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The generation of electromechanical frequency combs in both air and liquid environments using a
capacitive microresonator array is presented in this paper. In contrast to frequency-comb generation in
purely mechanical resonators, we show that the damping-dependent threshold for comb generation can
be reduced by parametrically coupling a resonant electrical circuit to the mechanical resonator. A one-
dimensional lumped parameter model of the proposed system is presented and semianalytical solutions
are developed to investigate the parameters influencing frequency-comb formation under various oper-
ating conditions. The results obtained with numerical simulations are experimentally validated using a
commercially available microelectromechanical resonator, and frequency combs with a repetition rate
sensitive to the force on the mechanical resonator are generated with a single electrical drive in air and in
a liquid-filled microfluidic channel. In contrast to prior work on electromechanical frequency combs, this
work represents a simple yet robust approach to generating stable combs, thereby enabling its practical
use in applications, such as gas sensing and microfluidics.
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I. INTRODUCTION

Frequency combs consist of a set of equally spaced,
coherent spectral lines that take the form of pulse train in
the time domain and resemble the teeth of a comb in the
frequency domain. Originally developed as a laser-based
tool, optical frequency combs have enabled significant
advances in fundamental science and applications, such
as absolute distance measurement [1,2], spectroscopy [3],
communication [4], frequency metrology [5], and quantum
computing [6]. More recently there has been a significant
push to realize the mechanical or phononic equivalent of
these optical frequency combs [7—10]. The development
of a set of stable, broadband mechanical frequency combs
would enable the use of comb technology in water and
other biologic fluids [11,12], which typically reflect or
strongly attenuate light.

The generation of such mechanical frequency combs has
been demonstrated in various micro- and nanoscale sys-
tems by taking advantage of nonlinear modal interactions
at small length scales. When subjected to a strong driv-
ing force, the different vibrational modes of a mechanical
resonator are coupled to each other via intrinsic non-
linearities leading to the formation of frequency combs.
Mechanical frequency combs have been reported using
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both single [10,13—15] and multiple drive tones [8,16]
and by coupling two or more vibrational modes in a sin-
gle resonator [17,18]. However, most efforts to date have
either been restricted to comb generation in high-Q res-
onators at low temperatures and pressures or to a narrow
frequency band confined within the vibrational mode of the
resonator, primarily because the parametric mode coupling
that governs comb generation is damping dependent and
requires low loss to efficiently enable coupling between
the different mechanical modes. Furthermore, great care is
required to precisely engineer the device such that the var-
ious mechanical modes display a commensurate resonance
frequency relationship required for parametric excitation.
These characteristics are especially limiting for applica-
tions in liquid, where resonators are typically subjected to
large mechanical damping. Narrowband frequency-comb
generation can also be limiting in metrology applica-
tions where a larger bandwidth enables more accurate
range measurement [19]. For these reasons, mechanical
frequency combs have been used in a limited number of
practical applications thus far [20].

In this paper, we present a significantly differ-
ent approach to mechanical frequency-comb generation
wherein a microelectromechanical (MEM) resonator para-
metrically coupled to a resonant electrical circuit serves as
the electromechanical comb generation system. The con-
cept of parametrically coupling a mechanical and electrical

© 2023 American Physical Society
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resonator has been previously exploited for wireless power
transfer [21] and vibration control [22], where it was found
that the initiation threshold for parametric resonance could
be lowered by reducing the electrical resistance of the
system—thereby overcoming a critical limitation affect-
ing purely mechanical parametrically coupled systems. We
adopt this strategy to terminate the MEM resonator with
a series inductor and drive it with a single electrical tone
to generate evenly spaced, coherent electromechanical fre-
quency combs. The influence of mechanical damping on
the input forcing threshold can be minimized by reducing
the circuit electrical losses, allowing us to generate fre-
quency combs in lightly (air) and heavily damped (liquid)
environments. As the resonance frequency of the electrical
oscillator can be controlled by simply adjusting the value
of inductance, the proposed approach further enables us to
easily obtain the required commensurate frequency rela-
tionship between the coupled resonators, independent of
the mechanical design and operating conditions.

