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We investigate the thermoelectric properties of a hybrid nanodevice composed of a two-dimensional
carbon-based material and a superconductor. This system presents nonlinear bipolar thermoelectricity, as
induced by the spontaneous breaking of the particle-hole (PH) symmetry in a tunnel junction between
bilayer graphene (BLG) and a Bardeen-Cooper-Schrieffer superconductor. In this scheme, the nonlinear
thermoelectric effect, predicted and observed in superconductor-insulator-superconductor’ junctions, is not
affected by the competitive effect of the Josephson coupling. From a fundamental perspective, the most
intriguing feature of this effect is its bipolarity. The capability to open and control the BLG gap guaran-
tees improved thermoelectric performances that reach up to 1 mV/K, regarding the Seebeck coefficient,
and a power density of 1 nW/pum? for temperature gradients of tens of kelvin. Furthermore, the exter-
nally controlled gating can also dope the BLG, which is otherwise intrinsically PH symmetric, giving us
the opportunity to investigate the bipolar thermoelectricity, even in the presence of the controlled sup-
pression of the PH symmetry. The predicted robustness of this system could foster further experimental

investigations and applications in the near future, thanks to the available nanofabrication techniques.

DOI: 10.1103/PhysRevApplied.19.044017

I. INTRODUCTION

Thermoelectricity is conventionally investigated in
materials where there is a well-defined dominant carrier
[1-3]. Indeed, the Boltzmann theory of transport demon-
strates that in the linear-response regime the Seebeck
coefficient has the same sign as the charge of the domi-
nant carrier [1,4]. In other words, thermoelectricity seems
to be present only in systems where the particle-hole (PH)
symmetry is broken to a certain extent [5]. This becomes
paradigmatic in superconducting systems, where it should
be expected that PH symmetry and the dissipationless flow
of Cooper pairs would implicitly limit any thermoelectric
effect. Nevertheless, a few studies [6,7] anticipated that
even superconducting systems could exhibit thermoac-
tive behavior. Along this route, theoretical [8—18] and
experimental [19-21] research shows that nonlocality or
phase coherence may still trigger intriguing thermoelec-
tric phenomena in superconducting and hybrid systems.
Furthermore, some authors even reported the existence
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of absolute negative conductance (ANC) in superconduct-
ing tunnel junctions under out-of-equilibrium conditions or
microwave irradiation [22-25].

More recently, instead, in a number of theoreti-
cal papers [26-—29], the spontaneous breaking of the
PH symmetry was predicted in superconductor-insulator-
superconductor’ (S-/-S") tunnel junctions subject to a finite
thermal gradient. In these studies, a strong bipolar ther-
moelectric effect is clearly identified in the nonlinear
regime of the thermal bias. These predictions are con-
firmed experimentally [30,31], also providing methods
to make superconducting nonvolatile memory [26,32] or
other spin-active devices [33].

However, there are several drawbacks concerning the
physical realization of the cited effect in asymmetric S-7-S
junctions. The most serious issue is given by the Joseph-
son coupling, which needs to be substantially suppressed
[30], as theoretically anticipated in Ref. [28]. Indeed, the
Josephson effect may completely kill the thermoelectric
generation of power by shunting the junction at low biases,
ie, [eV| < (Ar+ Ap), here Ag() are the values of the
bulk superconducting-gap function on the two sides of
the S-7-S’ junction, therefore restoring the PH symmetry
and suppressing the thermoelectric effect. This limita-
tion may be even more serious under out-of-equilibrium
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conditions, since the Josephson coupling presents anoma-
lous jumps when thermal gradients are applied to an asym-
metric S-7-S” superconducting junction [34,35]. Hence, the
possibility of making a junction using a semiconductor
coupled to superconductors instead would be beneficial
in this respect. Furthermore, this nonlinear thermoelectric
effect manifests strongly at the so-called “matching-peak”
conditions, Vpeax = =[(Ag — Ar)/e|, where the singular-
ities in the Bardeen-Cooper-Schrieffer (BCS) density of
states (DOS) are aligned. So, the possibility to engineer,
in detail, the semiconducting gaps would be beneficial for
the performance of the device.

