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Wavefronts modulated by a discrete-phase-sampling lens, such as a spatial light modulator or a digital
micromirror device, can be brought into focus after propagating through a random medium. Such tech-
niques are a cornerstone for wave manipulations in multiple scattering environments. In this work, we
examine prevailing focusing protocols, including matched filtering and inverse filtering, from the perspec-
tive of focus quality, which is defined as the contrast between the energy delivered to the focal peak and
the total transmitted energy. Our results show that conventional protocols have limitations in achieving
the best focus quality. Based on these analyses, we present an improved wavefront-shaping protocol that
directly prioritizes focus quality. The influence of phase sampling resolutions is also analyzed in con-
junction with these focusing protocols. Our results can merit the future design and implementation of
intelligent lenses, which may potentially benefit various disciplines such as energy delivery, imaging, and
communication.
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I. INTRODUCTION

Focusing of waves such as light, microwaves, and sound
is one of the foundations of wave-based applications.
Focusing is also closely related to imaging techniques.
It is widely believed that the generation of a focal spot
merely requires the modulation of an impinging wavefront
such that the wavefield constructively interferes at a des-
ignated point. Such a goal is relatively simple to achieve
in free space with a lens made of a homogenous piece
of material with curved surfaces. Thanks to the develop-
ment of various multiple-scattering wave techniques such
as time reversal of waves and wavefront/wavefield shap-
ing [1–4] together with the hardware components, i.e.,
tunable lenses such as time-reversal mirrors [5–7], spatial
wave modulators (SWMs) [8–10], and digital micromirror
devices, it is now even possible to focus a wave through
or inside a disordered, random medium [2,11–13]. Such a
breakthrough benefits a wide range of applications, e.g.,
energy storage and delivery [14–17], wireless communi-
cation [18–21], ultrasound sensing and imaging [22–25],
reverberation control [10,26,27], and optical computing
[28,29].

All these applications can benefit from higher focus
quality. The ideal focus means that the wave energy is
delivered entirely to the designated location but vanishes
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elsewhere. In other words, focusing is not only the con-
centration of waves at a desirable location but also their
removal from the background. However, this ideal situ-
ation can never happen in ordinary media because any
incoming waves must interfere with diverging waves, and
the outcome is a diffraction-limited hotspot accompanied
by sidelobes. For focusing through a random medium,
there is an additional constraint originating from the limi-
tation of spatial sampling, i.e., most of the tunable lenses
applied can only modulate the phase or amplitude of a
wavefront in discretized steps. Therefore, the rasterized
phase and amplitude profiles inevitably deviate from the
ideal, smooth profile, which generates an unfocused wave-
field that contaminates the background and, hence, lowers
the focus quality. Despite the extensive research in focus-
ing through random media, so far there have been few
studies on the focus quality generated through a random
medium.

In this work, we investigate how the discrete-phase-
sampling (DPS) process of tunable lenses affects the focus
quality. A numerical model is developed to simulate the
focusing process with DPS lenses (DPSLs) through ran-
dom media in a two-dimensional (2D) configuration. We
first study focusing in free space as an example, then
dive into the problem of focusing through random media.
Prevailing focusing protocols, including matched filter-
ing (MF, which in our case corresponds to both wave-
front shaping and phase conjugation) and inverse filter-
ing (IF), are studied comprehensively and compared at
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different phase sampling resolutions. In addition, an alter-
native technique called contrast-based wavefront shaping
(CWFS) is proposed for achieving the highest focus qual-
ity. Our study is based on a 2D scalar-wave model, mak-
ing it directly applicable to acoustics and ultrasound, in
which one-dimensional (1D) transducer arrays are com-
mon. However, the model can in principle be adapted to
other types of waves and three-dimensional (3D) config-
urations upon additional modifications. It also provides
benchmarks for the design and evaluation of modern tun-
able lenses as well as their performances with various
multiple-scattering techniques, and suggests a simple yet
robust protocol that can go beyond conventional limita-
tions and maximize focus quality.