We start by introducing a one-dimensional (1D) lumped
parameter mathematical model to describe the proposed
comb generation system, followed by numerical simu-
lations to investigate the influence of model parameters
and operating conditions on the formation of frequency
combs. Experiments are then performed using a commer-
cial MEM resonator to validate the numerical results and
to demonstrate frequency-comb generation in air and in a
fluid-filled microfluidic channel. Semianalytical solutions
to the 1D model indicate that the input forcing thresh-
old required to generate evenly spaced frequency combs
is a function of both the mechanical and electrical damp-
ing, and that the threshold can be lowered by reducing the
electrical resistance in the circuit. Experimental results fur-
ther confirm that stable frequency combs can be generated
in different media with the same MEM resonator, using
a single electrical drive tone. The potential advantage of
such comb-based sensor systems over conventional reso-
nant sensors, especially in fluid-sensing applications is also
briefly discussed.

II. MATHEMATICAL MODELING

A simplified 1D lumped parameter model of the pro-
posed electromechanical frequency-comb generation sys-
tem is shown in Fig. 1. The device consists of an elec-
trostatically driven mechanical resonating element that is
represented by a parallel-plate baffled piston in this 1D
approximation. The piston has an equivalent mass m,
stiffness &, and damping b, and is radiating into a fluid half-
space. The damping term includes only the radiation losses
in the fluid while the structural losses in the resonator
are ignored as they are negligible in comparison. The
parallel-plate piston, which acts as a time-varying capac-
itor with static capacitance Cy in the electrical domain, is
connected to an inductor L and resistor R (representing the

Fluid half-space

Rigid baffle

Mechanical resonator
with capacitance C

Input drive voltage

FIG. 1. 1D lumped parameter representation of the electrome-
chanical frequency-comb generation system. The capacitive
mechanical resonator is approximated by a baffled parallel-plate
piston and electrically terminated in series with an inductor,
resistor and a voltage source.

total electrical resistance in the circuit including parasitic
resistance) to form a series RLC circuit driven by a volt-
age source. Note that the mechanical resonance frequency
of the parallel-plate piston, mechanical Q factor, electri-
cal resonance frequency of the RLC circuit and electrical
Q factor is given by w,, = +/k/m, Oy = wxym/b, we =
1//LCy, and O,, = weL/R, respectively. Mathematically,
the 1D model can be expressed by the following coupled
second-order ordinary differential equations (ODEs):

d2+bd+k god V2 O
JR— R — =

e mdt m 2m (dy — x)*’

d2 R d d() — X d() — X

_ —_—— c = V 1 1 t s 2
[dt2 Tra Tt Tae } Liz, | msin(@ind), (2)

where Eq. (1) represents the dynamics of the mechanical
resonator and Eq. (2) represents the electrical resonator.
dy and x represent the initial gap between the parallel
plates of the piston and the displacement of the piston,
respectively, whereas V., 4, and g, are the voltage across
the variable capacitor, the area of the piston and the per-
mittivity of free space. The term on the right-hand side
of Eq. (2) represents the sinusoidal input voltage applied
to the circuit having an amplitude Vi, and frequency wi,
[note that in order to obtain Eq. (2), it is assumed that
the change in capacitance due to the motion of the plate is
much smaller than the static capacitance, i.e., AC < Cp].
When the system parameters are selected such that the
electrical resonance frequency is approximately half the
mechanical resonance frequency (we ~ wy/2), the two
resonators can be parametrically coupled to each other to
enable nonlinear modal interactions under certain input
excitation conditions. These interactions result in the for-
mation of frequency combs in the electrical as well as in
the mechanical domain.
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The transient response of the 1D lumped parameter
model is analyzed by solving the coupled equations numer-
ically using a commercial solver such as MATLAB. How-
ever, this method of solution can be both nonintuitive
and time consuming, especially when performing exten-
sive parametric studies. Alternatively, the coupled ODEs
can be rewritten using different scaled and normalized
parameters to make explicit a timescale separation, and
approximated using an improved averaging theory [23,24]
to obtain approximate semianalytical solutions (details of
the parameters used and the analysis are presented within
the Supplemental Material [25]). The semianalytical solu-
tions provide more insight into the operation of the pro-
posed comb generation system by providing expressions
for critical drive voltage and frequency-comb spacing.
These expressions can be used to explore the dependency
of comb generation on a range of environmental and sys-
tem parameters such as mechanical damping, electrical
resistance, and operating frequency. Thus, analysis of the
1D model using a combination of the complete numeri-
cal solution and the approximate semianalytical techniques
can be used to guide the selection of optimal operating
parameters to generate stable frequency combs in different
media.

