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The von Neumann and quantum Rényi entropies characterize fundamental properties of quantum sys-
tems and lead to many theoretical and practical applications. Quantum algorithms using a purified quantum
query model can speed up quantum entropy estimation, while little is known about the complexity of using
identical copies of the quantum state. This paper presents quantum entropy estimation algorithms with a
cost of copies scaling polynomially in the rank of the state. In contrast to current methods that depend on
the dimension of the system, our methods could provide exponential resource savings in the scenario of
low-rank states. Furthermore, we show how to construct quantum circuits using primitive single-qubit or
two-qubit gates efficiently and thus provide practical methods for estimating quantum entropies of quan-
tum systems. We also conduct simulation experiments to show the effectiveness and noise robustness of
our algorithms.
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I. INTRODUCTION

Entropy [1] is a fundamental concept in physics and
computer science that can characterize randomness of the
system. Shannon entropy [2] is often used to capture oper-
ational quantities in information processing and quantum
physics. Rényi entropies [3] generalize Shannon entropy
and constitute a family of one-parameter information mea-
sures. In the quantum realm, the corresponding concepts
are von Neumann entropy [4] and quantum Rényi entropies
[5], which have applications in many fields, such as quan-
tum chemistry [6], condensed-matter physics [7], and high-
energy physics [8]. Computing quantum entropies plays a
key role in quantum information and quantum computing,
for example, quantum entropies can provide the asymp-
totic lower bound for compressing quantum data [9] and
can be applied to study quantum Gibbs state preparation
[10–13] and Hamiltonian learning [14–17].

For any quantum state ρ ∈ C2n×2n
, von Neumann

entropy is defined by S(ρ) = −tr(ρ ln(ρ)), and quantum
Rényi entropy of order α is defined by Rα(ρ) = 1/(1 −
α) log tr(ρα), with α ∈ (0, 1) ∪ (1, +∞). In the limit α →
1, Rα(ρ) converges to S(ρ) up to a proportional factor. If
the density matrix of ρ is diagonal in the computational
basis, S(ρ) and Rα(ρ) degenerate to their classical coun-
terparts. Despite being conceptually simple, estimating
quantum entropies is not easy. Various methods [18] have
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been proposed to estimate quantum entropies, and a large
number of quantum resources are demanded. The most-
straightforward method is tomography [19], which gives
the classical description of the density matrix. In this
case, the resource cost increases exponentially with the
size of the state. In addition, the current optimal classical
algorithm for quantum entropy estimation has a cost scal-
ing linearly with the number of nonzero elements of the
density matrix [20].

Many quantum solutions based on different models have
been proposed [10,19,21–25]. The cost of estimating S(ρ)
and Rα(ρ) in a model where one can get identical copies
of the state was studied by Acharya et al. [19]. By allow-
ing arbitrary measurements and classical postprocessing,
it was shown that the cost of entropy estimation scales
exponentially with the state size. Later,Gilyén and Li [23]
and Subramanian and Hsieh [24] studied quantum entropy
estimations in a purified quantum query model that pre-
pares the purification of the input state, i.e., Uρ |0〉A |0〉B =
|ψρ〉AB and trA(|ψρ〉 〈ψρ |AB) = ρ. It has been shown that
the complexity of querying Uρ for estimating S(ρ) can
be asymptotically linear in the dimension of the system
[23], while the results for Rα(ρ) are comparable to those
obtained by tomography [24]. Recently, Gur et al. [26]
have brought that the complexity of querying Uρ for esti-
mating S(ρ) is sublinear in the dimension. Wang et al.
[27] proposed quantum algorithms with a dependence on
the rank of the state, where the results for estimation of
von Neumann entropy have a linear dependence on the
rank. Moreover, Yirka and Subasi [28] considered access
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to a purification of the state and used short-depth circuits
to estimate tr(ρk) for integer k, which could be used to
estimate Rα(ρ) when α is an integer.

In this work, we consider estimating quantum entropies
of an unknown quantum state and propose quantum algo-
rithms of concrete implementation that use identical copies
of the input state. To develop our algorithms, we first give
series functionals approximating quantum entropies. Then
we devise quantum circuits to estimate individual terms in
the series. When designing quantum circuits, we synthe-
size several quantum gadgets, such as iterative quantum
phase estimation [29], exponentiation of the quantum state
[30], and a technique of implementing a linear combina-
tion of unitaries [31]. As a result, we show how circuits are
decomposed into primitive single-qubit or two-qubit gates,
which leads to practical methods for quantum entropy esti-
mation. We also consider compressing the circuit width by
qubit reset [32], which was the method used in Ref. [28] to
compress the circuits for estimating tr(ρk). It allows there
to be two copies of the state during computation. Eventu-
ally, we use the sampling technique to give an unbiased
estimator for quantum entropies. Overall, the copy cost for
estimating S(ρ) is ˜O(r2/ε7), where r is the rank of ρ and ε
denotes the additive error. The cost of estimating Rα(ρ)
depends on α, which scales polynomially in r. We also
count the costs of primitive single-qubit or two-qubit gates.
The details are shown in Theorems 1 and 2. In contrast to
previous work [19] using identical copies, this work pro-
vides results with a dependence on the rank of the state
rather than the dimension, implying exponential resource
savings in the scenario of low-rank states. It also general-
izes the methods for estimating tr(ρα) for any α > 0 and
α �= 1, while the method in Ref. [28] works only when α
is an integer.

This paper is organized as follows: Section II provides
series functionals as approximations of von Neumann and
quantum Rényi entropies, which consist of terms that are
easy to estimate with quantum computers. Section III
provides concrete quantum circuits to evaluate individual
terms of the series and explains in detail how to decompose
the circuits into single-qubit or two-qubit gates. Section IV
presents quantum entropy estimation algorithms and their
costs of state copies and quantum gates. Furthermore, Sec.
V presents numerical experiments to show the effective-
ness and noise robustness of our algorithms. Finally, the
conclusions are presented in Sec. VI.

II. QUANTUM ENTROPY APPROXIMATIONS

Approximation series of quantum entropies were con-
sidered in Refs. [10,23,24]. Our methods are inspired by
Ref. [10], in which a method in Ref. [33] is used to convert
a Taylor-series approximation of S(ρ) to a Fourier series.
We further use this method to give approximations of S(ρ)
and tr(ρα), expressed as a linear combination of terms of

the form tr(ρp cos(ρt)) for some integer p ≥ 1. Particu-
larly, we give a series whose number of terms depends
on the state’s rank, while in previous work [10], it was
determined by the approximation precision.

A. Approximation of von Neumann entropy

When given a lower bound of all nonzero eigen-
values of the state ρ, we can give an approxima-
tion of S(ρ) by approximating the entropic function of
each nonzero eigenvalue. The idea is simple: transform
the truncated Taylor series

∑K
k=1 1/ktr

(

ρ(I − ρ)k
)

into
a weighted sum of cosines by replacing 1 − ρ with
arcsin(cos(ρπ/2))/(π/2). Then expand arcsine to its Tay-
lor series. Next, truncate the Taylor series of arcsine to give
a high-precision approximation. Lastly, use the relation
cos(ρπ/2) = (eiρπ/2 + e−iρπ/2)/2 to cancel the cosines,
resulting in a series that is composed of terms of the form
tr(ρ cos(ρt)). More details are provided in Appendix A,
including the choices of truncation orders.

The discussion above describes a method for construct-
ing approximations of entropies using the knowledge of
the lower bound of all nonzero eigenvalues. We further
convert the dependence on the lower bound to that on
the rank. Our idea is to choose an eigenvalue threshold
that partitions eigenvalues into two groups. We construct
approximations to approximate entropic functions for one
group and ignore the other. The subtlety is to choose a
proper eigenvalue threshold to suppress the error caused
by ignoring the other group.
Lemma 1: [Rank-based S(ρ) approximation.] Suppose
we have a rank r of the quantum state ρ and choose
an eigenvalue threshold κ = ε(12r ln(r/ε))−1. Then there
exists an approximation of S(ρ) with precision ε.

Proof : We consider a polynomial P(x) = ∑K
k=1 x/k(1 −

x)k with degree K ∈ �(1/κ log(1/εκ)), which approx-
imates x ln(x) for all x ∈ [κ , 1]. Clearly, if eigen-
value κ of ρ is larger than κ , then we would have
|P(κ)− κ ln(κ)| ≤ κε/2. Otherwise, for those eigenval-
ues κ ≤ κ , the polynomial P(κ) satisfies the inequality
|P(κ)− κ ln(κ)| ≤ |P(κ)| + |κ ln(κ)|. We further consider
that P(κ) is bounded by its overall weights, i.e., |P(κ)| ≤
κ ln(K)/4 for all κ ≤ κ ≤ 1

2 . Then a larger upper bound
is given as 1/4|κ ln(K)| + |κ ln(κ)|. With this bound,
we can easily characterize the error between P(κ) and
κ ln(κ): |κ ln(κ)| + 1/4|κ ln(K)| ≤ 3κ/2 ln(1/εκ). More-
over, when κ = ε(12r ln(r/ε))−1, the error is smaller than
ε/2r. Finally, we combine the above results and find the
approximation error is smaller than ε. �

This lemma guarantees that we can find a series of
tr(ρ cos(ρt)) as an approximation of S(ρ) and implies that
the number of terms has an asymptotic polynomial scaling
with the rank. We discuss later how to evaluate each term
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in the series with quantum computers and further combine
them to give an estimate of the entropy. Next, we dis-
cuss how to give such approximations of quantum Rényi
entropies.