II. FOCUS QUALITY OF FRESNEL AND DPS
LENSES IN FREE SPACE

First, we demonstrate the deterioration of focus qual-
ity by DPSLs using a simple example in free space. Our
configuration is to use a Fresnel lens with aperture D
to generate one focal spot at a distance f with a 2D
plane wave, as shown in Fig. 1(a). The working principle
of the Fresnel lens is to compensate the phase differ-
ences between all positions on the incident wavefront to
the focal spot, which is chosen to be (x, z) = (0, f ). The
phase differences are given by k

(√
f 2 + x2 − f

)
, where

k = 2π/λ is the wavenumber for the considered wave-
length λ. The ideal phase profile for the lens is, thus,
θ(x) = −k

(√
f 2 + x2 − f

)
, and is plotted as the red line

in Fig. 1(b). Numerically, we use the Huygens-Fresnel
principle [30,31] to generate the modulated wavefield, i.e.,
each point at the incident plane (z = 0) acts as a sec-
ondary point source. The wavefield in the focal plane is
then calculated by combining all the wavefields induced by
the secondary waves. Because our model is 2D, the point
sources emit cylindrical waves described by the Hankel
function. Because we observe at the far field, it is replaced
by the asymptotic form to simplify the computation [32].
The propagation in free space between the lens and the
focal plane is connected by a matrix

Pf = F(f )Pi, (1)

where Pi and Pf are N × 1 vectors representing the wave-
field vectors at the incident and focal plane, respectively,
and F(z) is a N × N matrix describing the propaga-
tion in free space. Its entries are given by Fmn(z) =(

d/
√

iλ
) (

eikrmn/
√

rmn
)
, where rmn =

√
z2 + [(n − m)d]2,

m, n = 1, . . . , N , and d = D/N is the spatial pitch between
two adjacent points.

The intensity distribution |P(x)|2 obtained at the focal
plane is shown in Fig. 1(c). To evaluate the focus quality
Q, which is defined as the ratio between the focused energy

and the total energy delivered to the focal plane,

Q = ∫x2
x1

|P(x)|2dx

∫D/2
−D/2 |P(x)|2dx

, (2)

where P(x) is the wave distribution at the focal plane,
that is numerically sampled by the vector Pf , and x1, x2
are given by the width of the main peak. Here, the sys-
tem parameters are λ = 0.2 m, f = 10 m, D = 9.9 m, and
dx = d = 0.02 m is the spatial resolution in our numer-
ical calculation. The spatial resolution is fine enough to
obtain precise wavefields. The maximum possible value of
Q value is one, which means all wave energy is delivered
to a focal peak. Using Eq. (2), the ideal Fresnel lens cre-
ates a focus with Q ≈ 0.87. This value is due to the fact
that, in free space, focal spot formed by waves is always
accompanied by sidelobes caused by the interference, and
some energy is delivered to the sidelobes instead of the
main focal peak.

For DPSLs, however, the focus qualities deteriorate
from this optimal value. The black and green lines in
Figs. 1(b) and 1(c) plot the phase profiles and correspond-
ing focusing distributions of a 2-phase DPSL, i.e., a binary
phase-modulating DPSL, and a 36-phase DPSL, based on
the phase profile of the Fresnel lens. The focus quality for
the 2-phase DPSL is reduced to Q ≈ 0.63. The deterio-
ration is clearly visible in Figs. 1(c) and 1(e): not only
are the sidelobes around the focal spot larger, but the
background is also contaminated (detailed derivations are
demonstrated in Appendix A). The deterioration is clearly
due to nonideal phase profile caused by the sparse phase-
sampling resolution, denoted p. When p is sufficiently
large, e.g., p = 36, the background is much cleaner and
the focus profile is nearly indistinguishable from the ideal
Fresnel lens, as shown in Figs. 1(c) and 1(f). In Fig. 1(d),
the focus quality Q is plotted as a function of p. It is seen
that Q first increases with p then saturates around p = 8.

III. FOCUS QUALITY OF DPS LENSES THROUGH
RANDOM MEDIA

Next, we continue to use the 2D numerical model
to investigate the focus quality by DPSLs through ran-
dom media. To focus through random media, multiple-
scattering techniques and DPSLs are necessary. The con-
figuration is similar to that of the free space, and it is shown
schematically in Fig. 2(a). The multiple-scattering region
(gray) is placed between the DPSL (green) and a region of
free space (blue). The propagation of an impinging plane
wave goes through three steps: first, it receives the phase
modulation by the DPSL; second, the modulated wave
enters the random medium and experiences multiple scat-
tering; third, the wave that exits from the random medium
(the exit plane is defined as z = 0) propagates through a
distance in free space, then creates a hot spot at the targeted
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FIG. 1. Focusing with a Fresnel lens in free space. (a) Schematic of the configuration. The blue and green regions represent free
space and lens, respectively, and the red circle marks the focal spot. A plane wave (yellow arrows) impinging upon the lens receives
phase modulations and creates a focus at the focal spot. (b) The phase profiles of an ideal Fresnel lens (red) and DPSLs with phase
resolutions p = 2 (black) and p = 36 (green). (c) The normalized one-dimensional (1D) intensity distributions |P(x)|2 at the focal
plane by ideal and DPS Fresnel lenses with different p. (d) Focus quality Q achieved with different p. The x axis is in a logarithmic
scale with base 2. (e) The normalized two-dimensional (2D) amplitude field of a 2-phase DPSL. (f) The normalized 2D amplitude field
of a 36-phase DPSL. The focal length is chosen as f = 10 m, and the aperture width is D = 9.9 m.

