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Information reconciliation significantly impacts the performance of the practical continuous-variable
quantum key distribution (CV QKD) system. Fixed-rate error-correction codes limit the potential applica-
tions of the CV QKD because they lead to reduced reconciliation efficiency when the signal-to-noise ratio
of the quantum channel changes, further deteriorating the system’s performance. Therefore, we propose
a rate-adaptive polar-coding-based reconciliation scheme for practical CV QKD systems with the time-
variant quantum channel. Experimental results verify that the proposed scheme can successfully extract
secret keys within the range of signal-to-noise ratios from −0.5 to −4.5 dB, and the minimum frame-error
rate can be less than 10−3. Moreover, the proposed scheme can promote the application of the CV QKD
system in a realistic environment.
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I. INTRODUCTION

In the quantum key distribution (QKD) protocol, the
two remote legitimate parties (the sender, Alice, and the
receiver, Bob) can obtain theoretically unconditionally
secret keys after the generation, transmission, and mea-
surement of quantum signals [1,2]. According to differ-
ent information-encoding carriers, QKD can be divided
into two classifications: discrete-variable (DV) QKD and
continuous-variable (CV) QKD. In the former case, the
transmitted information is encoded in finite-dimensional
Hilbert space, such as the polarization of a single photon.
A single-photon detector detects the quantum state at the
receiving end. Such protocols are relatively mature, but the
fabrication and detection of quantum states are somewhat
difficult [3]. In the latter case, information is encoded in
the Hilbert space of infinite dimensions, such as the infor-
mation encoded in the quadrature component of the optical
field, and the optical field detection is completed by hetero-
dyne or homodyne detectors [4,5]. The CV QKD protocol
has more potential advantages in a realistic environment,
as it offers the probability for implementations based on
classical communication devices [6–8].

In the actual CV QKD system, the initial variables
obtained by the communicating parties contain some errors
due to the imperfection of the experimental equipment
and noise interference from the eavesdropper (Eve) [9].

*Corresponding author. chai.geng@nwu.edu.cn

Therefore, postprocessing operations, such as parame-
ter estimation [10,11], information reconciliation [12,13],
and privacy amplification [14,15], on the initial variables
are essential before generating the secret keys. The ini-
tial variables are continuous variables, so it is difficult
to correct the error directly. Thus, a nonbinary recon-
ciliation algorithm is needed to take advantage of the
mature channel-compiled-code technology. The continu-
ous variables are quantized or rotated through information
reconciliation to obtain data that can be directly error
corrected. Then, the appropriate error-correction code is
selected to obtain the same secret keys for both sides
of communication [12,16]. Finally, Alice and Bob each
apply a privacy amplification to their shared correction
keys to construct the final keys. At present, the main
information-reconciliation algorithms in CV QKD are
slice reconciliation [12], symbol reconciliation [16], and
multidimensional reconciliation [17]. Among them, slice
reconciliation has high differentiation of variables at high
signal-to-noise ratios, but it breaks the symmetry and has
high complexity. Symbol reconciliation is simple and low
complexity, but it is only suitable for high signal-to-noise
ratio conditions, and the judgment bit error rate is too
high at low signal-to-noise ratios. The multidimensional
reconciliation algorithm proposed by Leverrier and co-
workers does not quantify continuous-variable data into
discrete values before error correction like the traditional
CV QKD reconciliation protocol. Instead, it uses con-
tinuous variables directly for error correction [18]. The
core idea is to convert the additive white Gaussian noise
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(AWGN) channel data into virtual binary-input AWGN
(BIAWGN) channel data using the rotational mapping of
spherical codes in the multidimensional space. It effec-
tively solves the problem that Gaussian continuous vari-
ables are difficult to screen under low signal-to-noise
ratios [19], with an excellent error-correction code can
significantly extend the secret-key rate and the maxi-
mal secure-transmission distance [20]. Polar codes is a
channel-compilation code method proposed by Turkish
scientist Erdal Arikan and is the channel-coding method
that can be rigorously proven to achieve channel capac-
ity [21]. Polar codes has a good error-correction perfor-
mance, and compiled codes can achieve low complexity.
Taking advantage of these advantages, Jouguet and Kunz-
Jacques [22] and Nakassis and Mink [23] added polar
codes to the QKD information-reconciliation protocol.
Their research showed better error-correction performance
than low-density parity-check codes.