III. RESULTS

A. Mechanical resonator array

A capacitive MEM resonator array is used as a testbed
to demonstrate the proposed approach to frequency-comb
generation. Such MEM resonator arrays have previously
been used for chemical and biological sensing in both fluid
and gas environments [26-—30]. Here, we use a commer-
cially available (Phillips innovations) MEM array [Fig.
2(a)] consisting of 128 elements, with each element com-
posed of 42 electrostatically actuated membrane-based
drumhead resonators connected in parallel. The circular
membranes measure 120 pm in diameter and are covered
by a thin layer of metal to form a top electrode [Fig. 2(b)].
All 128 elements are separated from a common bottom
electrode by a vacuum-filled cavity measuring approxi-
mately 450 nm. This vacuum gap corresponds to the full
range of mechanical motion of the membranes when they
are electrostatically actuated using the top and bottom
electrodes. Note that each membrane operates in its fun-
damental or first mode for the selected frequency range of
operation. Furthermore, the operating frequency is selected
such that it is far away from the band in which acoustic
crosstalk is dominant [31], thereby ensuring that all the
membranes in the array oscillate in-phase and higher-order
array modes are suppressed. As each individual metal-
lized membrane forms a minicapacitor with the bottom
electrode, the MEM array also behaves as a time-varying
capacitor and can be terminated with an inductor to realize
an inductor-capacitor (LC) electrical resonator.

R
£
FERR
HPRL
e
SRR
HEERER
L]

S I870pm

—Real||
|—Img |

—_
O
~
o
S
=) S)

-500

—1000 |-

~1500 /\/

—-2000

Impedance (2)

2.0 2.2 2.4 2.6 2.8 3.0
Frequency (MHz)

FIG. 2. (a) Top view of the MEM array used in the experi-
ments with the enlarged inset showing the arrangement of the
individual membrane resonators. (b) The real and imaginary
parts of the impedance measured by connecting two elements in
parallel shows a mechanical resonance at 2.6 MHz when biased
at 10 VDC.

Two adjacent elements of the MEM array [highlighted
by the white box in Fig. 2(a)] are connected in parallel to
form the active mechanical resonator for the experiment.
The corresponding mechanical and electrical parameters
are characterized using a vector network analyzer (Agilent
8753ES) and shown in Fig. 2(b). The mechanical reso-
nance frequency in air is measured to be 2.60 MHz when
a 10-V dc bias is applied (note that the unbiased mechan-
ical frequency of the resonator is closer to 2.61 MHz as
the application of bias voltage leads to a reduction in
resonance frequency due to spring softening [32]). The
mechanical Q factor estimated from the bandwidth of the
resonance peak is approximately 200, reflecting the low
damping experienced by the resonator in air. The static

TABLE I. System parameters used in the numerical simula-
tions.

Parameter Symbol Value
Equivalent mass m (Kg) 1.1155x 1078
Equivalent stiffness k (N/m) 3 % 10°
Equivalent damping b (N-s/m) 9.1468 x 1074
Area of plates A (m?) 2.08 x 107°
Gap between plates dy (m) 450 x 107°
Resistance R(2) 60

Inductance L (H) 3.6343 x 1074
Permittivity g0 (F/m) 8.854 x —10712
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capacitance of the active elements can also be extracted
by fitting a curve to the imaginary impedance and is found
to be roughly 42 pF. The parameters extracted from the
experimental device are used to fully model the electrome-
chanical comb generation system in the numerical simula-
tions and to inform the selection of electrical components
in the experiment.

B. Numerical results

The 1D model of the comb generation system described
in Sec. I is solved numerically using the parameters listed
in Table I with the aim of investigating the influence of
various system parameters and operating conditions on the
formation of mechanical frequency combs. The input drive
frequency and electrical circuit parameters are selected
such that wy, = w,,/2 = wey; this 2:1 resonance frequency

relationship is intentionally selected to enable parametric
coupling between the mechanical and electrical resonator.
Equations (1) and (2) are solved simultaneously using the
ODE45 package in MATLAB, and the simulations results
obtained are shown in Fig. 3(a). It is observed that for
small values of input voltage Vi,, the solutions for the vari-
ables V. and x, i.e., the voltage across the capacitor and
piston displacement, are purely harmonic oscillations at
win and 2wy, respectively. However, when Vi, exceeds a
critical input threshold Vi, i, a bifurcation appears and
equally spaced spectral lines or frequency combs with
spacing Aw are generated on either side of wi, and 2wy,
in both the mechanical and electrical domains. Addition-
ally, the temporal response of the two oscillators takes the
form of a pulse train having a beat frequency equal to
Aw, which is characteristic of frequency-comb generation
systems.
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FIG. 3. (a) Simulated response of the 1D frequency-comb generation model when the input voltage is below and above the critical

