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Open-path dual-comb spectroscopy has emerged as a promising technique for regional multigas mon-
itoring with its conspicuous advantages of broadband spectral coverage, high spectral resolution, and
rapid update rate. However, it is challenging to realize its full potential due to the undesirable mutual
coherence of the dual-comb source and turbulence in the air path, which hinder it from field-deployed
open-path applications. Here, phase-sensitive open-path dual-comb spectroscopy based on free-running
combs is reported, in which dual-purpose compensation is proposed to provide immunity against both the
time jitter of comb sources and turbulent noise. Broadband and high-fidelity atmospheric amplitude and
phase spectra containing gas absorption and dispersion information over a 900-m turbulent air path are
acquired. For the rovibrational resonances of CO2 and H2O in 6250–6660 cm−1, the achieved residual of
the amplitude spectrum is no more than 0.01, and the average residual of the phase spectrum is 0.2 mrad,
corresponding to about 0.2 as of relative timing noise or a refraction-index change of about 6× 10−14 over
the target path. The precision of concentration retrieval is about 3 ppm for CO2 in 30 s. A simulated gas-
leakage measurement validates the dynamic monitoring capability of this system. This highly effective
noise-compensation method provides the possibility of deploying the portable configuration and holds the
potential to propel environmental protection and atmospheric science.
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I. INTRODUCTION

Open-path measurements of atmospheric trace gases
are essential for quantifying greenhouse gases, hazardous
gases, and pollutants resulting from urban emissions [1],
oil and gas production [2], and industrial operations
[3]. The intrinsic advantages of dual-comb spectroscopy
(DCS) [4–13]—broad spectral coverage, rapid update rate,
and comb-tooth resolution—make it well suited to obtain
an atmospheric spectrum of multiple gas species with
high precision. Currently, DCS implemented on a mutually
coherent phase-locked scheme provides a bright prospect
for open-path spectrum measurements across kilometer-
scale paths [14–17], and when combined with an airborne
retroreflector or multiple paths, this technique has recently
been demonstrated to enable spatial mapping [18] and
regional emission attribution [19].

However, in open-path dual-comb measurements, for
one thing, the time jitter of the light sources weakens the
mutual coherence between the two free-running combs.
The reported research all uses a mutually coherent phase-
locked scheme [20,21], which leads to high-frequency
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stability of the sources with a stable optical reference, but
the rigorous locking equipment greatly increases the com-
plexity of the system. Atmospheric turbulence can easily
lead to severe decoherence in interferometry, especially
for demanding phase measurements, posing a distinct
challenge in open-path spectroscopy [22–25]. To avoid
this problem, non-phase-sensitive configurations are com-
monly employed in open-path DCS for common-mode
noise suppression, in which the phase features providing
molecular dispersive information are unavailable. A broad-
band atmospheric phase spectrum has only been acquired
to date with a phase-compensation method [15] under
the Taylor frozen-turbulence hypothesis [26]. It considers
that DCS has the ability to achieve turbulence immu-
nity on the timescale of a single interferogram, and thus,
only interinterferogram phase alignment relative to a refer-
ence is performed. The intrainterferogram high-frequency
noise introduced by turbulence has never been effectively
compensated for.

Here, we propose a dual-purpose compensation method
for phase-sensitive dual-comb spectroscopy over the open
path, which is capable of simultaneously compensat-
ing for the time jitter of the comb sources and the
turbulent disturbance within each interferogram. Based
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on this dual-purpose compensation, high-fidelity inten-
sity and phase features of atmospheric absorption are
acquired using a free-running dual-comb spectrometer.
Atmospheric spectra spanning from 6250 to 6660 cm−1

are extracted over a turbulent air path of about 900 m.
The residual of the amplitude spectrum is no more than
0.01 for the strong overlapping features of CO2 and H2O.
Meanwhile, the average residual of the phase spectrum is
0.2 mrad, corresponding to about 0.2 as of relative timing
noise or a refraction-index change of about 6× 10−14 over
the target path. The achieved measurement precision (esti-
mated as the Allan deviation) is about 3 parts per million
(ppm) for CO2 in 30 s. Furthermore, one field-test scenario
simulating pipeline leakage is presented to demonstrate the
capability of dynamic emission monitoring. The concen-
trations retrieved from the amplitude and phase spectra are
in good agreement to 0.82 ppm.