focal spot (0, f ). This process is represented by

Pf = F(f )KPi = HPi, (3)

where F(f ) is the matrix representing the propagation in
the free space, K is the transmission matrix for the ran-
dom medium, which is modeled using a random matrix
[11], H = F(f )K is the net propagator for the problem
(the numerical details are described in Appendix B). The
physical parameters are the same as the free space model:
λ = 0.2 m, f = 10 m, and D = 9.9 m. We do not consider
the thickness of the random medium as well as the lens
because, for our configuration, the diffraction properties
of a focusing are determined by the propagation distance
after the random medium and its aperture [33]. To avoid
correlations among DPSL pixels in lateral dimension, the
spatial pitch between adjacent pixels is chosen to be half
the wavelength, i.e., d = λ/2 = 0.1 m [14,34], then the
dimension of the matrices and vectors is N = D/d = 99.
The degrees of freedom of the modulation, i.e., the num-
ber of controllable pixels in a lens is therefore the same
as the matrix’s dimension N. The K matrices are gener-
ated such that the singular value distributions follow the

quarter-circle law, indicating no correlation among matrix
elements. This is achieved by downsampling a 990 × 990
full transmission matrix to 99 × 99 [35] which shifts from
bimodal eigenvalue statistics (of K†K) [11,36] to quarter-
circle singular value statistics (of K) [8,37]. Physically, this
setting describes focusing scenarios wherein only a small
part of the information is accessible due to the limited
aperture, such as focusing through a slab of white paint
or biological tissues. Thus, the pixels on the DPSL inde-
pendently control different sets of scattering channels, and
the controlled channels are uncorrelated with each other.
(Focusing through random media with bimodal transmis-
sion distributions is also investigated, and similar results
are obtained. See Appendix C.)

A. Matched filtering and inverse filtering

The focal spot is generated using three different proto-
cols. The first is the MF that only maximizes the local
field at the focal spot [1]. The second is the IF that
manages to focus by constructing an inverse propaga-
tor to retrieve the optimal focus pattern [38]. The third
is called contrast-based wavefront shaping (CWFS). It
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FIG. 2. Focusing through random media. (a) Schematic drawing of the configuration. The blue, gray, and green regions represent
free space, random medium, and the DPSL, respectively. (b) Focus quality Q as functions of phase resolution p for different focusing
protocols. Orange, blue, and green circles represent matched filtering (MF), inverse filtering (IF), and contrast-based wavefront shaping
(CWFS), respectively. The number of iterations for CWFS here is 10. The dashed black line indicates the focus quality achieved by
the Fresnel lens in free space (Q ≈ 0.87). The results are averaged over 1000 realizations, and the standard deviations in the data are
indicated by the error bars. The focal length is chosen as f = 10 m, and the aperture is D = 9.9 m.

is a protocol modified from the conventional wavefront
shaping (WFS), which has an adjusted optimization goal
to favor better focus quality. The average focus quali-
ties of these three protocols are obtained with different
phase sampling resolutions p, as plotted in Fig. 2(b). For
all protocols, the focus qualities increase with p until
they plateau. Figure 2(b) also suggests that, for practical
purposes, p = 8 or 10 would already be quite sufficient
because the performance gained by having even higher p is
minuscule.