B. Approximation of Rényi entropy of order α

For quantum Rényi entropy of order α, we focus on
estimating tr(ρα). When α is an integer, the quantity can
be estimated by using simple quantum circuits (e.g., the
Hadamard test [28,34]). For noninteger α, we separately
consider the integer and decimal parts of α: we first con-
struct a series approximation of x{α}, where {α} denotes
the decimal part, and then combine it with x[α] to give an
approximation of tr(ρα).

For simplicity, we assume α ∈ (0, 1). Firstly, we write
the Taylor series of xα = ∑∞

k=0

(

α

k

)

(x − 1)k, where
(

α

k

) =
∏k

j =1 (α − j + 1)/j is the generalized binomial coeffi-
cient. Secondly, we replace x − 1 with arcsin((x − 1)π/2)/
(π/2) and Taylor-expand the function [arcsin(y)/(π/2)]k.
We denote the series of [arcsin(y)/(π/2)]k by

∑∞
l=0 b(k)l yl.

Here, the b(0)l ’s are the coefficients of the Taylor series
of arcsin(y)/(π/2), and the other b(k)l ’s can be computed
inductively. Particularly, we have b(k)l ≥ 0 and

∑∞
l=1 b(k)l =

1 for any k, since [arcsin(1)/(π/2)]k = 1. Lastly, trun-
cation of both infinity series gives an approximation of
xα .

Similarly, given the lower bound of all nonzero eigen-
values, we can construct an approximation series of tr(ρα).
We show the details in Appendix A. Here, given the rank of
the state, we show how to select an eigenvalue threshold.

Lemma 2: [Rank-based Rα(ρ) approximations.] Suppose
we have a rank r of a quantum state ρ. When α ∈ (1, ∞),
κ = (ξ/4r)1/[α] /4 ln

(

ξ−1 (ξ/4r)−1/[α]) suffices to provide
an approximation of tr(ρα) with accuracy ξ ; when α ∈
(0, 1), choosing κ = (ξ/8r)1/α is sufficient.

Proof : Case 1: α > 1. We recall the series Pα(x) =
∑K

k=0
∑L

l=0

({α}
k

)

b(k)l x[α][sin((x − 1)π/2)]l, which approx-
imates xα with precision x[α]ξ/2 for all x ∈ [κ , 1). When
x < κ , the approximation error is upper bounded as
|Pα(x)− xα| ≤ |Pα(x)| + xα . Since |sin((x − 1)π/2)| ≤ 1
and

∑L
l=0 b(k)l ≤ 1, we can easily find that |Pα(x)| ≤

x[α] ∑K
k=0

∣

∣

∣

({α}
k

)

∣

∣

∣ ≤ x[α]
(

∑K
k=1 k−1{α} + 1

)

, where the sec-

ond inequality follows since |({α}
k

)| ≤ k−1{α}. We read-
ily give a larger bound of the truncation error, which
is 2x[α] ln(K), where K ∈ O(1/κ log(1/κξ)). To bound
the error of approximating tr(ρα), it suffices to let
∑

j :λj<κ
2λ[α]

j ln(K) ≤ ξ/2. Then the claimed κ is valid
since it satisfies 2r(κ ln(K))[α] ≤ ξ/2.

Case 2: α ∈ (0, 1). By our setting suitable K and L,
Pα(x) = ∑K

k=0
∑L

l=0

(

α−1
k

)

b(k)l x[sin((x − 1)π/2)]l approx-
imates xα with precision xξ/2 for all x ∈ [κ , 1). Mean-
while, |Pα(x)−∑K

k=0

(

α−1
k

)

x(x − 1)k| ≤ xξ/4 for x ∈
(0, κ). Thus, when x ∈ (0, κ), an upper bound of Pα(x) is
given by

∑K
k=0 |(α−1

k

)|x(1 − x)k + xξ/4. Using |(α−1
k

)| =
(

α−1
k

)

(−1)k, we further find a larger bound, xα + xξ/4.
Then we can conclude that setting κ = (ξ/8r)1/α is suf-
ficient to suppress the error of approximating tr(ρα) to
ξ . �

Lemma 2 provides an eigenvalue threshold that can be
used to determine the approximation series, which is com-
posed of terms tr(ρp cos(ρt)). This implies that the number
of terms has a polynomial scaling with the rank of the
state. The concrete procedure for finding approximations is
provided in Appendix A. Notice that here we discuss esti-
mating tr(ρα), which is used to give an estimate of Rα(ρ)
via simple calculations. Thus we need to analyze how the
error would propagate from the former to the latter.

To do this, let t̂r(ρα) denote an estimate of tr(ρα)
up to error ξ , i.e., |t̂r(ρα)− tr(ρα)| ≤ ξ . Then the dif-
ference between their logarithmic functions is |1 −
α|−1

∣

∣

∣log
(

1 + [t̂r(ρα)− tr(ρα)]/tr(ρα)
)∣

∣

∣. Notice that
| log(1 + x)| ≤ 2|x| for any x ∈ [−0.5, 1]. Assume that
[t̂r(ρα)− tr(ρα)]/tr(ρα) falls in the interval [−0.5, 1];
we, therefore, find that the difference is smaller than
2ξ/|1 − α||tr(ρα)|. Moreover, since tr(ρα) ≥ [tr(ρ2)]α−1

for all α ∈ (0, 1) ∪ (2, +∞) and tr(ρα) ≥ tr(ρ2) for all
α ∈ (1, 2], the relation between ξ and ε is given as ξ =
|1 − α|/2[tr(ρ2)]α−1ε if α ∈ (0, 1) ∪ (2, +∞), and as ξ =
|1 − α|/2tr(ρ2)ε if α ∈ (1, 2].

III. QUANTUM CIRCUITS

In this section we present quantum circuits to estimate
terms of the form tr(ρp cos(ρt)) for any positive integer
p . We first show the correctness of the quantum circuits
and then decompose them into primitive single-qubit or
two-qubit gates. We then discuss a crucial subroutine that
simulates the exponentiation of the swap operator. Finally,
we consider compressing the circuit width.

A. Circuit scheme

Recall that the swap test [35] can estimate purity tr(ρ2)

and the Hadamard test [28,34] can estimate more-general
state overlap tr(ρk) (k ≥ 3), where the unitary is the cyclic
permutation operator. Assume a quantum circuit imple-
ments the unitary e−iρt. We then show that the combination
of the Hadamard test and the controlled e−iρt operation
gives a quantum circuit to estimate tr(ρp cos(ρt)). A circuit
for illustration is shown in Fig. 1.
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FIG. 1. Quantum circuit for estimating tr(ρp cos(ρt)). CycPer
denotes the cyclic permutation operator, which acts as
CycPer |ψ1,ψ2, . . . ,ψp〉 = |ψ2,ψ3, . . . ,ψ1〉.

Proposition 1. For any positive integer p ≥ 1 and t ∈ R,
the quantum circuit in Fig. 1 can estimate tr(ρp cos(ρt)).

The proof is presented in Appendix B. Proposition 1
indicates that we could use quantum computers to estimate
the entropy approximation. In general, the cyclic permuta-
tion operator is easy to construct using shallow quantum
circuits, while the exponentiation of the density matrix is
more complex and more difficult to implement. Although
a method using identical copies of the state for this pur-
pose was provided in Ref. [30], how to construct concrete
circuits using primitive single-qubit or two-qubit gates is
not yet known. Next, we present a method that uses simple
quantum circuits and identical copies of the state.

B. Density-matrix exponentiation

For convenience, we present a quantum circuit to esti-
mate tr(ρ cos(ρt)) for arbitrary t ∈ R, which can be easily
generalized to circuits for estimating tr(ρp cos(ρt)) for any
p ≥ 2. To begin, we show a circuit in Fig. 2 that estimates
tr(ρ cos(ρt)) when t is small.

In Fig. 2, qubit |0〉 〈0| and two copies of state ρ are input
into the circuit. Two Hadamard gates are applied, sand-
wiching a controlled exponentiation of the swap operator.
At the end of the circuit, we measure the top ancillary qubit

FIG. 2. For a short time t, we first prepare a ground state |0〉 〈0|
in the measure register, and prepare ρ in the main register and in
the ancillary register, respectively. Subsequently, the controlled
unitary operator e−iSt acts on state ρ ⊗ ρ. At the end of the cir-
cuit, we measure along the eigenbasis of Pauli Z, which would
immediately lead to an estimate for tr(ρ cos(ρt)) up to precision
O(t2).

on the Pauli Z operator. In particular, the measurement
outcome leads to the value of tr(ρ cos(ρt)). More pre-
cisely, tr(ρ cos(ρt)) ≈ Pr[0] − Pr[1], where Pr[0] denotes
the probability of observing outcome 0 and Pr[1] denotes
the probability of observing outcome 1.

Proposition 2. Let V denote the unitary corresponding to
the circuit in Fig. 2. For any quantum state ρ and a param-
eter t, the measurement outcome is close to tr(ρ cos(ρt)),
i.e.,

∣

∣tr(ρ cos(ρt))− tr
((

V(|0〉 〈0| ⊗ ρ⊗2)V†
)

Z0
)∣

∣ ≤ 2t2,
where Z0 represents Z ⊗ I ⊗ I .

