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Nonlinear Optical Radiation of a Lithium Niobate Microcavity
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The nonlinear coupling between on-chip confined optical modes and free-space continuum modes is
investigated. The radiation of second-harmonic wave due to the pump fields in integrated lithium niobate
microcavities is experimentally observed. The mechanism of nonlinear optical radiation (NOR) is further
verified by demonstrating the reversal process of NOR, i.e., the difference frequency generation between a
free-space input and an on-chip pump field. The revealed mechanism of NOR is universal for all dielectric
photonic integrated devices, which indicates unavoidable extra energy leakage channels of optical micro-
and nanostructures, and also enables an alternative approach for spatial engineering of optical fields and
light sources. For example, benefited from the phase-matching-free nature of NOR, an integrated atomic
gas sensor for the absorption spectroscopy of Rb atoms is built.
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I. INTRODUCTION

Cavity-enhanced nonlinear photonic devices offer a
compact solution for efficient frequency conversion under
low pump power owing to their small mode volume
and high-quality factor (Q) [1–6]. In particular, the chip-
integrated optical microcavity, which benefits from the
high flexibility in dispersion engineering, enables signif-
icant nonlinear optical effects among multiple resonant
modes with distinct wavelengths by χ(2) and χ(3) pro-
cesses [7,8], as well as Raman and Brillouin scattering
[9–11]. Over the past decades, the preparation and micro-
and nanofabrication techniques of thin-film optical mate-
rials with high nonlinear susceptibility, such as aluminum
nitride [12–16], gallium nitride [17–20], gallium arsenide
[21–23], and lithium niobate (LN) [24–32], have been
well developed, making integrated microcavities with a Q
larger than 107 obtainable. As a result, an unprecedented
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conversion efficiency 5 × 104 W−1 of second-harmonic
generation (SHG) and ultralow-threshold optical paramet-
ric oscillators have been demonstrated in thin-film LN
microcavities [33,34].

Despite the excellent performance of on-chip nonlin-
ear optical devices, experimental studies are restricted to
guided modes within integrated photonic circuits. These
processes require critical phase-matching conditions [15,
16,35] and specially designed mode converters [36–41]
for further free-space applications [42,43]. From the fun-
damental view of nonlinear optics, the in-plane guided
modes also directly couple to the continuum modes in free
space via the nonlinear susceptibility of materials. As a
result, guided photons can radiate to free space by nonlin-
ear conversion processes, which have long been neglected
in integrated nonlinear photonics.

In this paper, an effect of nonlinear optical radiation
(NOR) is theoretically investigated and experimentally
observed. By simultaneously exciting counterpropagating
resonant modes in integrated LN microrings, the NOR due
to SHG process is collected in free space. Compared with
the conventional doubly resonant SHG process between
confined modes on a chip, the NOR is independent of
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the stringent structure for the phase-matching condition
and is observed over a bandwidth of 130 nm (limited by
tuning range of pump laser). The verified mechanism of
NOR promises a nonlinear interface between integrated
photonic structure and free space, and allows the con-
struction of structural optical fields through engineering
the pump field distribution and nonlinear susceptibility of
on-chip structures. Our study also implies an ultimate limi-
tation of optical quality factors of on-chip microresonators,
which is appealing for the careful evaluation of NOR when
designing photonic devices.

II. PRINCIPLE

The mechanism of NOR for a χ(2) microcavity is illus-
trated in Fig. 1. NOR originates from the nonlinear cou-
pling between the on-chip resonant modes a1,2 and contin-
uum modes bk in free space. The interaction Hamiltonian
governed by the three-wave mixing follows

Hnl =
∑

k

gka1a2b†
k + g∗

ka†
1a†

2bk, (1)

where k is the wave vector of the free-space mode and

gk = 3
∫
χ(2)(r)ψ1(r)ψ2(r)Eke−ik·rdr (2)

is the nonlinear coupling strength. Here, ψ1,2 is the mode
field distribution for the confined mode on the chip, Ek is
the normalized amplitude of the continuum mode in free
space, and χ(2)(r) is the distribution of nonlinear suscepti-
bility. Even though the cavity modes aj constrained by the
Helmholtz equation are quasiorthogonal to the free-space
modes, the nonlinear response of the cavity material breaks
such orthogonality and leads to nonzero gk.

For a rotational-symmetric microring resonator, we
transform the wave vector and position to the sphere
coordinate and cylindrical coordinate by k = (

kx, ky , kz
) =

(ksinθkcosφk, ksinθksinφk, kcosθk) and r = (rcosφr,
rsinφr, h), respectively. Due to the rotational symmetry of
the ring cavity, we have ψj (r) = Ej (r, h) eimj φr , with mj
being the mode index. For simplicity, we assume a uniform
transverse-mode distribution of a1,2 with E1 ≈ E2 = E0
and an isotropic material nonlinear susceptibility. For a
cavity with waveguide width much smaller than the ring
radius, w � R, we can derive (Appendix A)

gk ∝ χ(2)
∫ R+w

R
rdrJ−(m1+m2)

(−ωksinθkr
c

)
. (3)

