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Magnetic-free optomechanically induced nonreciprocity may stimulate a wide range of practical appli-
cations in quantum technologies. However, how to suppress the thermal-noise flow from the mechanical
reservoir is still a difficulty encountered in achieving optomechanically nonreciprocal effects on a few- and
even single-photon level. Here, we show how to realize thermal-noise cancellation by quantum interfer-
ence for optomechanically induced nonreciprocity in a whispering-gallery-mode (WGM) microresonator.
We find that both nonreciprocal transmission and amplification can be achieved in the WGM microres-
onator when coupled to two coupled mechanical resonators. More interestingly, the thermal noise can
be suppressed when the two coupled mechanical resonators couple to a common thermal reservoir. The
thermal-noise cancellation is induced by the destructive quantum interference between the two flow paths
of the thermal noises from the common reservoir. The scheme of quantum-interference-induced thermal-
noise cancellation can be applied in both sideband-resolved and unresolved regimes, even with strong
backscattering taken into account. Our work provides an effective way to achieve nonreciprocal effects on

a few- or single-photon level without precooling the mechanical mode to the ground state.
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I. INTRODUCTION

Cavity optomechanics that explore the effect induced by
the interaction between optical and mechanical resonators
has been developed very quickly in the past two decades
(for a review, see Ref. [1]), and many different topics have
been raised in recent years, such as parity-time-symmetry
optomechanics [2-5], topological optomechanical lat-
tices [6—13], and optomechanical-induced nonreciprocity
[14-20]. Nonreciprocal devices are indispensable elements
in both classical and quantum information processing, for
steering signal transmission and reducing backscattering.
Different from the conventional nonreciprocal devices that
are based on the magneto-optical effect, optomechanical
systems provide us a magnetic-free platform to achieve
nonreciprocity for potential application in designing non-
reciprocal optical devices on chip.

Optomechanical-induced nonreciprocity has made
remarkable progress in the past few years. As a typi-
cal scheme, optical nonreciprocity was proposed based on
optomechanical-induced transparency [21-23] or ampli-
fication [23-25] in a whispering-gallery-mode (WGM)
resonator with single-direction optical drive [15]. Now,
isolators [26,27], directional amplifiers [26,27], and
circulators [28,29] have been realized experimentally. In
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addition, there are many other mechanisms that are pro-
posed theoretically or demonstrated experimentally, such
as the intrinsic nonlinearity in an optomechanical system
[14,30-32], Brillouin scattering in WGM optomechani-
cal systems [33,34], synthetic magnetism generated by
a closed loop of optical and mechanical modes [17,35—
53], and edge states in topological optomechanical lattices
[8,54].

Realizing single-photon nonreciprocity is one the of the
most useful orientations of development in optical nonre-
ciprocity. In order to achieve the nonreciprocal effects on a
few- and even single-photon level base on optomechanical
interaction, one requirement is the thermal noise gener-
ated from the mechanical modes should be equal or less
than one. It is obvious that the common way for improv-
ing the signal-to-noise ratio by enhancing the magnitude of
the signal power [29] is unfit for achieving nonreciprocal
effects on a few- and single-photon level. One of the most
effective ways to suppress the thermal noise is cooling the
mechanical resonator in a cryogenic environment [22] or
based on sideband cooling [55,56]. Nevertheless, how to
suppress the thermal noise without precooling certainly is
an interesting and realistic question.

In this paper, we show how to realize thermal-noise
cancellation by quantum interference for optomechani-
cally induced nonreciprocity in a WGM microresonator.
We note that there is quantum interference for interacting
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qubits in contact with a common environment, resulting
in coherence and entanglement preserving [57—59]. Here,
we investigate optical nonreciprocity in an optomechan-
ical system consisting of a WGM microresonator and
two mechanical resonators, and the essential ingredient
is the two mechanical resonators coupled to a common
environment. We find that when the two mechanical res-
onators share the same thermal reservoir, the thermal-noise
flow through the two mechanical resonators may cancel
each other by destructive interference. Our work pro-
vides an effective way to achieve nonreciprocal effects
on a few- and even single-photon level without precool-
ing the mechanical mode to the ground state. A similar
proposal may also be used to realize thermal-noise cancel-
lation for other applications of optomechanics in quantum
technologies [60].

The remainder of the paper is organized as follows. In
Sec. II, the Hamiltonian of a multimode optomechanical
system is introduced, and the spectra of the output fields
are obtained formally. The optical nonreciprocal response
and thermal-noise cancellation in both sideband-resolved
and unresolved regimes are discussed in Sec. III. We
summarize this work in Sec. IV.

I1. PHYSICAL MODEL

We consider a multimode optomechanical system con-
sisting of a WGM microresonator with two degenerate
counterpropagating optical modes (a; and ag, frequency
), and two nanomechanical resonators (b; and b,, with
degenerate frequency w,,), as schematically shown in
Fig. 1(a). The optical modes (a; and ap) are coupled
to the mechanical resonator b; through their evanescent
fields with single-photon optomechanical coupling rate
2. Such near-field optomechanical schemes have already
been demonstrated by doubly clamped SiN nanostrings
or two-dimensional (2D) sheet evanescent coupling to an
optical microresonator in experiments [61—63]. The two
mechanical resonators are coupled to each other directly
via the coupling overhang with strength J,, and indirectly
by the phononic crystal [23] (common reservoir Ry) sup-
porting them on both ends. In order to enhance the optome-
chanical coupling, a strong pumping field (strength €,
frequency w), ) is input from the left through a tapered fiber
evanescently coupled to the microresonator. The system
can be described by a Hamiltonian in the frame rotating
at the frequency of the pumping field w), as (h = 1):