In CV QKD postprocessing, the performance of infor-
mation reconciliation significantly impacts the secret-
key rate and maximal secure-transmission distance [24].
Specifically, highly efficient error-correction codes can
improve the system’s performance, but such fixed-code-
rate error-correction codes are usually only applicable at a
specific signal-to-noise ratio. When the practical signal-to-
noise ratio differs from the code’s optimal suitable signal-
to-noise ratio, the reconciliation efficiency also decreases.
Therefore, when the application scenarios of the sys-
tem become more and more flexible, or the transmission
environment is complex, the information-reconciliation
algorithm with a compatible signal-to-noise ratio guaran-
tees the system’s stable key generation. In view of the
above deficiencies, Zhang et al. adopted the incremental
freezing scheme [25] of information bits in polar codes to
fix the step size of frozen information bits in the informa-
tion reconciliation, thus realizing the fixed-step code-rate
adjustment [26]. Based on this scheme, here, we propose
a rate-adaptive polar-coding-based reconciliation scheme.
In this scheme, the channel state is estimated after infor-
mation reconciliation to estimate the signal-to-noise ratio
(SNR) and calculate the code rate. Then, the position of
punctured and shortened bits is determined, according to
the decoding reliability of polar codes to achieve the goal
of rate-adaptive adjustment. The experimental results show
that the scheme can successfully extract the key at low
signal-to-noise ratios (between −4.5 and −0.5 dB), main-
tain a reconciliation efficiency of over 98 %, and have a
good frame-error performance. Compared with the previ-
ous scheme [26], this scheme has a better frame-error per-
formance under the same SNR environment. It has prac-
tical application advantages in long-distance transmission
or high-performance system design.

This paper is structured as follows. Section II presents
the design of a rate-adaptive polar-coding-based reconcili-
ation scheme for CV QKD. Section III presents the specific

principles of the design of the rate-adaptive function in the
reconciliation scheme. Experimental results are given in
Sec. IV. Finally, Sec. V concludes the paper.

II. RATE-ADAPTIVE POLAR-CODING-BASED
RECONCILIATION SCHEME FOR CV QKD

Considering collective attacks and finite-size effects,
the secret-key rate of a CV QKD system with reverse
reconciliation is given by [27]

K = frep(1 − α)(1 − FER)
n
ι

[βIAB − χBE − �n], (1)

where frep is the system’s repetition frequency, α is the sys-
tem overhead, FER is the reconciliation frame-error rate, ι

is the total number of variables exchanged by Alice and
Bob, and n is the number of variables used for key extrac-
tion. β is the reconciliation efficiency. IAB is the Shannon
mutual information of Alice and Bob. χBE is the maximum
of the Holevo information that Eve can obtain from infor-
mation from Bob. �n is the finite-size offset factor. It can
be seen from Eq. (1) that the reconciliation efficiency, β,
is the key to controlling whether the system can generate
secret keys [18,20]:

β = R
C

,

= R
0.5log2(1 + SNR)

,

= R

0.5log2(1 + PS
PN

)
, (2)

where R is the code rate of the error-correction code,
SNR is the signal-to-noise ratio, C is the security capac-
ity of the quantum channel, PS is the average power of the
transmitted signal in the channel, and PN is the Gaussian
noise power in the channel [27]. Therefore, an imperfect
reconciliation scheme reduces the secret-communication
distance and secret-key rate.

In the actual CV QKD system, the channel characteris-
tics fluctuate due to interference by Eve and the influence
of noise, resulting in a decline in the reconciliation per-
formance. Suppose a designed polar code with a given
code rate or a specific SNR is still adopted. In that case,
its error-correction capability leads to an increased FER
or reduced reconciliation efficiency. It can be seen from
Fig. 1 that, when the reconciliation efficiency is improved
at a fixed distance, the secret-key rate also increases.
However, when the reconciliation efficiency is fixed, the
secret-key rate decreases as the channel loss increases
with increasing transmission distance. To maintain the
system’s performance, it is necessary to adopt different
code rates in different transmission environments. There-
fore, the correct real-time evaluation of the channel’s SNR
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FIG. 1. Finite-size secret-key rate versus channel loss under
different reconciliation efficiencies. From left to right, secret-key
rate decreases with increasing channel loss under fixed recon-
ciliation efficiency. Secret-key rate increases from bottom to top
when the reconciliation efficiency is improved under fixed chan-
nel loss. Therefore, reconciliation efficiency is the key to restrict
the secret-key rate. It can be seen from Eq. (2) that the error-
correction code rate needs to be flexibly adjusted, according to
the actual system’s SNR changes to obtain a stable and efficient
reconciliation performance.

[28] and the adaptive adjustment of the polar-code rate,
according to the evaluation results, can guarantee a sta-
ble reconciliation performance of the system. In addition,
if it can cooperate by raising the system’s repetition fre-
quency to increase the system’s throughput or improve
the overall performance of the postprocessing operation,
the system’s communication distance can be extended, or
the system’s secret-key rate can be improved. Here, we
propose a rate-adaptive polar-coding-based information-
reconciliation scheme. The detailed steps of the scheme
(with reverse reconciliation as an example) are as shown
in Fig. 2.

