 − e−2j βksls

)

×
∫ xs+ts

xs

cos αks(x − xs)ej kx,mxdx, (A11)

where m ∈ (−N , . . . , N ) represents the order of the orthog-
onal term. After the geometric parameters of the metagrat-
ing are confirmed, we can obtain numerical solutions for
all elements in conditional matrices. Once the complex
amplitude of incidence is known, the reflection spectrum
and the amplitude of each order standing wave can be
solved rigorously.

However, we cannot determine the geometrical param-
eters immediately according to the target reflection spec-
trum. The global optimization (genetic algorithm, GA) is
adopted in this paper to obtain the geometrical parameters,
further realizing the fantastic sound distribution around
singularities. Detailed parameters of metagratings on EP
and DP are shown in Tables I and II, respectively. dx rep-
resents the spacing of rectangular grooves, and ci

s is the
imaginary parts of the normalized complex sound velocity
in the sth groove.

TABLE I. Parameters of two-channel metagrating on EP (in
terms of D or λ).

s ls(λ) ts(D) dxs(D) ci
s

1 0.569 0.227 0.276 0
2 0.195 0.115 0.070 0.074
3 0.232 0.153 0

TABLE II. Parameters of two-channel metagrating on DP (in
terms of D or λ).

s hs(λ) ts(D) dxs(D) ci
s

1 0.211 0.137 0.096 0.240
2 0.491 0.187 0.081 0
3 0.210 0.145 0.251

APPENDIX B: DETAILS FOR EXPERIMENTAL
SETUP AND THE CONSTRUCTION OF

MEASURED SAMPLES

As for the experimental setup, we construct the two-
dimensional waveguide. The schematic diagram of the
experimental design is shown in Fig. 6. Organic glass
plates are put on the top and bottom of the grating sam-
ple (fabricated with 12 periods). The waveguide height
is 40 mm (<λ/2) to guarantee the plane-wave propaga-
tion. Sound waves from 3.33 to 3.53 kHz generated by
the transducer array, which is constructed with seven loud-
speakers (one-inch, Hivi B1S) and placed on the periphery
at ±45◦ to the center of the sample. This generator is
placed 600 mm from the sample center to produce contin-
uous sound waves. Melamine cotton around the perimeter
and the generator is omitted in Fig. 6. The amplitude and
phase signals can be measured by a 1/8-inch microphone
(Brüel & Kjær Type 2670) connected with data-acquisition
hardware (NI PXI-4461 in NI PXIe-1071). The micro-
phone ties to the automatic scanning stage. In order to
mimic the nonreflective boundary, melamine cotton places
on the sides of the waveguide. In the experiment, we
need to scan without a sample to obtain the incident field.
Then the piece is identified and scanned again. We can get
the scattering field around EP and DP by subtracting the
background from the total sound field.

Scanning stage

40 mm Organic glass

Scanning 

Area

Melamine cotton 

One period of 

metagrating

FIG. 6. Experimental setup diagram. The measured area is
labeled by the red-dotted box, which scans by a 1/8-inch micro-
phone connected to the automatic sweep controller. The black
cuboid identifies one period of the sample and the position of the
melamine cotton, which is placed in the waveguide constructed
with two pieces of organic glasses.
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TABLE III. Parameters of metagrating on EP in the experiment
(in terms of period D and wavelength λ).

s ls(λ) ts(D) dxs(D) lcotton
s (λ)

1 0.569 0.227 0.276 0
2 0.684 0.138 0.070 0.161
3 0.232 0.153 0

The metagrating samples on EP and DP fabricated with
stereo lithography apparatus are selected in the experi-
ment. Note that, the loss factors ci

s in theory could be tuned
by adjusting the thickness of melamine cotton added into
the lossy grooves. To imitate the loss medium accurately in
authentic environments, we slightly tune the groove sizes
and the thickness of the sth melamine cotton based on the
Johnson-Champoux-Allard model and optimization mod-
ule in COMSOL Multiphysics. So the metagrating samples
covered by melamine cotton can be described by the exact
EP or DP scattering matrices. The finely tuned geometries
of metagratings and the thickness of melamine cotton are
shown in Tables III and IV. The fixed height of covered
cotton in lossy grooves is lcotton

s .

APPENDIX C: ABSORPTION BEHAVIOR BY
VARYING INCIDENT ANGLES IN A BROAD

RANGE

The dual-angle absorption induced by the metagrating
on the DP state has been revealed in the main body of this
paper. To demonstrate the weak response strength induced
by the external perturbation around DP, we further inves-
tigate the absorption behavior by varying incident angles
with the same design. The absorption coefficient is relevant
to the reflection power of each order and is defined as

α = 1 −
∑

n

(Pr
n/Pi), (C1)

where P represents the sound power, the superscript r and
i refers to incidence and reflection, respectively, the sub-
script n is the reflection order. Considering that the period
of the metagrating determines a finite number of propaga-
tion modes, the relation between the absorption coefficient
and the incident angles could be solved theoretically, as

TABLE IV. Parameters of metagrating on DP in the experiment
(in terms of period D and wavelength λ).

s ls(λ) ts(D) dxs(D) lcotton
s (λ)

1 0.213 0.098 0.182 0.213
2 0.049 0.161 0.051 0
3 0.216 0.106 0.216

–85 –45 0 45 85

0.25

0.75

0.00

0.50

1.00

i

FIG. 7. Absorption coefficients of sound power under various
incident angles.

shown in Fig. 7. The perfect sound absorption is realized
at θi = ±45◦, and a remarkable absorption (α ≥ 0.8) under
incident angles in a broad range (−60◦ ≤ θi ≤ 60◦) is pre-
sented without altering the design, which demonstrates
the robustness against the perturbation in incident angles
induced by DP.

APPENDIX D: DETAILS OF THE NONLOCAL
EFFECT IN THE METAGRATING

To prove the significance of nonlocal effects in these
metagratings, the local energy intensity and sound dis-
tribution are represented in Fig. 8, which is numerically
calculated with the acoustic frequency module in COM-
SOL Multiphysics. Here the acoustic intensity refers to the
product of sound pressure and complex conjugate of the
velocity in both x and y directions. Figures 8(a) and 8(b)
show the total field and intensity distribution near the sur-
face on EP, while (c) and (d) represent the DP scenario. The
white arrows indicate the direction of local intensity, where
the amplitude is represented by its length. Lossy grooves
are marked by the black dotted lines. When approaching
the surface of metagratings, white arrows are strongly dis-
torted, meaning that the lateral energy flow (evanescent
wave) along the surface plays a role in sound control,
which refers to the nonlocal effect. Total absorption occurs
when the energy flow concentrates into the lossy grooves
[Figs. 8(a), 8(c), and 8(d)]. Note that the energy intensity
in Fig. 8(b) is so weak due to the counteraction between
the incident and reflected waves. This reveals that flexi-
ble control of multichannel sound field could be achieved
with the nonlocal metagrating, so it is an excellent plat-
form to approach the scattering matrix exactly on EP
and DP.
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x

y

1

–1
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(a) (b) (c) (d)

FIG. 8. Sound field and nonlocal intensity distribution near the surface of metagrating in one period. (a),(b) refer to EP, (c),(d)
represent DP state. The black-dotted lines represent the lossy grooves. The white and orange arrows illustrate the energy flow and the
direction of incidence, respectively.
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