Hgys = Z [Ao —-g <ler + bl)] aZak

o (151 + b6 ) + i (B] + 1) (8] + 2)

+Js (a;gaL + azaR) + (Qajg + Q*ak) , (1)
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FIG. 1. (a)Schematic diagram of a multimode optomechanical

system consisting of a WGM microresonator with two counter-
propagating optical modes (a; and ag), and two nanomechanical
resonators (b; and b,) with degenerate frequency w,,. The opti-
cal modes (a; and ag) are coupled to the mechanical resonator
b, through their evanescent field, and the two nanomechanical
resonators (b; and b,) couple with each other directly via the
coupling overhang and indirectly by the phononic crystal (com-
mon reservoir Ry). (b) Flow chart depicting the thermal-noise
(bijn, i = 0, 1,2) flow from the three reservoirs (R;) to the optical
modes ag,r. The red and blue dashed curves with an arrowhead
depict the two different flow paths from Ry (common reservoir)
to ap /L-

where Ay = w. — w, is the detuning of the cavity mode
from the pumping field, and J is the coupling strength
between the counterpropagating optical modes (a; and ag)
induced by backscattering.

Before the quantitative calculation, we would like
to introduce the physical mechanism that induces the
thermal-noise cancellation based on the thermal-noise flow
chart [64] as shown in Fig. 1(b). There are three inde-
pendent thermal reservoirs (Ry, R;, and R;), where R
denotes the common reservoir for the two mechanical res-
onators, and R and R, denote their respective reservoirs.
The common reservoir Ry can either be a phononic crystal
[23,65,66] as shown in Fig. 1(a) or an acoustic waveguide
[16,67—70]. yy is the decay rate of the two mechanical res-
onators to the common reservoir with the input thermal
noise bgi,. There are two paths for the thermal-noise flow
from reservoir Ry to the optical modes denoting by red
and blue dashed curves with an arrowhead in Fig. 1(b).
As the thermal noise coming from the same reservoir,
the thermal-noise flow through different paths could can-
cel each other by destructive interference, which is the
physical mechanism for the thermal-noise cancellation dis-
cussed in this paper. The phononic decays also can be
induced by the scattering effect for the surface roughness
and material inhomogeneity or the absorption of the mate-
rial [66], which can be totally described by the coupling
of the mechanical resonator b; to the reservoir R; with
the decay rate y; and input thermal noise b3, (i = 1,2).
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Experimentally, the decay rate y; as small as w,,/10'° has
been obtained by careful design [66]. The reservoirs R and
R; are independent of each other, so the thermal-noise flow
from them cannot cancel each other by quantum interfer-
ence. We focus on the case that the phononic decay to the
phononic crystal is the dominant process, i.e., Yo > ¥4, SO
most of the thermal noise (from the common reservoir Ry)
can be cancelled based on quantum interference.

According to the Heisenberg equation of motion and
taking into account the damping and corresponding input
noise (see Appendix A for details), we get the quantum
Langevin equations (QLEs) as

ag = —gaR —1 [Ao —-g (bi + bl)] ag

—iJsar — Q2+ /KexArin + /KR vac (2)
ap = —gaL —i[a0—g(b]+81)]a

— iJsag + /KexALin + /K0AL vac 3)

b] = — (% + ia)m> b] + ig (azaR + aZaL> — %bz

— iJ (bz + b;) + /voboin + /Vinb1,in, 4)

by = — (”2—’” + ia)m> by — iJ,, (b1 + b{)

— %bl + /Y0bo,in + /Vinb2,n- ()

Here k = kex + ko is the total decay rate of the opti-
cal modes; k. is external decay rate through the tapered
fiber with the input field a;i, and k¢ is the internal
decay rate with the input vacuum noise @y yac; ¥m = Yo +
Vin 18 the total decay rate of the two mechanical res-
onators with yi, = 1 = y». The input fields (noises) ayin,
Qkvac, (k= R, L), and b;;, (i = 0, 1,2) satisfy the correla-
tion relations

<aZ,m () axin (t)) = Skin ()8 (1 +7), (6)
<aZ,vac (t/) Ak vac (t)> =0, (7)

(bj;m (*) bin (z)) = Nad (t+7), )

where Sy is the spectrum of the input quantum field and
Ny, is the mean numbers of the thermal phonons.

To solve the (nonlinear) QLEs, we can write each
operator as the sum of its steady-state value and the
quantum noise operator as a; = oy + 8a; (k =R, L) and
b;i = Bi + 8b; (i =1,2). Here the steady-state values o
and B; are obtained from the QLEs by using a factoriza-
tion assumption, e.g., ((bj + bjay) = ((bj) + (b)) ax)

and (aja;) = (a})(a), as
i
(aR) = 0R = B ) 72 5 (9)
_j — lwy, + ,%jiwm
i,
(ar) = ap = o R, (10)
2 m
Ay — wy,
(b1 + (b)) = BF + 1 = OT (11)
I Ny — wp,
(by) = gy~ =00 (12)
Wy, g

with setting of w,, = Ag — g (Bf + B1). In the strong driv-
ing condition € > « with |(a)|> > 1, the dynamic equa-
tions for quantum noise operators (§a; and §b;) can be
linearized by neglecting the nonlinear terms (e.g., 8bj8ak,
8biday, SaZSak), and the linearized QLEs for the quantum
noise operators are given by

9 s = (—ieom — %) Sag + iGr (8b] + 8b1)

dt
- iJS(SaL + v/ KexAR.in + \/K_OaR,vam (13)

d
ZtéaL = (—iwm — g) (SaL + iGL ((SbI + 5b1>
— iJ8ag + Kexarin + KoaL vac, (14)
d 'm
b1 = (—iwm - %) 8by + iGrdal + iGLdap