II. METHOD

In open-path measurements, turbulence is a significant
challenge that induces intensity and phase noise in the
propagation of the laser [22–24], severely degrading spec-
tral quality. The intensity noise that directly results in the
evident intermittent signal scintillation has attracted some
attention [14,27]. In a single sampling period, it does not
distort the spectrum and can allow for coherent averaging.
During continuous sampling, it leads to drift of the beam
position, causing fluctuations in the power of received
light, as shown in Fig. 1(a). If there is notable attenua-
tion, the interference signal with a too-low signal-to-noise
ratio (SNR) needs to be discarded, as in Ref. [14]. More

(a)

(b)

FIG. 1. Schematic of turbulent noise. (a) Turbulence-intensity
noise; (b) turbulence phase noise. Top, ideal pulse train; bottom,
pulse train affected by turbulence.

importantly, turbulent phase noise leads to a significant
pulse wander for the signal comb in the phase-sensitive
DCS configuration. Under this circumstance, atmospheric
turbulence will drive severe decoherence between the sig-
nal comb and the local oscillator (LO) comb, which can
directly distort the interferometry measurements.

The turbulent phase noise can be expressed as
δφ(t)= 2πλ0

−1δx(t). λ0 is the optical carrier wavelength.
δx(t) is the variation in the optical path length, as δx(t) =∫ L

0 δn(z, t)dz, where L is the total path length and z is the
beam-propagation direction. For an optical carrier, δn(z,
t) is the variation in the phase refraction index. Turbu-
lent phase noise essentially arises from the time-dependent
fluctuations of the atmospheric refraction index. There-
fore, it is reasonable to restrain atmospheric decoherence
by quantified compensation for the turbulence-induced
refraction-index variations to realize high-quality spectra.
The effects of refraction-index variations can be divided
into variations in zero-order, first-order, and higher-order
terms of its derivative with respect to frequency. For
the variation in the zero-order term, it leads to a gradu-
ally changing carrier phase relative to the pulse envelope,
�ϕ0. For the variation in the first-order term, it leads
to fluctuations in the group refraction index that domi-
nates the pulse-to-pulse arrival time, T0. The effects of the
zero-order and first-order terms are visually expressed in
Fig. 1(b). For the variation in the higher-order term, it leads
to intrapulse temporal broadening. Referring to research
on turbulence [23–25], the time jitter caused by the disper-
sion in the case of the picosecond-level pulse width and
kilometer-level path length is negligible.

To verify the above theoretical analysis, the relative
linewidth between the dual-comb source and the phase
of the dual-comb interference signal before and after
passing through the atmosphere are compared. The radio-
frequency spectra of one pair of comb teeth are shown
in Fig. 2(a). After the transmission, the relative linewidth
between the two free-running combs is further broadened
due to the time jitter caused by the turbulent phase noise,
which induces lower resolution. Additionally, in an ideal
situation, the phase of the dual-comb interference signal
should maintain a linear increase over time. The devia-
tion between the actual phase and the theoretical linear
value is shown in Fig. 2(b). The phase of the interference
signal between the two free-running combs fluctuates ran-
domly due to the source-induced time jitter, and turbulence
further aggravates this phase fluctuation, which results in
more serious distortion of the interference signals.

According to the above analysis and verification, varia-
tions in the carrier phase and the pulse time of flight caused
by the turbulent phase noise can be equivalent to the influ-
ence of the jitter in the carrier-envelope offset and repeti-
tion frequency of the combs. In the DCS, two diode lasers
are used wisely as intermediates for coherence-information
extraction of the comb sources [28]. The jitter of the
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(a)

(b)

FIG. 2. Verification of the turbulence-induced influence on the
dual-comb interference. Comparison of the results before (green)
and after (yellow) passing through the atmosphere (well-mixed
conditions, wind speeds of ∼1–3 m/s, path length of ∼900 m).
(a) Relative linewidth of the dual-comb source; (b) deviation
between the phase of the dual-comb interference signal and
theoretical linear values.

