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Conventionally, band gaps of water waves can be obtained with periodic arrays of bottom-mounted
obstacles or vertical cylinders. However, such structures need to possess a large ratio of volume in water,
and may not be easy to build and move in practical ocean engineering. Here, we theoretically propose
and experimentally demonstrate that when the water surface is pierced by a fixed, rigid cylinder array, a
complete band gap of water waves can be achieved, in which the propagation of water waves is forbidden
in all the directions. Such a band gap can exist even when the cylinders have a draft much smaller than
the water depth (d � h). Based on the complete band gap, a semicircular shape of the fixed-surface disk
array is further constructed, which can block omnidirectional water waves generated by a point source.
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I. INTRODUCTION

The interaction of waves with periodic structures is a
key topic in wave physics [1–3]. Based on the Bloch
theorem, the dispersion relationship of waves in periodic
structures can be solved and expressed as band structures
[1–3]. It is found that there can exist specific frequency or
energy ranges called band gaps in which wave propagation
is forbidden. Such effects of band gaps, first discovered for
electron waves in a periodic potential field [4], are criti-
cal to understand various phenomena in solid-state physics
and form the basis of modern electronic technology [2].

Unlike quantum electron waves, water waves are
mechanical waves propagating in water, with the restor-
ing force provided by gravity [5,6]. In recent years, there
has been growing interest in studies of the propagation of
water waves in three-dimensional (3D) periodic or near-
periodic structures [7–36]. On one hand, water waves can
be directly observed and thus used to demonstrate and
understand subtle concepts or fascinating phenomena, such
as Bloch waves [7–9], superlensing effect [19], focusing
effect [20–24], effective negative gravity [25–28], cloak-
ing effect [29–31], topological effects [32–34], and unidi-
rectional transmission [35,36]. On the other hand, water
waves can possess high power density and thus strongly
influence human activities in oceans, including offshore
drilling, offshore wind power, and aquaculture [6]. It is
highly desired to construct appropriate structures to control
the propagation of water waves [14–17]. Some periodic
structures that possess band gaps of water waves have
been discovered to block water waves [8–18,37–40]. Using
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particular geometric parameters, the band gap can even
extend to the entire Brillouin zone, forming a complete
band gap [9,11]. However, such structures are usually com-
posed of bottom-mounted obstacles or vertical cylinders,
which need to possess a large ratio of volume in water
and may not be easy to build and move in practical ocean
engineering.

In this paper, we theoretically propose and experimen-
tally demonstrate that when the water surface is pierced by
a fixed, rigid cylinder array, a complete band gap of water
waves can be achieved, in which the propagation of water
waves is forbidden in all the directions. Interestingly, such
a complete band gap can still exist even when the cylinders
have a draft much smaller than the water depth (d � h).
Based on the complete band gap, omnidirectional water
waves can be blocked by a semicircular shape of a fixed-
surface disk array, which is verified by both experiments
and simulations.

II. RESULTS

We consider linear, inviscid, and irrotational water
waves in water pierced with a square lattice of fixed, ver-
tical, circular, rigid cylinders, as shown in Figs. 1(a) and
1(b). The cylinders have a draft d, radius R, and period a.
The water region without cylinders has a depth of h, and
the water depth is h − d under the cylinders. Set r = (x, y)

in the horizontal plane and z as the vertical axis. z = 0 on
the bottom, and z = h on the free surface of water.

For harmonic water waves, a velocity potential
�(x, y, z)e−iωt can be introduced, so that ∇�(x, y, z)e−iωt

is the velocity of water particle where ∇ ≡ (∂/∂x, ∂/∂y ,
∂/∂z), ω is angular frequency, and t is time. � satisfies the
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(a) (b)

FIG. 1. Schematic diagrams of water pierced by a square lat-
tice of fixed, vertical, rigid cylinders. The water depth is h. The
cylinders have a period a, radius R, and draft d. (a),(b) Side
and vertical views of the periodic system. The setup to fix the
cylinders is not shown here.

3D Laplace’s equation [5,6]

∇2� = 0 (1)

subjected to boundary conditions

∂�

∂z
= 0 on z = 0, (2)

∂�

∂z
= ω2

g
� on z = h, (3)

∂�

∂n
= 0 on the cylinder-water interface, (4)

where n is the unit vector normal to the cylinder-water
interface.

If no cylinders exist in water, a solution of plane
water waves exist for Eqs. (1)–(3), namely � = exp(ik ·
r)cosh(kz)/cosh(kh) with k = (kx, ky) and k =

√
k2

x + k2
y .

From the dispersion

ω2 = gk tanh(kh), (5)

a real value of wave number k can be obtained for a given
angular frequency ω [5,6]. In addition, many imaginary
values of wave number k can also be obtained from Eq.
(5), corresponding to evanescent waves.