Proof : To show correctness, we focus on the state in
the top two registers. After applying the controlled oper-
ation, the state is changed into 1

2

[|0〉 〈0| ⊗ ρ⊗2 + |1〉 〈1| ⊗
e−iStρ⊗2eiSt

]+ 1
2

[|0〉 〈1| ⊗ ρ⊗2eiSt + |1〉 〈0| ⊗ e−iStρ⊗2
]

.
Then we trace out the appended copy of ρ. Note that part
of tracing state is executed as |1〉〈0| ⊗ tranc

(

e−iStρ⊗2
) =

|1〉 〈0| ⊗ (cos(t)I − i sin(t)ρ)ρ. The notation tranc means
tracing out the appended copy of ρ. Here we have used the
facts that e−iSt = cos(t)I − i sin(t)S and tranc(Sρ ⊗ σ) =
ρσ . A similar result could be derived for |0〉 〈1| ⊗ ρ⊗2eiSt.

We show that the difference between (cos(t)I −
i sin(t)ρ)ρ and e−iρtρ is smaller than 2t2. This is because
the difference is equal to

∥

∥

[

e−iρt − (cos(t)I − i sin(t)ρ)
]

ρ‖tr. By our Taylor-expanding e−iρ , the expression is
changed into the form ‖(1 − cos(t))ρ − i(t − sin(t))ρ2 +
∑

k≥2(−iρt)kρ/k!‖tr. The latter value is smaller than
2 sin2(t/2)+ |t − sin(t)| + √

2t2/2, where we use the
inequalities |x − sin(x)| ≤ x2/2 and |sin(x)| ≤ x, and the
inequality ‖∑k≥2 (−iρt)k/k!‖tr ≤ √

2t2/2. Again, a simi-
lar result can be found for ρ⊗2eiSt and ρeiρt.

Finally, notice that measuring the top ancillary
qubit gives Pr[0] − Pr[1]; thus, the measurement results
give the value 1

2 [tr
(

tranc(e−iStρ⊗2)
)+ tr

(

tranc(ρ
⊗2eiSt)

)

]
on the basis of the discussions above. Recall that
∥

∥tranc(e−iStρ⊗2)− e−iρtρ
∥

∥

tr ≤ 2t2 and
∥

∥tranc(ρ
⊗2eiSt)−

ρeiρt
∥

∥

tr ≤ 2t2. We, therefore, can readily verify the
claimed results using the relation tr(ρ cos(ρt)) = (ρeiρt +
e−iρtρ)/2. �

For large t, we could generalize the circuit in Fig. 2
to do this. Specifically, divide the parameter t into sev-
eral small pieces �t and run c-e−iS�t sequentially, where
c- represents controlled operations. The circuit is depicted
in Fig. 3.

Proposition 3. For any quantum state ρ ∈ C2n×2n
and t ∈

R, there is a quantum circuit that can estimate the quan-
tity tr(ρ cos(ρt)) with precision ε. The number of copies of
state ρ needed is O(t2/ε).

Proof : Divide parameter t into Q pieces. The parameter
in the swap operator thus becomes �t = t/Q. In the cir-
cuit, we append Q ancillary registers and prepare ρ in each
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FIG. 3. The operator e−iS�t is sequentially applied on the
main register and different ancillary registers, conditional on
the measure register. We append Q ancillary states and use
e−iS�t Q times. For clarity, we label states on different regis-
ters by 1, 2, 3, . . . , Q + 1, and the subscript of the swap operator
indicates the registers that the swap operator acts on.

register. By Proposition 2, running the circuit in each piece
will produce an error of at most 2�t2. Then after the cir-
cuit has been run in all pieces, the accumulated error is
Q × 2�t2 ≤ 2t2/Q. Clearly, setting Q = ⌈

2t2/ε
⌉

suffices
to suppress the accumulated error to ε. As a result, the
number of copies used is (Q + 1) = O(t2/ε). �

Proposition 3 provides the cost of copies of the state
to estimate tr(ρ cos(ρt)) for any t. Nevertheless, there are
some remaining issues: one is the simulation of the swap
operator; another is the large circuit width, which may be a
considerable burden for implementation in practice. The
solutions to these issues are discussed in the following
sections.

C. Swap-operator exponentiation

In this section we present the circuit for simulating
the exponentiation of the swap operator, which uses the
technique of implementing a linear combination of uni-
taries [31]. Note that e−iS�t can be written as e−iS�t =
cos(�t)I2n − i sin(�t)S. The subscript means the number
of qubits that the identity operator acts on. We construct a
circuit module W as in Fig. 4, where the top two qubits are
newly added ancillary qubits. In the circuit, the R1 |0〉 =
α/2 |0〉 +

√

1 − α2/4 |1〉 gate is a rotation gate, where
α = cos(�t)+ |sin(�t)| < 2. oc-R2 means applying the
rotation R2 on the target qubit when the control qubit is
|0〉, where R2 |0〉 = √

cos(�t)/α |0〉 + √|sin(�t)|/α |1〉.
We assume time�t is small enough such that cos(�t) > 0.

The select(S) gate implements the operation (−isgn
(�t))S on ρ ⊗ ρ conditionally, which is defined as
select(S) = |0〉 〈0| ⊗ I2n + |1〉 〈1| ⊗ (−isgn(�t))S. The
detailed structure of S can be found in Appendix B 4.
Third, we define a circuit module W = R†

2select(S)(oc-R2)

R1 as shown in Fig. 4. Furthermore, let P = |00〉 〈00| be the
operator that projects onto the subspace spanned by |00〉,
where |00〉 are the ancillary qubits in Fig. 4. Then, define a
unitary operator A = −W(I2 − 2P)W†(I2 − 2P)W, where
I2 − 2P denotes the operator that reflects along the vectors

FIG. 4. Quantum circuit for implementing the module W.

that are orthogonal to |00〉. Then use unitary A to construct
quantum circuits to the exponentiation operator e−iS�t.
Details of the construction are provided in Appendix B.

Proposition 4. For arbitrary parameter �t ∈ (−1, 1),
there is a quantum circuit that simulates e−iS�t in the sense
that P ⊗ e−iS�t = PAP.

Using the circuit of A to replace exp(−iS�t) will lead to
the desired quantum circuits for estimating tr(ρ cos(ρt)).
One example is shown in Fig. 5 for illustration. Next, we
estimate the number of primitive gates and qubits needed.

Proposition 5. For any quantum state ρ ∈ C2n×2n
and

time t ∈ R, there is a quantum circuit to estimate the
quantity tr(ρ cos(ρt)) up to precision ε using O(nt2/ε)
single-qubit or two-qubit gates.

Proof : The correctness follows immediately from
Propositions 3 and 4 and the decomposition of the con-
trolled e−iS�t gate in Appendix B 4. �

Proposition 5 provides the number of gates for con-
structing the circuit. Using this result, we can easily esti-
mate the gate complexity of our algorithms for estimating
entropies.

D. Strategy for circuit-width reduction

In Fig. 3, there are Q + 1 copies of ρ prepared at the
beginning, but the interaction occurs between only two
of them at a time. Clearly, interactions occur alternatively
between the top ancillary qubit, the main register, and dif-
ferent ancillary registers. For instance, copy ρ1 interacts
only with the ancillary register being in state ρ2. Once the
controlled operation c-e−iS12�t is completed, the occupied
ancillary register is no longer involved in the following
operations. At that time, copy ρ3 is used for the next
interaction. Notice that ρ2 will no longer interact with the
state of the other registers, and then we could measure the
ancillary registers without affecting other registers.

Qubit reset is an underexplored technique that allows us
to measure a subset of qubits and reinitialize them [32].
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Controlled W Controlled W Controlled W Controlled A

FIG. 5. The circuit resulting from replacing c-e−iS�t with the circuit of controlled operation A (dashed box) in Fig. 2. The dotted
circuit is the controlled-W circuit, in which c-R1 and oc-R2 are the 1-controlled R1 gate (apply R1 on the target qubit if the control qubit
is in state |1〉) and the 0-controlled R2 gate (apply R2 on the target qubit if the control qubit is in state |0〉), respectively. The circuit
between the dotted boxes is known as a reflector.

Thus, using qubit reset means that we can measure the
occupied ancillary register and reuse it to prepare a new
state. Many experimental methods have been developed to
actively reset the qubits on superconducting qubits [32,36–
40] in the past decade. Recently, qubit reset was used
to design quantum algorithms with reduced circuit width
[28,41–44]. Notably, Yirka and Subasi [28] used qubit
reset to devise quantum circuits for estimating tr(ρk) with
k ∈ N, which can contribute to the problem of quantum
Rényi entropy [3] estimation.

Here we provide a circuit with reduced circuit depth that
estimates tr(ρ cos(ρt)), depicted in Fig. 3. Combining our
circuits with the reduced circuits for tr(ρk) in [28] can eas-
ily give a reduced version of Fig. 1. In this case, we need
only one ancillary register. Specifically, we prepare the
state ρ1 ⊗ ρ2 on the main register and the ancillary reg-
ister at the beginning. Then the interaction occurs between
them. Once the interaction is complete, the ancillary reg-
ister is measured and readily reinitialized to state ρ3. The
same procedure of measuring and resetting is done Q times
in all. The corresponding circuit using qubit reset is shown
in Fig. 6. As a result, using the qubit-reset technique will
effectively compress the circuit width since exactly two
copies remain during the computation.

