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Type-II superlattices (T2SLs) are being investigated as an alternative to traditional bulk materials in
infrared photodetectors due to predicted fundamental advantages. Subject to significant quantum effects,
these materials require the use of quantum transport methodologies, such as the nonequilibrium Green’s
function (NEGF) formalism to fully capture the relevant physics without uncontrolled approximations.
Carrier mobility is a useful parameter that affects carrier collection in photodetectors. This work investi-
gates the application of mobility extraction methodologies from quantum transport simulations in the case
of T2SLs exemplified using an InAs/GaSb midwave structure. In a resistive region, the average velocity
can be used to calculate an apparent mobility that incorporates both diffusive and ballistic effects. How-
ever, the validity of this mobility for predicting device properties is limited to cases of diffusive limited
transport or when the entire device can be included in the simulation domain. Two methods that have
been proposed to extract diffusive limited mobility, one based on approximating the ballistic component
of transport and the other which considers the scaling of resistance with simulation size, were also studied.
In particular, the resistance scaling approach is demonstrated to be the method most physically relevant to
predicting macroscopic transport. We present a method for calculating the mobility from resistance scaling
considerations that accounts for carrier density variation between calculations, which is particularly rele-
vant in the case of electrons. Finally, we comment on the implications of applying the different mobility
extraction methodologies to device property predictions. The conclusions of this study are not limited to
T2SLs, and may be generally relevant to quantum transport mobility studies.
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I. INTRODUCTION

Semiclassical models, such as drift diffusion (DD) or
the Boltzmann transport equation (BTE) have been suc-
cessfully employed to predict semiconductor materials
properties and device performance for decades. However,
as device features have continued to shrink, the need
for methods that capture the relevant physics has led to
the development of fully quantum mechanical methods
for simulating device properties. One of the most use-
ful approaches is the nonequilibrium Green’s function
(NEGF) formalism [1]. NEGF calculations can be used
to evaluate one-particle properties, such as currents and
carrier densities directly from Green’s functions. How-
ever, carrier mobility, a key transport parameter used in
many semiclassical device models, is not germane to the
NEGF formalism and requires special considerations. The
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motivation for extracting mobility from NEGF calcula-
tions is to provide a bridge between the nanometer-scale
phenomena of transport in semiconductor structures with
macroscopic device properties. The extracted mobility
from NEGF calculations can be used in quantum cor-
rected DD transport models [2–5], which are computa-
tionally more efficient. These include approaches such as
Schrodinger-Poisson DD [6] and landscape-localization
DD [7,8].

A significant amount of literature has been devoted to
the extraction of carrier mobility from quantum transport
calculations [9–20]. Different methods have been used to
achieve this goal, but they are not always equivalent, and
may lead to different mobility values and electric field
dependencies. One method posits that the mobility can
be derived from the calculated average carrier velocity
as in a resistive region [19,20]. In this case, only one
value of mobility is calculated to describe the transport
in the simulation domain. However, theoretical mobility
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predictions [20–28] and experimental evidence [29–35]
for nanoscale devices demonstrating a degradation in the
apparent mobility suggest that the use of the macroscopic
mobility becomes questionable at this scale. In considera-
tion of these developments, a method of mobility extrac-
tion evolved from the model introduced by Shur [21] that
uses a concept called the “ballistic mobility” to incorpo-
rate the effects of ballistic transport. This model, which is
sometimes referred to in the literature as “Shur’s model,”
generally incorporates an approximation for the ballistic
mobility either from analytical methods [21,22,24,28,35]
or extracted from a purely ballistic simulation [9–11,14,
23,36]. The literature focusing on extracting mobility from
quantum transport calculations has focused on the latter
method [9–11,14]. It is worth noting that Shur proposed
his model only to “crudely illustrate” the impact that bal-
listic effects can have on mobility [21]. For the purposes
of this paper, we refer to this procedure as the “ballistic
approximation” method.

Additionally, mobility can be extracted from quantum
transport calculations using resistance scaling methods
[12–16,18]. Niquet and co-workers present an approach
that extracts the long-channel mobility (i.e., the mobility
associated with an arbitrarily long device) from quantum
transport calculations of nanowire field-effect transistors
(FETs) and avoids approximations related to contact resis-
tance and ballistic effects [17]. They note that while this
approach avoids uncontrolled approximations, it is only
valid under the condition of the channel being “long-
enough” such that the intrinsic diffusive processes are
well represented within the simulation domain. As devices
shrink, the scattering processes may deviate in charac-
ter from those of macroscopic devices. Therefore, each
mobility method mentioned above should be carefully con-
sidered and used within the simulation context in which
they were derived.

Much of the literature dealing with mobility extrac-
tion from quantum transport calculations focuses on FET
architectures in which the entire device can be simu-
lated from source to drain [9–18]. Among these studies,
Frey and co-workers compared the results and discussed
the validity of the Kubo-Greenwood, resistance scaling,
and the ballistic approximation methods in the context of
nanowire FETs [14]. However, NEGF-informed mobility
models are also useful for nanostructured materials such as
T2SLs [19,20].

T2SLs are a useful class of quantum structures based
on III-V and other semiconductor materials that are being
investigated as an alternative to the more established II-VI
bulk material system for use in IR photodetection [37]. The
drive towards III-V SLs stems from predicted advantages
over the more established bulk materials, which include
theoretically lower Auger recombination rates [38], higher
chemical stability due to stronger bonding [37], and lower
costs given the large existing industrial base for these

materials [39]. However, the promise of superior perfor-
mance has yet to be realized [40].

Mobility, along with carrier lifetime, is a component
of diffusion length that can affect carrier collection in
photodetectors. Current experimental studies of Ga-free
T2SLs have shown that for detectors operating both in
the long and midwave IR spectral range, hole mobility
decreases with temperature [41,42]. Furthermore, a recent
theoretical study by several of the authors of this paper
has shown that this behavior is associated with unavoid-
able structural disorder [20]. While several theoretical
mobility studies of T2SLs derived from quantum trans-
port calculations have been performed [19,20], there has
yet to be a comprehensive comparison of the different
quantum-transport-based mobility extraction methodolo-
gies specifically applied to T2SLs.

The challenge of modeling transport in T2SL photode-
tectors using NEGF is that the full photodetector structure
is typically on the order of several micrometers [37] due
to the need to compromise between enhancing absorption
and accommodating carrier diffusion lengths. However,
the simulation domain of NEGF is limited by the com-
putational requirements of the formalism. Therefore, one
strategy for predicting device properties is to calculate the
mobility in a small model of the SL absorber structure
with the assumption that the results can be extrapolated
to the larger device. Thus, quantum transport simulations
of T2SL IR materials require different considerations than
full-scale FET devices when extracting mobility. Further-
more, the utility of using quantum corrected semiclassical
models with NEGF-derived parameters is emphasized by
this limitation.