voltage required for comb generation. (b) A 2D colormap representing the locations of frequency-comb formation in the frequency-
forcing space. Here, states 1, 2, and 3 represent stable combs, higher-order combs, and chaotic combs, respectively.
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The effect of detuning the input drive frequency from
the electrical resonance frequency is studied by sweep-
ing wiy/27 from 1.29 to 1.32 MHz (steps of 1 kHz) at
different input drive levels (steps of 0.1 V). The cou-
pled equations are solved for a fixed time of 1 ms with
a step size of 25 ns at each discrete frequency and volt-
age value. It can be seen in Fig. 3(b) that Vi, . increases
as wi, is detuned either side of w¢ on the frequency axis.
The shaded regions where frequency combs are generated
are slightly asymmetric about w,j, similar to an instabil-
ity tongue seen in parametrically excited systems [33].
The types of combs generated within this instability can
be classified into three states, where state 1 represents the
most commonly occurring stable frequency combs. The
squares labeled as state 2 occur at higher levels of forc-
ing and represent regions where higher-order frequency
combs are generated, caused by the nonlinear interaction
of state-1 combs with each other. Finally state 3 repre-
sents frequency combs that demonstrate chaotic behavior.
The transient response of the system at these frequencies
is highly unstable and frequently resulted in the ODE45
solver crashing. The frequency spectrum of the generated
combs in each of these 3 states can be found within the
Supplemental Material [25].

The semianalytical solutions developed for Egs. (1)
and (2) can be used to determine the impact of external

0 50 100 150 200

m =100

FIG. 4. (a) A 2D plot obtained using the semianalytical solu-
tion displaying the dependance of comb generation on input volt-
age (Vi,) and mechanical quality factor (Q,,), where the yellow-
shaded region represents the existence of frequency combs. (b)
Variation of Vi, it as a function of Q,, for decreasing values of
Qel- (c) Frequency spacing between comb lines as a function of
Vin for different Q,,.

operating conditions on frequency-comb generation. The
critical threshold value Vi, ¢rit, can be numerically deter-
mined for a given set of system parameters and is found to
be dependent on the mechanical damping b, i.e., propor-
tional to the reciprocal of the mechanical Q factor. A map
ofthe regions where frequency combs exist in the Vi, — Oy,
space when Q. = 50 is shown in Fig. 4(a), with the yellow
shaded region indicating the existence of combs. Here, the
boundary separating the yellow region from the rest of the
map represents Vi, crit, Which increases dramatically with
reduced Q,,. While light damping might not impede the
ability to generate frequency combs in air, the dependence
of Vin crit ON b introduces a significant challenge while try-
ing to generate combs using purely mechanical resonators
in heavily damped media such as water and biofluids. For-
tunately, it is found that in the case of the parametrically
coupled electrical-mechanical resonator, Vi, ¢t is a func-
tion of both mechanical damping and the resistance R in
the electrical circuit. Figure 4(b) shows how the critical
input voltage required for parametric resonance reduces
with increasing value of electrical quality factor Oy, for
a fixed value of Q,,. Hence maintaining a low value of R
can partially mitigate the effect of mechanical damping on
Vin crit thereby allowing for practically achievable values of
Vin crit €ven at large values of b.

The semianalytical solutions can also be used to predict
the spacing between the spectral lines, both as a function
of the input drive voltage as well as environmental con-
ditions. The frequency spacing Aw is plotted against Vi,
for different values of Q,, in Fig. 4(c). While Aw is ini-
tially zero at low values of input drive, a sudden jump or
discontinuity in the curve is observed when Vi, = Vig crit,
indicating the onset of frequency-comb generation. The
spacing between the comb lines initially increases with
increasing Vi,, before it reaches a maximum value and
then gradually begins to decrease. Furthermore, the spac-
ing between the combs also increases as the mechanical
Q factor is reduced, indicating that frequency combs span-
ning a larger bandwidth can be obtained in heavily damped
environments. It is worthwhile to note here that the semi-
analytical solutions are approximate solutions to Eqgs. (1)
and (2) and as such are not accurate, especially for Vi, >
Vin aiit- They are better suited to qualitatively inform trends
as opposed to quantitative predictions, which require one
to fully solve the coupled equations.