In the Gaussian-modulated coherent state (GMCS) CV
QKD protocol [5], Alice prepares the first set of coherent
states, {|x1 + ip1〉 , |x2 + ip2〉 , . . . , |xM + ipM 〉}, and sends
them to Bob through the quantum channel. Bob uses
the homodyne detector to measure the received coher-
ent states. Owing to the system being affected by the
detector’s sensitivity and other factors in the actual experi-
ment, Alice and Bob eventually share fewer variables than
the total number of quantum states sent by Alice, i.e.,
{(xi, yi)|i = 1, 2, . . . , ι, ι < M }, i.e., the initial variables.
In the GMCS CV QKD protocol, the quantum channel
is an AWGN channel. This means that y = tx + z, where
t is related to the channel loss, x ∼ N (0, ξ 2), and z ∼
N (0, σz

2) is the channel noise with zero mean and a noise
variance of σz

2. t = √
ηT, where η is the efficiency of

the homodyne detector and T is the transmittance of the
quantum channel. Details of the rate-adaptive information-
reconciliation scheme are described as follows:

(1) First, Alice and Bob disclose the first set of vari-
ables for channel-state estimation—σz

2 and SNR—and the
estimation method is as follows [29]:

σz
2 = 1

ι

ι∑

i=1

(yi − txi)
2, (3)

SNR = ξ 2

σz
2 . (4)

(2) After obtaining the channel state estimated by the
first set of variables, Alice sends the second set of coherent
states, and the two communicating parties directly con-
duct information reconciliation on the second set of initial
variables. Alice and Bob divide the initial variables into
d-dimensional vectors and normalize their Gaussian vari-
ables x and y to x′ and y ′, respectively. Bob employs
the QRNG to generate a uniformly distributed binary bit
sequence, b, of total length Lb, the length of which is
bounded by the mutual information between Alice and
Bob, i.e., log2Lb/R � IAB.

(3) The sequence b is encoded as the information bit
input of the polar encoder, and the matching code rate,
Rb, is computed by the target reconciliation efficiency and
estimated SNR of the first set of variables:

Rb = β

2
log2(1 + SNR). (5)

The punctured and shortened bits are determined according
to the matching code rate, and the code rate of the polar
code is adjusted based on the decoding-reliability value of
each subchannel after polarization, and the sequence c is
output. Then, sequence c is converted into binary spherical
sequence c′.

(4) Bob computes the rotation-mapping function, such
that M

(
y ′, c′) satisfies M

(
y ′, c′) y ′ = c′, and sends the

function along with related side information to Alice by the
public classical authenticated channel. M

(
y ′, c′) and c′ are

independent, so data transmitted in the proposed scheme
do not result in information leakage. After that, Alice maps
the vector x′ to v, such that v = M

(
y ′, c′) x′, and v is c with

noise in the sequence.
(5) Alice decodes the polar code of sequence v. If

decoding is successful, both parties obtain secret keys b.
Moreover, Alice can recover all of Bob’s initial variables
from M

(
y ′, c′), b, and side information. Suppose decod-

ing fails, Bob randomly exposes some initial variables
for channel-state estimation to improve the utilization of
initial variables and the accuracy of the channel-state
estimation.
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FIG. 2. Rate-adaptive CV QKD reverse polar-coding-based reconciliation scheme based on multidimensional reconciliation. Hom,
homodyne detector; QRNG, quantum random-number generator; x and y, initial variables; b, random binary sequences generated by the
QRNG; c, polar-encoder-output sequence; M

(
y ′, c′), rotation-mapping function; Rb, matching code rate; v, decoder-input sequence.

Alice transmits coherent states to Bob through the quantum channel repeatedly and randomly, and both parties postprocess on the
classical authentication channel. After quantum state measurement and sifting, communication parties share a set of initial variables, x
and y. Bob conducts information reconciliation on x and y. Matching code rate, Rb, required for reconciliation comes from the channel-
state estimation results of the previous set of initial variables. After reconciliation, Alice uses initial variables to perform channel-state
estimation and sends the result to Bob. Bob starts to prepare for information reconciliation of the next set of initial variables.

(6) Through the above steps, if decoding is successful in
the reconciliation, Alice can use all the initial variables x
and y to estimate the channel state. If decoding fails, Alice
and Bob randomly choose a certain proportion of vari-
ables to estimate the channel. The channel-state-estimation
result for this set of initial variables can assist with error
correction and code-rate adjustment of the following set of
initial variables.

By analogy, starting from the second set of initial variables,
each set of initial variables directly conducts information
reconciliation. Moreover, the channel characteristics and
matching code-rate, Rb, required for information reconcil-
iation are derived from the channel-state estimation results
of the previous set of initial variables. After information
reconciliation, Alice performs channel-state estimation.
The result is used for the next set of initial variables to
complete information reconciliation.

III. DESIGN OF RATE-ADAPTIVE
RECONCILIATION SCHEME

Next, the proposed scheme is introduced in detail.
Specifically, Sec. III A clearly introduces the real-time
channel-state estimation scheme, and the rate-adaptive
reconciliation scheme is discussed in Sec. III B.