In this work, we investigate the application of the
three mobility models outlined above to NEGF calcula-
tions of T2SLs, exemplified through the use of a mid-
wave InAs/GaSb SL structure, elucidating the physical
interpretation of each method, which may be relevant to
applications beyond that of T2SLs.

The paper is organized as follows: the transport model
along with the three mobility calculation methodologies
will be presented in Sec. II. In Sec. III, the results of
mobility calculations using each method will be exam-
ined and the applicability of each method for investigating
electron and hole transport in T2SLs as well as the impli-
cations for predicting photodetector device properties is
discussed. Finally, a summary of the findings is presented
in Sec. IV.

II. METHODS

We use a fully quantum mechanical treatment of carrier
transport within the NEGF formalism. A more compre-
hensive description of the transport model used in this
work was presented in Ref. [19], but the major points are
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summarized in this section. A 4 × 4 k · p Hamiltonian,
which includes the first conduction, heavy-hole, light-hole,
and spin-orbit split-off bands formulated within the axial
approximation is used to describe the complex band struc-
ture of the T2SLs. A finite-element implementation is used
in which the envelope functions are expanded in first-order
Lagrange polynomials. The Luttinger parameter set from
Ref. [43] is chosen for the description of the InAs and
GaSb band structures. The effect of strain on the band
structure is included in the 4 × 4 k · p Hamiltonian as
described in Ref. [44].

For computational efficiency, we limit the treatment to
transport in the growth direction only. We implement open
boundary conditions at the extremes of the simulation
domain through the inclusion of a self-energy term cal-
culated via the complex band structure of the reservoirs.
Using additional nonlocal self-energy terms, we introduce
acoustic (ACO) and polar-optical (POP) phonon scattering
in the simulations in the deformation potential and Fröh-
lich formalisms, respectively. The total self-energy � is the
sum of each component. Green’s functions are calculated
via the Dyson and Keldysh equations [19,45]:

GR(z1, z′
1, E) = GR

0 (z1, z′
1, E)

+
∫

dz2

∫
dz3GR

0 (z1, z2, E)�R(z2, z3, E)GR(z3, z′
1, E),

(1)

G≶(z1, z′
1, E) =∫

dz2

∫
dz3GR(z1, z2, E)�≶(z2, z3, E)GA(z3, z′

1, E), (2)

which are solved via the self-consistent Born approxima-
tion (SCBA) [19].

The self-consistent solution of the Dyson and Keldysh
equations are computationally prohibitive in real space, so
we approximate the calculation of the self-energies using a
problem-matched mode-space methodology. A new basis
set is selected from the eigenstates of the noninteracting
Hamiltonian within a specified energy range relevant to the
transport domain being investigated. To maintain current
conservation, the influence of the excluded eigenstates is
folded into the problem through another self-energy term
[46]. Once self-consistency is achieved, the self-energy
is converted back to real space and a final calculation
of the Dyson and Keldysh equations is performed. From
Green’s functions calculated in real space, the one-particle
properties can be extracted. Of relevance to this study,
the electron (hole) carrier and current densities can be
calculated via [19,45,47]

n(z), p(z) = (∓)
i
A

∑
k̄

∫
dE
2π

G≶(z, z, k̄, E), (3)

Jn,p(z) = lim
z′→z

e�
m0

(
∂

∂z
− ∂

∂z′

)
1
A

∑
k̄

∫
dE
2π

G≶(z, z′, k̄, E).

(4)

As mentioned in Sec. I, the concept of mobility is not
straightforward in a quantum transport calculation; how-
ever, there have been a few methods used in the field to
extract mobility from NEGF.

A. Average velocity method

For transport in a resistive region, the electron and hole
mobilities can be extracted from NEGF calculations using
the average of the carrier drift velocity, vn,p [19,20]:

vn,p = 〈 Jn,p

∓en
〉, (5)

where the carrier mobility is then calculated via

μn,p = vn,p

F
. (6)

Jn,p is the carrier current, e the elementary charge, F the
applied electric field in the growth direction, and n repre-
sents the carrier density. To simplify the expressions, we
use n to represent either electron or hole densities based on
the given context.

B. The ballistic approximation method

In this method, the mobility that represents the trans-
port at the nanometer scale is referred to as the “apparent
mobility.” Assuming a Matthiessen’s rule relationship, the
apparent mobility μapp is separated into two components
[21]:

1
μapp

= 1
μball

+ 1
μdiff

, (7)

where μball is the so-called “ballistic mobility” and μdiff is
the “diffusive mobility.” We obtain an approximate value
of the ballistic mobility from a NEGF calculation without
the ACO and POP scattering self-energies. Then, we cal-
culate the diffusive, or scattering-limited, mobility via Eq.
(7). We note that Matthiessen’s rule is not generally valid
[48]. Its use for separating the ballistic component from
the diffusive component has been demonstrated to be ques-
tionable at high bias [22] as well as in a nonhomogeneous
nanowire FET at low bias [14].

C. Resistance scaling analysis

The last method for calculating mobility that we con-
sider involves studying the dependence of the resistance
on the device length. We follow the method outlined in
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Ref. [17], which involves fitting the resistance R in the
device calculated via Ohm’s law to the following equation:

R(L) = Rc + RB + L
nμe

, (8)

where L is the device length, n is the average carrier den-
sity in the SL, e the fundamental charge, and Rc and RB are
the contact and ballistic resistances, respectively. For the
model to be valid, the resistance must vary linearly with
the simulated SL length and the carrier density in the SL
must be consistent between calculations. If so, we extract
the “intrinsic mobility” from the slope of the resistance
curve according to Eq. (8). In this work we refer to “intrin-
sic mobility” as equivalent to the macroscopic definition
of mobility in a diffusive-limited transport. However, as
we discuss in Sec. III C, it is challenging to produce cal-
culations at different lengths with identical carrier density,
particularly at low temperatures. To compensate, we use
an alternative method in which we fit a linear curve to the
product nR following:

nR(L) = nRc + nRB + L
μe

. (9)

This method assumes that, within the range of carrier den-
sities exhibited in our simulations, Rc and RB have an
inversely proportional relationship with carrier density n
such that nRc + nRB is constant. For example, in the Drude
model, resistance is inversely proportional to the carrier
density. Furthermore, in Appendix B we derive the ballis-
tic resistance in a three-dimensional (3D) bulk resistor with
parabolic bands, which we demonstrate to be inversely
proportional to carrier density for nondegenerate doping:

R =
√

2πm∗KBT
nq2

F1/2 (ηF)

F0 (ηF)
. (10)

Thus, the assumptions inherent in Eq. (9) are valid for non-
degenerate 3D bulk materials in the ballistic and diffusive
limits. While valid for bulk materials, we demonstrate in
Sec. III C that this is a reasonable approximation for hole
transport within the range of carrier densities investigated.