two frequency parameters of the comb can be compen-
sated for using the interference signals between the diode
lasers and the combs [29,30]. In the phase-sensitive open-
path DCS configuration, the frequency stability of the
dual-comb source can be indirectly improved by digi-
tal compensation with two diode lasers. Simultaneously,
without additional data, the impact of the turbulent phase
noise can also be suppressed by following a similar digi-
tal approach. Specifically, the signal comb returning from
the air path is used to interfere with the diode lasers. The
interference signals containing both turbulence-induced
and source-induced jitter information are utilized to real-
ize dual-purpose compensation through a digital algorithm
during data postprocessing. The interference between a
comb and a diode laser produces two sets of beat notes
(nfr± f beat, nfr− f beat), and only the beat note at the low-
est frequency (f beat) is selected by a low-pass filter. Four
filtered beat notes between the two combs and the diode
lasers constitute the compensation signal, which can be
employed to extract coherence information of the signal
and LO combs, and then the information can be used
to perform phase correction and linear-sampling recon-
struction for dual-comb interferograms. As a result, the

influence of turbulence-induced and source-induced jitter
is compensated for and the distortions of the interfero-
grams are recovered. In addition, each individual sample in
the interferogram is compensated for by the corresponding
compensation signal. Therefore, intrainterferogram high-
frequency turbulent phase noise can also be suppressed.
In general, dual-purpose compensation for intrainterfero-
gram turbulence-induced and source-induced jitter can be
achieved simultaneously, enabling open-path atmospheric-
absorption-spectrum detection using free-running combs.

III. SETUP

The setup for the phase-sensitive open-path DCS with
free-running combs is illustrated in Fig. 3. The system
consists of two free-running erbium-doped-fiber frequency
combs, with a repetition frequency, fr, of about 250 MHz
that differ by �fr (difference in comb repetition frequency,
290 Hz). The signal and LO combs cover 6250–6660 cm−1

(1.5–1.6 μm), overlapping with CO2 and H2O bands. No
feedback signal is input into either the signal or LO comb
for phase-locked control. The signal comb is transmitted
by a single-mode fiber to the transceiver unit located in
an outdoor cabinet with fixable casters. At the transceiver
unit, the signal comb is collimated by a reflective col-
limator (diameter, 8 mm) after passing through a fiber
circulator. The beam is then expanded by a pair of off-axis
parabolic mirrors (OPMs; diameter, 1′′, 4′′; focal length,
1′′, 4′′). The signal comb is launched as a Gaussian beam
with a diameter of 32 mm and about 5-mW power. The
unit is an all-reflective design to allow broadband mea-
surements. A 900-m roundtrip open path on the campus
is extended between this unit and a 2′′-diameter hollow
retroreflector at the far end. The current path length is lim-
ited by the road conditions, while the efficiency of the
transceiver holds the potential for longer-distance detec-
tion. In the phase-sensitive DCS configuration, only the
signal comb is transmitted over the turbulent air path. The
retroreflected light is received by the same unit and finally
collected into a single-mode fiber.

The return-signal comb is split into two parts, of which
one is used for dual-purpose compensation and the other
is used for interfering with the LO comb. Since we finely
align the main adjustable optics (the two OPMs and the
retroreflector), the received optical power has a typical
level of about 0.2–0.9 mW (at wind speeds of ∼1–3 m/s)
and can support the needs of the above two parts. For
the compensation part, the basic unit is a portable mod-
ule composed of all-fiber components. As discussed in
Sec. II, two narrow-linewidth diode lasers (1534.223 and
1564.701 nm) are used for compensation-signal extraction.
For the interference part, the two combs are combined by
a 95:5 fiber combiner, and then the interference signal is
recorded by a detector [(In, Ga)As, 150 MHz]. One fiber
polarization controller is used to control the polarization
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FIG. 3. Experimental setup for phase-sensitive open-path DCS with free-running combs. Signal comb (S-comb) is launched and
collected by a transceiver unit (C, fiber circulator; RC, reflective collimator; OPM, off-axis parabolic mirror). Retro, corner-cube
retroreflector; FS, fiber splitter; PC, polarization controller; FC, fiber combiner; DET, detector; CW, continuous-wave diode laser;
Red, fiber; Light red, fiber that transmits the return light; Blue, air path.

of the LO comb to enhance the SNR of the interference
signal. Finally, the compensation signal and interference
signal are digitized by analog-to-digital converters (14 bits,
250 Msps) and then processed in a field-programmable
gate array. The DCS signal is a series of interferograms that
repeat every 3.4 ms (given by 1/�fr). After dual-purpose
compensation, the interferogram is then Fourier trans-
formed to obtain a complex radio-frequency spectrum. The
amplitude and phase spectrum of the atmosphere can be
reproduced by frequency mapping of the radio-frequency
spectrum.