Hence the 1D model allows us to investigate the oper-
ational characteristics of the proposed electromechanical
comb generation system. The semianalytical solutions
shed light on how different operating conditions includ-
ing mechanical and electrical damping affect frequency
comb generation and the comb spacing, while suggesting
that careful selection of parameters can lower the critical
drive voltage required for comb generation. Since the elec-
trical resistance in a circuit can be easily minimized by
various active and passive methods, the proposed system
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can potentially be utilized for mechanical frequency-
comb generation in hitherto inaccessible damped fluid
environments.

C. Experimental results

The results of the numerical analysis are experimen-
tally verified by operating the MEM array in different
media, starting with air. The MEM array is terminated
with wire-wound inductor of suitable inductance such that
the electrical resonance frequency of the LC circuit is half
the unbiased mechanical frequency, i.e., we & w,/2 =
1.305 MHz. Note that circuit components with the
lowest series resistance are chosen to minimize the total
loss in the electrical resonator, such the electrical QO factor
is approximately 50. The circuit is then driven by a tone
burst (10 ms ON, 2% duty cycle) from a signal generator
(Agilent 33250a) through a rf amplifier for 1.295 MHz <
(win/27) < 1.308 MHz and the voltage across the MEMS
array is recorded. It is found that at low values of Vj, that
frequency spectrum of V. consists primarily of the wy, /27
component. However, as the level of Vj, is increased
and crosses the critical threshold (Vi it = 0.4 V), spectral
components at (wi, F nAw)/2m begin to appear on either
side of the drive tone where » is an integer representing
the number of sidebands. As expected, the time-domain
signal takes the form of a pulse train as seen in Fig. 5.
It is observed that further increasing Vi, beyond Vi crit
results in two phenomena. First, the number of sidebands
increases as the input voltage is increased. Secondly it is
seen that the frequency spacing between the spectral lines
increases with Vi, as predicted by the numerical simula-
tions [Fig. 6(a)]. This increase in spacing is not linear,

Voltage (V)

1.55 1.60 1.65 1.70 1.75
Time (ms)

1.20 1.25 1.30 1.35 1.40
Frequency (MHz)

Normalized magnitude (dB)

FIG. 5. Voltage measured across the resonator and the corre-
sponding frequency-domain representation of combs when Vi, >
Vet for MEM resonator operating in air. An enlarged view of
the time-domain signal demonstrating the interplay between the
fundamental oscillation and the nonlinear envelope can be found
within the Supplemental Material [25].

(a) ’ —Vin=10.4
—Vin=10.5
m _10 Increased comb —Vin= 055
Spacing with forcing
20 1 >

|
w
S

Normalized magnitude (dB

1.310 1.315 1.320 1.325 1.330
Frequency (MHz)
(b) 55 <10* ~
—Numerical simulation (ODE45)|
30 -e-Experimental data
2.5
N
T 2.0
& G/e/e__,e——e—H
= 1.5
3 |
<
1.0 |
0.5

0
020 025 030 035 040 045 050 055 0.60
Vin (V)

FIG. 6. (a) Increasing spacing between spectral lines observed
for larger values of input drive V,. (d) Comparison of the numer-
ical and experimentally obtained change in spectral-line spacing
as a function of input voltage V;,. Note that no combs are formed
below a drive voltage of 0.4 V in the experiment.

with the sharpest change being observed closer to Vi ciits
followed by a plateau before eventually reducing at high
input voltage levels. Further increasing Vj, causes nonlin-
ear interactions between the lines, leading to the formation
of higher-order combs that results in a highly unstable
signal. In order to verify the relation between line spac-
ing and Vi, the coupled equations are numerically solved
using ODE45 and the results are compared with the exper-
imental data [Fig. 6(b)]. It is found that simulations and
experimental data showed a close match, where the off-
set between the simulated and experimental Aw can be
attributed to nonuniformities in fabrication and parasitic
capacitance in the experimental device. Thus, a single
drive tone with Vi, > Vi, it 1S sufficient to generate sta-
ble frequency combs in the proposed system under lightly
damped conditions. The spacing between the spectral lines
is directly dependent on Vj,, which essentially acts as an
electrostatic force on the mechanical resonator. Hence, by
operating the system at a fixed Vj,, the change in line
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(a) Experimental setup to simulate boundary conditions of an enclosed microfluidic channel. (b) The effect of channel

height d, on the location and spacing between standing-wave resonances. (¢) Electromechanical comb spectrum for increasing input
voltage levels when the MEM resonator is operated inside a liquid-filled channel.

spacing can be used to directly determine an increment in
force or mass acting on the mechanical resonator. Unlike
conventional force sensing resonators that require complex
electronic feedback loops to track changes in frequency,
the proposed system can be monitored by simply tracking
the beat frequency using a frequency counter [20].