III. RESULTS AND DISCUSSION

To probe the validity and physical interpretations of the
three mobility methods in the context of Ga-based T2SL
we use a prototype SL consisting of a defined number of
unit cells of InAs and GaSb layers, each with thicknesses
of 3 nm, assumed to be lattice matched to a GaSb substrate.
Consequently, the InAs layer is in a state of tensile strain.
In Fig. 1, we report the electronic structure of this SL, com-
puted using the 4 × 4 k · p model with Bloch boundary
conditions. The plots in this paper are generated in MATLAB
[49] and standardized using the toolbox in Ref. [50]. We

FIG. 1. Calculated energy band structure of a 3/3-nm
InAs/GaSb SL plotted as a function of the transverse wave vec-
tor and modified with vertical lines representing the dispersion in
the vertical wave vector. The band gap results in a cutoff wave-
length of approximately 5 µm indicating that this is a MWIR SL
structure.

choose the layer thicknesses to produce a nominal cutoff
wavelength of approximately 5 µm, which is in the mid-
wave IR regime. The dispersion in the growth direction
is represented by vertical lines stemming from the energy
of the corresponding in-plane wave number kt, which pro-
vides an estimate for the miniband width for a given value
of kt. It is immediately apparent that the top heavy-hole
miniband is very narrow compared to the first conduction
miniband. This implies that the transport of holes in the
growth direction will differ significantly compared with
that of electrons.

In this work we choose to analyze the transport proper-
ties and benchmark the mobility models assuming an ideal
SL structure (i.e., no lattice disorder). Ideal SLs exhibit
transport that has more coherent character in the investi-
gated regime relative to identical calculations where lattice
disorder is included [20]. As we discuss in Sec. III E, a sim-
ulation that is dominated by coherent transport will require
a larger SL structure than one dominated by diffusive trans-
port to be able to predict the mobility of a macroscopic
sample of the SL. As a result, we select an ideal SL struc-
ture to exemplify the limitations of the mobility calculation
methodologies.

To extract the mobility for both carrier species we per-
form a series of NEGF transport calculations on finite-size
SLs. As a result of the open boundary conditions at the
ends of the simulation domain, electron and hole calcu-
lations are performed using different contact materials.
Specifically, we select contact layers at both ends of the SL
that present barriers to injection and extraction of electrons
(holes) for hole (electron) transport calculations. For hole
transport, we choose GaSb as the contact material, but the
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choice in the case of electrons is not as straightforward. If
InAs is selected, carrier injection near the contact regions
makes the differentiation between the free electron and
hole populations challenging in a multiband context. Thus,
we select the quaternary alloy GaSb0.10[InAs0.91Sb0.09]0.90,
which is lattice matched to GaSb [51] and avoids these
complications. We note that the contact materials are not
meant to be representative of a specific device, but rather
we use them to probe the intrinsic properties of the T2SL
being investigated. Using the calculated band structure, as
in Fig. 1, we calculate the Fermi energy at equilibrium
for the SL so that the target carrier has a concentration of
approximately 2 × 1016 cm−3 in the SL region. We per-
form NEGF calculations for electrons and holes at different
temperatures, electric field strengths in the growth direc-
tion, and number of SL periods and then compare results
using the different mobility calculation techniques. See the
Supplemental Material for further information regarding
both the material and the discretization parameters used in
each calculation that follows [52].

Prior to presenting the results, it is worthwhile to clar-
ify some terminology regarding “convergence.” In regard
to the convergence of the SCBA, this is determined by
the achievement of constant current throughout the sim-
ulation domain. We present only results from simulations
that have achieved “convergence” in this sense. In terms
of the simulation parameters, such as energy grid and
spatial grid densities, there is another definition of “conver-
gence,” which refers to choosing strict enough parameters
to achieve physical accuracy. This is referenced in this
paper as convergence with respect to the simulation param-
eters. Finally, given that the macroscopic definition of
mobility in diffusive-dominated transport is an intrinsic
property, one could imagine another definition for “con-
vergence,” that refers to increasing the thickness of the
device between the contacts until the extracted mobility
reaches a constant value. In this case, we do not use the
word “convergence” so as to avoid confusion, but specif-
ically mention a failure to reach a constant mobility with
respect to simulation size.

Moreover, we must also clarify the use of various terms
for the mobility as used throughout this discussion. The
concept of mobility breaks down in a quasiballistic regime
of transport; however, the goal of this investigation is to
extract useful results from calculations exhibiting a non-
negligible proportion of ballistic transport. In Sec. III D,
we demonstrate that the effective mobility extracted from
small structures can be shown to consist of both a dif-
fusive component that may represent the true diffusive
mobility and another term that represents small-device
effects. Thus providing some validity to applying the con-
cept proposed in Eq. (7) to this investigation. The mobility
term that we use to describe this effective mobility is the
“apparent mobility.” We refer to the components of this
apparent mobility as “ballistic” and “diffusive” mobilities,

generally. The ballistic mobility encompasses the small-
device effects, while the diffusive mobility encompasses
the effects due to diffusive scattering. Finally, we use the
term “intrinsic mobility” to represent the valid definition
of mobility in a diffusive-dominated regime that is inde-
pendent of simulation size. The diffusive and intrinsic
mobilities should be identical in the limit of large sim-
ulation size. However, as demonstrated in Sec. III C, the
behavior of the diffusive processes may depend on sim-
ulation size as well, necessitating the distinction between
diffusive and intrinsic mobilities.

In Sec. III A we report the results of carrier mobilities
calculated using the average velocity method for differ-
ent temperatures, and device lengths. Furthermore, Secs.
III B and III C present the mobilities calculated using the
ballistic approximation method and the resistance scaling
analysis, respectively. Based on these results, in Sec. III D
we explore the relationship between the mobilities cal-
culated in Secs. III A, III B, and III C. To conclude, we
discuss the implication these results have on predicting the
properties of large T2SL devices in Sec. III E.