IV. RESULTS

A. Comparison of dual-purpose and source-only
compensation

For dual-comb measurements based on free-running
sources, compensation for turbulent noise as well as comb-
source jitter is crucial. The spectral measurement results
of the dual-purpose compensation method for the phase-
sensitive DCS (DP DCS), the source-only compensation
method for phase-sensitive DCS (SP DCS), and the source-
only compensation method for non-phase-sensitive DCS
(SNP DCS) are compared here to illustrate the neces-
sity of turbulent-noise compensation and the enhanced
performance of the DP DCS method for open-path mea-
surements. Since the SNP DCS method is incapable of
phase-spectrum measurements, the transmission spectra
measured by the three methods are compared in Fig. 4(a).
The atmospheric transmission spectra are obtained by
removing the spectral baseline structure from the ampli-
tude spectra. In Fig. 4(a), the light-blue spectrum is the
result of 1 s, and the red one is the result of 10-s average.
The gray area corresponds to the theoretical spectral line
position and full width at half maximum (FWHM) range.

The power of the launched beam and the optics used in
these three methods are almost the same.

The results of the SP DCS and DP DCS methods are
compared in the top and bottom graphs in Fig. 4(a). For
the SP DCS method, since the turbulence-induced noise for
the signal comb still exists, it is almost impossible to dis-
tinguish the absorption lines, even for the 10-s-averaged
result. In sharp contrast, for the DP DCS method, bene-
fitting from effectively reconstructed interference signals,
clear and complete absorption lines can be found in both
single and averaged measurements. A more visual com-
parison of the amplitude spectra measured by these two
methods is shown in Fig. 4(b). The poor performance of SP
DCS makes the baseline rough and bumpy, as illustrated in
the expanded view, which is the reason for no obvious sig-
nal. In fact, the baseline should be flat and smooth, which
is determined by the characteristic of the light source, as
manifested in the DP DCS. The high-SNR measurements
of DP DCS well reproduce the baseline structure and fine
absorption lines of CO2 and H2O in this band, as shown in
the inset.

The middle and bottom graphs in Fig. 4(a) compare the
performance of the SNP DCS and DP DCS methods. For
the SNP DCS method, the real-time variation of the optical
path length introduced by turbulence leads to the unequal
sampling of the interferogram on the detector, which sig-
nificantly broadens the spectral lines and obviously shifts
the line positions. Instead, for the DP DCS method, absorp-
tion lines with stable positions and FWHMs that match
theoretical calculation are obtained in both single and
averaged measurements. A quantitative comparison of the
deviations of the spectral line positions of these two meth-
ods is shown in Fig. 4(c). The average position deviation
of SNP DCS is almost 2 orders of magnitude larger than
that of DP DCS, which is far behind the expected accuracy
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(a) (b)

(c)

FIG. 4. Comparison of atmospheric spectra obtained by the SP DCS, SNP DCS, and DP DCS methods. (a) Transmission spectra
measured by the three methods. (b) Amplitude spectra measured by the SP DCS and DP DCS methods. (c) Deviations of the spectral
line positions of the SNP DCS and DP DCS methods.

of DCS. Therefore, SNP DCS is incapable of gas identi-
fication, let alone emission quantification. In a word, for
the free-running dual-comb spectrometer, the source-only
compensation method is unable to support open-path mea-
surements, and the dual-purpose compensation method is
a valid technique for turbulent-noise suppression.

B. Results of atmospheric-absorption-amplitude and
phase spectra

Spectral detection of atmospheric mixtures is performed
across a window of about 400 cm−1 in the range of
near-infrared. Measured spectra span about 50 000 comb
teeth and data are acquired at a comb-tooth separation
of about 0.0083 cm−1 (250 MHz) with negligible instru-
ment line shape. Figure 5(a) shows the acquired broadband
amplitude spectrum. The SNR in the spectral domain is
about 4000 for 1-min coherent averaged data. Magnify-
ing the spectrum, fine absorption lines can be found in the
expanded layouts.