Here, J−(m1+m2) (−ωksinθkr/c) is an −(m1 + m2)th order
Bessel function. This indicates that the nonlinear cou-
pling strength should depend on the mode index sum. The
microring cavity is special in that it supports two fam-
ilies of degenerate resonant modes with opposite signs

(2) material

Rw

Pump Pump

SH wave

1 2

2

FIG. 1. Schematic illustration of the NOR process. The blue
arrows indicate counterpropagating pump lasers (frequency
ω), while the red arrows indicate vertically radiated second-
harmonic light (frequency 2ω). The inset shows the details of
the nonlinear interaction between guided modes and free-space
continuum modes at the cross section of the microring.

of mj . For modes propagating along the same direction,
|m1 + m2| � ωksinθkr′ for θk � 1, and gk is relatively
small. For counterpropagating modes, |m1 + m2| can be
made to a small number and one obtains a much larger gk,
which is beneficial for experimental observation of NOR.

The amplitude of the radiation field at position r′ can be
calculated by

E
(
r′) =

∫

k
dk

√
�ωk

2ε0V
gkeik·r′

α1α2, (4)

where α1,2 = √
4Ppump1,2Q2/�ω2Qext is the intracavity

photon-number amplitude of mode a1,2. Thus, for α1 ≈ α2
and critical-coupled microring Qext = 2Q, the radiation
amplitude E ∝ gkPpumpQ, and the radiation power PNOR ∝
|E|2.

III. EXPERIMENTAL RESULTS OF NOR

The NOR mechanism is investigated by integrated LN
microring cavities (Appendix C) by the experimental setup
shown in Fig. 2(a). The devices are driven by a continuous-
wave telecom laser (1550 nm) from two opposite direc-
tions simultaneously, using a 50:50 fiber beam-splitter
fiber to divide the laser into two paths. Two fiber circula-
tors are introduced in each path for separating and detect-
ing transmitted and reflected signals. Fiber polarization
controllers are adjusted for maximum coupling efficien-
cies to the transverse-electric (TE) modes of the integrated
devices. The free-space radiation of the microcavity is col-
lected by an objective lens, with 10% of the signal sent
to the CCD for real-time imaging, while the rest (90%) of
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FIG. 2. (a) Experimental setup. The pump laser is split by a 50:50 BS and launched to the chip from two directions. The radiated
light is collected by an objective lens with NA of 0.42. IR laser, infrared laser; EDFA, erbium-doped fiber amplifier; BS, beam splitter;
PC, polarization controller; PD, photodetector; SPCM, single-photon-counting module; 780 SMF, 780-nm single mode fiber. The
NOR signal is coupled into a standard 780 SMF, which naturally filters the scattering of the telecom pump. The axes on the chip
denote crystal orientations of the thin-film LN, which is corresponding to the axes in (b). (b),(c) The real-time microscope image of
the microring with and without double-side pump. (d),(e) The detected NOR signal and transmission spectra of pump, respectively.
(f) The comparison between double-side and single-side pump. Purple and dark red dots represent left- and right-side pump situations,
and red dots represent double-side pump situation. Here, Ppump,double = Ppump,left + Ppump,right.

the signal is directed to a single mode fiber (SMF) through
a collimator and then fed into a single-photon-counting
module (SPCM).

When scanning the pump lasers, we observe the periodic
shining of the microring from the CCD, which responds
only to visible light. Shown in Fig. 2(b) is an image of
the device obtained from the CCD, which is obviously lit
only when the pump laser is on resonance with the micror-
ing, while the radiation of the waveguide is invisible. In
addition, the radiated visible photons were collected from
a small section of the microring, as indicated by the blue
circle in Fig. 2(b). The photons are detected by a SPCM
when the wavelength of the telecom laser scans from 1510
to 1640 nm with a scanning speed of 0.5 nm/s. The result-
ing spectra of the counts and the transmitted telecom pump
laser are shown in Figs. 2(d) and 2(e). The aligned peaks
of the visible photons and the dips of the pump laser in the
spectra (Appendix C) confirm that the radiation occurs for
all microring modes when the pump laser is on resonance
and indicates the broadband nature of NOR.

To distinguish the visible radiation from the linear scat-
tering of the unexpected SHG generated by guided modes
in the microring and waveguide due to surface roughness,
the NOR process enjoys the following unique features: (i)
The radiation is broadband over a bandwidth exceeding
130 nm. The large bandwidth indicates that the NOR is
free of phase-matching engineering, in contrast to the nar-
row bandwidth of on-chip SHG. (ii) As shown in Fig. 2(f),
the radiation power of the double-side pump is much larger
than that of the single-side pump, which is theoretically
predicted with Eq. (3). (iii) The radiation from the micror-
ing is ∝ cos4 φ along the azimuthal angle φ for the x-cut
LN and TE modes due to the variation of the χ(2) nonlin-
ear susceptibility tensor (Appendix B). It is the brightest in
the upper and lower parts where the largest second-order
nonlinear coefficients (d33 = −27 pm/V) can be accessed.
In contrast, the surface roughness induced scattering of the
microring should produce a near-uniform radiation pattern.