A. Average velocity method

We compute the apparent vertical mobility from the
average velocity under the assumption of drift-dominated
transport [Eqs. (5) and (6)] as a function of temperature and
report the results in Fig. 2 for electrons and holes [53]. The
simulated SLS consists of 33 repeating SL periods plus
each contact resulting in a simulation that is 200 nm long.
The first thing that is noticeable is that the hole mobilities
are an order of magnitude lower than the electron mobili-
ties, which is expected given the higher hole effective mass
and narrow miniband width of our structure (Fig. 1) and
given the reported experimental mobilities of InAs/GaSb
structures [54].

The electron (hole) mobility decreases monotonically
from approximately 6 000 cm2 V−1 s−1 (500 cm2 V−1 s−1)
to 2800 cm2 V−1 s−1 (70 cm2 V−1 s−1) as tempera-
ture increases from 30 to 200 K. The electron and hole
mobility data exhibit different temperature dependencies,
which suggest different transport behavior. These trends
can be compared qualitatively to that of bulk material
in the regimes of coherent and diffusive transport. The
low-temperature behavior is likely evidence of coherent
transport in these SLs. We can probe the bulk coher-
ent regime using the analytical expression we derive (see
Appendix A) for the mobility of a 3D bulk device with
parabolic bands and constant effective mass under ballistic
transport:

μball = LvT

2 (KBT/q)

F0(ηF)

F1/2(ηF)
, (11)
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FIG. 2. The apparent vertical electron (blue line with asterisks)
and hole (red line with x’s) mobility as a function of tempera-
ture calculated using the average velocity method for a 200-nm
MWIR T2SL with an electric field of strength 2000 V cm−1

(100 V cm−1). The electron mobility suggests coherent trans-
port throughout the temperature range, while the hole mobil-
ity appears to transition from coherent to diffusive dominant
transport at approximately 100 K.

where vT is the unidirectional thermal velocity:

vT =
√

2kBT
πm∗ , (12)

and ηF = (EF − Ec)/(kBT). We use this model only for
a qualitative comparison with our results. Given the very
small temperature dependence of the Fermi integrals term
for nondegenerate doping we see that the temperature
dependence of the expression is nearly T−1/2. This pro-
vides context for the temperature dependencies exhibited
in Fig. 2 for electrons and holes. Electron mobilities
exhibit a temperature dependence that is near the T−1/2

dependence of bulk ballistic transport, while hole mobil-
ity exhibits a transition from nearly a T−1/4 dependence
to one that approaches T−5/2. This suggests that electrons
exhibit coherent dominated transport throughout the tem-
perature range investigated, while holes transition from
coherent dominated to diffusive dominated transport. The
T−5/2 trend for hole mobility at higher temperatures is
likely due to POP scattering dominated transport, which
is similar to the temperature dependence predicted for POP
scattering of electrons in InAs (approximately T−11/5 [55]),
while the T−1/4 dependence could be due to either a devi-
ation in bulklike behavior or the Fermi integral terms due
to degenerate doping. A qualitatively similar transition in
transport regimes from low to high temperature is evident
in the experimental vertical electron mobility reported by
Swartz and Myers [56] for a nearly approximately 4.3 µm
SL layer, which is reproduced in Fig. 3.

20 30 50 100 200 250

102

103

104

105

106

:Expt. [56]
:
:

FIG. 3. The vertical electron mobility as a function of temper-
ature (green line with x’s) for an approximately 4.3-µm LWIR
SL as reported by Swartz and Myers [56]. Also plotted are the
apparent vertical electron (blue dashed line with pluses) and hole
(red dotted line with asterisks) mobilities calculated using the
average velocity method for a 200-nm MWIR T2SL. The exper-
imental mobility transitions from a T−1/4 to a T−5 dependence at
approximately 90 K suggesting a qualitatively similar transition
between coherent and diffusive transport as with the calculated
hole mobility.

The experimental data exhibits an approximately T−5

dependence at high temperature, while the calculated hole
mobility exhibits a T−5/2 dependence. At low temperature,
the dependence of the experimental data is nearly T−1/4,
which is similar to the lowest temperature dependencies of
electron and hole apparent mobilities (Fig. 2), which may
suggest coherent transport is present in the experimental
data at low temperature. The unexpectedly low mobility
at higher temperatures in the experimental data compared
with the calculated data for electrons, as well as the T−5

dependence, is likely due to the specific structural details
of the experimental device not included in the simula-
tion. The non-negligible influence of coherent transport in
these calculations has implications for the average veloc-
ity method calculation of mobilities and the applicability
of this method for predicting intrinsic material properties.

As demonstrated in the expression for ballistic mobility
[Eq. (11)] the ballistic component of the mobility exhibits
a proportional relationship with simulation length. Thus,
the apparent mobility being calculated by this method is
not an intrinsic material property, but rather one depen-
dent on the geometry of the device. Evidence of this is
shown in the temperature-dependent vertical carrier mobil-
ities presented in Fig. 4 for different simulation sizes. There
is a clear length dependence in the calculated mobilities.
Furthermore, the length dependence of hole mobilities is
less pronounced compared with the electron mobilities
at a given temperature due to hole transport being more
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FIG. 4. The calculated apparent vertical electron (a) and hole
(b) mobility as a function of temperature for different simula-
tion sizes, as calculated via the average velocity method. The
size dependence of the apparent mobility for electrons suggests
strongly coherent transport, while the consistency of the hole
mobilities at higher temperatures suggests coherent dominated
transport.

diffusive in nature than electron transport. These results
have implications for predicting properties of real devices,
which are elaborated on in Sec. III E.

B. The ballistic approximation method

As mentioned in Sec. II B, the ballistic approximation
provides a method for extracting ballistic and diffusive
mobility components from NEGF calculations. Figures
5(a), 5(b), and 5(c) [5(d), 5(e), and 5(f)] provide electron
(hole) diffusive and ballistic vertical mobilities calculated
using the ballistic approximation method as a function of
temperature for different simulation sizes.

Looking first at Fig. 5(c) the electron transport is shown
to be nearly completely coherent throughout the tempera-
ture range we investigate for the 200-nm simulation, which
is consistent with the analysis given in Sec. III A. The
difference between the mobilities extracted from the diffu-
sive and ballistic calculations is negligible resulting in very
large values for the diffusive mobility. Similar results are
observed in Figs. 5(a) and 5(b), as expected. However, the
results for holes exhibit different behavior. There is a tran-
sition between ballistic dominated and diffusive dominated
transport at decreasing temperatures for increasing simula-
tion size. Transition temperatures occur at approximately
130, 110, and 100 K for simulation sizes of 100, 150, and
200 nm, respectively. These results are also consistent with
those of Sec. III A.