Next, we analyze the performances of these proto-
cols. MF can be achieved by two seemingly distinctive
approaches. The first is conventional WFS [3], an itera-
tive optimization process that requires the measured local
field at the focal spot as feedback for the DPSL to achieve
a desirable phase modulation. The second is phase con-
jugation (PC) [34], which is based on spatial reciprocity.
The first step of PC is to treat the focal spot as a source
that sends a wave which is measured at the lens plane.
This propagation is described by the matrix QPC = KTFT,
which is the backward propagator. In the second step, the
measured field is phase-conjugated and sent back from the
incident plane. Because our DPSL only modulates phases,
only the phase profile is taken, which reads Pi = eiφPC and

φPC = arg(Q∗
PC�), (4)

where � = (0, . . . , 1, . . . , 0)T represents the initial wave
sent at the focal spot. For a DPSL, φPC is further sam-
pled to the nearest available phase at all pixels. Despite
the procedural differences between WFS and PC, they
both equivalently generate a spatial matched filter for the
incident wave, hence they achieve the same outcome, as

plotted in Figs. 2(b) and 3(a). Because MF only concerns
the amplitude at the focal spot but not the entire field in the
focal plane, it is not optimal when the focus quality Q is
an important criterion.

The second protocol is the IF, and it achieves better
focus quality. The process of IF is similar to PC. The focal
spot described by � is also treated as a source, and the
backward propagator to the lens plane is QIF. Unlike PC,
IF constructs an inverse propagator by pseudoinversion
based on singular value decomposition. In short, the prop-
agator H is decomposed as H = UΣV†, where U and V
are N × N unitary matrices containing the singular vec-
tors of the propagator († denotes conjugate transpose),
and � is a rank-deficient diagonal matrix whose nonzero
elements σn are the singular values. The inverse propa-
gator is then numerically constructed by inversing all the
effective singular values (i.e., σn are reversed to σ−1

n and
form the matrix Σ̂−1) and reads QIF = VΣ̂−1U† (the read-
ers can refer to Refs. [1,38] for details of the process).
Tikhonov regularization is used to mitigate the numeri-
cal noise caused by the small singular values so that the
inversion process is numerically stable [34]. In short, QIF
is replaced by a mean-square optimized operator Q̄IF =
(H†H + μIN )−1H†, where μ is the variance of all the
redundant elements in U and V with small singular values
that do not contain information (i.e., the elements within
all singular vectors that correspond to a sufficiently small
singular value). The modulation is then obtained as Q̄IF�.
Although, in principle, both the amplitude and phase mod-
ulations are required for performing IF, we find that taking
only the phase information of Q̄IF� can also achieve
focusing with a contrast higher than the MF. Here, the
required modulation of a phase-modulating lens is given
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with MF (orange), IF (blue), and CWFS (green). (b)–(d) The normalized 2D amplitude fields of focusing with (b) MF, (c) IF, and (d)
CWFS. The number of iterations for CWFS here is 10. The results are produced by 36-phase DPSLs averaged over 1000 numerical
realizations.

by Pi = eiφIF , and

φIF = arg(Q̄IF�) = arg[(H†H + μIN )
−1

H†�]. (5)

Similar to PC, Pi is further sampled to the nearest avail-
able phase when passing through the DPSL. The outcome
of IF is consequently calculated by Eq. (3), and the result
is shown in Fig. 3(a). Therein, it is clearly seen that the
improved focus quality over MF is due to the suppression
of background, i.e., waves away from the focal spot. We
note that an ideal IF also modifies the amplitudes of the
incident wavefront. The results are shown and discussed in
Appendix D.

However, IF is still not optimal for focus quality. This
may sound surprising because if � is ideally reconstructed
in the focal plane, then we should automatically have Q =
1, which is the upper limit for Q. However, in reality, the
focal spot is always diffraction limited. As a result, IF also
needs to take care of minimizing peak width, and the price
is a lower contrast [38].

B. Contrast-based wavefront shaping

Here, we present an alternative method called CWFS.
As its name suggests, CWFS is based on the WFS, but it

has a different optimization objective. Instead of maximiz-
ing the amplitude at the focal spot, the algorithm directly
maximizes the contrast between the focal spot and the
average background, which is given by

q = |P(0)|
(1/D) ∫D/2

−D/2 |P(x)|dx
, (6)

where P(x) is the wave distribution at the focal plane.
Equation (6) is slightly different from the definition of Q.
This is because, prior to and during the optimization, the
protocol targeting Q does not know where the maximal
of the peak is, and it may generate a distorted focus to
maximize Q. Nevertheless, the CWFS produces the best
Q among all three protocols for all phase-sampling reso-
lutions, as shown in Fig. 2(b). The wavefields shown in
Fig. 3 further confirm this result, wherein CWFS clearly
gives the best result in terms of focus quality: a sharp
peak at the focal spot with the cleanest background. The
CWFS is superior even at the scarcest phase sampling reso-
lution (p = 2), as shown in Fig. 4. In this case, the average
focus quality Q ≈ 0.59, which is close to that achieved
in free space at same phase resolution (Q ≈ 0.63). It can
even exceed the free space Q when p ≥ 8, which implies
that with proper technique, the multiple scatterings of
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the random media can indeed benefit rather than hinder
high-quality focusing.