IV. QUANTUM ALGORITHMS

In this section, we present quantum algorithms for esti-
mating von Neumann and quantum Rényi entropy of order
α. The key is to run the devised quantum circuits to

evaluate each term of entropic approximations. Particu-
larly, we construct unbiased estimators for S(ρ) and tr(ρα),
respectively.

A. Quantum algorithm for estimation of von Neumann
entropy

The concrete procedure for estimating S(ρ) is pre-
sented in Algorithm 1. First, on obtaining the required
estimation precision ε and eigenvalue threshold κ , we
determine the approximation series of S(ρ). Then we
construct an unbiased estimator of S(ρ) by the importance-
sampling technique. Specifically, we randomly select each
approximation-series term with the probability corre-
sponding to its weight. The average of the selected terms in
expectation is proportional to the entropy value. Then we
evaluate all selected terms via proposed quantum circuits
and postprocessing of the measurement outcomes to reveal
the desired estimates. Next, we analyze the correctness and
cost of our algorithm.

Theorem 1. Given access to identical copies of ρ with
rank r, there exists a quantum algorithm that estimates
S(ρ) up to precision ε, succeeding with probability of
at least 1 − δ. The number of copies required is at most
˜O
(

r2/ε7
)

, and the circuits used consist of ˜O(nr2/ε5)

single-qubit or two-qubit gates. Here, the notation ˜O hides
the logarithmic factors.

Proof : Correctness analysis. Rewrite the series in
Lemma 4 as F(ρ) = ∑L

l=0
∑Ul

s=Dl
f (s, l)tr (ρ cos (ρ(2s

FIG. 6. A quantum circuit for estimating tr(ρ cos(ρt)) using qubit reset. The break and a state ρ in the wire means implementing
qubit reset.
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Input: Constants ε, δ, κ ∈ (0, 1), and copies of state ρ ∈
C

2n×2n

.
Output: Estimate of the von Neumann entropy S(ρ).
1: Compute coefficients L, K, Ml, and b

(k)
l as given in

Lemma S2.
2: Compute ‖ ‖�1 , as given in Eq. (1).
3: Set estimation error ε = ε/‖ ‖�1 .
4: Set integer N =

∑L
l=0(2Ml + 1).

5: Define a distribution as in Eq. (2).
6: Set integer B = S as in Eq. (
7: Sample B pairs of (s1, l1), . . ., (sB , lB).
8: Set j
9: while j ≤ B do

10: Set Q = �(2sj − lj)2π2/4ε�.
11: Prepare Q + 1 copies of ρ.
12: Estimate tr(ρ cos(ρ(2sj − lj))π/2) with precision ε and

probability 1 − δ/2N via quantum circuits, given in
Sec. III.

13: Store the obtained estimate j .
14: Update ← j and j ← j + 1.
15: end while
16: return ‖ ‖�1 × /B.

Algorithm 1. Quantum algorithm for estimation of von Neu-
mann entropy.

−l)π/2)), where the coefficients f (s, l) are given by

f (s, l) =
(

K
∑

k=1

b(k)l

k

)
(l

s

)

2l for all s, l. (1)

Let �f be a vector that consists of all f (s, l). The �1 norm
of �f is bounded by O(log(K)), i.e., ‖�f ‖�1 ≤ O(log(K)).
Define an importance sampling as follows:

R = tr
(

ρ cos
(

ρ
(2s − l)π

2

))

with probability
f (s, l)

‖�f ‖�1

.

(2)

The definition of “distribution” means that each term asso-
ciated with (s, l) is sampled with probability proportional
to its weight f (s, l). Then, the series could be represented
as the expectation value of R, i.e., F(ρ) = ∥

∥�f ∥∥
�1

· E [R],
which is an unbiased estimator for S(ρ). Hence, we could
randomly select series terms to provide an estimator for
S(ρ) with a high probability.

Cost analysis. Note that the sample mean could estimate
the expectation with the desired accuracy that depends
on the number of samples. Specifically, by Chebyshev’s
inequality, O(V/ε2) samples are sufficient to estimate the
expectation with precision ε and high probability, where V
denotes the variance and ε is the precision. Meanwhile,
the probability could be boosted to 1 − δ at the cost of
an additional multiplicative factor O(log(1/δ)) according
to Chernoff bounds. Alternatively, by Hoeffding’s inequal-
ity, we need only O(log(1/δ)/ε2) samples to estimate the

expectation with precision ε and probability greater than
1 − δ.

In this case, the variance of the random variable R is less
than 1 since the random number is bounded by 1. To esti-
mate F(ρ)with precision ε, we set the estimation precision
as ε = ε/

∥

∥�f ∥∥
�1

. We also set the failure probability as δ/2.
As a result, the number of samples needed is given by

S = O
(

1
ε2 log

(

2
δ

))

. (3)

This means that there are at most S terms to estimate. On
the other hand, measuring circuits would produce addi-
tional failure probability. Since the series F(ρ) consists
of N = ∑L

l=0(2Ml + 1) terms in all, it suffices to estimate
each term with probability 1 − δ/2N . The overall failure
probability is at most δ by the union bound. The number of
measurements needed for each term is given by

M = O
(

log(2N/δ)
ε2

)

. (4)

Immediately, the total number of measurements for esti-
mating the approximation series is given by

Cm = S × M = ˜O
(

1
ε4

)

. (5)

Now we consider the cost of copies of ρ. For each term
to be estimated, we need to run the circuit and measure
many times. Each time, running the circuit would cost
copies of the state, as stated earlier. Thus, the total num-
ber of copies equals the number of measurements times the
cost per measurement. Recall that when one is estimating
tr(ρ cos(ρt)), performing measurement once costs ˜O(t2/ε)
copies of ρ (see Proposition 3). For the series S(ρ)ê,
the maximum time is O(ML) = O (ln (ln(K)/ε) 1/κ) (see
Lemma 4). Then the total number of copies is at most

Cρ = Cm ×˜O(M 2
L/ε) = ˜O

(

1
ε5κ2

)

= ˜O
(

(r ln(r/ε))2

ε7

)

,

(6)

where we consider the specific choice of κ , given in
Lemma 1.

Finally, consider the cost of quantum gates. For
tr(ρ cos(ρt)), it costs O(nt2/ε) primitive single-qubit or
two-qubit gates to construct the circuit (see Proposition 5).
If we consider the longest evolution time O(ML), the total
number of gates for the entropy estimation, in the worst
case, is

Cg = S ×˜O(nM 2
L/ε) = ˜O

(

n(r ln(r/ε))2

ε5

)

. (7)

�
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TABLE I. Costs of quantum Rényi entropy algorithms.

α Copy cost Gate cost

(0, 1) ˜O
(

r7/α (1/ε)5+7/α)
˜O
(

nr5/α (1/ε)3+5/α)

(1, 2] ˜O
(

r9/ε7
)

˜O
(

nr7/ε5
)

(2, +∞) ˜O
(

r5α+2/[α]−3 (1/ε)5+2/[α])
˜O
(

nr3α+2/[α]−1 (1/ε)3+2/[α])

B. Quantum algorithm for quantum Rényi entropy
estimation

The quantum algorithm for the estimation of Rényi
entropy is similar to that for the estimation of von Neu-
mann entropy. The main difference is that we need to use
the circuit in Fig. 1 when α ≥ 2. Next, we present the main
results for the estimation of Rényi entropy in Theorem 2
and the concrete procedure for estimation of Rényi entropy
in Algorithm 2. The proof can be found in Appendix C.

Theorem 2. Consider a quantum state ρ ∈ C2n×2n
and

let r denote its rank. Given access to identical copies of
ρ, there exists a quantum algorithm that estimates Rα(ρ)
with precision ε, succeeding with probability of at least

(a)

(b)

FIG. 7. (a) Estimated von Neumann entropy. (b) Estimated
Rényi entropy of order 2. The dashed black line represents the
actual entropy of quantum state ρ. The blue and orange curves
represent the average entropy over 20 repeats for ε equal to 0.2
and 0.4, respectively. The shadowed area represents the standard
deviation.

1 − δ. The costs of copies and quantum gates are shown in
Table I.

Theorem 2 guarantees that our algorithms can provide
an estimate of Rényi entropies with the desired precision
with an extremely high probability. It also presents the
worst-case costs of copies of the state and the number of
gates for constructing quantum circuits. Particularly, we
analyze the cost for different regions of α and find that
the costs of copies and gates have a polynomial scaling
with the rank of the state. Hence, our algorithms will be
efficient if the state has a low rank. Moreover, notice an
ε−2 difference between the copy and gate costs. This is
because the circuits can be repeatedly run using a fixed
set of gates, while the copies are demanded at each time
of running. When one is estimating an observable, O(ε−2)

measurements are needed.

V. NUMERICAL SIMULATION

In this section, we report a numerical simulation to
demonstrate the effectiveness and correctness of our algo-
rithms. We estimate S(ρ) and R2(ρ) for several randomly
generated single-qubit states ρ. We also estimate the
entropy of a single-qubit state under the effect of depo-
larizing noise and amplitude-damping noise. All simula-
tion experiments are performed on the PADDLE QUANTUM
platform.