+iGySa, + iGysa] — i, (862 + 5b))
- %5172 + /V0boin + /Vinb1,in, (15)

d%‘%z _ <_iwm _ V?) Sby — i, (abf + abl)

Y0
- ?5171 + \/%bo,in + A/ Vinb2,in: (16)
where Gy = gag and G, = ga;, are the effective optome-

chanical coupling rate.
The linearized QLEs can be concisely expressed as

%V(t) = —MV(t) + Vin (t) 5 (17)

where V(¢) is the vector for the quantum noise oper-
ators defined by V(f) = (éaR Sar 8b; &b, (Sa;ra 6az

T
SbI Bb;) (superscript 7 denotes matrix transpose), Vi, (£)
is the input field operator vectors defined by
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A/ KexAR in + \/K_OaR,Vac
Kex@Lin + \/K_OaL,vac
«/%b(),in + A/ yinbl,in
VY0boin + /Vinb2,in
Vin (t) = \/K_exa;r{,in + \/K_Oa;?,vac ’ (18)
A% Kﬁxaz,in + \/K_Oaz,vac
\/%b(T),in + Y yianIL,in
\/%b('),in + A/ )/inb;in
and the coefficient matrix M is given by
W, + 5 iJ; —iGp 0 0 0 —iGg 0
iJs Wy + 5 —iGy 0 0 0 —iGy 0
—-iGy  —iGp  iwx+ 5 U, + % -Gy —iGL 0 iJm
0 0 iJ, + 2w, + 0 0 it 0
M= o 2 . . . (19)
0 0 iGy 0 5 — lwp —iJ iGy 0
0 0 iG] 0 —iJs 5 — iy iG] 0
iGy iGy 0 —iJy iGg iGp, o iwy =iy + R
0 0 —iJy 0 0 0 —iy+ 8 B —iw,
[
The stability of the system is determined by M, and itis  the explicit expressions for the output spectra read
stable only if the real parts of all the eigenvalues of M are
positive. In the following discussions, we make sure that
the stability conditions are satisfied in all cases.
S o = T S in R S in
The linearized QLEs can be solved analytically in the Rout (@) 7 (@) Sgin (@) + Rp (@) Spin (@)
frequency domain with the method of Fourier transform. + Srith (@) + SRrvac (@), (25)
By introducing the Fourier transform for operator O as Stout (@) = T1 (@) SLin (@) + Ry, (@) Sgjn (@)
1 +0o0o + SL,th (w) + SL,vac (w), (26)
O(w) = — / O (?) exp (iw?) dt, (20)
V2m J P
the solution to the linearized QLEs in the frequency  with the transmission spectra
domain is obtained as
V(Cl)) = U(a)) I/vin (a))a (21) TR ((l)) e |K8XU11 (a)) _ 1|2+K§X|U15 (a))|2’ (27)
where U(w) = (M — iwl)™", and I denotes the identity Ty (@) = |kexUn (@) = 11> + k3 | Uss (@)*,  (28)
matrix. The output fields from the WGM microresonator
are obtained based on the input-output relation [71]
the reflection spectra
aak,out + Sak,in = Kexaak: (k = R, L) (22)
By the definition of the input and output spectra
Rg (@) = k5 Ui (@)* + k3 |Uis (@)*, (29
2 2 2 2
Stin (@) = / <3a2m (o) Sarin (w)> do, (23) Ry (0) = k5 Ut ()7 + k5 [Uss ()7, (30)
Skou (@) = / (86 ot (&) bt @))ded, 24)
o fout ( ) o the thermal-noise spectra of mechanical modes
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Skan (@) = kex0 [|U13 (@) + Urs (@)> + |U17 (@) + Uss (@) ] Nan

+ kexVin [|U13 (@) + |U1s (@)1> + U7 (@) * + |Uss (@)1*] Nip,

€2))

S (@) = kex0 [|Un3 (@) + Uns (@)> + |Un7 (@) + Usg (@)|*] Nuy

+ KexVin [|U23 (@) 7 + |Uns (@)> + U7 (@) * + |Ung (@)]*] Nip,

and the vacuum quantum noise spectra,

(32)

Skvac (@) = k& |Uts (@) > + kexico | Uts (@)1 + kg, Ut (@)1? + Kexko [ Ui (@)

+ kex 0 [U17 (@) + Uss (@)* + kexVin [|U17 (@) + |Uss (@)1*],

(33)

SLvac (@) = k2 |Uss () * + kexko |Uns (@) 1> + k2 [Usg (@) 1> + kexko |Uag (@)

+ kex Y0 [Un7 (@) + Usg (@)1 + kexVin [|Ua7 (@) + | Ung (@)1*] .

Here, U, (w) (for n,m =1, ..., 8) represents the element
at the nth row and mth column of the matrix U (w).

I11. RESULTS AND DISCUSSIONS

In this section, we study the optical nonrecipro-
cal response in both sideband-resolved and unresolved
regimes. In order to show the effect of thermal-noise
cancellation, we compare the thermal-noise spectra for a
WGM microresonator coupling to two coupled mechani-
cal resonators with the case of the WGM microresonator
coupling to only one mechanical resonator. Moreover,
we discuss the effects of backscattering in the WGM
microresonator on the optical nonreciprocal response and
thermal-noise cancellation before the end of this section.