When identical cylinders are arranged in the lattice, a
solution of Bloch water waves exists for Eqs. (1)–(4), with
the potential satisfying the Bloch condition

�(r + Rlm, z) = �(r, z) exp (iq · r) , (6)

where q = (qx, qy) is the Bloch wave vector, Rlm = la1 +
ma2 is the lattice vector, l and m are integers, a1 = aex,

a2 = aey , and ex and ey are unit vectors in the x and y
directions [1–3]. We adopt a commercial software (COM-
SOL Multiphysics) with the 3D finite-element method to
simulate Eqs. (1)–(4) and (6). We consider a cuboid unit
cell with a size of a in both the x and y directions and a
height h in the z direction, and choose Bloch wave vectors
q along the boundary of the first reduced Brillouin zone
[see the inset to Fig. 2(a)]. For a given Bloch wave vec-
tor q, multiple eigenfrequencies ω can be obtained. The
results of ω(q) or k(q) can then be plotted as band struc-
tures, where k is the wave number in water regions without
cylinders.

It should be mentioned that when d = h, the structure
in Fig. 1(a) will become a bottom-mounted cylinder array
where Eqs. (1)–(4) and (6) reduce to a two-dimensional
(2D) problem with � = ϕ(r)cosh(kz)/cosh(kh) [10–13,
19]. Hence, the band structures can be solved with the mul-
tiple scattering method [11], which can be used to check
the accuracy of our 3D finite-element simulations.

Band structures of water waves are first calculated for
the cases of d ≈ 0 and d = h, as shown in Figs. 2(a) and
2(b). Here, the radius of cylinders R = 0.4a and the water
depth h = 5a. A complete band gap is visible between the
first and second bands. The lower edge of the complete
band gap is located at the M point of the first band, while
the upper gap edge is situated at the X point of the second
band. For the case of d = h (i.e., a bottom-mounted cylin-
der array), the complete band gap has a wave number k
ranging from 1.01 to 1.29π/a. The 3D finite-element simu-
lations can accurately reproduce the results by the rigorous
multiple-scattering method [11], as shown in Fig. 2(b). For
the case of d ≈ 0 (i.e., a fixed-surface disk array), the com-
plete band gap has a wave number k ranging from 1.55 to

(a) (b)

FIG. 2. Dispersion relationship of water waves in water
pierced by a square lattice of fixed, vertical, rigid cylinders. The
radius of cylinders R = 0.4a and water depth h = 5a. (a) The
draft of cylinders d ≈ 0. (b) The cylinders are standing on the
bottom (d = h). Circles are previous results [11] and solid lines
denote our current results. The geometry of cylinders (top view)
and the irreducible Brillouin zone are shown as the inset in (a).
The red area in (a) and gray area in (b) denote the complete band
gap.
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(a) (b)

FIG. 3. The complete band gap as a function of (a) the draft of
cylinders d or (b) the water depth h. h = 5a and R = 0.4a in (a).
d ≈ 0 and R = 0.4a in (b).

1.87π/a, higher than the values in the case of d = h. A
relative gap width �k/k can also be defined as the ratio of
the gap width to the gap-center wave number. It is found
that although the structure has a shallow draft (d � h), its
relative gap width (18.3%) can still be 75% of the value
(24.4%) of the structure of d = h.

Figure 3(a) shows the complete band gap as a function
of the draft d of cylinders. Here, R = 0.4a and h = 5a.
We can see that when d < 0.6a, the wave numbers of
the gap edges decrease with an increase in the draft d.
However, when d > 0.6a, the gap will be almost inde-
pendent of the draft d. Similar phenomena also appear in
Fig. 3(b), which shows the gap as a function of water depth
h. Here, R = 0.4a and d ≈ 0. It is found that when the
water depth h is less than 0.6a, the wave numbers k of
the gap edges increase with increasing h. However, when
h > 0.6a, the gap is basically independent of the water
depth h. Such phenomena occur because water waves are
surface waves with the potential decaying in the −z direc-
tion (� ≈ �(z = h) exp(−kz)). For water waves in the
gap, the potential is close to zero for z < h − 0.6a.

The position and width of the complete band gap also
depend on the radius of cylinders R, as shown in Figs. 4(a)
and 4(b). Here, the water depth h = 5a. We can see that
when 0.5a > R > 0.32a, increase of the radius of cylin-
ders increases the gap width. However, if the radius of
cylinders is less than the critical value (R < 0.32a), the
complete band gap cannot exist. This explains why the
complete band gap has not been discovered in previous
studies, which dealt only with structures of R � 0.05a
[17]. Interestingly, the critical radius (Rc = 0.32a) for the
occurrence of the complete band gap is independent of
the water depth h and draft d. In addition, for the case of
bottom-mounted cylinder arrays (d = h), the wave num-
ber of the lower gap edge (namely the upper boundary of
the lowest band) decreases with an increase in the radius
of cylinders R [Fig. 4(b)]. However, the opposite trend
is found for the case of surface disk arrays (d � h). The
difference reflects that in these two systems, water waves

have different phase velocities in the lowest band, agreeing
well with previous studies [20–22,35].