A. Real-time channel-state estimation

A real-time channel-state estimation scheme is pro-
posed for the problem of channel feature fluctuation in
the CV QKD system. This scheme utilizes initial variables
for channel-state estimation after each set of information
reconciliation, which, in cooperation with the subsequent
rate-adaptive reconciliation scheme, can improve the sys-
tem’s performance. Algorithm 1 illustrates the real-time
channel-state estimation principle. In detail, Alice and Bob
choose d to divide the second set of continuous-variables
into d-dimensional vectors x and y, where d is the dimen-
sion of multidimensional reconciliation. Then the Gaussian
variables x and y of Alice and Bob are normalized to
x′ and y ′, respectively. Bob uses a QRNG to generate
a uniformly distributed binary bit sequence b and adds
the corresponding cyclic redundancy check (CRC) par-
ity check information (equivalent to increasing the code
distance and improving the error-correction capability).
Sequence c after adding the CRC to sequence b is encoded
as the information bit input of the polar-code encoder.

Then, Bob maps d-dimensional vector c′ ∈
{
−1/

√
d,

1/
√

d
}d

, according to the binary-phase-shift keying
encoding, such that all code words lie on a sphere centered
on zero. Afterwards, Bob computes the rotation-mapping
function from y ′ to c′ on the d-dimensional unit sphere,
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Require: M(y′, c′): rotation mapping function; x, y:
d-dimensional initial variables; b: binary bit se-
quence; crc: CRC check code

Ensure: Rb: matching code-rate; s: secret keys
1: Initialize b randomly
2: repeat
3: x′ ← normalize x, y′ ← normalize y
4: [b, crc] are input as the information bits of the

polar code encoder, output c
5: c′ ← Spherical mapping c
6: Side information computing M (y′, c′)
7: data mapping v ← ‖x‖ ∗ M (y′, c′) ∗ x′/ ‖y‖
8: if ACK = 0 then
9: decoding success, s ← b

10: recover Bob’s all initial variables
y ← (M (y′, c′) |c′) ‖y‖

11: else
12: decoding failure
13: randomly public Bob’s initial variables y
14: end if
15: compute channel parameters
16: compute the matching code-rate Rb

17: until EOT=1

Algorithm 1. Real-time channel-state estimation algorithm

which satisfies M
(
y ′, c′) y ′ = c′. Subsequently, Bob shares

M
(
y ′, c′) with Alice through the public channel and other

side information, i.e., the norm of y and parameters of
polar codes. With the received side information, Alice can
map her Gaussian variable x′ to v.

Through the above processes, Alice and Bob construct a
virtual BIAWGN channel that inputs c (Bob) and outputs
v (Alice) in a reverse reconciliation scheme [20]. Finally,
Alice calculates the received information’s log-likelihood
ratio (LLR). For convenience, only a d-dimensional vector
is considered, and its derivation is as follows:

LLR(vi) = ln
Pr(vi|ci(s = 0))

Pr(vi|ci(s = 1))
,

= ln

1√
2πσ 2

z
e
− [‖x‖vi−‖y‖c(s)]2

2σ2z
|s=0

1√
2πσ 2

z
e
− [‖x‖vi−‖y‖c(s)]2

2σ2z
|s=1

,

= 2 ‖x‖ ‖y‖√
dσ 2

z

vi, (6)

where Pr(·) is the channel’s posterior probabilities. ci
and vi are the ith components of c and v, respectively,
where i = [1, 2, . . . , d]. c(s) = (−1)s/

√
d and s ∈ {0, 1}.

‖·‖ is called a norm on the d-dimensional variable; σ 2
z is

the channel-estimation result of the previous set of vari-
ables. The polar-code decoding adopts a CRC-aided (CA)
successive-cancellation list (SCL) [30], which adds the

CRC based on the SCL [31] decoding. The SCL decoder
allows, at most, L locally best candidates during the decod-
ing process to reduce the chance of missing the correct
code word. In each decoding step, the SCL doubles the
number of candidate paths and selects the L best ones from
the list by pruning. Then, the decoder adopts the prior
information of “correct information bits can pass the CRC
check” to select the L search paths and output the best
decoding path. Thus, this CA SCL decoding can further
improve the performance of polar codes.

Supposing decoding is successful, Alice sends acknowl-
edge character ACK = 0, and both parties obtain a set of
consistent secret keys b. Meanwhile, Alice recovers Bob’s
initial variables from M

(
y ′, c′) and ‖y‖, which is given by

y = (M
(
y ′, c′) |c′) ‖y‖ , (7)

where ‖y‖ is sent from Bob to Alice when Bob sends the
mapping function M

(
y ′, c′). ‖y‖ is independent of c′, so

the secret keys’ information is not disclosed. Furthermore,
recovering Bob’s initial variables does not require classical
communication. Thus, it does not affect the security of the
CV QKD system. On the other hand, Alice sends acknowl-
edge character ACK = 1 if decoding fails. Bob randomly
sends initial variables to Alice, so that Alice can estimate
the channel characteristics more accurately. After that, the
subsequent set of variables can perform reconciliation and
error correction according to the channel-state estimation
result of the previous set of variables.