Nevertheless, the aforementioned bipolar thermoelectric
effect requires that the semiconductors forming the junc-
tion have a gap comparable to those of the superconductors
to which they are coupled, i.e., they should have gaps of the
order of a few meV [36,37]. On the other hand, elemen-
tal or binary-compound semiconductors have gaps larger
than hundreds of meV [36]. This fact pushes us to con-
sider a completely different platform, i.e., carbon-based
low-dimensional materials, that can exhibit smaller band
gaps, the values of which can even be tuned, in some cases,
by electrostatic gating [38].

Herein, we demonstrate the bipolar thermoelectricity
in hybrid junctions composed of bilayer graphene (BLG)
coupled to BCS superconductors () through an insulating
barrier (/). Notably, the band gap of BLG is controllable
by electrical gating [39], making it possible to adapt the
band gap to the best operating conditions, which are con-
nected to the superconducting gap and the temperature of
the hot lead (BLG), by changing just the electric gate volt-
ages. This peculiar phenomenon increases the flexibility
and performances of the device. For instance, it allows
one to switch thermoelectricity in the junction or and off.
Moreover, the replacement of one of the superconduct-
ing electrodes with BLG relaxes the constraints on the
hot-electrode temperature, leading to an even wider appli-
cability of the thermoactive elements, which, in principle,
can operate up to hundred of kelvins.

II. DEVICE DESCRIPTION

Low-dimensional systems have attracted a lot of interest
recently [44], and intriguingly have already been discussed
as promising materials for improving the thermoelectric
performance in the pioneering work of Ref. [45]. BLG, in
particular, is a two-dimensional material formed by two
planes of graphene stacked on top of each other. It nat-
urally inherits the intrinsic PH symmetry of graphene if
it is not extrinsically doped. However, its bands devi-
ate from the conventional linear-dispersion relationships
of graphene [46,47]. In fact, by tight-binding computa-
tions [48,49], one can show that they are characterized
by a nonlinear-dispersion relationship [50]. Similarly to

monolayer graphene, BLG is a semimetal, and, in the pris-
tine form, valence and conduction bands touch each other
at the high-symmetry K, K’ points. Notably, by applying
an electric field perpendicular to the BLG plane, a gapped
phase can be induced, effectively behaving as an electri-
cally controllable semiconductor. In Fig. 1(a), we display a
sketch of the setup discussed below, where the BLG is cou-
pled to a top and bottom gate that may be tuned externally.
The gate-controlled resultant band gap is highlighted in
Fig. 1(b). In the absence of gating, the BLG is gapless and
the dispersion of the lowest-energy band is approximately
quadratic, €(k) = £(/1 + 4(vphk)? — 1)/2 ~ *(vphk)?
(orange solid curves) [41], with vy as the Fermi velocity.
BLG’s gap can be opened and controlled by applying a
differential gating between the back gate, V, g, and the top
gate, Vy 7 [41,42] (solid red curves). However, gating may
also induce charge doping at the BLG planes, spoiling the
perfect PH symmetry and paving the way to the intriguing
possibility of investigating a bipolar thermoelectric device
in the presence of a controlled breaking of the PH symme-
try as well. As reported in Ref. [42], this tunable band gap
can be computed using the following approximate formula
[41,42]:

(1)

where U is the potential-energy difference between the two
graphene planes, also called the gating asymmetry param-
eter, and ¢, ~ 0.4 eV is the interlayer-hopping-energy
term in the tight-binding approximation of BLG’s elec-
tronic band structure. The approximate energy dispersion
in the gapped state [41] e(k) ~ :I:\/U2/4 + E(vphk)* /A
is shown in Fig. 1(b) (solid red curve).