A. Effectiveness and correctness

In the experiments, we generate a single-qubit mixed
state at random, which is ρ = [

0.48786 0.0094
0.0094 0.51214

]

. As the
eigenvalues of ρ are larger than 0.35, we set the eigen-
value lower bound as κ = 0.35 (as long as it is smaller
than the minimum nonzero eigenvalue of the state ρ). In
the experiment, we set the error tolerance ε as 0.2 and
0.4, respectively. The results are shown in Fig. 7, in which
the colored curves represent the estimates of the entropy
with error tolerance 0.2 or 0.4, and the shadowed areas
represent standard deviation. Clearly, the blue and orange
curves both fluctuate along the dashed black line, but the
blue curve (ε = 0.2) is closer to the dashed black line.
In addition, the shadowed areas converge as the number
of sampled points increases, meaning that the estimation
becomes more precise. We can conclude that our method
can estimate the entropy precisely with a large number of
sampled points and small error tolerance ε.
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(a) (b)

FIG. 8. The results for four randomly generated states (see Appendix D). (a) Estimated von Neumann entropy. (b) Estimated Rényi
entropy. The blue bar corresponds to the real quantum entropy, estimated entropy 1 (red bar) is the entropy corresponding to the Fourier
series approximation, and estimated entropy 2 (green bar) is the average entropy (100 sample points, repeated 20 times) calculated by
our approach. In addition, the error bar represents the standard deviation.

Next we show the effectiveness of our algorithm with
more quantum states. We randomly generate four more
single-qubit mixed states to match the lower bound κ equal
to 0.35 (these density matrices are given in Appendix D).
We set the number of sampled points as 100 and the error

tolerance ε as 0.2. The corresponding results are illustrated
in Fig. 8.

In Fig. 8, the blue bar represents the true quantum
entropy corresponding to S(ρ) and R2(ρ). The red bar
corresponds to the value calculated by the approximation

(a) (b)

(c) (d)

FIG. 9. Figures (a),(b) represent results for von Neumann entropy S(ρ) under amplitude damping noises and depolarizing noises
respectively. Figures (c),(d) represent the results for Rényi-2 entropy R2(ρ) under amplitude damping noises and depolarizing noises
respectively. The green curves link the average estimated entropy at different noise levels. The black dashed line represents the actual
von Neumann entropy of quantum state ρ.
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series. The green bar denotes the estimate of the entropy by
our approach. Clearly, the red and green bars are very close
to the blue bar for different states. Thus, the experimental
results show that our approach can find high-precision esti-
mates for generated states, implying the correctness of the
Fourier series and our algorithms.

B. Robustness in the presence of noise

We show the performance of our approach under the
effect of noise. Specifically, we consider a
single-qubit quantum state ρ and single-qubit amplitude-
damping channel N

amp
p (ρ) and depolarizing channel

N
depl
p (ρ). The noisy quantum channels are given by

Namp
p (ρ) := D0ρD†

0+D1ρD†
1, (8)

Ndepl
p (ρ) := E0ρE†

0+E1ρE†
1+E2ρE†

2+E3ρE†
3 , (9)

where D0 =
[

1 0
0

√
1−p

]

, D1 =
[

0
√

p
0 0

]

, E0 = √
1 − pI ,

E1 = √
p/3X , E2 = √

p/3Y, and E3 = √
p/3Z. Here, p ∈

[0, 1] is the noise level. The notation I stands for the
identity operator, and X , Y, and Z are Pauli matri-
ces. In the experiments, the input quantum state is ρ =
[ 0.5398 −0.1217

−0.1217 0.4602

]

. We set the noise level p as 0, 0.02, 0.04,
0.06, 0.08, 0.10, 0.12, and 0.15, respectively. We set the
error tolerance ε as 0.2 and the eigenvalue threshold κ as
0.35, and we take 100 sample points. The results are shown
in Fig. 9.

Figure 9 shows box plots of S(ρ) [R2(ρ)] for amplitude-
damping noise and depolarizing noise. The dashed black
line represents the true value of the entropy. The green
curve represents the estimates of the entropy. As shown,
all curves fluctuate around the dashed black line. Hence,
the results imply that our algorithms are robust to inter-
mediate amplitude-damping noise and depolarizing noise
to some extent. In addition, the green curves in Figs. 9(b)
and 9(d) are closer to the dashed black line than the
green curves in Figs. 9(a) and 9(c). This implies that our
algorithm performs better under depolarizing noise than
under amplitude-damping noise for these chosen states.

VI. CONCLUSIONS AND OUTLOOK

We provide quantum algorithms for estimating von Neu-
mann entropy and Rényi-α entropies using identical copies
of the state, which are different from the previous methods
using the purified quantum query model. The main idea
of our methods is to devise quantum circuits that can effi-
ciently evaluate the approximation series and classically
postprocess the measurement outcomes. Our approaches
give explicit quantum circuits for estimating tr(ρα), with
arbitary positive α, while the previous method [28] can

only apply to integer α. To provide implementable quan-
tum circuits, we decompose quantum circuits into primi-
tive single-qubit or two-qubit gates. The design of quantum
circuits uses several quantum tools, such as iterative quan-
tum phase estimation, exponentiation of the quantum state,
qubit reset, and the linear combination of unitaries. The
notable property of our algorithms is that the costs of
copies of the state and the number of quantum gates
depend on the rank of the quantum state. This is signifi-
cantly different from the method in Ref. [19], which also
uses identical copies but has a dependence on the dimen-
sion of the state. Thus our approaches will be significantly
more efficient for low-rank quantum states.

Given wide applications of quantum entropies, our algo-
rithms may be used as a subroutine in many tasks. One
potential application is to assess the quality of the prepa-
ration of a low-rank state in the laboratory [45]. For
instance, one important task is to prepare pure quantum
states. The prepared state usually tends to have rapidly
decaying eigenvalues such that a low-rank state can well
approximate it. If the low-rank state’s quantum entropy
can be quantified, we can assess the quality of the state
preparation. Another application is to characterize quan-
tum entanglement [46], a crucial task in quantum physics,
while it is the central resource in many quantum informa-
tion applications, such as teleportation, superdense coding,
and quantum key distribution [47]. Thus, developing meth-
ods for entanglement quantification will be of great impor-
tance to the study in these fields. Notice that the entropy
of entanglement [48] is one of the most important entan-
glement measures for quantifying bipartite entanglement,
since the rate of the transformation between any bipartite
pure state |ψ〉AB and a two-qubit singlet is given by its
entropy of entanglement, i.e., von Neumann entropy of the
subsystem S(trB(|ψ〉 〈ψ |AB)). Hence, our approach can be
used to measure the entanglement via estimation of the von
Neumann entropy.

It will be meaningful to further devise practical and
efficient quantum algorithms to solve problems related to
quantum entropies. These problems could be in the areas
of optimization (combinatorial optimization problems [49]
and semidefinite programming [50]), quantum machine
learning, many-body physics, and quantum chemistry. We
also hope our results will be relevant in the applications
of near-term quantum devices in the study of condensed-
matter physics, high-energy physics, gravity, and black
holes [51,52].
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APPENDIX A: APPROXIMATIONS OF VON
NEUMANN ENTROPY

1. Truncated Taylor series for von Neumann entropy

Lemma 3: Suppose the minimal nonzero eigenvalue of
state ρ is at least κ . Then there exists an integer K such
that

∣

∣

∣

∣

∣

S(ρ)−
K
∑

k=1

1
k

tr(ρ(I − ρ)k)

∣

∣

∣

∣

∣

≤ ε, (A1)

where K ∈ �(log(1/εκ)/ log(1/(1 − κ)), and
∑K

k=1 1/k
≤ log(K + 1)+ 1.

Proof : First, we assume ρ has a spectral decomposition
ρ = ∑

j λj |ej 〉 〈ej |. Then the truncation error is given by

error =
∣

∣

∣

∣

∣

∞
∑

k=K+1

1
k

tr
(

ρ(I − ρ)k
)

∣

∣

∣

∣

∣

(A2)

=
∞
∑

k=K+1

∑

j

1
k
λj (1 − λj )

k (A3)

≤
∞
∑

k=K+1

1
k
(1 − κ)k (A4)

≤ (1 − κ)K+1

κ(K + 1)
. (A5)

Here we have used the fact that
∑

j λj = 1 and λj ≥ κ .
To bound the truncation error by ε, we choose K ∈

O(log(1/εκ)/ log(1/(1 − κ))). This can be easily verified.
As we aim to find K such that (1 − κ)K+1/κ(K + 1) ≤ ε,
we take the logarithm on both sides. Then we have

(K + 1) log(1 − κ)− log(K + 1) ≤ log(εκ). (A6)

We multiply both sides by −1:

(K + 1) log(1/(1 − κ))+ log(K + 1) ≥ log(1/εκ).
(A7)

Clearly, log(K + 1) ≥ 0. We then choose K such that (K +
1) log(1/(1 − κ)) ≥ log(4/εκ), immediately leading to
the desired result.