A. Nonreciprocal transmission in the
sideband-resolved regime

In this subsection, we assume that the system is work-
ing in the sideband-resolved regime with mechanical fre-
quency w,, > kg, which is within the reach of recent
experiments. As reported in Ref. [61], the doubly clamped
SiN nanostrings with fundamental resonance frequencies
Qu/2m = 6.5 — 16 MHz and mechanical quality factors
of 0, = 10* — 10° are coupled to the optical modes of
toroid silica microcavity (unloaded optical linewidth of 4.9
MHz) through evanescent field. Furthermore, the mechan-
ical resonators with high frequency ranging from 100 MHz
to a few GHz have been realized in the mechanical devices
with smaller size or greater stiffness [72—75].

For comparison, we consider a WGM microresonator
coupling to one nanomechanical resonator (denoted by by)
first, with the schematic diagram of b, shown in Fig. 2(a).
b, couples to reservoir Ry (i.e., the phononic crystal) for
phonon loss from the both ends (y4), and to the reservoir
R, for the surface roughness and material inhomogene-
ity or the absorption of the material (y;), simultaneously.

(34

(

This model can be described by the total Hamiltonian (A1)
in Appendix A with all the parameters related to b, set-
ting to zero. The corresponding transmission spectra Tz (w)
and 7} (w), and the thermal-noise spectrum Sgm(w)/Nn
are shown in Figs. 2(b) and 2(c). As predicted theo-
retically in Ref. [15] and experimentally demonstrated

|
5 1 T(o) 11
107 ~50 dB 1
SR 1
< 104
10 T() 11
1 |
107 - T
107'4 (C) 1
O M]
B
=107
VJZ’ | ~37 dB |
| ]
IO I CE bttt 1
=20 0 20 =20 0 20
(-, (0=,
FIG. 2. Schematic diagrams of (a) one nanomechanical res-

onator and (d) two coupled nanomechanical resonators. (b) The
transmission spectra Tr(w) and T (w), and (c) the thermal-
noise spectrum Sk (w)/Ny, for the WGM microresonator cou-
pling to one mechanical resonator, (e¢) Tx(w) and T (w), and
®) Srm(w)/Ny for the WGM microresonator coupling to two
coupled mechanical resonators, in the sideband-resolved regime
(wm = 5kp). The other parameters are A = w,,, Gz = 0.1k, and
Jm = 0.0lK(), JS = O.ll((), Kex = Ko, GL = iJSGR/(—K/z - ia)m),
Yo = a)m/104a andy; =y, = CUm/lo8~
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in Refs. [26-29], an optical isolator with the isolation
Ir/1 = Tr(w)/T1(w) as high as 50 dB can be achieved at
the resonant frequency w = w,,. However, to achieve the
nonreciprocal effects on a few- and even single-photon
level, the thermal noise should be considered simultane-
ously. From Fig. 2(b), we get the thermal-noise spectrum
Sr.m(w)/Nn = 0.048 for the optical isolator working at the
frequency w = wy,. According to the Bose-Einstein statis-
tics, the mean numbers of the thermal phonons is given by
N = [exp(hw,/kgT) — 117}, where kg is the Boltzmann
constant, and 7 is the temperature of the reservoir at the
thermal equilibrium. For example, a mechanical resonator
with frequency w, = 60 MHz at the room temperature
T =300 K, contains about Ny, ~ 10° thermal phonons,
then we get the thermal-noise spectrum Sgn(w) = 4800.
In order to improve the signal-to-noise ratio, we need
to enhance the magnitude of the signal power [29], or
suppress the thermal noise by cooling the mechanical
resonator in a cryogenic environment [22] or based on
sideband cooling [55,56].

Here, we show that the thermal noise can be suppressed
based on quantum interference for the WGM microres-
onator coupling to two coupled mechanical resonators
[Fig. 2(d)], with the transmission spectra Tx(w) and
71 (), and thermal-noise spectrum Sg (@) /Ny shown in
Figs. 2(e) and 2(f). Different from the nonreciprocity in the
WGM microresonator coupling to one mechanical mode
with one transmission window at w = w,, [15,26-29],
there are two peaks around frequencies w,, +J,, in the
transmission spectrum of Tz(w) for fields from left to
right [see Fig. 2(e)]. At the same time, there are two
dips in the transmission spectrum of 7;(w) for fields
from right to left with the optomechanical interaction Gy
enhanced by the backscattering J;. The optical nonre-
ciprocity with an isolation about 38 dB is achieved at v =
wn = J, with backscattering effect J; = 0.1« taken into
account. Of note, there is a dip in the thermal-noise spec-
trum Sgn (@) /Ny at the frequency o = w,, — J,y, Which is
about 37 dB lower than the case for the WGM microres-
onator coupling to one mechanical resonator [see Figs. 2(c)
and 2(f)]. In this case, the thermal-noise spectrum for a
mechanical resonator with frequency w,, = 60 MHz at the
room temperature 7' = 300 K is suppressed to Sgm(w) ~
1, which means that we can achieve nonreciprocal trans-
mission with signal-to-noise ratio s/n ~ 1 around w =
wm, — Jy on a single-photon level without precooling the
mechanical mode to the ground state.