B. Rate-adaptive reconciliation scheme

After deriving the real-time state of the channel, the
polar-code rate needs to be adjusted to accommodate the
fluctuating channel to improve the reconciliation perfor-
mance. Here, we present a rate-adaptation reconciliation
scheme based on the reliability of polar-code decoding.
The detailed steps of the scheme are as follows:

(1) Bobcomputes the decoding-error probability, Pe,
and reliability value of each channel, and then sorts the
reliability value. Information bits are transmitted on the
channel with high reliability, and frozen bits are trans-
mitted on the channel with low reliability to assist in
decoding.

Bob uses a method on the coding side to make each
subchannel show different reliability. Since the multidi-
mensional reconciliation transforms the channel into a vir-
tual channel approximating a BIAWGN, the received sig-
nal’s probability density function is still Gaussian. There-
fore, the Gaussian approximation (GA) can measure the
subchannel reliability, greatly reducing the computational
complexity. The GA is a simplified approach to density
evolution [32]. According to the Gaussian approximation
assumption, the LLR of each subchannel obeys a Gaussian
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distribution with a variance of 2 times the mean, i.e., L(i)
N ∼

N (m(i)
N , 2m(i)

N ), where m(1)

1 = 2/σ 2. According to this con-
struction theory, the calculation of density evolution is
transformed into a recursive calculation of m(i)

N :

m(2i−1)

2N = ϕ−1
(

1 −
[
1 − ϕ

(
m(i)

N

)]2
)

,

m(2i)
2N = 2m(i)

N ,

m(1)

1 = 2/σ 2.

(8)

The function ϕ(x) is approximated as [32]

ϕ(x) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1 − 1√
4πx

∫ −∞

∞
tanh

u
2

× e− (u−x)2
4x du, x > 0,

1, x = 0,

(9)

so that the decoding-error probability of the subchannel is
given by [33]

Pe

(
W(i)

N

)
= Q

⎛

⎝ m(i)
N√

2m(i)
N

⎞

⎠ = Q

⎛

⎝

√
m(i)

N

2

⎞

⎠ , (10)

where W(i)
N is the channel transition probability; Q(x) =

1/
√

2πx
∫ +∞

x e− t2
2 dt is the complementary error function.

The parent code is constructed by selecting the more reli-
able bit-channel locations as the set of information bits,
and the less-reliable locations as the set of frozen bits by
the GA.

(2) Bob can obtain the matching code rate, Rb2, for
the second set of variables based on Eq. (5) after get-
ting the channel parameters for the first set of variables.
The information sequence of the second set of variables
is encoded, and the sequence is encoded using systematic
polar codes to distinguish the information bits clearly [34].
The encoding is done as follows.

For polar codes (N , K , A, Ac), the preencoded word
is denoted as u. K more-reliable subchannels constitute a
set A; N − K less-reliable subchannels constitute a set Ac,
which should be selected to transmit the information bits,
uA, and frozen bits, uAc , respectively. The length of K is
N × Rb2, which means that uA is the sequence with length
K , after adding the CRC check codes to sequence b. The
systematic polar codes divide the encoded code word into
two parts, i.e., c = [cA cAc]. The frozen bits are generally
fixed to 0, i.e., uAc = 0. Then, the encoding process can be

expressed as [35]

cA = uAGAA + uAcGAcA = uAGAA,

cAc = uAGAAc + uAcGAcAc = uAGAAc ,
(11)

where GAAc denotes the submatrix of the generator matrix
GN = F⊗N , consisting of elements Gi,j with i ∈ A and j ∈
Ac, and similarly for the other submatrix.

(3) Alice and Bob perform information reconciliation
and channel-state estimation on the second set of variables.
After reconciliation, Bob computes matching code rate Rb3
of the third set of variables, according to the channel-state
estimation results of the second set of variables.

(4) Bob computes the number of punctured bits and
shortened bits, according to Rb3. The code-word bits with
lower decoding reliability are selected as the deletion posi-
tions, and information bits with lower decoding reliability
are selected as the shortened-bit positions. The process is
shown in Fig. 3.Setting the code rate as Rb2 = K2/N2, the
code words of the second group of initial variables have a
code rate of R′

b3 after puncturing r bits:

R′
b3 = K2

N2 − r
. (12)

Punctured bits are not used for actual transmission, and
these bit channels are considered channels with a capac-
ity of 0. Therefore, the receiver can assign the LLRs of the
punctured-bit positions to 0. Since punctured bits cannot
provide any helpful information during decoding initializa-
tion, it increases the difficulty of error correction, and thus,
increases the code rate equivalently. The code rate will be
changed to R′

b3 by adding shortened bits of length s:

R′
b3 = K2 − s

N2 − s
. (13)

Bob makes public the shortened-bit positions and value.
Since the encoder and decoder know the shortened bits in
advance, these bit channels are considered channels with a
capacity of 1, equivalent to transmission through a noise-
less channel. Hence, the LLRs of shortened-bit positions
tend to infinity (or, in practice, sufficiently large values)
when decoding. With the appropriate addition of punctur-
ing and shortening bits to the mother code, the code rate
for the third set of variables will be changed to R′′

b3:

R′′
b3 = K2 − s

N2 − r − s
∼= Rb3. (14)

(5) Repeat steps 3 and 4. The code rate of the subse-
quent set of variables is adjusted after the matching code
rate, Rb, is computed using the channel-state estimation
result of the previous set of variables. Bob passes the
adjusted code word to Alice through the virtual BIAWGN
channel for error correction.
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FIG. 3. Rate-adaptive reconciliation model based on decoding reliability. u1–u4 are the information bits to be encoded, c1–c8 are the
encoded code-word bits, pe1–pe8 are the reliability values corresponding to each code-word bit, s1–s2 are shortened bits, and r1–r2 are
punctured bits. GN , generator matrix.

IV. EXPERIMENTAL RESULTS

The change of the channel state affects the reconcilia-
tion performance, so it is necessary to adjust the polar-code
rate according to the change of the channel state to main-
tain the stability of the system’s information reconciliation.

Therefore, the validity and accuracy of real-time channel-
state estimation is the premise of rate adaptation. In a
practical experiment, the system’s noise-variance change
over time is tested. Figure 4 shows the actual noise vari-
ance compared to the estimated noise variance. Figure 4(a)
shows that the estimated values of the adjacent two sets of
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FIG. 4. Actual noise variance versus estimated noise variance. Abscissa represents the number of variable sets tested in the experi-
ment. Ordinate of (a) represents noise variance. Solid line in (a) is the actual noise variance of each group of variables calculated by
Eq. (3). Dotted line in (a) is the channel-state estimation proposed in this paper (Alice sends the coherent states to Bob repeatedly and
randomly. After Bob receives them, both parties disclose the partial initial variables for the first time to estimate the channel state.
Starting from the remaining initial variables, the channel state is estimated using the variables after reconciliation). Ordinate of (b)
represents the deviation between actual noise variance and estimated noise variance. Dotted line in (b) shows the deviation of noise
variance calculated by the traditional method (after Bob receives all variables, Alice and Bob randomly select a certain proportion of
variables for channel-state estimation) from actual noise variance. Solid line in (b) shows the deviation of noise variance calculated by
the proposed method from actual noise variance.
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data are very close to the actual values, indicating that the
channel-state estimation method designed in this scheme is
effective. Figure 4(b) compares the deviation of the noise
variance estimated by the traditional method [10] and the
method in this paper relative to the actual noise variance.
The deviation calculation method is σ 2

z real − σ 2
z est, where

σ 2
z real represents the actual noise variance and σ 2

z est repre-
sents the estimated noise variance. Furthermore, Fig. 4(b)
also indicates that the deviation between the traditional
channel-state estimation method (after Bob receives all
variables, Alice and Bob randomly select a certain pro-
portion of variables for parameter estimation) and the
channel-state estimation method proposed by this scheme
are less than 1.5 × 10−4, indicating that this scheme is
effective and feasible.

It is known from Eq. (1) and Fig. 1 that the information-
reconciliation performance is mainly reflected in the rec-
onciliation efficiency and FER. Therefore, we explore the
performance of the proposed rate-adaptive reconciliation
scheme in terms of the reconciliation efficiency and FER.
A report in the literature [17] proves that the higher the
dimension of multidimensional reconciliation, the better
the reconciliation performance. However, due to the con-
struction of the orthogonal matrix, the highest dimension
is limited to eight dimensions [17], so eight-dimensional
reconciliation, i.e., d = 8, is chosen. The systematic polar
code with an 8-bit CRC code as the outer code is used
for the experiment. We set the search width, L, of the
CA SCL to 16. Figure 5 compares the FER performance
of the proposed scheme and the previous scheme [26],
when the target reconciliation efficiency is above 98 %
in the channel with different SNRs. According to Fig. 5,
the FER performance of this paper’s scheme is better
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SNR (dB)
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100
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Ref. [26]

This Work

FIG. 5. FERs under the channel with different SNRs when the
target reconciliation efficiency is above 98 %. Solid line with
crosses results from the previous scheme [26]. Solid line with
triangles results from the scheme proposed in this paper.
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FIG. 6. FERs under different reconciliation efficiencies. Solid
line with asterisk results from the traditional scheme [36], corre-
sponding to the code rates R = 0.5, R = 0.375, and R = 0.25,
respectively, from top to bottom. Coordinates (SNR(dB), β)
on the asterisk represent the SNR and reconciliation efficiency.
Three lines from bottom to top are rate-adaptive reconcilia-
tion schemes. Solid line with crosses results from the previous
scheme [26], and solid line with triangles results from the scheme
proposed in this paper.