Finally, we derive an upper bound on the harmonic
number

∑K
k=1 1/k. Notice that

1
k

= 1
k

× 1 ≤
∫ k+1

x=k

1
x

dx + 1 ×
(

1
k

− 1
k + 1

)

. (A8)

Here, 1/k × 1 denotes the area of a rectangle. Accordingly,
the right-hand side denotes the area of two regions, one of
which is determined by 1/x, ranging from 1/k to 1/k + 1,

and the other is a rectangle with height 1/k − 1/(k + 1)
and width 1. Thus,

K
∑

k=1

1
k

≤
K
∑

k=1

[∫ k+1

x=k

1
x

dx + 1 ×
(

1
k

− 1
k + 1

)]

(A9)

=
∫ K+1

x=1

1
x

dx +
K
∑

k=1

(

1
k

− 1
k + 1

)

(A10)

≤ ln(K + 1)+ 1. (A11)

Finally, the proof is completed. �

2. Fourier approximation of von Neumann entropy

Lemma 4: Let κ be a lower bound on all nonzero
eigenvalues of ρ. Then there exists a series S(ρ)ê that
approximates S(ρ) with precision ε. In particular, S(ρ)ê
is expressed as a linear combination of terms of the form
tr(ρ cos(ρt)), i.e.,

∑K
k=1

∑L
l=0

∑Ul
s=Dl

b(k)l

(l
s

)

/k2ltr (ρ cos
((2s − l)π/2ρ)), where

(l
s

)

is the binomial coefficient, K ∈
�(1/κ log(1/εκ)), and L =

⌊

ln(4/ε
∑K

k=1 1/k)1/κ2
⌋

.
Besides, Ul = min{l, �l/2� + Ml} and Dl = max{0, �l/2� −
Ml}, where Ml =

⌈
√

l/2 ln(4/ε
∑K

k=1 1/k)
⌉

. Each b(k)l is

positive and defined inductively: b(1)l = 0 if l is even, and
b(1)l = 4/π2ll

( l−1
(l−1)/2

)

if l is odd; b(k+1)
l = ∑l

l′=0 b(k)l′ b(1)l−l′
for all k ≥ 1. Moreover, the overall weights of S(ρ) are
bounded as

∑K
k=1

∑L
l=0

∑Ul
s=Dl

1/2lkb(k)l

(l
s

) ∈ O (log(K)).

Proof : To prove the result in Lemma 4, we focus only
on the Taylor series of the natural logarithm. By Lemma 3,
for K ∈ �(log(1/ε)/ log(1/(1 − κ)),

∣

∣

∣

∣

∣

− ln(x)−
K
∑

k=1

1
k
(1 − x)k

∣

∣

∣

∣

∣

≤ ε

4
. (A12)

We use the method in Lemma 37 in Ref. [33] to con-
struct the Fourier series. The process has three major
steps: (1) transform the Taylor series into a linear com-
bination of cosines; (2) truncate the series to obtain a
high-precision approximation; (3) replace all cosines with
complex exponents.

Step 1: As all eigenvalues κ of ρ are in [0, 1], the
following identity holds:

1 − κ = arcsin(sin((1 − κ)π/2))
π/2

= arcsin(cos(κπ/2))
π/2

.

(A13)
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On the left-hand side of Eq. (A12), replace κ with x and
replace 1 − κ with arcsin(cos(κπ/2))/π/2:

∣

∣

∣

∣

∣

− ln(κ)−
K
∑

k=1

1
k

(

arcsin(cos(κπ/2))
π/2

)k
∣

∣

∣

∣

∣

≤ ε

4
. (A14)

Recall the Taylor series of arcsin(y) for all y ∈ [−1, 1]:

arcsin(y) =
∞
∑

l=0

(2l)!
4l(l!)2(2l + 1)

y2l+1 = y + y3

6
(A15)

+ 3y5

40
+ · · · . (A16)

Using the Taylor series of arcsin(y), we deduce the Taylor
series of (arcsin(y)/π/2)k, given by

(

arcsin(y)
π/2

)k

=
∞
∑

l=0

b(k)l yl. (A17)

In particular, the coefficients b(k)l could be inductively
computed. Specifically speaking,

(

arcsin(y)
π/2

)k+1

=
(

arcsin(y)
π/2

)k
( ∞
∑

l=0

b(1)l yl

)

. (A18)

For k = 1, all b(1)l ’s correspond to the coefficients of the
Taylor series of arcsine times 2/π . That is,

b(1)2l = 0, b1
2l+1 = 2

π

(2l)!
4l(l!)2(2l + 1)

= 2/π
4l(2l + 1)

(

2l
l

)

.

(A19)

For general k, suppose all coefficients b(k)l are obtained.
Then the coefficients b(k+1)

l are computed as follows:

b(k+1)
l =

l
∑

l′=0

b(k)l′ b(1)l−l′ . (A20)

So we can inductively compute all coefficients b(k)l using
Eqs. (A18) and (A19).

Consequently, we have deducted a series to approximate
− ln(κ):

∣

∣

∣

∣

∣

− ln(κ)−
K
∑

k=1

1
k

∞
∑

l=0

b(k)l cosl(κπ/2)

∣

∣

∣

∣

∣

≤ ε

4
. (A21)

Step 2: We truncate the series in Eq. (A20) to obtain a high-
precision approximation series.

First, we truncate the infinity series at order L =
ln
(

4
∑K

k=1 1/k/ε
)

1/κ2. Next, we show the truncation
error:

∣

∣

∣

∣

∣

∣

∞
∑

l=�L�
b(k)l cosl(κπ/2)

∣

∣

∣

∣

∣

∣

≤
∞
∑

l=�L�
b(k)l

∣

∣cosl(κπ/2)
∣

∣ (A22)

≤ cosL(κπ/2)
∞
∑

l=�L�
b(k)l (A23)

≤ cosL(κπ/2) (A24)

= sinL((1 − κ)π/2) (A25)

≤ (1 − κ2)L (A26)

≤ e−κ2L (A27)

≤ e−κ2L (A28)

≤ ε

4
∑K

k=1 1/k
. (A29)

Here we have used the facts that b(k)l ≥ 0,
∑∞

l=1 b(k)l = 1,
sin((1 − δ)π/2) ≤ 1 − δ2 for all δ ∈ (0, 1), (1 − δ) ≤ e−δ ,
and κ ∈ [κ , 1].

As shown above, the truncated series can act well as an
approximation:

∣

∣

∣

∣

∣

− ln(κ)−
K
∑

k=1

1
k

�L�
∑

l=0

b(k)l cosl(κπ/2)

∣

∣

∣

∣

∣

≤ ε

2
. (A30)

Step 3: We use the equality cos(z) = eiz + e−iz/2 to rewrite
the series in Eq. (A29):

K
∑

k=1

1
k

�L�
∑

l=0

b(k)l

[

eiκπ/2 + e−iκπ/2

2

]l

=
K
∑

k=1

1
k

�L�
∑

l=0

b(k)l 2−l
l
∑

s=0

(

l
s

)

ei(2s−l)κπ/2. (A31)

In particular, this series can be further truncated by using
the property of the binomial distribution. By Chernoff’s
inequality, we have

l
∑

s=�l/2�+Ml

2−l
(

l
s

)

≤ e−2M2
l /l. (A32)
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Set Ml =
⌈√

ln
(

∑K
k=1

1
k /ε

)

l/2
⌉

, and suppose that Ml ≤
�l/2�. Then we can find that

�l/2�−Ml
∑

s=0

2−l
(

l
s

)

=
l
∑

s=�l/2�+Ml

2−l
(

l
s

)

≤ e−2M2
l /l

≤ ε

4
∑K

k=1 1/k
. (A33)

Eventually, we obtained the desired series, shown below,
up to precision ε:

�L�
∑

l=0

�l/2�+Ml
∑

s=�l/2�−Ml

(

K
∑

k=1

b(k)l

k

)

2−l
(

l
s

)

ei(2s−l)κπ/2. (A34)

The claimed result follows immediately from the formula
for the entropy.

In addition, the sum of all coefficients is bounded. This
is because

�L�
∑

l=0

�l/2�+Ml
∑

s=�l/2�−Ml

(

K
∑

k=1

b(k)l

k

)

2−l
(

l
s

)

≤
�L�
∑

l=0

(

K
∑

k=1

b(k)l

k

)

(A35)

≤
K
∑

k=1

1
k

(A36)

≤ ln(K + 1)+ 1.
(A37)

Here we have used facts that 2−l ∑l
s=0

(l
s

) = 1 and
∑∞

l=0 b(k)l = (arcsin(1)/π/2)k = 1, and the result in
Lemma 3. �

3. Fourier approximation of Rényi entropies

Lemma 5: Let κ > 0 be a lower bound of all nonzero
eigenvalues of ρ and let ξ ∈ (0, 1) be the approximation
accuracy.

(1) For α ∈ (1, ∞), set orders K ∈ O(1/κ log(1/κξ))
and L =

⌊

1/κ2 ln
(

4/ξ
∑K

k=1 |({α}
k

)|
)⌋

. Then there exists
an approximation series of tr(ρα) with precision ξ ,
which is

∑K
k=0

∑L
l=0

∑Ul
s=Dl

b(k)l /(−2)l
({α}

k

)(l
s

)

tr
(

ρ[α] cos
((2s − l)π/2ρ)). Here Ul = min{l, �l/2� + Ml} and Dl =
max{0, �l/2� − Ml}, and Ml =

⌈√

l/2 ln
(

4/ξ
∑K

k=1 |({α}
k

)|
)

⌉

.

(2) For α ∈ (0, 1), let r denote the rank of ρ and set K ∈
O (1/κ ln(r/ξ)), L =

⌊

1/κ2 ln
(

4/ξ
∑K

k=1 |(α−1
k

)|
)⌋

, and

Ml =
⌈√

l/2 ln
(

4/ξ
∑K

k=1 |(α−1
k

)|
)

⌉

. Then the approxi-

mation series with precision (1 − α)ξ is given

by
∑K

k=0
∑L

l=0
∑Ul

s=Dl
b(k)l /(−2)l

(

α−1
k

)(l
s

)

tr (ρ cos ((2s − l)
π/2ρ)).