There are several caveats to be made about this method.
First, as mentioned in Sec. II B, it is not clear how valid
Matthiessen’s rule [Eq. (7)] is in the regimes investigated.
If it is not valid, then the extracted mobility components
could be inaccurate. Furthermore, even if Eq. (7) is valid,
the diffusive mobility may be a function of the geometry
at this scale, so it may not be representative of the intrin-
sic mobility for an infinitely large SL and instead would
only represent diffusive transport in the specific geometry
simulated. Finally, the mobility extracted from a ballistic
calculation is not necessarily identical to the “ballistic”
component of mobility in a calculation with phonon scat-
tering. Two observations motivate this conclusion. First,
when comparing the ballistic approximation method [Eq.
(7)] with Eq. (8), it is clear that the ballistic mobility should
incorporate the contact resistance Rc, as well as the ballistic
resistance RB, which is not captured in the ballistic calcula-
tion [28]. Also, the resistance in a ballistic calculation may
not be identical to the ballistic resistance in a calculation
with diffusive processes [17]. This can be exemplified by
comparing the LDOS calculated with, and without, phonon
scattering (see Supplemental Material [52]). Furthermore,
we find that the diffusive mobility for holes at low temper-
atures, as well as those for electrons at all temperatures,
are inconsistent when changing the simulation size. There
is evidence that this inconsistency may be the result of
insufficiently dense energy meshes, which are limited due
to computational requirements (see Supplemental Material
[52]). However, the consistency for holes at higher tem-
peratures suggest that the ballistic approximation method
may be reasonable to calculate diffusive mobility for holes
under these conditions.

C. Resistance scaling analysis

As mentioned in Sec. II C, this method for calculating
mobility requires that the structure be “long enough” so
that the mobility exhibits intrinsic behavior resulting in
the extraction of the intrinsic mobility. Given that hole
transport has more diffusive character than electrons, we
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FIG. 5. The calculated vertical electron (hole) mobility as a function of temperature for simulation sizes of (a) [(d)] 100 nm, (b) [(e)]
150 nm, and (c) [(f)] 200 nm, respectively, as calculated via the ballistic approximation method. The apparent mobility (dark blue/red
line with x’s) is broken up into components of ballistic mobility (blue and red line with asterisks) and diffusive mobility (light blue
and red line with crosses). It is demonstrated that for all simulation sizes investigated the electron transport is dominated by coherent
transport throughout the temperature range. On the other hand, holes exhibit a transition between coherent dominant and diffusive
dominant transport at temperatures of approximately 130 K, approximately 110 K, and approximately 100 K for simulation sizes of
100, 150, and 200 nm, respectively.

present the results for hole mobility first, as the inter-
pretation of the results is more straightforward. Figure 6
depicts the RA product and hole density in the SL as a
function of simulation size in the growth direction for an
electric field of 100 V cm−1 at temperatures of 30 and
77 K. Strong linearity is demonstrated at both tempera-
tures, but the hole density in less consistent at 30 K. We
demonstrate the impact that this has on the intrinsic verti-
cal mobility calculation by using the mean, minimum, and
maximum hole densities in separate calculations of mobil-
ity using Eq. (8). We report the results in Table I. The
mobility range suggested by these calculations is only a
zero-order approximation. This error estimation does not
take into account the impact that varying density may have
on the value of the resistance. We elaborate on this when

we discuss the mobility calculation for electrons later in
this section.

To understand how increasing the simulation size affects
the calculation, we plot in Fig. 7 the intrinsic mobili-
ties using the mean, maximum, and minimum densities,

TABLE I. Intrinsic vertical hole mobility as calculated using
the resistance scaling method for a 3/3 ML InAs/GaSb SL at
30 K with an electric field strength of 100 V cm−1 using the
mean, maximum, and minimum hole densities, respectively, for
the data set that includes the 50-, 100-, 150-, 200-, and 250-nm
calculations.

Mean density Max density Min density

Mobility 978 910 1 023
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FIG. 6. The resistance-area product (green lines) and hole den-
sity (purple dotted lines), respectively, calculated for majority
holes as a function of simulation size at temperatures of 30 and
77 K. Strong linearity of resistance is demonstrated at both tem-
peratures, but the hole density is noticeably less consistent at 30
K. Linear regression on the 30 K (77 K) resistance data gives an
R-squared value of 0.994 (0.999).

respectively, for consecutive pairs of data points. We find
that for the 30-K data set both the average and the esti-
mated error range of the mobility varies between pairs
due to the density variation between calculations. This is
a persistent issue for low-temperature calculations, which
we posit is related to convergence issues with respect to
the simulation parameters. These results demonstrate that
while the SL appears to be long enough to achieve a linear
resistance with respect to device size, the density variabil-
ity may lead to sizable errors in the mobility calculation.
These issues persist for the mobilities extracted for all pairs
of simulation sizes excluding the 200- and 250-nm calcu-
lation. As temperature increases, so does the scattering,
so we can expect the consistency of the hole densities to
improve for higher temperature calculations. To demon-
strate this, we perform the same analysis at 77 K and
include the results in Fig. 7. We find that for all consec-
utive pairs of calculations the mean and error range for the
intrinsic hole mobility are consistent. This demonstrates
the validity of this method down to the 50-nm simulation
size at 77 K.

In Fig. 8 we plot the intrinsic vertical hole mobility cal-
culated using Eq. (8) as a function of temperature with
error bars representing the estimated error range [57]. The
small error bars throughout the temperature range demon-
strate the consistency of the density in the simulations used
to calculate the mobilities, suggesting that the results are
valid.