than that of the previous scheme, regardless of the SNR.
When the SNR is −0.5 dB, the FER reaches 4 × 10−4.
In addition, Fig. 6 shows the FER comparison between
the traditional fixed-code-rate reconciliation [36], the rate-
adaptive reconciliation scheme designed in the previous
scheme [26], and the rate-adaptive reconciliation scheme
proposed in this paper when the reconciliation efficiency is
within 90 %, where N = 512 and the number of frames is
104. According to Fig. 6, although a lower code rate can
give a better FER performance, when the reconciliation
efficiency increases, the FER of the traditional fixed-code-
rate reconciliation increases. Moreover, the rate-adaptive
reconciliation scheme proposed in this paper has a bet-
ter reconciliation performance than that of the previous
scheme. When the reconciliation efficiency is within 90 %,
the FER of this scheme is as low as 10−2 and 10−4.

Figure 7 presents the secret-key-rate distinction between
the traditional fixed-code-rate reconciliation scheme, the
rate-adaptation scheme [26], and the proposed rate-
adaptation scheme with respect to the transmission dis-
tance of the CV QKD system. The fixed-code-rate rec-
onciliation scheme adopts the reconciliation efficiency
when FER = 0.01, and the rate-adaptive scheme adopts
the reconciliation efficiency when FER = 0.001. Here,
we also compare the secret-key rate with the theoretical
key-rate curve of the reconciliation efficiency, β = 1, and
Pirandola-Laurenza-Ottaviani-Banchi (PLOB) bound [37],
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FIG. 7. Finite-size secret-key rate versus distance. Dotted line
results from the traditional fixed-code-rate reconciliation scheme
[36], corresponding to code rates R = 0.5, R = 0.375, and R =
0.25, respectively, from left to right. Solid black line represents
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Security parameters are as follows: excess noise is 0.01, η is 0.6,
standard loss of a single-mode optical fiber cable is 0.2 dB/km,
and electric noise is 0.01.

i.e., the fundamental limit of repeaterless quantum com-
munication. In contrast, the rate-adaptive reconciliation
scheme proposed in this paper offers more advantages for
practical applications of the CV QKD system.

V. CONCLUSION

Currently, the relatively mature CV QKD technology is
gradually moving towards practical commercial and net-
working applications, and its transmission environment is
becoming more and more complex. With the increase in
the secret-key rate and transmission distance, the system
has higher and higher requirements for postprocessing per-
formance. In particular, the constraints of reconciliation
efficiency and frame-error rate on information reconcili-
ation are the critical problems of postprocessing that need
to be solved urgently. Furthermore, the fluctuation of the
channel characteristics in the existing system also causes
the reconciliation performance to decrease. Therefore, a
rate-adaptive-key reconciliation scheme with polar codes
is proposed for information reconciliation of the CV QKD
system, which can achieve a lower FER in the fluctu-
ating channels than the previous scheme. In particular,
the scheme estimates the channel state after informa-
tion reconciliation to calculate the signal-to-noise ratio

to determine the matching code rate. Finally, the posi-
tions of punctured bits and shortened bits are determined
based on the decoding reliability of the polar code to
achieve the goal of adaptively adjusting the code rate,
thereby ensuring information-reconciliation performance
under fluctuating channels. Compared with the previous
scheme, this scheme can evaluate the system’s channel
state in real time, providing the realization basis for sub-
sequent code-rate-adaptive reconciliation. Furthermore, a
lower frame-error rate can be obtained between SNRs of
−0.5 and −4.5 dB, and the frame-error rates are as low
as 10−2 and 10−4 when the reconciliation efficiency is
within 90 %. Data processing in this paper is completed
on a CPU platform. The limited computing resources of
the CPU limit the optimization of the decoding algorithm,
so the speed cannot meet the real-time requirements of the
system. A graphics processing unit (GPU) supports large-
scale parallel operations and has abundant computing and
storage resources. In future work, the GPU platform can
be used to improve the system’s performance. In addition,
artificial intelligence can also be applied to postprocessing
to complete many calculations and algorithmic reasoning
functions.
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APPENDIX A: MAPPING-FUNCTION
CALCULATION

The core idea of multidimensional reconciliation is to
reformulate the attenuated physical Gaussian channel into
a virtual BIAWGN channel. Here, we consider an eight-
dimensional reconciliation as an example to introduce
the multidimensional reverse reconciliation method. First,
Alice and Bob divide the first set of continuous variables x
and y, i.e., x = (x1, x2, . . . , x8)

T and y = (y1, y2, . . . , y8)
T.