This paper deals with the theoretical study of a BLG-
1-S tunnel junction, the schematic representation of which
is given in Fig. 1(a). The BLG is on the left side of the
junction and is deposited on the silica substrate. We sup-
pose to be able to heat up the BLG electronic temperature
to induce an effective thermal gradient across the junction
by means of irradiation by a photon source or by the Joule
effect due to normal currents flowing between electrodes
[51,52] [this can usually be accomplished using other nor-
mal metal electrodes, e.g., yellow contact in Fig. 1(a)].
The BLG is in clean contact with a gold (Au) electrode
[see Fig. 1(a)], so that the voltage drop, V, applied across
the structure localizes at the BLG-/-S junction. In other
words, the Au electrode and the BLG are equipotential.
The electrostatic gating is applied with the aid of a top
gate, Vg 7 capacitively coupled to BLG through an oxide
and a Si* layer, with the role of the bottom gate, beneath
the silica layer, as shown in Fig. 1(a) [40,53]. The right
electrode composing the junction is a BCS superconductor
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FIG. 1. a) Schematics of the proposed device. BLG is placed
on top of a silica (Si0,) dielectric (g, = 3.9) 100 nm thick,
beneath which there is the bottom gate (doped Si). BLG is
encapsulated in a #-BN monolayer but is ohmic coupled with
a Au electrode on the left side. Niobium (Nb) superconducting
electrode is deposited partially on top of the BLG. 4-BN con-
stitutes the tunneling barrier with the superconducting electrode.
Finally, an oxide (¢, = 7.5) [40], approximately 190 nm thick,
is deposited above the electrodes, and a top gate made from Au
is placed on top of this dielectric. (b) Band scheme of the BLG
[41-43]. Gap is opened using the top and bottom gates. With the
dashed lines, we also show how the BLG Fermi energy, E2°5,
moves along the bands, due to an asymmetric gating effect. We
assume vy A 10° m/s as the Fermi velocity in graphene.

[gray in Fig. 1(a)]. To have a superconducting gap com-
mensurate with those of BLG and, at the same time, a good
range of operating temperatures, we choose Nb for the
BCS superconductor. This metal has a critical temperature
of T. ~ 9 K. It is deposited partially on the encapsulated
BLG to provide a tunnel contact with it. The encapsula-
tion of BLG is made from a monolayer of hexagonal boron
nitride (£-BN). This material constitutes proper tunnel bar-
riers, since it is a good insulator with an almost perfect
crystallographic order [54].

I11. BIPOLAR THERMOELECTRICITY WITH PH
SYMMETRY

In the tunneling framework, we can compute the charge
and heat currents according to [26,27,37,55,56]

2 +00
|:éL:| = 477:'}3-| / de |:_Se:| NBLG(8)N5(8 + eV)

X [f(e) = fr(e +eV)], 2)

where |7 is the transmittivity of the tunneling barrier,
which, in our case, is given by the #-BN layer between
the BLG and the superconducting electrode. In writing Eq.
(2), we further assume that the barrier transmissivity is
independent of the gate voltages, V7 and V, g, applied to
the BLG. This approximation is reasonable at the energy
scales considered in this work, where the induced BLG
band gaps and the applied voltage bias are in the order of
a few meV, but may fail for a very strong gating. The elec-
tron gas in the semi- and superconductive leads follows the
Fermi-Dirac distribution, fi(e, T;) = [1 + exp (¢ /kzT)]™",
where we assume that carriers are in quasiequilibrium,

which is well described by a standard quasiparticle distri-
bution with an electronic temperature of 7; [57]. We also
introduce the tunneling-barrier bias voltage, V.

In Eq. (2), the DOS of the two electrodes are Nprg(s) (E).
In our case, the right electrode is a BCS superconductor;
therefore,

e+ilp ”
Re 3
[J(e +iTp)? — Ag(Tp)? ®

Ns(e) = Nr

where Np is the DOS of the metal in the normal state at the
Fermi energy, Az(Ty) is the superconducting gap, and I'p
is the Dynes phenomenological correction to the BCS DOS
[58]. On the other hand, the left electrode is composed of
the BLG, the DOS of which for £ « ¢ can be approximated
as [41,59]

tL |E|O(E| — Ey)
2 2
NEESCRN

where ®(x) is the Heaviside step function, and £ = € +
EP'S, with EBYC being the BLG’s Fermi energy. The
tight-binding energies for the in-plane hopping integral
of graphene is t ~ 3 eV, and the out-of-plane hopping
term is ¢, ~ 0.4 eV. We assume that the insulating bar-
rier between BLG and the superconductor (Nb) is formed
by #-BN [60]. We also assume a tunneling conductance of
Gr~ (10 kQ)~! [61] for h-BN separating the BLG elec-
trode, above which the superconducting electrodes will be
deposited, forming a junction of about 0.1 wm?; this choice
is consistent with values reported in Ref. [62]. Despite
a larger active surface leading to a higher conductance,
which would be beneficial for the performance of the pro-
posed junction, it is nonetheless important that the barrier
between the leads is a good insulating barrier, since we are
going to establish a sizeable temperature gradient across
the junction. Furthermore, enlargement of the active sur-
face could also lead to unwanted effects, such as pinhole
points [63].