The electron transport in this SL is more coherent in
nature than the hole transport. Unlike the resistance in

(50 nm,
100 nm)

(100 nm,
150 nm)

(150 nm,
200 nm)

(200 nm,
250 nm)

0

1

2

FIG. 7. The intrinsic vertical hole mobility calculated using
the resistance scaling method for pairs of calculations with con-
secutive simulations sizes at temperatures of 30 K (yellow lines)
and 77 K (red dotted lines). The mobility is calculated using three
different values for the hole density: the maximum, the mean, and
the minimum of the two calculations in the pair.

the hole calculations, the resistance in the electron cal-
culations does not depend linearly on simulation size in
the 100–400 nm range for an electric field strength of
100 V cm−1 (see Supplemental Material [52]). Thus, we

30 50 100 150 200
101

102
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Expt. [56]
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:
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:

FIG. 8. The intrinsic vertical mobility as a function of temper-
ature for a MWIR InAs/GaSb SL calculated using the resistance
scaling method from quantum transport simulations by using Eq.
(8) (dark red line with error bars) and Eq. (9) (light red dashed
line with asterisks) for holes. Also plotted is the vertical mobil-
ity for electrons calculated using Eq. (9) (blue line with pluses).
Finally, the experimentally obtained electron vertical mobility as
a function of temperature (green line with x’s) for an approx-
imately 4.3-µm LWIR SL as reported by Swartz and Myers
[56].
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FIG. 9. The resistance-area product (green lines) and electron
density (purple dotted lines), respectively, calculated for majority
electrons as a function of simulation size at temperatures of 77,
120, and 160 K. Linear regression on the resistance results in R-
squared values of 0.990, 0.992, and 0.993, respectively. There
is strong linearity at all temperatures, but the electron density
inconsistency suggests that resistance scaling using Eq. (8) will
not be accurate for electrons.

increase the electric field strength to 2000 V cm−1 for our
vertical electron mobility calculations. Figure 9 presents
the RA product for electrons as a function of simulation
size. The strong linearity suggests that the resistance scal-
ing method may be valid at this electric field strength for
electrons at temperatures of 77 K and above. However, the
calculated electron density decreases monotonically with
increasing simulation size. If this affect is not accounted
for, the calculated mobility can have substantial error (see
Supplemental Material [52]). To compensate for the incon-
sistent density, we use Eq. (9). In Fig. 10 we plot the
nRA product as a function of simulation size for differ-
ent temperatures. These results demonstrate that linearity
is achieved for each temperature with calculation lengths
of 200 nm or larger. However, the nRA product deviates
from linearity for smaller simulations below 160 K. The
cause of this behavior is evident in the behavior of POP
scattering. Given that electron transport is largely ballis-
tic, the existence of high LDOS at an energy level below
the left reservoir Fermi level by the POP scattering energy
is required for significant scattering to occur. For the 200-
nm simulations, in which linearity of resistance begins, the
Fermi levels of the left and right reservoirs are offset by
40 meV, which is larger than the POP scattering energy
chosen for the scattering self-energy (30 meV) resulting in
enhanced scattering.

This enhanced scattering is sufficient to impose linear
scaling behavior on the calculated resistance. To demon-
strate, we plot the spatially resolved spectral currents as

0 100 200 300 400 500
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1

2

3

4

5

FIG. 10. The resistance-area-density product calculated for
majority electrons as a function of simulation size at several
temperatures. Linear regression is performed on the calculations
with lengths of 200 nm and greater returning R-squared values of
0.992, 0.995, 0.997, 0.998, and 0.997, respectively, suggesting
that valid mobilities may be extracted using Eq. (9).

well as the in-scattering rates associated with POP scatter-
ing for 200-nm simulations of electrons and holes at 77 K
in Fig. 11. Electrons entering from the left reservoir con-
duct ballistically throughout most of the structure resulting
in low electron in-scattering rates. However, they scatter
into lower energy states near the right reservoir, which is
exemplified by high in-scattering rates. This is also vis-
ible in the spatially resolved spectral current for electrons
where the spectral current is nearly constant with respect to
energy from left to right across the structure while demon-
strating current at lower energy near the right reservoir, see
inset of Fig. 11. For shorter simulation sizes, fewer states
are available for the electrons to scatter into resulting in
reduced POP scattering. There is evidence that the require-
ment of an approximately 40 meV difference in contact
Fermi levels to achieve linear resistance scaling may be
independent of electric field strength and simulation size
(see Supplemental Material [52]). In contrast, comparing
the hole in-scattering rates with the spectral current, it is
clear that holes are scattering into and out of virtual states
at energies above the hole miniband. Thus, POP scatter-
ing of holes is quasiperiodic away from the reservoirs.
This demonstrates that POP scattering of holes far from
the reservoirs is consistent for much smaller simulations.
Similar plots for different simulation sizes are given in the
Supplementary Material to provide more context [52].

In Fig. 8 we also plot the intrinsic vertical electron
mobility calculated with Eq. (9) as a function of tem-
perature using the nRA product data that has achieved
strong linearity [58]. These results are plotted alongside
the experimental vertical electron mobility as a function
of temperature reported by Swartz and Myers [56] for
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FIG. 11. The electron (data at higher energy levels) and hole (data at lower energy levels) spatially resolved spectral currents (in
106 Acm−2 and 104 Acm−2, respectively) and in-scattering rates (in 1026 s−1 cm−3 and 1024 s−1 cm−3, respectively) associated with
POP scattering for a 200-nm simulation at 77 K. POP scattering is size dependent for electrons, but nearly size independent for holes
at this scale. Note that this figure is a composite plot of two separate calculations, one for electrons and one for holes, with electric
field strengths of 100 V cm−1 and 2000 V cm−1, respectively. Thus, the SL band diagrams are only included in the two insets as they
would conflict in the composite plot. (The spectral currents are displayed in a grayscale colormap while the POP in-scattering rates are
displayed in a blue and red colormap.)

a nearly approximately 4.3 µm SL layer. The intrinsic
electron mobility values calculated using Eq. (9) are sig-
nificantly higher than the apparent mobilities calculated in
Sec. III A using the average velocity method confirming
that electron transport is highly coherent in these simula-
tions. This is consistent with the results of the analyses
from Secs. III A and III B. The low-temperature elec-
tron mobility is of the same order of magnitude as the
experimental data (see Fig. 8), but the high temperature
experimental mobility is orders of magnitude lower. As we
mention in Sec. III A, this mobility degradation is likely
due to specific structural details of the experimental device
that are not included in the simulations. For completeness,
we discuss the results of holes using Eq. (9).

In Fig. 8, for comparison with those calculated using
Eq. (8), we also include the intrinsic vertical hole mobil-
ity calculated using Eq. (9) as a function of temperature.
[57]. At the temperatures investigated in this study the per-
cent difference of the intrinsic mobilities calculated using
both methods is less than 5 % in magnitude. While this
suggests that the assumptions of Eq. (9) are reasonable for
holes at these temperatures, we cannot be certain that the
assumptions hold for electrons.