Physically, the thermal-noise suppression (enhance-
ment) is induced by the quantum interference between the
two flow paths of the thermal noises from the common
reservoir Ry to the optical modes ag,;, as shown by the
flow chart in Fig. 1(b). Here, the thermal-noise flow from
the common reservoir Ry to the optical modes ag,; through
the mechanical resonator b; [blue dashed curves with an
arrowhead in Fig. 1(b)] is given by

St (@) = KexVm [|U13 @) + U7 (@) ] Ny (35)

and the thermal-noise flow through the mechanical res-
onator b; [red dashed curves with an arrowhead Fig. 1(b)]
is given by

St (@) = kex¥ [|U14 (@)1 + |Uss (@) ] Ny (36)

To reveal the quantum interference more quantitatively, we
show the thermal-noise flow for different paths in Fig. 3(a).
The strength of the thermal-noise flow by different paths
Sl(el,t)h (w) and Sz(z2,t)h (w) are almost the same value around the
frequency w = w,, — J;», which is one of the critical points
for achieving high visibility in destructive interference.
The dip in the thermal-noise spectrum at w = w,, — J,;
is induced by the destructive interference with S,(ét)h (w) =~
Sk (@)-

The thermal-noise suppression can also be understood
by introducing the bright and dark modes [76—80] (nor-
mal modes) by = (b; + b,)/~/2. Based on some analytical
derivations and Table I in Appendix B, we find that the
dark mode b_ with eigenvalue w,, — J,, is decoupled from
the common reservoir Ry. Meanwhile, the bright mode b
with eigenvalue w,, + J,, is coupled to the common reser-
voir Ry with the strength enhanced by a factor of /2.
The thermal-noise spectra SI(&)I (w) and SI(&})I (w) coming

from the bright and dark modes are shown in Fig. 3(b).

Clearly, the thermal noise S}g;l?l (w) from the dark mode is

@

Thermal-noise spectra

3 7 1
Sle 1h(w)/"\ th S([;:h(cu)//\/m
10’41 1
20 0 20
(0=,
g
)
/ :
& R Spa(@/Ny 107 1
F 107 el T 30 i}
s ¥/ . TT=ell
e 1 RN 1
2 10_7] Sﬁe,m(w)/Nm N LemTTTTT 1
= NS
1
10° .
-20 0 20
(o-a)y,
FIG. 3. (a) Thermal-noise spectra Sg 5 ()/Nu, Ssy(@)/Na,

and Sg (@) /Nin, (b) Sgd (@) /N, Sg s (@) /N, and Sgn () /N,
are plotted as functions of the normalized detuning (w — @,,) /Y-
The other parameters are the same as those given in Fig. 2(d).
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much lower than the thermal noise SI(Q_;})I (w) from the bright

mode, except that the S,(;;fl (w) it is dramatically suppressed

by quantum interference around the frequency w,, — J,, for
the dark and bright modes b1 coupling to the reservoirs
R and R, simultaneously [see the inset of Fig. 3(b) and
Table I].

B. Nonreciprocal amplification in the
sideband-unresolved regime

In this subsection, we discuss the optical nonreciprocal
response of the system in the sideband-unresolved regime
with mechanical frequency w,, < xo, which is also a com-
mon situation in recent experiments [62,81,82]. Different
from the case in the sideband-resolved regime, the blue
sideband transitions play a significant role in the sideband-
unresolved regime, which may induce significantly differ-
ent results in the transmission spectrum.

The transmission spectra in the sideband-unresolved
regime are shown in Figs. 4(a) and 4(c). Similarly, there
is one peak in the transmission spectrum 7x(w) around
the frequency w,, for the WGM microresonator coupling
to one mechanical resonator, and two peaks in the trans-
mission spectrum Tx(w) around the frequencies w,, £ J,;
for the WGM microresonator coupling to two coupled
mechanical resonators. The optical nonreciprocity with a
isolation about 48 dB is achieved for both of these systems.
Moreover, the values of the peaks in Tr(w) are greater
than one, i.e., nonreciprocal amplification is achieved in

10'{(a)

o]® i) !
= 1 1
S0 1 1
u 1 1
10° 1 1
20 0 20 20 0 20
(0-), (o-a)y,
FIG. 4. (a) Transmission spectra Tz(w) and T;(w), and (b)

the thermal-noise spectrum Sg (@) /Ny, for the WGM microres-
onator coupling to one mechanical resonator, (¢) Tz(w) and
Ti(w), and (d) Sgm(w)/Ny for the WGM microresonator cou-
pling to two coupled mechanical resonators, in the sideband-
unresolved regime (w,, = 0.1kg). The other parameters are
A = w,, Gg = 0.01ky, and J,, = 0.0002«¢, J; = 0.1k, kex =
Ko, G = iJsGp/(—Kk/2 — iwm), Yo = wu/10%, and y; =y, =
wm/108.

sideband-unresolved regime. Different from the amplifica-
tion achieving with blue-detuned external driving [23-25],
here the nonreciprocal amplification is achieved with a red-
detuned external driving field in the sideband-unresolved
regime.

Physically, nonreciprocal amplification appearing in
the sideband-unresolved regime is induced by the blue-
sideband transitions. There are both red-sideband tran-
sitions for the terms iGgréb; in Eq. (13) and iGjdag
in Eq. (15), and blue-sideband transitions for the terms
iGRSbJ{ in Eq. (13) and iGRSa}; in Eq. (15). According to
the quantum theory for sideband cooling in optomechan-
ical systems [55,56], the red-sideband transitions corre-
spond to the excitation changing between the optical and
mechanical modes, and blue-sideband transitions corre-
spond to the excitation of both optical and mechanical
modes simultaneously. The theoretical analysis and exper-
imental results show that the blue-sideband transitions
can induced signal absorption and amplification [23-25].
In the sideband-resolved regime, the blue-sideband tran-
sitions are suppressed for large detuning. However, in
the sideband-unresolved regime, the blue-sideband transi-
tions become significant even with a red-detuned external
driving field as discussed here.