Clearly, either asymmetric gating or charge traps at the
oxide surface may also induce a deviation in the midgap
position of the BLG’s Fermi energy, EELY, partially break-
ing the PH symmetry. However, with two independent
top and bottom gates, it is always possible to restore the
PH symmetry in the BLG. Indeed, since the band gap,
2E, ~ U [for U <« t1, see Eq. (1)], is induced mainly by
the differential gating mode, the common mode can be
exploited to modify £ELY, changing the BLG doping [40—
42,48,64,65]. More specifically, we can find a line of points
in the (Vg,V, 1) plane for which the BLG turns out to
be fully PH symmetric and gapped. This is a straight line
with a slope of —C},/C;, where C; = g¢&;/d; are the capac-
itances with top (i = ¢) or bottom (i = b) gates determined
by the thicknesses, dj(d;), of the oxide layers and their

“4)

Nprg(e) =~
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dielectric constant, & (gp) [40]. We note that the charge
accumulated in the BLG through gating modifies the Fermi
energy, and thus, the total junction differential conductance
(see discussion in Sec. III). However, these effects cannot
be interpreted as a gating dependence of the transmissiv-
ity of the tunneling barrier. Therefore, in the first part of
this paper, we investigate the device under gating con-
ditions where the BLG electrode is fully PH symmetric,
ie., EPYG = 0, according to our notation. In this config-
uration, due to the PH-symmetric nature of the electrodes,
one should expect that the junction can never display linear
thermoelectric behavior [5,66]. Nevertheless, when BLG’s
electronic temperature and thermal gradients exceed finite
thresholds, we predict the possibility of inducing sponta-
neously a thermoelectric regime in the junction just by tun-
ing BLG’s gap at values higher than Nb’s superconducting
gap. Furthermore, it is easy to check that the PH symme-
try of the two leads, i.e., V;(E) = N;(—E), will result in
the antisymmetric nature of the current with respect to the
electric bias, i.e., [ (V) = —I(—V). This phenomenology is
similar to that reported in Refs. [26,27,30]. However, it is
worth noting that the possibility of tuning the electrode gap
through gating, is unique to this system. In fact, in the S-
1-S’ case, one should change the material composing the
electrode [30] or induce complex phase-controlled gaps in
proximity junctions [35].

The discussed bipolar thermoelectric effect is nonlinear,
since a finite-temperature difference is required to acti-
vate the junction. When E, > Ag(Ty), the junction can be
in the thermoactive regime, i.e., displaying ANC [V < 0,
for an appropriate temperature difference between the two
terminals. In Fig. 2, we show the /-V characteristics in
the subgap regime when the junction is thermoactive. The
electronic temperature of the BLG is assumed to remain
a high temperature [e.g., T, = 50 K in Fig. 2(a)] and the
superconductor will be on the cold side with T = Ty =
1 K [67]. Similarly to the S-7-S’ case [27], we can identify
two different thermoelectric regimes that depend exclu-
sively on the absolute module, |V]. These are the linear-in-
bias regime, which is revealed by the negative differential
conductance at V'~ 0, and the nonlinear-in-bias effect,
which manifests strongly with the biggest ANC at the
matching-peak condition, |eV,| = E,(U) — Ar(Tvam). By
looking at the peaks in Figs. 2(a) and 2(b), we observe
how their position is changed following the evolution of
the BLG gap, E,, which is modified by external gating.
Notably, we see that the height of the ANC peaks is weakly
dependent on the BLG gap [see Fig. 2(a)] but is more
affected by the temperature of BLG [see Fig. 2(b)]. Finally,
we note that, in this configuration, where the BLG is hot
and the superconductor is cold, the hot temperature does
not affect the position of the peak, since E, depends only
on the electrostatic potential, U. This is a substantial dif-
ference with respect to the S-7/-§’ case [26,27,30]. As a
consequence, it is also important that the thermoelectric