D. Comparison between mobility calculation methods

As demonstrated in Sec. III A, the average velocity
method calculates the apparent mobility. On the other

hand, the resistance scaling analysis method calculates the
intrinsic mobility. To relate these two different mobilities,
we use Eq. (13) to extract an expression for the conceptual
ballistic mobility that represents the Rc + RB component
of the total resistance in Eq. (8) resulting in the following
relation [12]:

μball = L
ne(RC + R0)

. (13)

Using this equation, along with Matthiessen’s rule [Eq.
(7)], it is possible to calculate an apparent mobility by
combining this approximate ballistic mobility with the
intrinsic mobility calculated via Eq. (8) or Eq. (9). In
Fig. 12 we present the results of this derived apparent
mobility along with the apparent mobility calculated using
the average velocity method. We find that the resistance
scaling method results and the average velocity method
results are consistent with each other throughout the tem-
perature range investigated for both electrons and holes.
This confirms that the average velocity method calculates
an apparent mobility, which encompasses diffusive and
ballistic effects.

The ballistic approximation method can be compared
with the resistance scaling analysis as both methods
attempt to extract the diffusive scattering component of the
mobility. Figure 13 presents the mobilities calculated using
both methods for electrons and holes. We find that the
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FIG. 12. The electron (dark blue line with x’s) and hole (dark
blue line with pluses) apparent vertical mobility plotted as a
function of temperature calculated using the average velocity
method. Also included are the apparent vertical mobilities cal-
culated by combining diffusive and ballistic components using
Matthiessen’s rule derived from resistance scaling analysis for
electrons (light blue dotted line with diamonds) and holes (light
red dotted line with squares). These results correspond with
simulation sizes of 200 nm. The mobility extracted from the aver-
age velocity method is demonstrated to incorporate ballistic and
diffusive effects.

ballistic approximation method compares favorably to the
resistance scaling method for holes at temperatures above
100 K, which demonstrates that the inherent approxima-
tions of the ballistic approximation method are reasonable.
However, at lower temperatures the results for holes are
inconsistent. Similar to the results for hole at low tempera-
tures, those for electrons differ dramatically throughout the
entire temperature range.

E. Implications for device performance predictions

Given that NEGF calculations are limited computation-
ally to relatively small domains, the results from our study
have significant implications for the use of the calculations
to predict device properties. For a calculation where the
entire structure can be included in the simulation domain,
the average velocity method of calculating mobility will
result in an apparent mobility that incorporates both bal-
listic and diffusive components affecting the transport, see
Sec. III D, and the overall transport may be well described
for this device. However, when a device is too large to
simulate with NEGF, the average velocity method may
be misleading under certain conditions. To help facili-
tate this concept, we calculate the ballistic mobility as a
function of device length using Eq. (11) for a tempera-
ture of 77 K and the conduction band effective mass of
InAs (0.023 [59]). Then, assuming an intrinsic mobility
of 50 000 cm2 V−1 s−1 (estimated for electrons in InAs
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FIG. 13. The diffusive vertical electron and hole mobility as a
function of temperature calculated using both resistance scaling
analysis [Eq. (9)] and the ballistic approximation method [Eq.
(7)] from 200-nm simulations. These results suggests that both
methods may be valid for holes at higher temperatures, but not
for electrons.

at 77 K with a density of 1.7 × 1016 cm−3 [60]), we cal-
culate the apparent mobility using Eq. (7) and plot the
results in Fig. 14. The apparent mobility in a smaller
structure is demonstrated to be dominated by the ballis-
tic component. However, a larger structure is dominated
by the diffusive-limited component of mobility, because
the ballistic component has increased dramatically due to
the increase in device size. Thus, the mobility calculated
using the average velocity method (apparent mobility) in
a smaller simulation may not represent the mobility in a
real device. When trying to predict the mobility in a device
using this method, the results are only valid when the entire
device is modeled in the simulation domain or when the
simulation is in the transport regime limited by diffusive
processes.

To exemplify how the mobility extraction methodology
can affect device performance predictions, we use the Ein-
stein relation along with a minority carrier lifetime τ of
100 ns [61] to estimate the minority carrier diffusion length
LA and the internal quantum efficiency (QE) using Eq. (33)
on page 676 of Ref. [62] for an absorption layer thickness
WA of 5 µm. We choose an absorption coefficient α of
500 cm−1, which is artificially low in the case of MWIR
InAs/GaSb SLs but may be reasonable for LWIR Ga-free
SLs, to better illustrate the impact that the different mobil-
ity calculation methods may have on the prediction of
device performance. The calculated QE values as a func-
tion of temperature are plotted in Figs. 15(a) and 15(b)
for hypothetical minority electron and minority hole PDs,
respectively. While the approximated QE as a function of
temperature for a minority hole PD are fairly consistent
between methods, the values for a minority electron PD
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FIG. 14. The apparent, ballistic, and diffusive-limited mobili-
ties calculated for an example InAs device at 77 K as a function
of device length. It is clear that the apparent mobility for a
smaller device significantly underestimates the mobility in a
larger device.

vary significantly. This is expected as the results are com-
mensurate with the variation in mobilities calculated using
the different methods. As a specific example, choosing
the mobility extracted from the average velocity method
underestimates the QE for an electron-based PD at 140 K
by approximately 16 % of the value calculated using the
resistance scaling mobility.

Therefore, predicting device mobility from a nanometer-
scale simulation using the average velocity method may
not be appropriate in all situations, and is likely only appli-
cable in cases where the resistance scaling method is also
valid and transport is dominated by diffusive processes.
Regarding the ballistic approximation method, we show
that this approximation may be valid in the regime inves-
tigated for holes at temperatures above 100 K, but it is
inconsistent with the resistance scaling method results for
electrons at all investigated temperatures. Ultimately, the
resistance scaling method is the only one for which the
validity can be inherently determined. Furthermore, the
apparent mobility in a T2SL device of arbitrary length can
be approximated using the intrinsic mobility and Eq. (13)
along with Eq. (7), as in Fig. 14. Resistance scaling pro-
vides the most straightforward results demonstrating the
utility of the method, but in cases of significant scattering
the average velocity might be reasonable and is more com-
putationally efficient. In cases where the simulation is not
large enough for resistance scaling to be valid, the ballis-
tic approximation method or the average velocity method
can be attempted. However, the limitations of each method
must be carefully considered.
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FIG. 15. The approximate quantum efficiency calculated for
an electron-based (a) and hole-based (b) T2SL photodetector.
The inconsistency between the QEs calculated using the different
methods is commensurate with that of the mobilities, exemplify-
ing the impact that mobility extraction methodology can have on
predictions of device performance.