Furthermore, the transmission and phase spectra over
a spectral window of about a 45 m−1, containing the
30 012← 00 001 combination band of CO2, are shown in
Figs. 5(b) and 5(c). It should be noted that the transmis-
sion spectrum is obtained via a critical piecewise baseline

fitting, while the phase spectrum is baseline free. The
inherent advantage of the phase spectrum provides it with
the potentiality to quantify molecular absorption more
flexibly without additional baseline correction.

To quantitatively characterize the measurement perfor-
mance, Figs. 5(d) and 5(e) show the experimental and
theoretical calculation results within a narrow spectral win-
dow that includes obvious resonances of CO2 and H2O.
The typical trace gas-absorption lines of about 0.15 cm−1

are well demonstrated with about 16 teeth apiece, indicat-
ing that both the amplitude and phase spectra are in good
agreement with theoretical calculations. For the strong
overlapping absorption features, the residual of transmit-
tance is no more than 0.01, which benefits from aggressive
baseline fitting. In the range of Fig. 5(e), the maximum
residual of the phase spectrum is 1.8 mrad. The average
residual is 0.2 mrad, corresponding to about 0.2 as of rel-
ative timing noise or a refraction-index change of about
6× 10−14 over the target path; these values are comparable
with a report on open-path phase-spectrum measurements
based on a mutually coherent phase-locked scheme [15].
The residuals (especially for transmittance) exhibit fluc-
tuations near the center of the spectral line, which can
be attributed to optimizable line parameters, line-shape
models, and line-mixing effects [14,17,31].
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(a)

(d)

(e)

(b)

(c)

FIG. 5. Broadband atmospheric amplitude and phase-spectra measurements. (a) Amplitude spectrum with expanded layouts for fine
absorption lines of different rovibrational levels. (b),(c) Transmission and phase spectra of the 30 012← 00 001 combination band of
CO2. (d),(e) Expanded windows of (b),(c) that include obvious feature overlap with H2O.

The precision of this system for the relatively stable
path-averaged concentration is estimated using the Allan
deviation of the retrieved results from the amplitude and
phase spectra. The precision is about 3 ppm for CO2 in
30 s with the phase-spectrum measurement, which is on
an equivalent level to the amplitude spectrum. A longer
averaging time may result in higher precision, and the
optimal averaging period depends on the atmospheric con-
ditions [19]. In addition to the averaging time, the pre-
cision relates to gas-absorption intensity and inversion
accuracy. For a stronger absorption intensity, one expects
a longer operation distance and a longer wavelength in
the mid-infrared region. For a higher concentration accu-
racy, several advances can support more reliable spectral
inversion, such as more-efficient baseline extraction and
etalon-suppression approaches [14,18]. To demonstrate the
dynamic monitoring capability of this system, which can
be used for leakage detection, we set a simulated field
scenario by artificially placing a controlled CO2-release
source in the middle of the test path. This system is used
to monitor the escape process of the leaking gas. Escape is

controlled with the help of a plastic pipe and other slow-
release measures, so that the entire escape process is on the
order of 100 s. Finally, the dynamic quantitative emission
monitoring of the release source is realized by detecting
the change of the path-averaged concentration.

The path-averaged CO2 concentrations versus time,
which are retrieved by fitting the transmission and phase
spectra to the complex gas-absorption model, are shown
in Fig. 6(a). Each point in the curve is extracted from 1-s-
averaged data. Since the gas concentration changes rapidly
at the beginning, the selected measurement time interval
is about 10 s, and the interval increases as the concentra-
tion change slows down. For this system, the gas-escape
rate barely affects the spectral measurement reliability, and
the spectral domain SNR of the 1-s data is maintained at
about 550 throughout the monitoring process. The average
deviation between the result extracted from the amplitude
spectrum and that from the phase spectrum is 0.82 ppm.
The good agreement in CO2 concentration demonstrates
that the atmospheric phase spectrum qualifies for use in
the quantitative monitoring of trace gases.
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(a)

(b)

FIG. 6. Dynamic monitoring of CO2 leakage. (a) Path-averaged CO2 concentrations extracted from amplitude and phase spectra and
relative deviation between the two results. (b) Normalized average power and standard deviation of the corresponding 1-s interference
signals in (a).