(a) 1 (A= E,=4 meV] (b) I (pA) (= T = 15K
0.3 E,=5meV T,=30K
0.2 |_ E,=6 meV - T,=60K
0.1
7247 -2 3V (mV)

-0.1
-02
T,=50K  -03

.
2 ﬁYv (mV)

Eg=4meV -0.3

FIG. 2. [-V characteristics of the proposed junction in the
thermoelectric regime, £, > Ag(Ty). Thermoelectricity is easily
spotted because /V < 0, and this implies ANC. (a) /-V charac-
teristics plotted by varying BLG’s gap (obtained by varying the
gating voltages, while keeping the BLG in the PH-symmetry
line). Here, the BLG temperature is kept at 7, = 50 K. (b) /-
V' characteristics plotted by varying the electronic temperature
of BLG while keeping the BLG gap fixed at 2E, = 8 meV.
Height of the peak, and consequently, strength of thermoelec-
tricity, grows by increasing the hot-lead temperature. Peculiarly,
due to the nonlinearity of the effect, it appears that the Seebeck
voltage, Vs, defined by 7(Vs) = 0, depends weakly on the BLG
temperature being more connected to the position of the match-
ing peak, V), instead, which, in this system, is unaffected by 77.
In the computation, we assume that the superconductor resides
at a bath temperature of Tz = Tpan, = 1 K, a Dynes parameter of
I'p/A = 1074, and a tunneling conductance of Gy = (10 k).

power, P = —IV, is a monotonously increasing function of
the hot temperature in our system, in contrast to the S-/-S'
concept, where closing of the gap with temperature limits
the thermoelectricity to a well-defined range, spanning, at
most, an interval of a few kelvin.

Since we are not dealing with a linear thermoelectric
effect, we cannot rely on standard figures of merit typical
for thermoelectric elements, such as ZT [5,68]. Hereafter,
we focus on alternative figures of merit to quantify the
performances of the BLG-/-S thermoelectric junction in
comparison with other recent proposals [30]. In particular,
it is interesting to show them, as in Fig. 3, by using con-
tour plots. Therefore, investigating how they depend on
both the BLG gap, E,, and temperature, 77. In Fig. 3(a),
we show the maximum thermocurrent, lna = [[(£V),)],
which is obtained at the matching-peak voltage, V), and,
correspondingly, in Fig. 3(b), the thermoelectric power
delivered at the same point, P(V,) = —1(V,)V,, by the
junction [69]. The gray areas in the plots denote the regions
with E, < Ar(Tr), where the system is purely dissipa-
tive, thus producing no net thermoelectric current. Both
of the quantities are monotonically increasing functions of
BLG temperature, 77, and quickly saturate for 7, 2 Eg/kp
(not shown). These figures of merit do not behave mono-
tonically with respect to the BLG gap, E,, displaying a
maximum for a temperature-dependent optimal value. We
notice that the values of the thermoelectric charge cur-
rent are quite high for a junction of 0.1 um?. At the same
time, the output power, shown in Fig. 3(b), is notably high,
since it reaches values above 750 pW for high-temperature
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FIG. 3. Thermoelectric figures of merits for the proposed junc-
tion at the PH-symmetric point as a function of the BLG band
gap, 2E,, and the BLG electronic temperature, 7;. (a) Maximum
current in nA obtained at the matching-peak condition, /(V),). (b)
Thermoelectric power at the matching peak, —/(V),)V,, in units
of pW. (¢) Thermodynamic absolute efficiency computed at the
matching peak, V),, where the output power is roughly maximum.
(d) Nonlinear Seebeck coefficient in units of L V/K. Remaining
parameters are the same as those in Fig. 2.

gradients and intermediate gap values, which correspond
to a power density of roughly 1 nW/pum?. Since it is com-
puted at the matching peak, it is natural to ask how this
quantity would be affected by the quality of the super-
conducting contact, leading to a higher Dynes parameter.
We report, without showing it, that the output power of
the junctions is only reduced by a logarithmic correction
of about a factor of 2 when changing the Dynes parame-
ter by 2 orders of magnitudes (from 10™*A, used here to
1072 A).