We conduct experiments to verify our theoretical results.
Here, we adopt a vessel with a transparent bottom and
slanted sides, so that no reflected waves will be generated
at the boundaries. Water is placed in the vessel and then
covered with a fixed rigid disk array with a semicircular
shape, where the depth h = 10 cm and the draft of the disks
d = 1 mm. [Fig. 5(a)]. The array consists of 45 rigid disks
with r = 8 mm, a = 20 mm, and height of 8 mm, which is
mounted on a rigid semicircular board and fabricated with
polylactic acid (PLA) by means of 3D-printing technology
[Fig. 5(b)]. A point source of water waves is placed on the
left side of the array, and the amplitude of water waves is
smaller than the draft of the disks. By using a projection
apparatus, the wave patterns are displayed on the screen
[Fig. 5(a)].

Figures 5(c) and 5(d) show measured wave patterns for
the cases in the lowest band and the complete band gap,
respectively. For a wavelength of 37 mm, the wave num-
ber (k = 1.09π/a) is located in the lowest band. Hence,
water waves can propagate through the disk array and thus
be observed on the right of the array [Fig. 5(c)]. In contrast,
for wavelength of 25 mm, the wave number (k = 1.6π/a)
is inside the complete band gap. Since water waves are
blocked by the array, they are weak and thus difficult to
observe on the right of the array [Fig. 5(d)]. We note that
if the array contains more rigid disks, transmitted water
waves will disappear completely. When a shorter wave-
length (in the second passing band) is applied, transmitted
water waves can occur on the right of the disk array [not
shown].

We also perform 3D finite-element simulations for the
experiments, as shown in Figs. 5(e) and 5(f). Good agree-
ment can be seen between theoretical and experimental
results. For the lowest band, the phase velocity of water
waves in the array is larger than that in water regions
without structures, so that a longer wavelength can be
observed in the array [Fig. 5(e)]. For wavelengths inside

(a) (b)

FIG. 4. The complete band gap as a function of the radius of
cylinders R for structures with (a) d ≈ 0 and (b) d = h. The water
depth h = 5a.
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(a)

(c)

(d)

(e)

(f)

(b)

FIG. 5. Demonstration of the complete band gap of water
waves in water covered by a fixed, rigid disk array. The array has
a semicircular shape and a point source of water waves is placed
on its left side. The parameters are h = 10 cm, a = 20 mm,
r = 8 mm, and d = 1 mm. (a) Schematic diagram of the exper-
imental setup. Water is placed in a vessel with a transparent
bottom and slanted sides. Using a mirror and collimated light, the
pattern of water waves can be projected onto a screen. (b) Pho-
tograph of the disk array consisting of 45 PLA disks mounted on
a rigid board. (c),(d) Photographs of wave patterns. (e),(f) Simu-
lated patterns of Re(�) on the surface of water. In (c),(e), water
waves have a wavelength of 37 mm and can pass through the
disk array. In (d),(f), water waves have a wavelength of 24 mm
and are blocked by the disk array.

the complete band gap, water waves are strongly reflected
by the disk array. Therefore, a large amplitude of waves is
discovered in the left central area of the array [Fig. 5(f)].

The above experiments verify that the complete band
gap can indeed be realized by covering water with a fixed
rigid disk array. Even when the disk array has a shallow
draft (d � h), water waves can be completely blocked.
We note that if water is only covered by a semicircular
board without structures, internal waves (pressure waves)
can exist under the board [41]. When the internal waves
reach the edge of the board, they can be converted into
surface waves in free water regions. As a result, transmit-
ted waves can still be observed on the right side of the
semicircular board (not shown).

III. SUMMARY

In summary, we theoretically and experimentally study
the propagation of water waves in water with the surface

pierced by a fixed, rigid cylinder array. We find that
when the radius of cylinders exceeds a critical value (R >

0.32a), a complete band gap of water waves can exist even
if the draft of cylinders is much smaller than the water
depth (d � h). Via tuning the radius R and draft d of cylin-
ders, both the width and position of the band gap can be
flexibly adjusted. Based on the complete band gap, omni-
directional water waves, which are generated by a point
source, can be blocked by a semicircular array of fixed-
surface disks. The results provide an alternative mecha-
nism to block water waves and should find applications in
ocean engineering and coastal protection.
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