Figure 6(b) shows the normalized average power and
standard deviation of the interference signals within 1 s,
corresponding to each point in Fig. 6(a). At about 190 s,
the severe power fluctuation is due to vehicle obscura-
tion. The corresponding point in the concentration-change
curve is extracted after discarding the interferograms that
are incomplete or drop too low. Outliers extracted without
being discarded are shown as squares and triangles below
the curves. During the test period, turbulence does induce
power scintillation (such as 1 s, ∼520 s). Fortunately,
this system can maintain a relatively reliable quantification
ability, even in the case of undesirable received power. It
can be seen that the dual-purpose compensation method
can sufficiently suppress both the turbulence-induced and
source-induced noise, supporting effective concentration
inversion with accurate atmospheric amplitude and a phase
spectrum containing comprehensive molecular absorption
information.

V. CONCLUSION

We demonstrate that the high-fidelity intensity and
phase features of atmospheric absorption can be acquired
using free-running combs with a dual-purpose compensa-
tion method. For future work, a reasonable evaluation of
the accuracy of this system can be achieved with upgraded
devices that are able to control the gas-emission rate and
be calibrated with other reliable methods, such as tunable-
diode-laser absorption spectroscopy, which our group is
currently researching; meanwhile, a higher output power
can support spatial multiplexing of the sources for field-
deployed regional sensing [19,32,33]. For the mid-infrared
DCS [34–36], a processing algorithm requiring no addi-
tional reference light source is proposed and attempts are

used for open-path detection based on quantum cascade
lasers [37]. However, this algorithm could be invalid for
the higher-resolution fiber dual-comb system. Our dual-
purpose compensation scheme is expected to contribute to
digital compensation for a mid-infrared fiber dual-comb
system based on difference-frequency generation [36].
With further improvement, it is expected that open-path
DCS with dual-purpose compensation based on a com-
pact and portable commercial dual-comb spectrometer,
inheriting the intrinsic advantages of broad spectral cov-
erage, rapid update rate, and high spectral resolution, can
offer real-time and accurate gas-absorption information for
environmental protection and atmospheric science.
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APPENDIX A

Starting from the phase disturbance introduced by atmo-
spheric turbulence to the pulses of the comb in the time
domain, the corresponding theoretical analysis is supple-
mented.

First, the pulse sequence of a comb in the time domain
can be expressed as

ein(t) =
∑

n=1

A
(

t− n
fr

)

exp
(

iω0t+ i2πn
fCEO

fr

)

, (A1)

where A is the electric field envelope of each pulse and is
a function of time t, fr is the repetition frequency, f CEO is
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the carrier-envelope offset, and ω0 is the central angular
frequency of the comb. Based on this, the nth pulse in the
time domain can be described as

ein,n(t) = A
(

t− n
fr

)

exp
(

iω0t+ i2πn
fCEO

fr

)

. (A2)

Let Ein,n(ω) denote the nth pulse in the frequency domain:

Ein, n(ω) = F{ein, n(t)}, (A3)

with F representing Fourier transform.
Since here the discussion is about the effect of phase

disturbance introduced by atmospheric turbulence on the
comb, the absorption of the transmitted open path is
assumed to be zero for simplicity. The phase shift of the nth
pulse after passing through the open path can be decom-
posed into the ideal phase shift, ψ ideal, and the turbulent
phase shift, ψ tur,n:

ψn(ω) = ψideal(ω)+ ψtur, n(ω). (A4)

Note that the turbulent phase shift, ψ tur,n, is different from
pulse to pulse, as indicated by subscript n, while the
ideal phase shift, ψ ideal, remains constant for each pulse.
Equation (A4) can be rewritten according to the Taylor
expansions:

ψn(ω) ≈ ψideal(ω0)+ ∂ψideal

∂ω
(ω − ω0)+ . . .

ψtur, n(ω0)+ ∂ψtur, n

∂ω
(ω − ω0),

(A5)

with all derivatives evaluated at ω=ω0. Here, the ideal
phase shift does not introduce any dispersion, and the tur-
bulence also has a negligible dispersive effect. Therefore,
the above Taylor expansions of both the ideal and turbulent
phase shifts retain only the first-two terms. Higher-order
terms for dispersive effect are not considered.