Proof : Case 1: α > 1. For x ∈ [κ , 1 − κ], truncate
the Taylor series of x{α} at K , producing an error
x[α]

∣

∣

∣

∑∞
k=K+1

({α}
k

)

(x − 1)k
∣

∣

∣. As {α} ∈ (0, 1), we have

|({α}
k

)| ≤ 1. The error is smaller than x[α](1 − κ)K+1/κ . To
calculate the error of approximating tr(ρα), let λ1, . . . , λr
denote all nonzero eigenvalues of ρ. An error bound
is readily given by (1 − κ)K+1/κ

∑r
j =1 λ

[α]
j . Note that

∑

j λ
[α]
j ≤ 1, since [α] ≥ 1. On the basis of this fact, the

error bound can be simplified as (1 − κ)K+1/κ . Thus,
choosing K = O(1/κ ln(1/κξ)) gives an error smaller than
ξ/2.

On the other hand, consider truncating the series of
[π/2 arcsin(y)]k at L for each k. The truncation error
is
∑K

k=0
∑∞

l=L+1

({α}
k

)

b(k)l x[α][sin((x − 1)π/2)]l. Using the
inequalities

∑∞
l=L+1 b(k)l ≤ 1, sin((1 − δ)π/2) ≤ 1 − δ2,

and (1 − δ) ≤ e−δ for all δ ∈ (0, 1), we find the error is
bounded by x[α]e−κ2L ∑K

k=0

∣

∣

∣

({α}
k

)

∣

∣

∣. Again, when approx-
imating tr(ρα), we find the bound of the trunca-
tion error is e−κ2L ∑K

k=0

∣

∣

∣

({α}
k

)

∣

∣

∣. Clearly, choosing L =
⌊

1/κ2 ln
(

2/ξ
∑K

k=1 |({α}
k

)|
)⌋

suffices to suppress the error
to ξ/2.

Case 2: α ∈ (0, 1). The approximation of xα is given in
a similar way: truncate the series of xα−1. The approxi-
mation error is easy to obtain: x

∣

∣

∣

∑∞
k=K+1

(

α−1
k

)

(x − 1)k
∣

∣

∣.

For α ∈ (0, 1), |(α−1
k

)| ≤ 1 − α for all k ≥ 1. We, there-
fore, give the approximation-error upper bound: (1 −
α)(1 − x)K+1. Eventually, this bound implies K . That is, K
satisfies

∑r
j =1(1 − α)(1 − λj )

K+1 ≤ r(1 − α)(1 − κ)K+1,
where we use κ ≤ λj for j = 1, . . . , r. Then the claimed
K follows immediately. L is determined similarly as
before. �

APPENDIX B: QUANTUM CIRCUITS

1. Proof of Proposition 1

In the circuit, we use two ancillary qubits. The top
second qubit is used to control the cyclic permutation oper-
ator, which is used to produce ρp . Here we focus on the top
second and third registers and show how the Hadamard test
transforms the state:

|0〉 〈0| ⊗ ρ⊗p H−→ 1
2
(|0〉 〈0| + |0〉 〈1|

+ |1〉 〈0| + |1〉 〈1|)⊗ ρ⊗p . (B1)
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After application of the controlled cyclic permutation oper-
ator, the state is transformed into the following form:

1
2
(|0〉 〈0| ⊗ ρ⊗p + |0〉 〈1| ⊗ (ρ⊗pCycPer†)

+ |1〉 〈0| ⊗ (CycPerρ⊗p)+ |1〉 〈1|
⊗ (CycPerρ⊗pCycPer†)). (B2)

We ignore the appended p − 1 copies of ρ and show
that the state in the second and third registers is
of the form 1

2 (|0〉 〈0| ⊗ ρ + |0〉 〈1| ⊗ ρp + |1〉 〈0| ⊗ ρp +
|1〉 〈1| ⊗ ρ). For convenience, we use trapp to mean the

partial trace over the appended systems:

trapp(|0〉 〈1| ⊗ (ρ⊗pCycPer†))

= |0〉 〈1| ⊗ trapp(ρ
⊗pCycPer†)) = |0〉 〈1| ⊗ ρp , (B3)

trapp(|1〉 〈0| ⊗ (CycPer)ρ⊗p)

= |1〉 〈0| ⊗ trapp(CycPerρ⊗p) = |1〉 〈0| ⊗ ρp . (B4)

We now consider the first ancillary qubit and exchange the
order of the first and second qubits. After application of the
Hadamard gate and controlled operation e−iρt, the resulting
state is

1
2
(|0〉 〈0| + |1〉 〈1|)⊗

(

1
2
(|0〉 〈0| ⊗ ρ + |0〉 〈1| ⊗ ρeiρt + |1〉 〈0| ⊗ e−iρtρ + |1〉 〈1| ⊗ e−iρtρeiρt)

)

+ 1
2
(|0〉 〈1| + |1〉 〈0|)⊗

(

1
2
(|0〉 〈0| ⊗ ρ + |0〉 〈1| ⊗ ρpeiρt + |1〉 〈0| ⊗ e−iρtρp + |1〉 〈1| ⊗ e−iρtρeiρt)

)

. (B5)

Finally, we apply Hadamard gates on two ancillary
qubits and measure on the Pauli Z operator. Then the
measurement outcomes will lead to the following value:

1
4
(〈−| Z |+〉 + 〈+| Z |−〉) · (〈−| Z |+〉 tr(ρpeiρt)

+ 〈+| Z |−〉)tr(e−iρtρp)
)

. (B6)

It is easy to see that this value is equal to tr(ρp cos(ρt)).

2. Lemma for Proposition 2

Lemma 6: For any quantum state ρ, time t > 0, and inte-
ger K > 1, the trace norm of

∑

k≥K (−iρt)k/k! is bounded
by

√
2tK/K!.

Proof : Suppose ρ has a spectral decomposition

ρ =
∑

j

λj |ej 〉 〈ej | . (B7)

As the trace norm is the sum of all singular values, we can
deduce that

∥

∥

∥

∥

∥

∑

k≥K

(−iρt)k

k!

∥

∥

∥

∥

∥

tr

=
∥

∥

∥

∥

∥

∥

∑

j

∑

k≥K

(−iλj t)k

k!
|ej 〉 〈ej |

∥

∥

∥

∥

∥

∥

tr

(B8)

=
∑

j

∣

∣

∣

∣

∣

∑

k≥K

(−iλj t)k

k!

∣

∣

∣

∣

∣

(B9)

≤
∑

j

√
2(λj t)K

K!
(B10)

≤
∑

j

√
2λj (t)K

K!
(B11)

≤
√

2tK

K!
. (B12)

Here we have used the facts that
∣

∣

∑

k≥K (−iλj t)k/k!
∣

∣ ≤√
2(λj t)K/K! for all λj , and

∑

j λj = 1.
To complete the proof, we show that for any x ∈ R and

integer K > 1,

∣

∣

∣

∣

∣

e−ix −
K−1
∑

k=0

(−ix)k

k!

∣

∣

∣

∣

∣

≤
√

2|x|K
K!

. (B13)

Given arbitrary integer K > 0, we use Euler’s formula and
expand the triangle functions to the Taylor series. The error
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is given by

eix −
K
∑

k=1

(ix)k

k!
= cos(x)+ i sin(x)

−
[

∑

p

(i)2p+1 x2p+1

(2p + 1)!
+
∑

p

(i)2p x2p

(2p)!

]

(B14)

= cos(x)+ i sin(x)

−
[

i
∑

p

(−1)p
x2p+1

(2p + 1)!
+
∑

p

(−1)p
x2p

(2p)!

]

(B15)

=
[

cos(x)−
∑

p

(−1)p
x2p

(2p)!

]

+ i

[

sin(x)−
∑

p

(−1)p
x2p+1

(2p + 1)!

]

, (B16)

where 1 ≤ p ≤ [K/2].
Notice that

∑

p(−1)px2p+1/(2p + 1)! and
∑

p(−1)px2p/

(2p)! are truncated Taylor series of sin(x) and cos(x) up to
order K , respectively. By Taylor’s theorem, we have

cos(x)−
∑

p

(−1)p
x2p

(2p)!
= cos(K+1)(ζ )

(K + 1)!
xK+1, (B17)

sin(x)−
∑

p

(−1)p
x2p+1

(2p + 1)!
= sin(K+1)(ξ)

(K + 1)!
xK+1. (B18)

where ζ and ξ are some values between 0 and x. Immedi-
ately, we have

∣

∣

∣

∣

∣

cos(x)−
∑

p

(−1)p
x2p

(2p)!

∣

∣

∣

∣

∣

≤ |x|K+1

(K + 1)!
, (B19)

∣

∣

∣

∣

∣

sin(x)−
∑

p

(−1)p
x2p+1

(2p + 1)!

∣

∣

∣

∣

∣

≤ |x|K+1

(K + 1)!
. (B20)

Finally, the result follows immediately, and the proof is
finished. �

3. Proof of Proposition 4

Proof : First, we can easily show that

PAP = 3PWP − 4PWPW†PWP. (B21)

Note that an important property of W is as follows:

〈00| W |00〉 = 1
2
(

cos(�t)I2n − i sin(�t)S
) = 1

2
e−iS�t.

(B22)

FIG. 10. Quantum circuit for anticontrolled rotation oc-R2.