According to Eq. (4), the NOR power should fol-
low a quadratic relationship with the input pump power,
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FIG. 3. (a),(b) Input-output power dependency of NOR and
DFG, respectively. The dots show the experimental results while
the solid lines represent quadratic and linear fittings. The insets
illustrate the inputs and outputs for NOR and DFG, respectively.
CDFG is short for counting rate of DFG signal. The colors red
and blue represent the results of devices A and B, respectively.
(c) The spectrum of NOR when sweeping the pump frequency
across cavity resonance, with Ppump shown in (a) with arrows. (d)
Spectra of the DFG signal when sweeping the frequency of vis-
ible input, with Pinput = 60.0 mW. Blue and orange lines are the
results for input focused on microring and waveguide, respec-
tively, and shadow indicates the background noise level when
visible input is absent.

similar to the case of on-chip SHG. As shown in Fig. 3(a),
we compare the power relationship of two different LN
microcavities. The red (blue) dots and line represent the
device marked as device A (B) with loaded Q factor of
8.05 × 105 (6.99 × 104). Each data point in Fig. 3(a) rep-
resents the fitted peak value of the collected radiation
spectra for a given pump power. Typical spectra of the
NOR for A and B [marked with blue and red arrows in
Fig. 3(a)] are shown in Fig. 3(c). The power of NOR
(PNOR) increases quadratically with the pump power for
both devices A and B. By fitting the experimental data,
we obtain PNOR/P2

pump = 9.53 ± 0.49 and (2.21 ± 0.03)×
10−2 pW mW−2 for devices A and B, respectively. Device
A experimentally shows a PNOR over 400 times larger than
device B with a higher Q. According to the experimen-
tal parameters of our devices, including Q factors, sizes of
the microrings, and NA of the objective lens, our theory
(Appendix A) predicts NOR efficiencies PNOR/P2

pump =
16.06 and 0.35 × 10−2 pW/mW2 for the devices A and
B, respectively, whose numbers are on the same order of
magnitude as the experimental values.

IV. REVERSAL OF NOR

The intrinsic coherence property of the nonlinear cou-
pling in Eq. (1) also supports a reversal process of
NOR, i.e., the difference frequency generation (DFG) from
free-space photons to on-chip guided photons. Therefore,
we design and carry out the experiment by injecting

visible laser into the microring, as schematically illustrated
by the inset of Fig. 3(b). DFG is realized by reversing the
setup of the collection of visible radiation in Fig. 2(b),
and sending visible laser into the 780-nm SMF. Then, a
vertically input visible photon could be converted to two
counterpropagating telecom photons in the microring, with
the conversion stimulated by a pump laser. Due to the
energy-conservation condition, the frequency of the DFG
signal is ωDF = ωinput − ωpump, so the process is only effi-
cient when ωDF meets a resonant mode. We expect efficient
DFG for 	 = ωinput − 2ωpump being integer multiples of
the microring free spectral range (FSR) 
 up to a small
cavity dispersion. To avoid the noisy background due to
the backscattering of pump in the microring, we investi-
gate the nondegenerate DFG with 	 ≈ 600 GHz, which
corresponds to two FSRs and is large enough for high-
performance filtering. We cascade four bandpass filters
to achieve high signal-to-noise ratio, with the signal and
background noise shown in Fig. 3(d).

Then, the dependence of nondegenerate DFG signal on
the power of the visible input is investigated, while fixing
both the power and frequency of the telecom pump on res-
onance with the microring. Considering that the LN device
on the sapphire substrate (device B) suffers less photore-
fractive and thermal effects than that on the silica substrate
(device A), it is easier to fix the pump frequency stably on
resonance. Thus, we choose device B to further character-
ize the DFG to verify the NOR mechanism. The blue line
in Fig. 3(d) shows a typical spectrum of DFG obtained by
fixing the on-chip pump power at 10.5 mW, and sweeping
the detuning of visible input laser with a sweeping speed
of 1 nm/s and a power of Pinput = 60 mW. Comparing the
results for the free-space visible input focusing on micror-
ing and waveguide, we come to the conclusion that DFG
is enhanced by the cavity while the signal generated in bus
waveguide is negligible. For a given Pinput, the DFG signal
can be deduced by subtracting the background noise from
the peak of spectrum. The linear relationship between the
DFG signal and Pinput in Fig. 3(b) confirms the coherent
frequency conversion between the free-space light and the
on-chip guided modes, which not only validates the mech-
anism of NOR, but also promises potential applications for
detecting free-space radiation.

V. APPLICATION

The demonstrated NOR provides a broadband nonlin-
ear chip-to-free-space interface and offers opportunities for
practical applications of photonic chips. For instance, by
leveraging the NOR effect of a well-developed on-chip
optical soliton microcomb [3,4], radiated visible soliton
pulses can be used to probe the gas or liquid sample
around the chip. Here, we conduct a proof-of-principle
application of the NOR for atomic gas sensing, as shown
in Fig. 4(a). By placing a glass cell filling with sample
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FIG. 4. (a) Illustration of multicomponent gas sensor based on
NOR. (b) D2 transitions of 85Rb and 87Rb atoms. (c) Saturation
absorption spectrum (SAS) of rubidium gas. (d) Tunability of
NOR under thermal control of the microcavity. The bandwidth
of the device covers all transition lines, shown by the vertical
dashed lines.

atoms above the chip, the absorption spectra are obtained
by measuring the transmitted NOR signal. The absorption
spectra of two isotopes of rubidium atom, i.e., 85Rb and
87Rb, which have been extensively investigated in quan-
tum information processing, atomic clock, and precision
measurement [42,44–46], are studied when the frequency
of NOR matches their D2 transition lines [Fig. 4(b)].