Furthermore, it is interesting to discuss, looking at Fig.
3(c), the absolute efficiency of the thermoelectric engine
at maximum power. A useful approximation for such a
quantity is the value it assumes at V=17V, ie., n, ~
—1(V,)V,/ QL(V,,), since the junction delivers maximum
power approximately at the matching-peak point. At the
same time, the heat losses in the junction are probably
dominated by the quasiparticle contribution, Or (V},), com-
puted using Eq. (2) [70]. In this case, the best efficiencies
are obtained at the lowest BLG temperatures, 7;, where the
decrease in heat losses is much bigger than the decrease of
the thermopower. Notably, the absolute efficiency reaches
values up to 40% and, when the hot temperature is fixed,
there is an optimal value for the gap. It is worth not-
ing that the efficiency here is the absolute thermodynamic
efficiency of the thermodynamic machine.

Finally, in Fig. 3(d), the thermoelectric performance is
shown in terms of the nonlinear Seebeck coefficient (NSC),
which is computed as [26]

Vs

S= 5
T, — Tr

®)

where Vg is computed numerically by finding the point
at which the /-V characteristic crosses the zero-current
axis, i.e., I(Vs) = 0. This is a natural extension, in a non-
linear picture, of the Seebeck coefficient, defined as S =
lima7o AV/AT ] /—o- BY the way, this is the solution of the
linear thermoelectricity equation: / = G AV — G S AT =
0 [5]. This quantity can be computed only in the region
where the junction is thermoelectric (/V < 0), while the
dissipative regions are colored in gray. The values of the
NSC demonstrate the strength of thermoelectricity gener-
ation in this junction, which reaches values higher than
1000 wV/K at the lowest-temperature gradient explored of
approximately 9 K. This graph also reveals quite general
behavior of this quantity, which increases with the BLG
band gap. Looking at Fig. 3(d), we can say that the highest
values of the NSC can be reached at low values of tem-
perature gradient, where the thermopower is quite low [see
Fig. 3(b)], confirming once again, even in this nonlinear
situation, a sort of trade-off between efficiency and power
production.

IV. PARTIAL BREAKING OF PH SYMMETRY

Having discussed the PH-symmetric case in Sec. III, we
now consider the more general case, where the BLG is not
perfectly gated at the PH-symmetric line, i.e., the afore-
mentioned perfect charge-neutrality line of the gates. The
loss of PH symmetry on the BLG side, with the stated con-
ventions, can be seen as the case where the Fermi energy is
EBLG £ 0. Indeed, according to the self-consistent model
of screening, adapted from Refs. [41,42,71], the electro-
static asymmetry parameter, U [and so, the band gap, see
Eq. (1)], and the BLG Fermi energy should be computed
self-consistently from the value of the electrostatic gat-
ing voltages. We state here only the final formula, which
can be derived from the more general treatments of Refs.
[42,71,72].

A recent experiment [72] shows the important role of
localized states, in particular, for designs with silicon
dioxide substrate. These localized states contribute to the
charge density of the BLG but not to the screening of
the electrostatic asymmetry parameter, U [73]. The fun-
damental parameters needed in the 7-J characteristics are
the electrostatic asymmetry parameter, U, and the Fermi
energy, EELS, which are given by [74]

. e(CVep—CVqr)
2Cai6[1 — In(UI/411) /2]

(6)
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FIG. 4.

(a) I-V characteristics for the PH-asymmetric state of BLG (orange and violet lines) for 7;, = 50 K and

[10)] (A) 08 (c) " (MVIK) 300
-2.99
0.6
200
>
04 ~ -3.00
3
100
0.2
3.00 3.00
Vs (V) 0 Ve (V) 0

Ver = —3 V. Green

line is the PH-symmetric case. We notice that these characteristics show thermoelectric behavior, since in the neighborhoods of the
peaks P = —1V > 0. (b) Current at zero bias (conventional thermocurrent) for 7;, = 50 K. Purple areas denote regions where 7(0) = 0,
a necessary condition for PH symmetry. (c) NSC S for 7; = 20 K. Within purple regions, the junction is not thermoelectric and the

