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Multiplexing techniques combine multiple signals into one channel, in order to increase the channel
capacity and speed. Here we propose a correlation-based imaging method to efficiently measure the quan-
tum states of orbital-angular-momentum (OAM)-multiplexed Gaussian light. The covariance matrices for
all OAM components of the multiplexed Gaussian light can be efficiently reconstructed by one homodyne
measurement on each beam. We also show that the proposed scheme can be simplified and implemented

with only two charge coupled device detectors.
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I. INTRODUCTION

Multiplexing has been a crucial technique in optical
communication and processing technologies. One way to
realize multiplexing in quantum information processing is
to combine multiple degrees of freedom (DOF) of the light
field, including time [1-4], wavelength [5,6], polarization
[7,8], etc. Recent studies investigated continuous-variable
(CV) quantum systems using orbital angular momen-
tum (OAM) for multiplexing [9—11]. The OAM of light
[12,13] was initially derived from the paraxial Helmholtz
equation and characterizes the angular distribution of the
light field, which has important applications in quantum
information technology [14]. For discrete-variable quan-
tum information processing, OAM was utilized in quantum
teleportation with multiple DOFs of a single photon [15],
generation of high-dimensional multiphoton entanglement
[16], and entanglement swapping of multiple OAM states
[17]. However, there have been few applications of OAM
multiplexing in CV systems [18,19]. In this study, we pro-
pose a correlation imaging method [20] for the quantum
tomography of OAM-multiplexed Gaussian light, which
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can retrieve the quantum state represented by the covari-
ance matrices [21,22] for all pairs of different OAMs in
an OAM-multiplexed state using one homodyne measure-
ment on each beam. We demonstrate this method by apply-
ing it to an OAM-multiplexed CV entanglement system
that was recently realized in experiments [3,19]. Through
nonlinear optical four-wave mixing [9], an entangled CV
system containing two beams denoted as 4 and B can
be deterministically generated [23—25], in which the two
beams carry multiple pairs of entangled Laguerre-Gauss
(LG) modes [26,27] LG,; and LGp_; [see Fig. 1(a)],
where [ is the topological charge corresponding to the
OAM of the LG modes [9]. By spatially correlating the
two light beams, we can efficiently deduce the covari-
ance matrices o;_; of the amplitude and phase quadratures
for each pair of the LG modes, which characterize the
quantum state of the OAM-multiplexed Gaussian light.

II. THEORY

The OAM-multiplexed entangled CV states can be gen-
erated via techniques such as four-wave mixing as shown
in Fig. 1(a), which corresponds to the following interaction
Hamiltonian [9]:

I_}[ = Z lhy]&;gi[ + h.C., (1)
!
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FIG. 1. (a) Illustration of an OAM-multiplexed CV entangled state. Two beams of light (beams 4 and B) are emitted from a pumped

light source [9]. Both beams contain paired Gaussian modes LG4 _; and LGp,; with opposite topological charges £/, and each pair
of OAM modes form a TMSS. (b) Schematic of the setup of the imaging-based detection system. BS, 50:50 beam splitter; LO, local
oscillator; P, g-plate, used for modifying the OAM of the light beams [28—30]; PCL, phase conjugate lens used to generate a forward
phase conjugate wave. Each beam emitted from the light source is mixed with a coherent LO light with the same frequency by the
beam splitter, with tunable phases 6 and ¢. After the mixing, the light fields are detected by the CCDs, which record the photocurrents
on each pixel. Finally, the pixelwise photocurrents of the CCDs are processed to realize correlation measurement between CCD1 and

CCD3 as well as CCD2 and CCD4.

where y; is the interaction strength between each pair of
OAM modes and &j, Z)T_ ; are the creation operators associ-
ated with the different OAM LG modes in the two beams 4
and B, respectively. The resulting OAM-multiplexed state
|®) can be expressed as a direct product of two-mode
squeezed states (TMSSs) with different / [3,9]:

|®) =8_;|vac) ® - - - ® Sp|vac) ® - - - ® Sy |vac)
=[0)-L®@ - Q)@ B o)L, ()

St . .
where S; = &1@-1=4-D and r, =yt is the squeezing
parameter.

The light fields of Laguerre-Gauss modes are given by

Ul
2 ho 1 2
R T e (w@)

14
r w2
Ew (_ w2<z>> fo (w%z))
X exp <_ik2R(z)> exp(—ilp) exp(ivr(z))
= El(ra Z) exp(_ll¢)a (3)

where w( is the radius of the beam waist, w(z) =

woy/ 1 + (zA/win)? is the radius of beam, and R(z) =

z[1 + (wwin/z1)*] is the radius of curvature [31]. In our
setup, the distance between pump light source and the
CCD imaging planes is fixed, so we neglect the variable
z in the following expressions except for Eq. (5).