The phase-matching-free nature of NOR allows broad-
band scanning of the spectrum by simply tuning the tele-
com resonant mode, which otherwise would be difficult
for SHG between guided modes and requires an additional
chip-fiber or chip-to-free-space coupling apparatus. The
microring cavity is finely tuned to match the transition line
around 780.25 nm by an off-chip heater. We choose device
B to detect the transmission spectra due to its lower Q
factor and larger linewidth of the resonance mode, which
helped to cover the transition lines. The normalized trans-
mission spectra in Fig. 4(d) show four dips that could be
identified as the transitions of 85Rb and 87Rb by compari-
son to the reference saturated absorption spectrum (SAS)
[Fig. 4(c), measured in another system specially built for
probing SAS with the same cell]. By gradually changing
the temperature of the heater [Fig. 4(d)], the NOR peak
shifted step by step, which indicates the tunability and
controllability of NOR in spectroscopy.

In the current device, the performance of the gas sen-
sor is limited by the radiation efficiency. As verified by
the two devices in Fig. 3(a), the NOR efficiency of SHG
scales quadratically with the Q of microring modes. There-
fore, we expect a higher NOR efficiency in LN micro-
cavities with higher Q. For a state-of-the-art Q > 107,
the radiation efficiency from the whole microring reaches
106 pW/mW2, i.e., approximately 10% of the intracavity
energy is radiated through NOR for Ppump = 100 mW, is

predicted. Therefore, the NOR holds the potential for prac-
tical applications, to realize high-precision spectroscopy
and sensing [47,48], as well as optical clock by referencing
atomic transitions [42,44].

VI. CONCLUSION

In conclusion, the nonlinear optical radiation of inte-
grated photonic devices is theoretically and experimentally
revealed by investigating the free-space second-harmonic
radiation of LN microring cavities. The nonlinear opti-
cal radiation and its reversal free-space-to-chip nonlin-
ear frequency conversion are verified. It is worth not-
ing that second-harmonic radiation from guided modes
into unguided modes has been observed in bulky waveg-
uides decades ago [49], which is also known as Cerenkov
second-harmonic radiation. However, its mechanism is dif-
ferent from our work, because the Cerenkov radiation
and the traveling-wave pump should satisfy the phase-
matching condition. Due to the enhanced nonlinear optical
interactions for integrated devices, the NOR is signifi-
cant and universal and can be extended to other nonlinear
optical processes and materials. Therefore, the mechanism
not only promises applications for interfacing free space
and photonic chips, but is also appealing for more careful
investigation and design of photonic devices, especially for
quantum devices and precision measurement instruments,
in which the nonlinear optical radiation might introduce
non-negligible and unavoidable noise photons.

ACKNOWLEDGMENTS

This work is funded by the National Key Research and
Development Program (Grant No. 2018YFA0306200), the
National Natural Science Foundation of China (Grants No.
11874342, No. 11904316, No. 11922411, No. 12104441,
No. 11934012, No. 91850107, No. 12174116, and No.
U21A6006), Anhui Provincial Natural Science Founda-
tion (Grants No. 2008085QA34 and No. 2108085MA22),
Guangdong Innovative and Entrepreneurial Research
Team Program (Grant No. 2016ZT06C594), Science and
Technology Project of Guangdong (2020B010190001). It
is also supported by the Fundamental Research Funds for
the Central Universities, USTC Research Funds of the
Double First-Class Initiative, and the State Key Labora-
tory of Advanced Optical Communication Systems and
Networks, China. This work is partially carried out at
the USTC Center for Micro and Nanoscale Research and
Fabrication.

APPENDIX A: NONLINEAR OPTICAL
RADIATION OF THE χ(2) CAVITY

1. Interaction Hamiltonian

We consider the three-wave mixing between two
localized cavity modes a1,2 on a photonic chip and the
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continuous modes bk in free space, with k denoting the
wave vector of the continuous mode. The fields of these
modes are quantized as

Ej (r, t) = ajψj (r)e−iωj t + a†
jψ

∗
j (r)e

iωj t, (A1)

Ek(r, t) = ε̂kεkbke−iωkt+ik·r + ε̂kεkb†
keiωkt−ik·r, (A2)

where ε̂k is the polarization of the k wave (ε̂k · k = 0), and
the fields ψj (r) and εk fulfill the normalization condition

ε0

∫
ε(r)|ψj (r)|2dr = �ωj

2
, (A3)

ε0ε
2
kV = �ωk

2
, (A4)

where ε0 is the vacuum permittivity, ε(r) is the relative per-
mittivity, V is the volume of quantization, and ωk/|k| = c.
The nonlinear interaction is induced by the χ(2) nonlinear
susceptibility tensor, with an interaction Hamiltonian of

H = 1
2

∫
E(r) · Dnl(r)dr,

= 1
2
ε0

∫
E(r) · [χ(2)(r) · E(r)E(r)]dr. (A5)

Here the electric field E(r) = E1(r, t)+ E2(r, t)+
Ek(r, t), is the nonlinearity-induced electric displacement
vector.