The blue-sideband transitions can amplify not only the
signal field but also the input thermal noises, which is
the origin of optical-induced heating in optomechanical
systems [83,84]. As shown in Fig. 4(b), there is a peak
in the thermal-noise spectrum around w = w,, for the
WGM microresonator coupling to one mechanical res-
onator. In contrast, the thermal noise around the frequency
w = w, — Jy, is suppressed dramatically by quantum inter-
ference for the WGM microresonator coupling to two
coupled mechanical resonators, which is about 37 dB
lower than the case for the WGM microresonator cou-
pling to one mechanical resonator [see Fig. 4(d)]. This
suggests that the scheme of thermal-noise cancellation for
two mechanical resonators coupled to a common environ-
ment also works in the sideband-unresolved regimes for
nonreciprocal amplification.

C. Effects of backscattering

Before the end of this section, let us discuss the effect
of backscattering J; between the two degenerate coun-
terpropagating optical modes (a; and ag) on the optical
nonreciprocal response and thermal-noise cancellation in
both sideband-resolved and unresolved regimes. In the
preceding discussions, the weak backscattering with J; =
0.1« is considered, and nonreciprocal effects are obvious
for |Gr| > |GL|.

When the backscattering strength J; becomes larger,
the backscattering may strongly redistributes the signal
field. In the sideband-resolved regime, the nonreciprocal
effect with isolation I/, =~ 11 dB is obtained as shown in
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FIG. 5. (a) Transmission spectra Tz(w) and T (w), and (b) the thermal-noise spectra Sk (®)/Ny and [LS'I(;’[)h (w) + Sl(ft)h (w)]/ Ny, are
plotted as functions of the normalized detuning (v — w,,)/ym for A = w,, = 5k, Js = k9, Gr = 0.1k9, and J,, = 0.01«¢. (¢c) Tr(w)
and 77 (w), and (d) Sgm(w)/Ny and [Sl(ét)h(a)) + Sl(ét)h(a))] /Ny, are plotted as functions of the normalized detuning (w — w,,)/y, for
A = wy, = 0.1k, J; = 0.45k0, Gg = 0.01kp, and J,, = 0.0002«¢. The other parameters are G;, = iJ;Gr/(—k /2 — iwy), Kex = Ko, Yo =

wn/10%, and y1 =y = w,,/10%.

Fig. 5(a), where the condition of |Gg| > |Gy| is still sat-
isfied for J; = k. In contrast, we have |Gg| ~ |G| for
Js = ko in the sideband-unresolved regime, and the sys-
tem becomes unstable for the negative real parts of the
eigenvalues of M in Eq. (19). To guarantee the stability of
the system in the sideband-unresolved regime, we take the
backscattering strength J; = 0.45k( as an example, and the
transmission spectra with isolation /z;;, ~ 21 dB is shown
in Fig. 5(c).

The scheme of thermal-noise suppression for the two
mechanical resonators couple to a common reservoir still
works in the strong backscattering condition. In Figs. 5(b)
and 5(d), the thermal-noise spectra are shown in both the
sideband-resolved and unresolved regimes. By comparison
with results of [Sggh (w) + SI(QZ’)h (w)]/ N, the thermal noise
St (w)/Np around the frequency w = w,, — J,, is dramat-
ically suppressed in both the sideband-resolved and unre-
solved regimes. These results indicate that the scheme of
quantum-interference-induced thermal noise cancellation
is a robust method against backscattering.

IV. CONCLUSIONS

In summary, we propose a scheme to realize thermal-
noise cancellation for optomechanically induced nonre-
ciprocity in a WGM microresonator by coupling two
mechanical resonators to a common reservoir. We find
that nonreciprocal transmission and amplification with
high isolation can be achieved in the WGM microres-
onator for an optomechanical system working in the

sideband-resolved and unresolved regimes. More interest-
ingly, the thermal noise can be cancelled by the destructive
quantum interference between the two flow paths of the
thermal noises from the common reservoir to the opti-
cal modes. Numerical results indicate that the scheme
of quantum-interference-induced thermal noise cancella-
tion can be applied in both sideband-resolved and unre-
solved regimes, even with strong backscattering taken into
account. Optomechanically induced nonreciprocity with
thermal-noise cancellation may stimulate a wide range of
practical applications of optomechanical devices in chiral
quantum networks [85] and chiral quantum optics [86].
The scheme of quantum-interference-induced thermal-
noise cancellation is a general method for thermal-noise
suppression in optomechanics with wide applications in
quantum technologies [60]. It can be applied to suppress
the thermal noise in the microwave-to-optical conversion
for optomechanical transducers [87—93]. Similar schemes
can also be applied to suppress the thermal noise in
quantum sensing via optomechanical interactions [94—96].
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APPENDIX A: DERIVATION OF THE QUANTUM
LANGEVIN EQUATIONS

The total Hamiltonian of the WGM optomechanical
system coupling with the reservoirs is described by

Hiy = Hsys + He + Hiy, (Al)

where Hgy, is the optomechanical Hamiltonian Eq. (1) in
the main text, H. is the free Hamiltonian of the optical
and mechanical reservoirs,

;
dow (akOwako 0 F ) ey o

k=R,L
+ > / dwwb b, (A2)
i=0,1,2

and H,, describes the interaction between the reservoirs
and the optomechanical system,

Hpy =i Z / da)hk,ex (w) [a};ex’wak - a;tak,ex,w]

k=R,L

+1 Z / da)hk,() (w) [az’o’wak — a/tak,o,w]

k=R,L

dwgiin () [bzwb’ - b;rbi’w]

dwgio () [bgw bew] (A3)

with the coupling strengths Ay cx (@), Aro (@), giin (@), and
gio (). Here, ay ex o, ar0.0, and b;,, are the boson annihi-

lation operators for the reservoirs with | gy exw, 4, w,] =

1) (a) - a)’), |:ak,0,a): alt,O,w/] =94 (a) - a)’)’ and I:b,"w, wa’] =
§ (0 — o).