NSC cannot be defined. T, = 1K, ¢, =3.9,¢6, =7.5,d, = 100 nm, d;, =

Cb Vg,B + Ct Vg,T

EBLG ~
d G+ G

; (M

where Cprg = €o¢,/d is the BLG interlayer capacitance,
with d 2~ 0.35 nm as the distance between the two
graphene layers and ¢, ~ 1 [75]. The solution of the first
equation has to be found numerically for every gate con-
figuration, (Vg 5, Ve 7). The experimental realization of the
device determines the gate capacitances, C;, with i = 7, b.
To simplify the gating around the PH-symmetric point, it
is convenient to consider experimental setups where C;, ~
C;. In principle, by plugging these quantities into Egs. (1)
and (4), one can easily determine the BLG gap and the
BLG DOS.

In this situation of partial breaking of the PH sym-
metry, a conventional thermoelectric effect adds to the
nonlinear contribution that we outline in Sec. III. How-
ever, as we discuss below, this conventional contribution
does not completely spoil the bipolar thermoelectricity
phenomenology. This result shows that the bipolar ther-
moelectric effect is also stable against slight perturbations
of the PH symmetry of the electrodes. The stability is evi-
dent by looking at Fig. 4(a), where we fix V, r = —3 V and
slightly change the bottom voltage, V3, moving around
the PH-symmetry point (green line). In this graph, in fact,
we see that the current at the matching peak of the /- char-
acteristics is still thermoelectric (/V < 0), even if there is a
slight departure from PH symmetry, as signaled by a finite
linear thermocurrent contribution, i.e., /(¥ = 0) # 0. The
I-V characteristics, in this case, are no longer reciprocal,
ie., [(V) #£ —I(—V), and they do not cross the origin of
the axes. Nevertheless, we notice that the system still dis-
plays behavior connected to the spontaneous breaking of
PH symmetry. Indeed, at V"= 0, the differential conduc-
tance, dI /dV, is negative for both the orange (violet) line
cases. This negative conductance determines an electri-
cal instability. When the system is thermoelectric, IV < 0,
this device effectively operates as a battery, when con-
necting the resistive load in parallel, and the junction is
able to support two opposite signs for the thermocurrent

192 nm, d = 0.35 nm.

through the load for the same thermal gradient. In fact,
if the load resistance is sufficiently high, we can find two
different solutions for the current circulating in the load
(just imposing current conservation in the circuit, as in
Ref. [27]) with opposite sign. This feature demonstrates
that the thermoelectric effect is still bipolar, i.e., two oppo-
site signs of thermocurrent for a given thermal gradient
are possible [30]. The intrinsic instability at ' =~ 0 and the
bipolar nature of the effect are consequences of the spon-
taneous breaking of PH symmetry and would be important
in applications such as current-controlled thermoelectrical
memory [30,32] or even sensors [76].

It is interesting to investigate how the zero-bias thermo-
electric current, /(0), behaves, fixing a finite-temperature
gradient, as a function of the voltage of the top and bot-
tom gates, i.e., in the (Vg p, Vg r) plane. In Fig. 4(b), we
see that this quantity is zero at the PH-symmetry line (pur-
ple region). The bright-yellow lines parallel to that are the
lines at which the BLG gap equals the superconductor gap,
and so, the matching peak is more or less at V'~ 0. This
interpretation explains why /(0) at these yellow lines is
so enhanced. Indeed, we notice that the 7(0) current can
be quite high and even become comparable to the maxi-
mal thermocurrent generated by the bipolar thermoelectric
effect discussed before. This thermocurrent can be inter-
preted as that from a conventional thermoelectric effect
but also presenting strong nonlinear enhancement. In other
words, we are discussing thermoelectric behavior that is
linear in the bias, V, but nonlinear in the thermal gradient.