By substituting the electric field into Eq. (A5) and dis-
carding the high-frequency term, we arrive at the interac-
tion Hamiltonian describing the sum-frequency generation
of the two guided modes to the space mode

Hnl =
∑

k

3
2
ε0

∫
χ(2)(r)ψ1(r)ψ2(r)ε̂kεk

× e−i(2ωa−ωk)t−ik·rdra2b†
k + h.c.

=
∑

k

gka1a2b†
ke−i(ω1+ω2−ωk)t

+ g∗
ka†

1a†
2bkei(ω1+ω2−ωk)t. (A6)

For an isotropic nonlinear response χ(2) of the microcavity
dielectric material, we have

gk = 6
2

√
�ωkε0

2V

∫
χ(2)ψ1(r)ψ2(r)ε̂k,le−ik·rdr,

=
∫
χ(2)gk(r)ε̂k,le−ik·rdr. (A7)

2. Microring cavity

For rotational-symmetric microring resonator, we trans-
form the wave vector and position to the sphere coor-
dinate and cylindrical coordinate by k = (

kx, ky , kz
) =

(ksinθkcosφk, ksinθksinφk, kcosθk) and r = (rcosφr,
rsinφr, h), respectively. Due to the rotational symmetry of
the ring cavity, we have

ψj (r) = Ej (r, h) eimj φr , (A8)

where mj is the mode index, which represents the orbit
angular momentum. Then, for mode a1,2 with a similar
transverse distribution, E1 ≈ E2 and

gk = 6
2

√
�ωkε0

2V
χ(2)

∫∫∫
E2 (r, h) rdrdhdφr

× ei(m1+m2)φre−i(kxrcosφr+ky rsinφr+kzh). (A9)

For simplicity, we make another approximation that mode
a has a uniform distribution, i.e., Ej (r, h) = E0. According
to the normalization condition

ε0εa

∫
rdrdhdφrE2

j = �ωj

2
, (A10)

we have

E2
0 = �ωa

4πε0εaRS
, (A11)

for w � R, with R and S being the radius of the ring and
mode area of the cross section, respectively. The coupling
strength approximates to

gk = 6
2

√
�ωkε0

2V
χ(2)

∫∫∫
E2 (r, h) rdrdhdφr

× ei(m1+m2)φre−i(kxrcosφr+ky rsinφr+kzh)

= 6
2

√
�ωkε0

2V
χ(2)E22πe−i(m1+m2)π/2ei(m1+m2)φk

(
1 − e−ikzh)

× 1
ikz

∫ R+w

R
rdrJ−(m1+m2)

(−ksinθkr
)
. (A12)

3. Radiation power

Denoting A = a1a2, ωA = ω1 + ω2 and mA = m1 + m2,
the interaction Hamiltonian has a simple form

Hnl = �

∑

j

∫
dkgj (k)Ab†

ke−i(ωA−ωk)t + h.c. (A13)

Following the standard treatment in quantum optics, we
denote the cavity as the desired system and the contin-
uum of modes as a reservoir. The density matrices of
the whole system, cavity and reservoir are ρAR, ρA, and
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ρR, respectively. The dynamics follow the Schrodinger
equation

d
dt
ρAR = − i

�
[Hnl, ρAR (t)] , (A14)

with a solution of

ρAR (t) = ρAR (t0)− i
�

∫ t

t0

[
Hnl

(
t′
)

, ρAR
(
t′
)]

dt′. (A15)

Submit the solution back to the Schrodinger equation

d
dt
ρAR = − i

�

[
Hnl

(
t′
)

, ρAR (t0)
]

− 1
�2

∫ t

t0

[
Hnl (t) ,

[
Hnl

(
t′
)

, ρAR
(
t′
)]]

dt′. (A16)

For weak system-reservoir interactions, the correlation
between the system and reservoir can be neglected, thus
the Born approximation could be applied as

ρAR (t) = ρA (t)⊗ ρR (t0) . (A17)

Under the Markov approximation, the dynamics of the
system can be derived as

d
dt
ρA (t) = − i

�
TrR [Hnl (t) , ρA (t0)⊗ ρR (t0)]

− 1
�2 TrR

∫ t

t0

[
Hnl (t) ,

[
Hnl

(
t′
)

, ρA (t)

⊗ρR (t0)]] dt′. (A18)

Submit Eqs. (A13)–(A18), then

d
dt
ρA (t) = −

∑

j

∫
dt′dk|gk,j |2

[
A†AρA(t′)− AρA

(
t′
)

A†]

× ei(ωA−ωk)(t−t′) + h.c. (A19)

Here,

gk = 6
2

√
�ωkε0

2V
χ(2)E2 1

ikcosθk

(
1 − e−ikcosθkh) (A20)

× e−imAπ/2eimAφk 2π
∫ R+w

R
rdrJ−mA

(−ksinθkr
)
,

and

|gk|2 = (2π)2
36�ωkε0

8V
χ(2)2E4 1

k2cos2θk

∣∣1 − e−ikcosθkh
∣∣2

×
[∫ R+w

R
rdrJ−mA (−ksinθkr)