The Heisenberg equations for the operators ay, b;, aro,q,
Akex,ws bO,wa and bi,a) read

d
% = —] I:AO -g (b; + b])] ap — iJsa; — i2
+0o0
— / dU)hR,ex (@) apex.w
0
+0o0
[ dohno @ ano. (A)
0

da;, . T .
o= —i [Ao —g <b1 + b1>] a; — iJsag
+00
- / dCUhL,ex () ar ex,w
0
+o0
- f dwhy o (®) arp.e, (AS)
0
db,
= = = —iw,b) +ig Z ajay — iJy, (b —l—bz)

k=R,L

+o0
— / dwgi in (0) by,
0

400
[ dogio @) b (A6)
0
db, . .
= —iwy,by — i, (b? + bl)
+00
- f dwgs in (0) by,
0
+00
- / dwga o (@) by, (A7)
0
day 0.0
2’;’ = —iwag, + Mo (0) ag, (A8)
d exX,w
al;’lt — = _iwak,ex,w + hk,ex (C()) ag, (A9)
dbO,(u .
0= —iwbo, + ,;2 gio (@) by, (A10)
db;
— = —iwb;, + gijin (0) b;. (A1)
dt
Equations (A8)—(A11) can be solved analytically as
A0 = Ao (o) €010
t
+ I () / a (1) e @=Nar, (A12)
fo
Akex,w = Akex,w (t) eiiw(titO)
t .
+ B ex (@) / a (1) e ™@ay, (A13)
fo
bO,w = bOw (tO) eiw(t07t)
+y / o (@) b; (1) et (A14)

i=1,2

t
biw = biy (t9) €070 + / Giin (@) b; (1) =04y
fo
(A15)
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Substitute these solutions into Eqgs. (A4){A7), we get

d .
% = —i[A0—g (o] + 1) | ax - thar — i€
KRex + K
— Re ) ROaR‘}_q/KRexaRm_{’«/KR 04R,vac»
(A16)
d .
dar _ _, [AO _g (b; n bl)] ay — iJ.ag
dt
/c x + K
Le ) LOaL + A/ KL,exAL,in + N KL0AL vacs
(A17)
db, . . T +
E = —iwy,b; +ig Z a,ay — ity <b2 + bz)
k=R,L
_ «/)’1,20)/2,ob2 Yo + Y1, g 4 SPmbiin
+ /V1.0b0in, (A18)
db W
2 oy — (bT +b ) Mbl
dt 2
+
)’2 0 Yai mb + VY2, 1nb2 in + V2, bO ins
(A19)
based on the Markov approximation /e (@) =

VEkex/27,  hro (@) = /Kkro/27,  giin (@) = \/Viin/27,

gio (@) = {/vio/2m, and the input noise operators are
defined by
1 +00 )
Akin = _\/_— dwak,ex,w (Z‘O) eilw(rit())s (AZO)
+00 '
e = _F | dvapn@wen, @
T Jo
+o0 o )
bojn = ———= dwby, (ty) €077, (A22)
V2 Jo ’
+00 o )
biin = ——/ dwb; , (ty) €0, (A23)
' V27 Jo ’

Under the conditions kex = kpex = KLex, Ko = KRo =
KL0» Yin = Ylin = V2,in» and Yo = y10 = ¥20, We get the
QLEs. (2)~«3) in the main text with x = kex + k¢ and
Ym = Y0 + Yin-

APPENDIX B: THERMAL-NOISE SPECTRA
BASED ON BRIGHT AND DARK MODES

In order to understand the thermal-noise cancellation
around the frequency w = w,, — J,, let us introduce the
bright and dark modes b, i.e., the supermodes of the two

coupled mechanical modes, as

1
bi:ﬁ(blin)a

then the Hamiltonian Hgy for optomechanical system
under the rotating-wave approximation can be rewritten as

Hyys = Z [Ao - <b1 + b+>] akak

(B1)

+kZR:L[A 0—8& (bJr +b_ )]akak

+ (@ + Jn) by b+ (@ — J) b B

+J; (aRaL + aLaR> + (Qa; + Q*aR> , (B2

with g = g/+/2. Similarly, the free Hamiltonian of the
optical and mechanical reservoirs H; and the interaction
Hamilton between the reservoirs and the optomechanical
system Hj, are rewritten as

;
dow (akOwak 00 F B ey B exo

+00
+ / doo (BLuB o+ BLuB o+ b uboo)
0

(B3)
and
+0o0 § R
Hiyy =i Z / dwhk,ex (w) [ak,ex,wak - a]'{ak,ex,w]
k=R, "0
oo t 1
+1i Z / dwhyp (@) [ak’o’wak — akak,o,w]
k=R,LY0
+o0 R
+i / dogin () [B;,wm - b13+,w]
—00
—+00
+i / deo/2gy () [bg,wm - blbo,w]
+00 R
ti f dowgin () [B'_,wb_ - bT_B_,w], (B4)
where By, = (bintbry) /N2, g (@) =g (@) =

g1, (), and gjy (@) = g1,in () = g2,in (w). The coupling
strengths between the nanomechanical resonators and the
reservoirs (Ry, R, and R;,) are summarized in Table I. We
can see that the dark mode b_ with eigenvalue w,, — J,, is
decoupled from the common reservoir Ry, but the bright
mode b, with eigenvalue w,, + J,, is coupled to the com-
mon reservoir Ry with the strength enhanced by a factor of
V2. For this reason, the thermal noise for the dark mode 5_
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TABLEI. Coupling strengths (CSs) between the nanomechanical resonators (NMRs) and the reservoirs (R, R, and Ry), for gy (w) =
220 (@) = g10 () and gin (@) = gLin (©) = g2.in (®).
Reservoirs One NMR Two NMRs