The same MEM array is next immersed in nonconduc-
tive waterlike liquid (Fluorinert-FC 70, Sigma Aldrich) to
study the effect of increased mechanical damping on the
generation of frequency combs. The frequency response
of the mechanical resonator in immersion is first charac-
terized by applying a 50-ns unipolar pulse from a signal
generator to the array. The impulse response of the res-
onator is recorded using a broadband hydrophone (Onda)
and from the FFT of the signal (see Supplemental Mate-
rial [25]), it is seen that the 3-dB bandwidth is 3.15 MHz
and the mechanical Q factor is less than 1 when operating
in immersion. The additional mass loading and increased
damping experienced by the resonator, in contrast to
operation in air, leads to a reduction in the mechanical res-
onance frequency to approximately 1.7 MHz, so the value
of'the series inductor is adjusted such that the electrical res-
onance frequency is 850 kHz (we] &~ ,,/2). The system is
first driven by a single electrical drive tone at wi, /27w =
850 kHz and the spectrum of the signal received by the
hydrophone is monitored for increasing drive amplitude

levels. It is observed that for all input drive levels, the
output spectrum consists purely of the wy,/m component
and no additional spectral lines are observed. This can be
explained by the fact that when the resonator operates in
immersion, the increased damping causes Vi, it to exceed
the maximum operating voltage of the resonator—as a
result, frequency combs are not generated when the res-
onator is driven by a single drive tone in an open liquid
domain.

Alternatively, the case of a resonator operating in a fluid
with a rigid boundary is considered, as many biosensing
applications consist of an enclosed microfluidic channel
through which a fluid of interest is flown and the sens-
ing element is placed inline along the channel. To simulate
similar boundary conditions, a MEM array is fixed to the
bottom of a container filled with FC-70 and a piezoelec-
tric transducer is placed above at a distance d, with its flat
face parallel to the array surface [Fig. 7(a)]. The face of the
transducer acts as a hard wall or reflector mimicking the
walls of a microfluidic channel and enables the formation
of acoustic standing waves between the MEM array and
the piezo transducer. These high-Q factor standing-wave
resonances can be exploited as the primary vibrational
mode of the mechanical resonator to generate frequency
combs with a single drive tone in liquid. As the vertical
distance d can be adjusted by a screw gauge micrometer,
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the position and frequency spacing between the stand-
ing waves can be manually tuned to a desired value as
seen in Fig. 7(b). The screw gauge is adjusted to obtain
a spacing of d=1.8 mm and a standing-wave resonance
(O =~ 13) is generated at 1.15 MHz (cpc .70 = 687 m/s).
The electrical circuit is tuned to half of this frequency
(we1 = 575 kHz) and the system is driven with a single
tone at wj, = we. Similar to the behavior in air, it is
observed in Fig. 7(c), that additional evenly spaced spec-
tral lines begin to appear on either side of w, as the
input drive is increased above Vi, it = 46 V. The spacing
between the spectral lines also increases with higher input
voltage levels, confirming the dependency of line spac-
ing on the force experienced by the mechanical resonator.
Despite the larger damping experienced in immersion,
the confinement of energy within a high-Q standing-wave
mode enables the generation of electromechanical fre-
quency combs using a single drive tone, in an enclosed
fluid-filled channel. The change in spectral line spacing
with increasing forcing further indicates that the generated
combs can be used to sense fluid properties or mass of par-
ticles in solution in a simple manner without fabrication of
complex resonator arrays [34].

To highlight the advantage of comb-based sensing over
conventional resonance spectroscopy [35] when interro-
gating bulk fluid properties in microfluidics, we simulate
and compare the frequency response of a linear resonator
to a frequency-comb generating resonator, when operat-
ing in a 200-pm-high, fluid-filled channel. The methods
of solution described in the earlier sections cannot be
used to solve this particular problem due to the nontriv-
ial boundary conditions—instead we employ a previously
used technique that makes use of SIMULINK [36] (details
in Supplemental Material [25]). The sensitivity of the res-
onator to a 5% change in fluid density is evaluated when
operating in these two distinct modes, and the results are

0
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— 1000 kg/m?