Clearly, when the PH symmetry is broken, the /- char-
acteristics are no longer antisymmetric and the bias values,
Vf, for which 7 (Vf) = 0 are different, depending on the
sign of 7 i.e., |V§L| # |V§|. As a consequence, we need to
define a NSC that is different, depending on the positive
(negative) voltage branch, such that S* = V"E [/ (Ty — Tg).
Considering the NSC S*, for instance, we see that it
is zero, except for the green-yellow band in Fig. 4(c).
The displayed behavior can be understood as follows. In
the region of interest, Vo3 ~ —V,r ~ 3 V, the band gap
is approximately constant, reading E, ~ U/2 ~ 6 meV,
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as determined by the self-consistent solution of Eq. (6).
Hence, the overall behavior of S* is mainly determined
by the evolution of the Fermi energy [see Eq. (7))], which
varies significantly once away from the PH-symmetry line
(black dotted line in Fig. 4). This feature makes the green-
yellow band asymmetric with respect to the PH-symmetry
line. When considering S*, we compute the zero-current
state with V> 0. For |V, 5| < |V 7l, the current-voltage
characteristic shifts towards higher-current values [cf. Fig.
4(a)], which means the thermoelectric peak does not inter-
sect the / = 0 axes above a threshold value of EPMC.
Differently, for |V, g| > |Vg rl, the characteristic is shifted
in the opposite direction, and the intersection persists until
the matching-peak condition is at /' = 0. Since the value
of the NSC mainly depends on E,, as discussed above,
we notice that, within the green and yellow region, S+
depends only weakly on the gates (evolution determined
by variation of the Fermi energy). The maximum NSC
reaches 300 wV/K for 7Tp = 20 K, in agreement with Fig.
3(d). Finally, we observe that these figures show that small
deviations from PH symmetry would not completely spoil
the bipolar nonlinear thermoelectric effect, although one
clearly loses the full antisymmetry of the /-V character-
istics. This fact confirms the robustness of the discussed
bipolar thermoelectric effect, since it is stable against small
deviations from ideal gating conditions.

V. CONCLUSIONS

Here, we analyze the nonlinear thermoelectricity of a
BLG-superconductor tunneling junction. We demonstrate
that by external gating it is possible to tune the BLG
gap and the thermoelectric effect by only electrical means,
achieving very promising values for the figures of merit,
e.g., NSC of up to 1 mV/K at a temperature of the BLG
of T; = 10 K. For such temperature gradients, we pre-
dict a thermoelectric generation of power of hundreds of
pW for 0.1 pm? of active surface, which corresponds to
a surface power density of roughly 1 nW/um?, with a
maximal absolute thermodynamic efficiency of up to 40%
for the electronic degrees of freedom. Finally, we investi-
gate how the different figures of merit depend on the BLG
electronic temperature and on the BLG gap in a realis-
tic range of variations of external parameters. The stated
bipolar thermoelectric phenomenology could even survive
a partial breaking of the PH symmetry, as might be poten-
tially induced by a nonideal external electrostatic gating of
the BLG electrode. We discuss, for this more general case
as well, the thermoelectric properties of the device, show-
ing, indeed, that there is an interplay between the nonlinear
bipolar thermoelectricity induced by spontaneous breaking
of the PH symmetry and the conventional unipolar ther-
moelectricity, as determined by a small PH-breaking term.
However, we confirm that this latter contribution can coex-
ist with the former, without being detrimental to the bipolar

thermoelectricity. We state one more time that the phe-
nomenology outlined here could lead to a wide versatility
of this sort of device due to the tunability provided by the
external-gating mechanism.

Finally, we hope that the sizable thermoelectric perfor-
mances of this hybrid device architecture, combined with
its electrical flexibility, will trigger the future experimen-
tal exploration of bipolar thermoelectricity at even higher
temperatures. Indeed, the tunability of the gap makes the
device adaptable to respond to unwanted changes in the
temperature of the hot lead and, at the same time, can
be exploited to switch its thermoelectric behavior on and
off. We see that hybrid superconducting-graphene devices
can play an important role in calorimetry and fast bolome-
try [51,77-79]. We can envision similar applications for
our device [76]. Furthermore, one can also exploit our
system in thermoelectric nanodevices similar to those
designed in different platforms [80—83], with the advan-
tage of higher operating temperatures. To conclude, we
hope that the peculiar features of the bipolar thermoelec-
tric effect reported here will spur further applications in the
field of quantum technologies [32].
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