IV. CONCLUSION

We investigate the extraction of mobilities from NEGF
calculations of T2SLs using the average velocity, the
ballistic approximation, and resistance scaling methodolo-
gies. It is demonstrated that the average velocity method
results in the apparent mobility that encompasses both
ballistic and diffusive effects. Thus, the validity of this
method as a predictor of device performance is limited
to simulations in which the entire device can be sim-
ulated or in which transport is dominated by diffusive
processes. On the other hand, the ballistic approximation
and resistance scaling methods are designed to extract the
scattering-limited mobility. The mobilities extracted for
holes using both methods are consistent at higher tem-
peratures, but the hole mobilities at low temperatures as
well as the electron mobilities for all temperatures are
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inconsistent. However, due to the inherent validity of the
resistance scaling method, the inconsistency of results
demonstrates the tenuous validity of the ballistic approx-
imation method under certain conditions. We employ an
alternative method for extracting mobility using resistance
scaling when the carrier density is not constant between
calculations. This method is demonstrated to produce the
same results as the traditional resistance scaling method
for holes. For electrons, where the carrier density is less
consistent between simulations at different temperatures,
this alternative method enabled the extraction of a diffusive
mobility from sufficiently long simulations that is inde-
pendent of simulation size, as would be expected for an
intrinsic mobility. Therefore, we are able to extract valid
intrinsic mobilities for electrons and holes in the temper-
ature range investigated that can be used to model T2SL
behavior in larger devices. These findings are applicable
to materials outside of T2SLs and demonstrate that con-
sideration of the physical interpretation of the mobilities
extracted using the different methods is important in cases
where ballistic transport is significant.

ACKNOWLEDGMENTS

The work at Boston University is supported in part
by the Defense Advanced Research Projects Agency
(DARPA) Focal Arrays for Curved Infrared Imagers
(FOCII) program (Grant No. N66001-20-C-4011), man-
aged by Dr Whitney Mason. Furthermore, the authors
would like to thank Dr. Minh Nguyen, Dr Mark O’Masta,
and Dr Philip Klipstein for many fruitful discussions.

APPENDIX A: 3D BULK BALLISTIC MOBILITY

We solve for the ballistic mobility of a 3D bulk [Eq.
(11)] by following the methods of Lundstrom and col-
leagues for the calculation of the conductance and bal-
listic mobility for two-dimensional bulk devices [63,64].
We start with the expression for the conductance in the
Landauer formalism [63]:

G = 2q2

h

∫
T (E)M (E)

(
−∂f0

∂E

)
dE, (A1)

where the partial derivative of the Fermi function, f0,
comes from the Taylor expansion of the difference of the
Fermi levels between contacts, T is the transmission func-
tion at energy, E, M is the number of conducting channels
between contacts, q is the elementary charge, and h is
Plank’s constant. Next, using the standard expression for
the 3D conductance [63] σapp = GL/A in combination with
Eq. (A1) we find

σapp = 2q2

h

∫
(T (E)L)

(
M (E)

A

) (
−∂f0

∂E

)
dE. (A2)

As pointed out by Lundstrom and Sun, this conductivity
should be thought of as an “apparent conductivity” in the
case of ballistic transport, as the definition of conductivity
is generally applied in the diffusive limit [64]. Similarly,
the apparent mobility, μ, can be extracted based on the
relationship between mobility and conductivity in the dif-
fusive limit: σapp = nqμapp, where n is the carrier density
in the device. Combining this expression with Eq. (A2) we
derive an expression for the apparent mobility for a 3D
bulk device:

μapp = 2q/h
n

∫
(T (E)L)

(
M (E)

A

) (
−∂f0

∂E

)
dE, (A3)

Using the expression for the number of conducting modes
in a 3D device given in Ref. [63] and the fact that the trans-
mission function is equal to unity for ballistic transport, Eq.
(A3) can be rewritten to represent the ballistic mobility as
follows:

μball = 2q/h
n

L
(

m∗

2π�2

)
(KBT)

∂

∂ηF

∫
dε

e(ε−ηF ) + 1
dε,

(A4)

where m∗ is the effective mass, KB is the Boltzmann con-
stant, T is the temperature, � the reduced Plank’s constant,
and with substituted variables ε = (E − Ec)/(KBT) and
ηF = (EF − Ec)/(KBT) where Ec and EF are the conduc-
tion band and Fermi energies, respectively. Using the rules
for Fermi integrals as given by Lundstrom and Jeong [63],
we can simplify Eq. (A4) to the following:

μball = 2q/h
n

L
(

m∗

2π�2

)
(KBT)F0(η), (A5)

where F0 is the Fermi-Dirac integral of order zero. To
derive the final expression for the apparent mobility, we
first derive an expression for the carrier density. We start
with the equation for carrier density in 3D bulk materials
[63]:

n =
∫

D3Df0(EF)dE, (A6)

where D3D is the 3D density of states. Inserting the expres-
sion for the 3D density of states given in Ref. [63] we
find

n =
√

2 (m∗KBT)3

π2�3

∫
dε1/2

e(ε−ηF ) + 1
dε. (A7)

Using the definition for the Fermi integral of one-half
order, F1/2, we get our final expression for carrier density:

n =
√

2 (m∗KBT)3

π2�3

√
π

2
F1/2(ηF). (A8)
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We insert Eq. (A8) into Eq. (A5) to derive our final
expression for ballistic mobility:

μball = LvT

2 (KBT/q)

F0(ηF)

F1/2(ηF)
, (A9)

which corresponds with Eq. (11) of Sec. III A. We insert
the unidirectional thermal velocity, vT = √

2kBT/(πm∗),
into Eq. (A9).

APPENDIX B: 3D BULK BALLISTIC RESISTANCE

We solve for the ballistic resistance [Eq. (10)] of a 3D
bulk material in a similar manner as Eq. (A9) in Abstract
A by starting with the reciprocal of the expression for
conductivity in the Landauer formalism (A1):

R = 1/G = h
2q2

(∫
T (E)M (E)

(
−∂f0

∂E

)
dE

)−1

. (B1)

Using the definition of the Fermi integral, the expression
for the number of conducting channels in a 3D device
[63], and the fact that the transmission function is equal
to unity for ballistic transport, Eq. (B1) can be transformed
as follows:

Rball = 1/G = h
2q2

2π�2

m∗KBT

(
∂

∂ηF

∫
ε

eε−ηF
dε

)−1

. (B2)

We use the rules for Fermi integrals provided in Ref. [63]
to simplify the expression:

Rball = h
2q2

2π�2

m∗KBT
1

F0 (ηF)
. (B3)

Finally, we substitute in the expression for the carrier den-
sity [Eq. (A8)] to derive the final form of the expression
for ballistic resistance as given in Sec. II C:

Rball =
√

2πm∗KBT
nq2

F1/2 (ηF)

F0 (ηF)
. (B4)
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