]2

. (A21)

The integration over k is taken by

∑

j

∫
dk → 2V

(2π)3

∫ 2π

0
dφk

∫ π

0
dθksinθk

∫ ∞

0
dkk2

(A22)

→ 2V
c3(2π)3

×
∫ 2π

0
dφk

∫ π

0
dθksinθk

∫ ∞

0
dωkω

2
k . (A23)

Then, the total decay rate is derived as

κ = 9ε0ωA

2πc
χ(2)2E4

∫ 2π

0
dφk

∫ π

0
dθk

sinθk

cos2θk

×∣∣1 − e−iωAcosθkh/c
∣∣2

[∫ R+w

R
rdrJ−mA

(−ωAsinθkr/c
)]2

= 9ε0ωA

c
χ(2)2E4

∫ π

0
dθk

sinθk

cos2θk

∣∣1 − e−iωAcosθkh/c
∣∣2

×
[∫ R+w

R
rdrJ−mA

( − ωAsinθkr/c
)]2

≈ 9�2ω2
aωAw2χ(2)2

16π2cε0ε2
aA2

∫ π

0
dθk

sinθk

cos2θk

∣∣1 − e−iωAcosθkh/c
∣∣2

× [
J−mA

( − ωAsinθkR/c
)]2 . (A24)

For a selected solid angle of k, we just change the integra-
tion range of θk. Then, the power of the radiation field is
derived as

Prad = 2�ωAκ|α1α2|2. (A25)

In our experimental setup, we use an objective lens to
collect NOR, and the collected power can be estimated as

Pcol = πr2

2πRw
P

′
rad, (A26)

where r is the radius of the collection area and w is the
width of the microring. P

′
rad is the radiation power within

a certain degree corresponding to the NA of the collective
lens, which can be numerically calculated by changing the
range of integration in Eq. (A24).
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APPENDIX B: LN WITH ANISOTROPIC
NONLINEAR RESPONSE

The response of the polarizability due to χ(2) in lithium
niobate is written as

⎛

⎝
Px
Py
Pz

⎞

⎠ = 2 ×
⎛

⎝
0 0 0 0 d31 −d22

−d22 d22 0 d31 0 0
d31 d31 d33 0 0 0

⎞

⎠

×

⎛

⎜⎜⎜⎜⎜⎜⎝

E2
x

E2
y

E2
z

2ExEy
2EzEx
2ExEy

⎞

⎟⎟⎟⎟⎟⎟⎠
, (B1)

which leads to an interaction energy

Unl = ε0

2

∑

j ∈{x,y,z}
Ej · Pj

= ε0
[
2Ex

(
d31EzEx − d22ExEy

)

+ Ey

(
−d22E2

x + d22E2
y + 2d31ExEy

)

+ Ez

(
d31E2

x + d31E2
y + d33E2

z

) ]

= ε0
[
3d31E2

x Ez − 3d22E2
x Ey + d22E3

y

+ 2d31ExE2
y + d31E2

y Ez + d33E3
z

]
. (B2)

This inhomogeneous response leads to an interaction
strength of

gk,j = 1
2
ε0

√
�ωk

2ε0V

∫
dre−ik·r

[
3d31

(
2uxuz ε̂k,x + u2

x ε̂k,z
)

− 3d22
(
2uxuy ε̂k,x + u2

x ε̂k,y
)

+ 3d22u2
y ε̂k,y + 2d31

(
2uxuy ε̂k,y + u2

y ε̂k,x

)
.

+d31

(
2uyuz ε̂k,y + u2

y ε̂k,z

)
+ 3d33u2

z ε̂k,z

]
. (B3)

Considering all the continuous modes in free space, the
total interaction Hamiltonian is written as

Hnl =
∑

j ∈{1,2}

∫
dkgka1a2b†

ke−i(ω1+ω2−ωk)t + h.c.

= 1
2
ε0

∫ ∫
dkdr

√
�ωk

2ε0V
e−ik·ra1a2b†

ke−i(ω1+ω2−ωk)t

× [
3d31

(
2uxuz ε̂k,x + u2

x ε̂k,z
)

− 3d22
(
2uxuy ε̂k,x + u2

x ε̂k,y
)

+ 3d22u2
y ε̂k,y + 2d31

(
2uxuy ε̂k,y + u2

y ε̂k,x

)

+d31

(
2uyuz ε̂k,y + u2

y ε̂k,z

)
+ 3d33u2

z ε̂k,z

]
. (B4)

The term inside the square bracket can be denoted as
gj (k, r) together with 1

2ε0
√

�ωk/2ε0V, then the Hamilto-
nian can be rewritten as

Hnl =
∑

j ∈{1,2}

∫ ∫
dkdre−ik·rgj (k, r)

× a1a2b†
ke−i(ω1+ω2−ωk)t + h.c. (B5)