The initial variables can be combined sequentially or ran-
domly. Then, Alice and Bob normalize their Gaussian
variables x and y to x′ and y ′, respectively. Next, Alice and
Bob normalize their Gaussian variables to a unit sphere, as
follows:

x′ = x/ ‖x‖ , ‖x‖ =
√

〈x, x〉, (A1)

y ′ = y/ ‖y‖ , ‖y‖ =
√

〈y, y〉. (A2)

The vectors x′ and y ′ are uniformly distributed on the unit
sphere S7 of euclidean space R8. Bob randomly generates
a group of binary sequence c with uniform distribution and
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maps them to the unit sphere:

(c1, c2, . . . , cd) →
(

(−1)c1

√
d

,
(−1)c2

√
d

, . . . ,
(−1)cd

√
d

)
= c′.

(A3)

Next, Bob computes the rotation-mapping function from
y ′ to c′ on the 8-dimensional unit sphere, which satisfies
M

(
y ′, c′) y ′ = c′. The calculation method of the rotation-

mapping function, M
(
y ′, c′), is as follows:

M
(
y ′, c′) =

∑

i=1,2,...8

αi
(
y ′, c′) Ai, (A4)

where αi = (Aiy ′|c′); (A1, A2, . . . , A8) is a set of orthogo-
nal matrices of R8×8 and is provided [17] such that A1 =
I8, for i, j > 1, Ai, Aj = −2δi,j I8. (A1y ′, A2y ′, . . . , A8y ′) is
an orthonormal basis of R8 for any y ′ ∈ S7. Then, for
any c′, y ′ ∈ S7, (α1

(
y ′, c′) , α2

(
y ′, c′) , . . . , α8

(
y ′, c′)) are

the coordinates of c′ in the basis (A1y ′, A2y ′, . . . , A8y ′).
Subsequently, Bob shares M

(
y ′, c′) with Alice through the

classical authentication channel together with other side
information, i.e., ‖y‖, and parameters of polar codes. With

the received side information, Alice can map her Gaussian
variable x′ to v:

vi = M
(
y ′, c′) x′, (A5)

After the above steps, the virtual BIAWGN channel is
established. Then, Alice uses the polar codes to recover
c from v. Since the rotated discrete variables obey a uni-
form distribution, it maximizes the distance between data,
eliminates the problem that a large number of Gaussian
distributions are concentrated near zero and are easily dis-
turbed by noise, and improves the discrimination between
data.

APPENDIX B: CRC-AIDED DECODING OF
POLAR CODES

In the SCL decoding process, there are l ∈ {1, 2, . . . , N }
paths for decoding and searching at the same time. For any
path l and any transmitted bit ui(i ∈ 1, 2, . . . , N ), the cor-
responding path metric value is defined as follows, when
considering that the decoding process includes information
bits and frozen bits [31]:

PM (i)
l =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

PM (i−1)

l ,

ui is information or frozen bit and ûi[l] = δ
(
Li

N [l]
)

,

PM (i−1)

l +
∣∣∣L(i)

N [L]
∣∣∣ ,

ui is information or frozen bit and ûi[l] �= δ
(
Li

N [l]
)

,

+ ∞,

ui is frozen bit and incorrect value,

(B1)

where δ(x) = 1/2 (1 − sign(x)) and PM (0)

l = 0. The deci-
sion rule of the SCL is

ûi = δ
(

L(i)
N

(
yN

1 , ûi−1
1

))
. (B2)

The CA SCL decoding adds a sequence of CRC check
codes to the message-bit sequence. The SCL decoding
obtains L search paths by standard decoding. Then the
best decoding path is output after selecting these L search
paths with the a priori information that “the correct infor-
mation bits can pass the CRC checksum.” The length of
the polar code is N , the length of the CRC check code
is m, the length of the information bit of the polar code
is K , and the length of the encoded information bit is k;
there is K = k + m. The code rate of the polar code is still

R = K/N . Let L(i) denote the set of candidate paths corre-
sponding to level i of the code tree in the SCL decoder. The
CRC-aided SCL decoding with the size of list, L, denoted
by the CA SCL (L), can be described as follows [30].

Initialize one null path included in the initial list, and
set its metric to 0, i.e., L(0) = {φ} and PM (φ) = 0. At the
ith level of the code tree, double the number of candidate
paths in the list by concatenating bits di taking values of 0
and 1, that is,

L(i) = {(
di−1

1 , di
) |di−1

1 ∈ L(i−1), di ∈ {0, 1}} , (B3)

for each di
1 ∈ L(i), update the path metric(s). If the number

of paths in the list is no more than L, skip this step; oth-
erwise, reserve L best paths with the largest metrics and
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delete the others. Repeat to double the number of candi-
date paths, and search to reserve the best path until level
N is reached. Then, the paths in the list are examined one
by one with decreasing metrics. The decoder outputs the
first path detected by the CRC as the estimation sequence.
If no such path is found after traversing L(N ), the algorithm
declares a decoding failure.
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