by (wn) b1 (wm) by (wm) by (@ +Jw) b_(wm —JIm)
CSsto Ry 20 20 £0 «/Ego 0
CSs to Ry Zin Zin 0 gin/\/E gin/\/E
CSs to Ry 0 0 gin gin/V2 gin/V2
(w = wy,, — Jy) 1s suppressed dramatically, while thermal

noise for the bright mode b, (v = w,, + J,;) is enhanced.
Although the dark mode b_ is coupled to both the reser-
voirs R and R», the coupling strengths are suppressed by
a factor of +/2. On the whole, the reservoir R, does not
induce more thermal-noise effect.

Under the Markov approximation for /hex (w) =
VKkex /27, hio (@) = \/ki0/27, gin (0) = /Yin/27, and
go (w) = +/yo/2m, the dynamic equations for the operators
ay and b4 are obtained as

da ,
== [80—g (bl +b:) —g (bL+b-)|an
- iJsaL —iQ2 — gaR + v/ KexAR.in + \/K_OaR,vaCs
(B5)
daL . ’ T ’ +
== —Z[Ao—g (b++b+> _g (b, +b,)]aL
. K
—iJsap — EaL + /Kex@rin + \/K_()aL,vaCa (B6)
db Yin + 21/0 .
=T b (0 = i@ ) by
+ lg/ (a};aR + aD‘L) + A/ VinB+,in + A% 2y0b0,ina
(B7)
db_ Yin .
— =—=b_(O) —i(wy —In) b_
7 > () —i(w )
+ ig/ (a};aR + azaL) + /VYinB— i, (B8)
where B i, (¢) is the input quantum noise defined by
|
£ tiw, iy —iGh, —iG},
iJs 5+ iwn —iG) —iG,
—-iGy -Gy B +tiw, 0
o -Gy —iGy 0 M 4w
0 0 iGy iGy
0 0 G} G}
iGy iGf 0 0
iGy iG} 0 0

with G} = g'e;, v+ = ¥in + 270, and 0 = 0y £ Iy

2

1 +o00 )
Biin () = —/ T / dwB., (ty) €077 (BY)
0

with the correlation function

<Blm () Bin (a))> =Npd(0+).  (BIO)
To calculate the spectra of the output fields, we linearize
the nonlinear QLEs (B5)+(B8) by rewriting the operators
as the sum of the mean values and the small quantum fluc-
tuation terms as a; = o + dax and by = B+ + 5by. Keep
only the first-order terms in the small quantum fluctuation
terms day and §b., the linearized QLEs read

9= 7+,
where we have the vector of the quantum fluctuation oper-
ators V= (8ap dar 8by 8b_ dal a] sb] ab'E)T, the
vector of the input noise operators

(B11)

KexQRin T &/ K0AdR vac
A/ Kex@L in + /KoaL vac
LV, VinB+,in + 2V0b0,in
~ A/ YinD—in
Vin = | VRt + Veotyae | BT
v Kexaz,in + Koaz,vac
A/ yinB_',_,in + A/ 2V0b(')’in
A/ VinBi,in
and the matrix of the coefficients
0 0 —iGy —iGy
0 0 —iG) —iG,
—iGp —iG; 0 0
—i@ —i@, 0 0
- N, o (B13)
iwy —iJg iGy iGy
—iJg % — iw, iG}f G}
iGp iG; ’%“ —iwy 0
iGy iG), 0 Yn oy
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Based on the Fourier transform (20), the linearized
QLEs (B11) can be solved in the frequency domain as

V() =TV (@)), (B14)

where U (w) = (M — il )71. The output spectra have the

same form as Egs. (25) and (26), where the transmission
spectra are replaced by

TR((U):|all(a))Kex_1|2+K3x|a15((1))2a (B15)
T (@) = [kaUn (@) = 1"+ [T @)*,  (BI6)
the reflection spectra are replaced by
Re (@) = k% |Ui2 @)+ [T @]*,  (B17)
Ry (@) =2 | U (@) + 2 |Tss @], (B18)
the thermal-noise spectra are replaced by
Sk (@) = Sgiih (@) + Sk g (@), (B19)
St (@) = Sp (@) + S (@), (B20)
with
SI(;;})I (w) = KexV+ :|ﬁ13 (60)|2 + |07 (60)|2: Nw, (B21)
Sk (@) = KexVin :|(~/14 (w)|2 +|Uns (w)|2: Nn, (B22)
SE (@) = Kexy :|i723 @)+ |Ux (a))|2: Na  (B23)
Si_t})l (@) = KexVin :|ﬁ24 (60)|2 + | Uns (60)|2: Nw, (B24)

and the contribution from the incoming vacuum fields read

Skaae (@) = k2 | Tis @)|* + k2 |6 (@)
+ Kexko |ﬁ15 (60)|2 + Kexko mle (a))|2
2

(B25)

+ KexV+ |al7 (a))|2 + KexVin ‘618 (w)

SLvac (@) = Kgx |ZJ]25 (Cl))|2 + Kexko ‘625 (a))|2
+ 1 | U (a))|2 + Kexko | Un (w)|2

+ KexV+ |’(727 (a))|2 + KexVin ‘AUZS (a))‘z .
(B26)

Here, T],,m (w) (forn,m=1,...,8) denotei the element at
the nth row and mth column of the matrix U (w).
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