For a rotational symmetric ring resonator, the vectors k =(
kx′ , ky ′ , ky ′

)
and r = (

x′, y ′, z′) can be transformed to the
polar coordinate k = (ksinθkcosφk, ksinθksinφk, kcosθk)

and cylindrical coordinate r = (rcosφr, rsinφr, h). Here,
the coordinate

(
x′, y ′, z′) might be different from the

(x, y, z) according to the crystal orientation. The field dis-
tribution u(r) of mode a can be decomposed to an invariant
distribution u0 in the cross section and an angle-dependent
phase eimφr by u(r) = u0φ̂eimφr , with m being the angular
momentum number. In the cross section,

ux′ = eimφr
(
u0,x′cosφr − u0,y ′sinφr

)
, (B6)

uy ′ = eimφr
(
u0,y ′cosφr + u0,x′sinφr

)
, (B7)

uz′ = eimφru0,z′ . (B8)

For the plane wave in free space, there are two polar-
izations, with the electric field perpendicular to k. These
two polarizations are derived independently, denoted as
gk,1 and gk,2, respectively. According to the wave vector
k = (ksinθkcosφk, ksinθksinφk, kcosθk), we can derive the
vector of the two polarizations as

e1 = (−cosθkcosφk, −cosθksinφk, sinθk) , (B9)

e2 = (sinφk, −cosφk, 0) , (B10)

where the e1 lies in the plane spanned by k and the z′ axis,
and the two polarization modes share the same field ampli-
tude ε = √

�ωk/2ε0V in directions e1 and e2. We should
transform our coordinate to align the crystal by

⎛

⎝
x
y
z

⎞

⎠ =
⎛

⎝
0 0 1
0 −1 0
1 0 0

⎞

⎠

⎛

⎝
x′
y ′
z′

⎞

⎠ . (B11)
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Then we have the vector

k = (ksinθkcosφk, ksinθksinφk, kcosθk) , (B12)

e1 = (sinθk, cosθksinφk, −cosθkcosφk) , (B13)

e2 = (0, cosφk, sinφk) . (B14)

The electric fields fulfill the transformation (up to a phase
eimφr)

ux = e2imφru0,x, (B15)

uy = e2imφr
(
u0,ycosφr − u0,zsinφr

)
, (B16)

uz = e2imφr
(
u0,zcosφr + u0,ysinφr

)
, (B17)

and
⎛

⎝
u0,x
u0,y
u0,z

⎞

⎠ =
⎛

⎝
0 0 1
0 −1 0
1 0 0

⎞

⎠

⎛

⎝
u0,x′
u0,y ′
u0,z′

⎞

⎠ . (B18)

Therefore,

ux = eimφru0,z′ (B19)

uy = eimφr
(−u0,y ′cosφr − u0,x′sinφr

)
(B20)

uz = eimφr
(
u0,x′cosφr − u0,y ′sinφr

)
. (B21)

Then we can derive the nonlinear coupling rate g(k, r) for
each polarization mode as

g1(k, r) = 1
2
ε0

√
�ωk

2ε0V
e−i(ω1+ω2−ωk)tei(m1+m2)φr

[
3d31

[
2u0,z′

(
u0,x′cosφr − u0,y ′sinφr

)
sinθk

+ u2
0,z′ (−cosθkcosφk)

]

− 3d22
[
2u0,z′

(−u0,y ′cosφr − u0,x′sinφr
)

sinθk

+ u2
0,z′cosθksinφk

]

+ 3d22
(−u0,y ′cosφr − u0,x′sinφr

)2 cosθksinφk

+ 2d31
[
2u0,z′

(−u0,y ′cosφr − u0,x′sinφr
)

× cosθksinφk

+ (−u0,y ′cosφr − u0,x′sinφr
)2 sinθk

]

+ d31
[
2

(−u0,y ′cosφr − u0,x′sinφr
)

× (
u0,x′cosφr − u0,y ′sinφr

)
cosθksinφk

+ (−u0,y ′cosφr − u0,x′sinφr
)2
(−cosθkcosφk)

]

+ 3d33
(
u0,x′cosφr − u0,y ′sinφr

)2

× (−cosθkcosφk)

]
. (B22)

g2(k, r) = 1
2
ε0

√
�ωk

2ε0V
e−i(ω1+ω2−ωk)tei(m1+m2)φr

[
3d31u2

0,z′sinφk − 3d22u2
0,z′cosφk

+ 3d22
(−u0,y ′cosφr − u0,x′sinφr

)2 cosφk

+ 2d31
[
2u0,z′

(−u0,y ′cosφr − u0,x′sinφr
)

cosφk
]

+ d31
[
2

(−u0,y ′cosφr − u0,x′sinφr
)

× (
u0,x′cosφr − u0,y ′sinφr

)
cosφk

+ (−u0,y ′cosφr − u0,x′sinφr
)2 sinφk

]

+ 3d33
(
u0,x′cosφr − u0,y ′sinφr

)2 sinφk

]
.