The generation of the squeezed state |®) is based on a
nonlinear interaction Hamiltonian [9]:

H(t) = € f Fryi VL, (0L, DE4(r, 0 Ep(r, 1), (4)

with E,1,, being the pump fields. For convenience,
let E,(,> be plane waves, ie., E,1 0 = E,1p2(7,2) exp
(—iwp1p2t) + h.c. After integrating over azimuthal angle
¢, the Hamiltonian becomes

H() = GO/dz/er(3)E;lE;2
L

x Z EjE_je@nten=ea—enigh L he (5)
I=—L

Because of the energy and momentum conservation in the
four-wave mixing process, only the terms of a;b_; and
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TbJr ., can survive in Eq. (5). This Hamiltonian indicates
a squeezing process on each spatial mode /, so the form of
states |®) and the field operators are self-consistent. Due
to the state being a direct product state, the field opera-
tor is the superposition of all different /. The electric field
operators of the two beams in Fig. 1(a) can be expressed as

Bo= B9 1+ B
L

= > Ei(ra) exp(—il$ — iwg)a; + he.,  (6)
I=—L

By = B 4+ S

L
= Y E_(rp) explilp — iwst)b_; +hc.  (7)
I=—L

And the light intensity /, reads

Lira, §a) = (@|EEL" | @)
L /
= Z Ef(ro)Ey (roe ! _MA(@‘AZT&I"(D)’
L/ =—L

)

where 4 and ¢, are coordinates on CCD1 and CCD2, and
similarly for 73 and ¢5. We integrate light intensities over
azimuthal angle ¢:

2 L
Li(ry) = / Lid¢; =2 Z L, ©)
0

I=—L

where I;; = Ef(r)Ei(r)(n;;) and i =A,B. Because LG
modes have the property that E;(r) = E_;(r), generally
(n;;) cannot be distinguished from (n; _;).

To distinguish the (n; ;) components from each other,
we use g-plates to modify both the OAM topological
charges and radial distribution of the two light beams.
After the g-plate operations, the OAM topological charges
are modified as Aly =1, Alg = —1. The g-plate [see
Fig. 1(b)] consists of a thin birefringent liquid crystal sand-
wiched between containing glasses, whose optic axis is
structured for the pattern with topological charge ¢, which
can impart the corresponding OAM topological charge to
the light modes [28,29].

When a beam is transmitted through a g-plate, the
radial distribution of each mode is reshaped into a
hypergeometric-Gaussian (HyGG) form [32,33]. When
the topological charges of the two beams are modified
by Al; =1 and Alg = —1, respectively, the amplitude

distributions of the output modes are expressed as
lzuil 4(r2) =

EIB_LB(I",Z)

HyGGllAI—MA(lA),MA(ZA)(V’Z), (10)
= HYGGy1 1) up i) 2

where  pa(ly) = VU +1/22+ (/2% usp) =
V(s —1/2)2 + (—1/2)2, 1, and I are the OAM quantum
numbers of the input modes of beams A and B, and the
HyGG function is

HyGG, ,,(p, %)
= Cp P2 (L + i)~ HImHR /2 plml gip? /G4

2
p P
Fl=£.1 L
- 1( 2’ |m|’§(§+i)>’

where G, = i"*1/20 M+ /7 T (p + [m| + DI (1 +
|m|+p/2)/ T(|m| + 1), F) is the confluent hypergeo-
metric function of the first kind, p = r/wy, and ¢ =

)

z/ (kow5/2).
We can reexpress Eq. (9) for beams 4 and B after the
Aly; = 1 and Alp = —1 operations as

Ty0) =27 o = L VEPY ()P (nag,s)

7 (12)
Th(r) = 2 Yk, 1B (P ().

As |E;’jt(r)|2’s for all / are linearly independent of
each other after the g-plate operation and the same for
|E°“t(r) |>’s, we can obtain the values of all (n4,) and (np ;)
by fitting the radial distribution of each beam after the
g-plate with Eq. (12).

The covariance matrix of the OAM-resolved TMSS con-
sisting of LG4; and LGp_; uniquely characterizes the
multiplexed Gaussian states. Consider the generic form of
the Gaussian state covariance matrix [34]:

A 0 C D,
0 A D G
GG Dy B 0}
D, C 0 B

(13)

o = (XX + X 1 Xi)) =

where X;; € {x;; — (xi)), pis — (pis)}, i,j = A, B. The first-
order moments (x;;) and (p;;) of the LG;; modes of the
two beams can be set to zero by a simple translation opera-
tion, without changing other properties. So A; = (2n4,; +
1), Bi=Q2ng_+1), Ci = {xgmxp_1), Co = paips-1),
D, = (x4pp,—1), and Dy = (p4xp 1), where x;; and p;;
are the phase-amplitude quadratures of the mode LG;; in
the CV states. A; and B; can be immediately obtained
from first-order intensities Z;(#) by using Egs. (9)+(12).
To retrieve the off-diagonal elements of the covariance
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matrix, we use two local oscillators (LO1 and LO2), the
field operators of which are simple Gaussian wavepackets:

ELO] = EIEJE))I + EI(I))I = ELO] exp(—ia)At)El + h.C., (14)

ELOZ = EI(jC_))2 + EI(E))Z =FLo» exp(—ia)gt)?:z + h.c., (15)

where Ero; and Epp, carry tunable phases 6 and v,
respectively [see Fig.1(b)]. Both LO beams have the same
frequency as the beams 4 and B, similar to homodyne
detection. In order to calibrate the phase 6, we can use
the fact that when 6 = 0, the intensity on CCD1 will be

£ o) (D) ()
<El E3 E3 El )

maximum and intensity on CCD2 will be minimum, and
similarly for v. For strong coherent LO beams, the coher-
ent states are denoted as |«) and |8). The usual approxima-
tions ET |a) >~ a*|a) and 6’; |B) >~ B*|B) are taken for strong
LO beams.

After beam mixing by the BS, the field opera-
tors become El,z = %(EA :EELOI) and ]3“3,4 = \%(EB +

ELOQ). The corresponding second-order intensity functions
for the mixed signals measured by CCD1 and CCD3
(denoted as If)) as well as by CCD2 and CCD4 (denoted

as Iiz)) are given by

1
12, ¢) = = —(1(52) + LilEvoa|* (n02) + IslEvoi)* (nio1) + (nro1) (no2) | Evor 1| ELoa|* & €)

(Eé—)E‘(‘_)Ei+)E§+)> 4

L
1 o . o .
+ | 2 (E Ay Erones + Ey (De”ay B g2
1, lhp=—L
x (E}, (r)e*f’ﬂ’z}}zELozez + E, (Ne™?h,Efo,eh) | (16)

and with the additional phase conjugate operation on beam B as shown in Fig. 1(b), we can obtain

(E(—)E(_)E(-F)E(-‘r)) 1
V) . 1 B3 L3 B o)) 2 2 2 2 /
Lonjz D) =1 =~ ai, = 1To +LalEvo2]™(nLo2) 4 IglEvoi]™(nLor) + (nLo1) (nLo2) |Evoi|”|Evoz|” £ §7)
(ECQEOEDESDY T 4
2 By B4R
1 < .
+3 Y (E (e?a] Eroier + By (e "%ay, Efo,2))
,lhp=—L
ilzlﬁAT A * —ib¢ 7 x AT
X (Ep(ne"*b, Evoxcy + Ep (r)e”2%bp E{ 5¢,)) | (17)

where Iéz) (ra,rg, P4, 08) = (EL_)EE_)E?)E;H) is independent of the LO beams, and & and &’ denote the terms that will
be cancelled out when the second-order intensity functions are added up.

Integrating over the azimuthal angle, and applying the approximations for strong coherent LO beams to the operators
¢12, the summation of the second-order intensity functions becomes

21
IO () = / dp ([P +17+12)

conj+
0

+ 7@

conj

= Iéz) + TylELon|*(nLo2) + ZslELo11*(nLot) + 27 (no1) (nLo2) |ELor |21 ELoa |2

L
+7E Y B (@e” +aje”

I=—L

)(b_ie + b1 e ")), (18)

where Iéz) = 02” Iéz)dqb, & = |ELo1ELo2B], and the phases 0 and i are tunable.
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FIG. 2. Simulated first- and second-order intensity signals for the measurement of OAM-multiplexed CV states. (a),(c) The first-
order intensity Z () and the second-order intensity Z3) () without the g-plates. (b),(d) The intensity signals with the topological charge

sum

of the beams modified by the g-plate. In (c),(d), the phases of the local oscillators 6 and y are adjusted to retrieve the off-diagonal
elements of covariance matrices o _;. In the simulation, Gaussian noises are added to the signals, resulting in measurement uncertainty
represented by the shaded areas.

Setting (6, ) to (0,0), (0,7/2), (r/2,0), or (w/2,7/2), we have

<xA,le,7l) = Cla (0, 1r[/) = (05 0)9
A AT —iON (D i 2 —i _ (xA,lPB,—1)=D2, @,%) =(0,7/2),
(@e® +a[e™) b +boe™) =1 T — Dy 0) = (1/2.0), (19)
)

(Pa,pB~1 O,%) = (7/2,7/2).
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FIG. 3. The original and retrieved covariance matrix (CM) elements of an arbitrarily chosen OAM-multiplexed Gaussian CV
entangled state, and the absolute error of the retrieved covariance matrices o _;.
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FIG. 4. Treatment of imperfect quantum efficiencies of the
imaging system, with a simplified measurement scheme using
only two CCDs. By adjusting the relative phase of the local oscil-

lator LO1 from 6 to 6 + 7, we can get both 7.” with CCD1 and
CCD3.