Then

PWP = 1
2

P ⊗ e−iS�t, (B23)

PWPW†PWP = 1
4

PWP. (B24)

The result follows immediately. �

4. Gate decomposition

In this section we decompose the quantum gates in Fig. 5
into primitive single-qubit or two-qubit gates. We primar-
ily consider decomposing controlled gates c-select(S) and
anticontrolled gates oc-R2.

a. Circuit of oc-R2. We let R2 = Ry(θ2). By the rela-
tion XRy(−θ)X = Ry(θ), we can decompose oc-Ry(θ2) as
shown in Fig. 10.

b. Circuit of c-select(S). Notice that select(S) is a prod-
uct of two operations: P1 = (|0〉 〈0| + (−isgn(t) |1〉 〈1|)⊗
I2n and P2 = |0〉 〈0| ⊗ I2n + |1〉 〈1| ⊗ S. Hence, the action
of c-select(S) is to separately apply c-P1 and c-P2. One key
component of c-P1 is the controlled phase gate c-S, which
consists of a T gate, a controlled NOT gate, and Rz. The
decomposition is depicted in Fig. 11.

For the c-P2 gate, we first append one more measure reg-
ister |0〉 and then use Toffoli and controlled NOT gates. The
decomposition of the Toffoli gate can be found in Ref. [53].
As a consequence, our circuit is composed of primitive
single-qubit or two-qubit gates.

Ultimately, combining the circuits of c-P1 and c-P2
leads to the circuit for c-select(S), which is shown in
Fig. 12.

APPENDIX C: QUANTUM ALGORITHM FOR
RÉNYI ENTROPY OF ORDER α ESTIMATION

1. Proof of Theorem 2

a. Correctness analysis. Recall the relation between
Rα(ρ) and tr(ρα). We focus on analyzing the estimation of

FIG. 11. Quantum circuit for controlled phase gate c-S.
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FIG. 12. Quantum circuit for implementing controlled select(S). Here we take three-qubit-state ρ as an example. The circuit appends
one qubit |0〉. The decomposition of the c-S date is given in Fig. 11. In particular, the c-Z gate is applied only when t > 0.

tr(ρα). We let ε denote the accuracy of estimating Rα(ρ)
and let ξ denote the accuracy of estimating tr(ρα). We
write the approximation series Fα(ρ) as follows:

Fα(ρ) = 1 +
L
∑

l=0

Ul
∑

s=Dl

f (s, l)tr
(

ρ cos
(

ρ
(2s − l)π

2

))

.

(C1)

Coefficients f (s, l) are given by

f (s, l) =
(

K
∑

k=1

b(k)l (−1)k
(

β

k

)

)
(l

s

)

2l for all s, l, (C2)

where β = {α} when α > 1, and β = α − 1 when α ∈
(0, 1). Let �f be a vector that consists of f (s, l). Then the �1

Input: Constants ε, δ, κ ∈ (0, 1), and copies of state ρ ∈ C
2n×2n

, and α ∈ (0, 1) ∪ (1, ∞).
Output: Estimate of the Rényi-α entropy Rα(ρ).
1: Set estimation precision ξ for estimating tr(ρα).
2: Compute coefficients L, K, Ml, and b

(k)
l , given in Lemma S3.

3: Compute coefficients f(s, l) =
(∑K

k=1 b
(k)
l (−1)k β

k

)) (l
s)
2l , ∀s, l.

4: Compute the 
1 norm of , which is the vector consisting of all f(s, l).
5: Set a parameter ε = ξ/‖ ‖�1 .
6: Set integer N =

∑L
l=0(2Ml + 1).

7: Define a distribution: R = tr
(
ρp cos

(
ρ (2s−l)π

2

))
with prob. |f(s,l)|

‖ ‖�1
, where p = 1 if α < 1, otherwise p = [α].

8: Set integer B O

(
‖ ‖2

�1
ξ2 log 2

δ

))
.

9: Sample B pairs of (s1, l1), . . ., (sB , lB) via the distribution.
10: Set j
11: while j ≤ B do
12: Set Q = �(2sj − lj)2π2/4ε�.
13: Prepare Q + 1 copies of ρ.
14: Estimate tr(ρp cos(ρ(2sj − lj)π/2)) with precision ε and probability 1 − δ/2N via quantum circuits, given in Sec. III.
15: Store the obtained estimate
16:
17: end while
18: return log(1 + ‖ ‖�1 × /B)/(1 − α).

Update ← j and j ← j + 1.
j .

Algorithm 2. Quantum algorithm for Rényi entropy of order α estimation.
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norm of f is bounded, i.e., ‖�f ‖�1 ∈ O
(

∑K
k=1 |(βk

)|
)

. Next,
define an importance sampling as follows:

R = tr
(

ρ cos
(

ρ
(2s − l)π

2

))

with probability
|f (s, l)|
‖�f ‖�1

.

(C3)

The random variable R indicates that each term associated
with (s, l) is sampled with probability proportional to its
weight f (s, l). Then, the Fourier series can be rewritten as
an expectation of R:

Fα(ρ) = 1 +
∥

∥

∥

�f
∥

∥

∥

�1
· E [R] . (C4)

b. Cost analysis. Clearly, the variance of the random
variable R is less than 1. We set the precision as ε =
ξ/
∥

∥�f ∥∥
�1

and the failure probability as δ/2. Then the num-
ber of samples required to construct an unbiased estimator
is given by

S = O
(

1
ε2 log

(

2
δ

))

= O

(‖�f ‖2
�1

ξ 2 log
(

2
δ

)

)

. (C5)

This means that there are at most S terms to estimate.
On the other hand, notice that the series Fα(ρ) consists

of N = ∑L
l=0(2Ml + 1) terms in all. To suppress the failure

probability to δ, it suffices to evaluate each term with a
failure probability of at most δ/2N . As a consequence, the
number of measurements needed for each term is given by

M = O
(

log(2N/δ)
ε2

)

. (C6)

Immediately, we find the total number of measurements
is at most

Cm = S × M

= O

(‖�f ‖4
�1

ξ 4 log
(

2
δ

)

log
(

N
δ

)

)

. (C7)

We now consider the number of copies of state ρ.
Note that running the circuit once costs ˜O(α + t2/ε)
by Proposition 3. Here, the maximum time is O(ML) =
O
(

ln
(

4
∑K

k=1 |(βk
)|/ξ

)

1/κ
)

. As shown above, we have
to run circuits Cm times in the entropy estimation. Then
the number of overall copies is at most

Cρ = Cm ×˜O

(

α + ln2

(
∑K

k=1 |(βk
)|

ε

)

1
εκ2

)

= ˜O

(‖�f ‖5
�1

ξ 5κ2

)

, (C8)

where we consider α as a constant.
By Proposition 5, for tr(ρ cos(ρt)), the number of prim-

itive single-qubit or two-qubit gates scales as O(nt2/ε).
Here, the overall gate count for the entropy estimation, in
the worst case, is

Cg = S × O(nM 2
L/ε) = ˜O

(

n‖�f ‖3
�1

ξ 3κ2

)

. (C9)

We consider the copy complexity on the rank and recall
the choices of κ in Lemma 2. We note that for α > 1, we
have |({α}

k

)| ≤ {α}/k. The upper bound of overall weights
‖�f ‖�1 is smaller than O(ln(K)). For α > 2, we have ξ =
|1 − α|/2[tr(ρ2)]α−1ε. Then the complexity is given by

Cρ = ˜O

(‖�f ‖5
�1

ξ 5κ2

)

= ˜O

(

r
2

[α] [tr(ρ2)]2−2α/[α]+5(1−α)
(

1
ε

)5+2/[α]
)

, (C10)

Cg = ˜O

(

n‖�f ‖3
�1

ξ 3κ2

)

= ˜O

(

nr2/[α][tr(ρ2)]2−2α/[α]+3(1−α)
(

1
ε

)3+2/[α]
)

. (C11)

Furthermore, notice that tr(ρ2) ≥ 1/r. The complexity is simplified as Cρ = ˜O
(

r5α+2/[α]−3 (1/ε)5+2/[α]) and Cg =
˜O
(

nr3α+2/[α]−1 (1/ε)3+2/[α]).
For α ∈ (1, 2), ξ = |1 − α|/2tr(ρ2)ε. Then the complexity is given by

Cρ = ˜O

(‖�f ‖5
�1

ξ 5κ2

)

= ˜O
(

r9

ε7

)

and Cg = ˜O

(

n‖�f ‖3
�1

ξ 3κ2

)

= ˜O
(

nr7

ε5

)

. (C12)
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For α ∈ (0, 1), since |(α−1
k

)| ≤ 1, ‖�f ‖�1 ≤ O(K). Mean-
while, recall ξ = |1 − α|/2[tr(ρ2)]α−1ε. Then the com-
plexity is given by

Cρ = ˜O

(

r7/α
(

1
ε

)5+7/α
)

and Cg = ˜O

(

n‖�f ‖3
�1

ξ 3κ2

)

= ˜O

(

nr5/α
(

1
ε

)3+5/α
)

. (C13)

APPENDIX D: QUANTUM STATES USED IN FIG. 8

Given the condition that the eigenvalue of the minimum
states is greater than the lower bound κ = 0.35, the four
states are generated randomly:

ρ1 =
(

0.37336237 −0.02597119
−0.02597119 0.62663763

)

,

ρ2 =
(

0.42050704 −0.08174482
−0.08174482 0.57949296

)

,

ρ3 =
(

0.58221067 −0.04587666
−0.04587666 0.41778933

)

,

ρ4 =
(

0.42932114 −0.02696812
−0.02696812 0.57067886

)

.
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