(B23)

For the TE mode, we have the most electric field oscillating
in the x direction for φr = 0, thus u0,z′ , u0,y ′ ≈ 0, and

g1(k, r) = 1
2
ε0

√
�ωk

2ε0V
e−i(ω1+ω2−ωk)tei(m1+m2)φre−ik·r

[
3d22sin2φrcosθksinφk + 2d31sin2φrsinθk

− d31 (2sinφrcosφrcosθksinφk

+ sin2φrcosθkcosφk
)

−3d33cos2φrcosθkcosφk
]

u2
0,x′ . (B24)

g2(k, r) = 1
2
ε0

√
�ωk

2ε0V
e−i(ω1+ω2−ωk)tei(m1+m2)φre−ik·r

[
3d22sin2φrcosφk + d31

(−2sinφrcosφrcosφk

+ sin2φrsinφk
) + 3d33cos2φrsinφk

]
u2

0,x′ .
(B25)

Considering that the d33 of LN is much larger than d22 and
d31, the local coupling rates of the two polarizations reduce
to

g1(k, r) = −3
2
ε0

√
�ωk

2ε0V
e−i(ω1+ω2−ωk)tei(m1+m2)φre−ik·r

× d33cos2φrcosθkcosφku2
0,x′ , (B26)

g2(k, r) = 3
2
ε0

√
�ωk

2ε0V
e−i(ω1+ω2−ωk)tei(m1+m2)φre−ik·r

× d33cos2φrsinφku2
0,x′ . (B27)

For collection from the vertical direction, the local radiated
power is proportional to |gj (k, r)|2 according to Eqs. (A24)
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and (A25). Eventually, we have

Pout ∝ cos4φr, (B28)

which explains the observed radiation pattern in Fig. 2(b)
of the main text.

APPENDIX C: DEVICE PARAMETERS

1. Fabrication process

Device A is fabricated with 600-nm-thick x-cut thin-film
LN on a silica substrate (NanoLN). Device B is fabri-
cated with a 500-nm-thick x-cut thin-film LN on a sap-
phire substrate (NanoLN). The device patterns are defined
by a hydrogen silses-quioxane (HSQ) resist via electron-
beam lithography, and then transferred to LN through the
optimized Ar+-etching process by an inductively coupled
plasma reactive ion-etching (ICP RIE) tool. As shown in
Figs. 5(a) and 5(b), a thickness of 220 nm of LN is etched,
the angle of the waveguide sidewall is around 55◦. For
device A, the radius of the microring is 100 µm, and the
widths of the coupling waveguide and microring cavity
are both 3 µm. The coupling gap between the waveguide
and microring is about 1160 nm. For device B, the radius
of the microring is 70 µm, and the widths of the cou-
pling waveguide and microring cavity are 1.72 and 1.8 µm,
respectively. The coupling gap between the waveguide and
microring is about 600 nm.

We use fiber lens to inject the laser into the chip, the
on-chip devices could be characterized, with an estimated
single-side coupling efficiency of 15.6%. The cavity trans-
mission spectra as well as the fitting results of devices A
and B are plotted in Figs. 5(c) and 5(d). The loaded Q
factors of devices A and B are 8.05 × 105 and 6.99 × 104,
respectively. We measure the dependence of loaded qual-
ity factor on the coupling gap on by arrays of devices

and confirm that both device A and device B are in the
undercoupled regime. Therefore, their intrinsic Q factors
are deduced to be 2.11 × 106 and 1.85 × 105.

2. Transmission and NOR spectra

With the optical setup shown in the main text, the NOR
is collected by an objective lens with a NA = 0.42 and a
working distance around 2 cm. In Figs. 2(d) and 2(e), we
show the NOR signal as well as the transmission spectra
of device A. It should be noted that the mode numbers
in Fig. 2(e) is about 5 times greater than the peak num-
bers in Fig. 2(d). As shown in Fig. 6(a), we cascade five
microrings coupled with the same straight bus waveguide.
The five microrings vary slightly in the radius and width of
the coupling gap. In this way, resonance modes of different
microrings would not overlap with each other, while they
have nearly the same free spectra range FSR ≈ 1.62 nm in
the telecom band [marked with blue arrows in Fig. 6(c)].
In our experiment, we collect only the signal of a small
part of one microring [blue circle in Fig. 2(b)] from the
objective lens. The distance between adjacent microrings
is large enough, so that the NOR signal from the other
four microrings would not be collected. Thus, we observe
five dips in the transmission spectrum and one peak in the
NOR signal spectrum within one FSR, as shown clearly in
Figs. 6(b) and 6(c).

The visible input laser used for inducing DFG is
generated by a PPLN frequency doubler pumped by
a continuous-wave telecom laser. A half-wave plate is
applied to control the polarization of visible pump, which
could tune the nonlinear interaction to match the strongest
nonlinear susceptibility d33 by optimizing the signal of
DFG.

3 μm

600-nm LN 380 nm

2-μm SiO2

525-μm Si

55°

(a)

+x

1.8 μm

500-nm LN 280 nm

650-μm sapphire

55°

(b)

+x

1552.13 1552.14

0.0

0.5

1.0

1546.76 1546.81

0.0

0.5

1.0
(c) (d)

= 8.05 × 105

,0 = 2.11 × 10
6

,1 = 1.30 × 10
6

= 6.99 × 104

,0 = 1.85 × 10
5

,1 = 1.12 × 10
5

FIG. 5. (a),(b) Cross sections of devices A and B, which are fabricated with x-cut thin-film LN on different substrates. (c),(d)
Transmission spectra and corresponding fitting results of devices A and B, respectively.
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100 μm

FIG. 6. (a) Microscope image of device A. (b),(c) NOR signal
and corresponding transmission spectra. The blue and red arrows
represent the FSR of device A in the telecom band.
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