Similar to the treatment of the first-order intensity func-
tions, we can apply g-plate operations to the second-order
correlation functions. As EpY| () = E% | p(r), we can
denote Eft\ () and E%' | 4(r) simply by EfY| (r). I3 (r)

I+1
after the g-plate operations becomes

2 (r) = Iéz)/ + T, |ELoz|* (nLoa) + Zy|Evor X (nLor)

+ 27 (nLo1) (nL02) |ELo1 1?1 ELoz|?

L
+7E Y IEN () (@ +aje ™)
I=—L

x (b_ieV + bl e V)). (20)
For each set of (0,v), we have a correlation intensity
curve Is(fr)é(r). As Efj_‘tl (r)’s are linearly independent of
each other, by fitting the data shown in Figs. 2(b) and 2(d)
with Eq. (20), we can obtain (g,,qp ;) for | = —L,—L +
1,...,L, where g denotes x or p. The off-diagonal elements
of the OAM-resolved covariance matrix o;_; can thus be

obtained.

III. RESULTS AND DISCUSSION

We simulate the summed second-order correlation
intensity Z{2) (r) and first-order intensity Z () for an OAM-
multiplexed state composed of two-mode squeezed states
of multiple / and present Z2) () and Z(r) in Fig. 2. In
realistic experiments, there could be noises resulting in
uncertainty in the measured signals. We add Gaussian
noises with a variance of ¢ = 0.05 to the simulated inten-
sity signals to represent the noises in real experiments,
which are shown by the shaded areas in Fig. 2. We then
demonstrate the reconstruction of the covariance matrices
in the presence of noises in the signals, and fully deter-
mine the quantum states of the OAM-multiplexed Gaus-
sian CV entangled light. For the covariance matrix o;_;
of every OAM block of the multiplexed state, the diago-
nal terms A, and B; are obtained by fitting the first-order
intensities Z(r) in Fig. 2(b) with Eq. (12), and the off-
diagonal terms C; ; and D , are obtained from the second-
order correlation intensities Z2) () in Fig. 2(d) with
Egs. (19) and (20). The original and retrieved covariance
matrices of the two multiplexed CV states are presented
in Fig. 3.

In real experiments, the quantum efficiency of the imag-
ing system is not perfect, especially for the CCD detectors.
We investigate the effect of imperfect quantum efficiency
by adding attenuation factors n; to n; to the detectors
CCD1 and CCD3. Because the field operators of the two
mixed output modes can be exchanged by adjusting the
phases of the corresponding local oscillators from 6 to
0 + m, as shown in Fig. 4(a), we can simplify the exper-
imental setup with only two CCDs, i.e., we can measure
If)(r) by setting the phase of LOI to 6, and 12 by
changing the phase of LO1 to 6 + 7, similarly for / cfl)u L(7).

The imperfect quantum efficiency results in a trans-
formation a — ,/na when the operators are normally
ordered, and similarly for the a' operator [35]. Thus the
first-order intensities should be multiplied by 5; or ns,
and similarly for the retrieved (n;). On the other hand, the
second-order intensity functions of the two beams should
be multiplied by n;n;. As a result, 1) () in Eq. (18)
becomes

IO (1) = mns (@ + TalEroa* (nio2) + ZslEvoi > (nior) + (neon) (ne0a) |Evor P ELoa

L
+mE Y EW P mms (s @e” + afe ) (b_je” + b e ")),

I=—L

21

and the result after g-plate operations changes similarly. Thus, the measured OAM-resolved covariance matrix o;_;

becomes
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(A= D +1 0

0 (A =D +1
vmn3D;
NOTUES

o—1(n,m) =

VG
JmnzDs

The original covariance matrices can therefore be recov-
ered by using only two CCDs and rescaling with 7, and

ns.

IV. CONCLUSION

In conclusion, we propose a method to quantum
tomographically retrieve OAM-multiplexed Gaussian CV
entangled states using a correlation imaging technique.
Taking advantage of the spatial resolution power of the
imaging system, we need to perform only a small set of
measurements, and can potentially speed up the OAM-
multiplexed quantum information processing and measure-
ment. Furthermore, the application of our method is not
limited to specific spatial distribution of the light modes,
such as Laguerre-Gaussian and hypergeometric-Gaussian
distributions. With the output radial distribution of the
OAM modes, we can use this method to retrieve the
covariance matrix of the corresponding OAM-multiplexed
state.
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