Based on the above expressions of comb pulses and
phase shift, the nth pulse after passing through an open
path (represented by “out”) in the time domain can be
described as [38]

eout, n(t) = F−1{Ein, n(ω) exp[iψn(ω)]}, = F−1
{

Ein, n(ω) exp
(

i
[
ψideal(ω0)+ ∂ψideal

∂ω
(ω − ω0)+ · · ·

ψtur, n(ω0)+ ∂ψtur, n
∂ω

(ω − ω0)

])}

,

= exp
{

i
[

ψideal(ω0)− ∂ψideal

∂ω
ω0 + ψtur, n(ω0)− ∂ψtur, n

∂ω
ω0

]}

×F−1
{

Ein, n(ω)

[

exp
(

iω
(
∂ψideal

∂ω
+ ∂ψtur, n

∂ω

))]}

. (A6)

By using the property of Fourier transform, we have

eout, n(t) = exp

⎧
⎪⎨

⎪⎩
i

⎡

⎢
⎣
ψideal(ω0)− ∂ψideal

∂ω
ω0 + . . .

ψtur, n(ω0)− ∂ψtur, n

∂ω
ω0

⎤

⎥
⎦

⎫
⎪⎬

⎪⎭

× ein, n

(

t+ ∂ψideal

∂ω
+ ∂ψtur, n

∂ω

)

, (A7)

By combining Eq. (A7) with Eq. (A2), we can finally
obtain

eout, n(t) = exp

⎧
⎨

⎩
i

⎡

⎣ ω0t+ 2πn
fCEO

fr
+ . . .

ψideal(ω0)+ ψtur, n(ω0)

⎤

⎦

⎫
⎬

⎭

× A
(

t+ ∂ψideal

∂ω
+ ∂ψtur, n

∂ω
− n

fr

)

, (A8)

According to the output-electric-field expression, Eq. (A8),
the ideal phase shift of the open path introduces to the
nth pulse a phase shift, ψ ideal(ω0), and a time shift,
−(∂ψideal/∂ω), in the time domain, which is the effect of
the passage of an ideal optical path. Similarly, the turbulent
one introduces a phase shift, ψ tur,n(ω0), and a time shift,
−(∂ψtur, n/∂ω). ψ tur,n(ω0) and −(∂ψtur, n/∂ω) of different
pulses (n= 1, 2, 3. . . ) can be viewed as random variables.
Therefore, it can be seen that the turbulent-phase noise
leads to the jitter of the carrier phase and time of flight
from pulse to pulse.

In fact, we can further define δfr,n such that

− n
fr + δfr, n

= ∂ψtur, n

∂ω
− n

fr
, (A9)

which leads to

δfr, n = n
−(∂ψtur, n/∂ω)+ (n/fr) − fr. (A10)
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FIG. 7. Precision (Allan deviation) of the measurement for
the relatively stable path-averaged CO2 concentration without
release.

Similarly, we define δf CEO,n such that

2πn
fCEO + δfCEO, n

fr + δfr, n
= 2πn

fCEO

fr
+ ψtur, n(ω0), (A11)

which leads to

δfCEO, n = (fr + δfr, n)
ψtur, n(ω0)

2πn
+ δfr, n

fCEO

fr
. (A12)

Then, combining Eqs. (A8), (A9), and (A11), we can
explicitly express the turbulent-phase shift in terms of the
jitters of fr and f CEO for each pulse:

eout, n(t) = exp

⎧
⎨

⎩
i

⎡

⎣ω0t+ 2πn
fCEO + δfCEO, n

fr
+ . . .

ψideal(ω0)

⎤

⎦

⎫
⎬

⎭

× A
(

t+ ∂ψideal

∂ω
− n

fr + δfr, n

)

, (A13)

with jitters δfr,n and δf CEO,n being related to ψ tur,n(ω0) and
∂ψtur, n/∂ω by Eqs. (A10) and (A12).

APPENDIX B

The Allan deviation of the obtained gas concentration
versus the average time is shown to demonstrate the mea-
surement precision of this free-running dual-comb system
with the dual-purpose compensation method (Fig. 7).
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