(a) 950 kg/m?

— 1000 kg/m*

—20

—40

—60
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|
Normalized magnitude (dB)
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FIG. 8. Numerical simulation comparing the linear frequency
response (left) of an electromechanical resonator in a fluid chan-
nel to its frequency-comb response when the density of the fluid
is reduced by 5%. The change in the frequency spacing between
the combs can be seen more clearly as we measure further away
from the central spectral line.

shown in Fig. 8. It is observed that in the linear case,
the density change produces a negligible shift in both
the amplitude and frequency the resonant peak, partly
as the low-Q frequency response makes it challenging
to accurately detect the peak shift. The time of flight or
spacing between the standing-wave resonances cannot be
used either as the speed of sound of the medium is held
constant. However, a clear and distinguishable separa-
tion between the spectral lines for the two different fluid
densities can be observed when the resonator is config-
ured to generate frequency combs (the recording length or
gate time here is 5 ms). Inherently, the system acts as an
amplitude to frequency converter, where the change in
operating point on the linear frequency response curve is
expressed as a shift in the spectral-line spacing. Further-
more, the frequency shift Aw is multiplied by a factor n
(where n represents the number of spectral lines formed on
either side of the driving frequency) as we move away from
the central spectral line, resulting in improved sensitivity
with a greater number of frequency combs. For example, a
frequency spacing of 3 kHz can be observed at the second
spectral line from the center, whereas a spacing of 6 kHz
is observed at the fourth spectral line, for the same change
in density.

It is useful to point out that the spectral-line width can be
further reduced by increasing the gate width or acquisition
time. The collection of a larger number of data points in the
time domain improves the resolution of the combs in the
frequency domain, thus enabling higher sensor resolution
at the cost of a longer acquisition time. The sensitiv-
ity of the comb-based system can also be improved by
generating a larger number of equidistant spectral lines on
either side of the drive tone, as shown in the simulation.
Increasing the strength of the drive tone increases the SNR
of the sidebands, however, there is an upper limit on the
drive strength beyond which the generated combs become
unstable. Alternatively, tuning the bandwidth of the input
excitation signal or modifying the nonlinearity that medi-
ates frequency mixing could potentially enable broadband
spectral lines as seen in OFCs. Thus, the potential of
mechanical comb-based techniques for fluidic measure-
ments and spectroscopy is demonstrated. Further improve-
ments in resolution and sensitivity can be made possible by
optimizing the driving voltage and other system parame-
ters, with the ultimate system resolution eventually limited
by effects such as thermal fluctuations, external mechanical
vibrations, and phase noise.

IV. CONCLUSIONS

In conclusion, we demonstrate the generation of
stable electromechanical frequency combs in air and lig-
uid by using a MEM array parametrically coupled to an
electrical resonator. A 1D lumped parameter model of the
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proposed system is presented, and approximate semiana-
lytical solutions are developed, that allow the investigation
of system parameters influencing frequency-comb genera-
tion. Numerical simulations reveal that the critical input
voltage required to generate frequency combs is a func-
tion of both the mechanical Q factor and electrical QO
factor. In contrast to purely mechanical resonator-based
frequency comb generation methods, the initiation thresh-
old in the proposed system can be lowered by reducing
the electrical resistance using passive or active methods,
thereby enabling frequency-comb formation even in highly
damped environments. The results obtained by numerical
simulations are experimentally validated using a commer-
cially available MEM resonator terminated with a wire-
wound inductor. Frequency combs with a repetition rate
sensitive to the force on the mechanical resonator are gen-
erated with a single electrical input drive in air and in an
enclosed fluid-filled microfluidic channel. The advantage
of our approach in sensing applications is highlighted by
comparing the performance of a comb-based sensor with
conventional resonance spectroscopy when interrogating
bulk fluid properties. Thus, the ability to generate stable
and tunable electromechanical combs in fluids enables sev-
eral applications previously inaccessible to optical combs.
Future work will be focused on optimizing the proposed
system for applications in microfluidic particle detec-
tion. The generation of frequency combs in an open fluid
domain using a single drive tone will also be explored.
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