It is also observed in Fig. 2(b) that the performance of
CWFS saturates slower, suggesting that it benefits more
from a higher p counts compared with the other protocols.
This is because CWFS needs to correlate the focus spot

with the background, thus it demands more detailed con-
trol over the shaped wavefront. Hence CWFS can benefit
much more from the ability to access more degrees of free-
dom enabled by a higher p. This is implied in Eq. (6). The
CWFS essentially requires information on the entire wave-
field in the focal plane. The performance of the CWFS
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(orange), IF (blue), and CWFS (green), respectively. The black dashed line plots the initial level before any optimization. The amplitude
distribution of CWFS is tapered near the edges, indicating an aperture apodization effect. The number of iterations for CWFS here is
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thus also benefits from higher iteration times. This point
can be understood from Eq. (3). Although with similar
algorithms, only one iteration time is sufficient for WFS
to achieve the optimal outcome because it only measures
and optimizes the focal spot. (Here, one iteration refers to
examining all DPSL pixels for one round.) In other words,
it involves only one row of the propagator matrix H, with
each element independently relating to only one entry in
Pi, so that there are no correlations among the optimal
phase of each pixel. In contrast, CWFS optimizes the entire
wavefield vector, therefore, it engages the entire propaga-
tor. It follows that the optimal state of a particular pixel
is dependent on the states of other pixels. In an iterative
optimization scheme, this effect indicates that the outcome
can benefit from more rounds of optimizations, as shown
in Fig. 5(a), wherein the performance of CWFS increases
with iteration times and saturates around 10 rounds.

A closer look at the wavefield generated with CWFS
[Figs. 3(a), 3(d), 4(a), and 4(d)] reveals some intrigu-
ing aspects. First, the sidelobes are suppressed compared
to both MF and IF. This is related to the observation in
Fig. 5(b), that is, the wavefield exiting from the random
media, i.e., at z = 0, has a distinctive distribution along the
x direction. Therein, the wavefield optimized with CWFS
is weaker in amplitude near the boundaries at x = ±(D/2).
It then becomes that the CWFS drives the DPSL to
equivalently impose aperture apodization through random

media, which is an effective technique in reducing side-
lobes [39]. Closer examination shows that the focal peak
generated by CWFS is slightly increased in width [inset of
Fig. 3(a)], which is also consistent with the conventional
outcome of aperture apodization. In other words, the ran-
dom media are utilized to establish amplitude modulation
even the DPSL only modulates phases. We remark aper-
ture apodization on the incident wave before the random
media generates no observable effect on the focus because
such amplitude modulations are scrambled by the multiple
scatterings. However, here, the “apodization” introduced
by CWFS is the net outcome from both the DPSL and
the random media. This also qualitatively explains why the
CWFS can surpass the performances of the others.

Second, in addition to the focusing wavefront, the
CWFS appears to generate a diverging wavefront, such
that the waves appear to be “steered away” for a clean
background in the focal plane. This characteristic is also
seen for the IF wavefield, which implies a connection
between the two protocols [Figs. 3(c), 3(d), 4(c), and 4(d)].
To analyze this effect, we perform spatial Fourier trans-
form on the focusing wavefields [Figs. 3(b)–3(d)] for the
x direction. The results are plotted in Figs. 6(b)–6(d),
where kx = 2π sin ϑ/λ with ϑ being the angle between
the wavevector and z axis [see Fig. 6(a)]. For the
converging wavefront that contributes to the focus at
(0, f ), this angle is between 0 and ϑ1 = tan−1(D/2f ),
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FIG. 7. (a)–(c) Two-point focusing at the same focal plane. The normalized 2D amplitude fields optimized with (a) MF, (b) IF, and
(c) CWFS. (d),(e) Two-point focusing at different focal planes. The normalized 2D amplitude fields optimized with (d) WFS and (e)
CWFS. The number of iterations for CWFS here is 10. The focal points are chosen at xα = −2 m, fα = 5 m and xβ = 2 m, fβ = 10 m.
The phase resolution is p = 36. The results are averaged over 1000 numerical realizations.

which gives kx1 = 4.44π . This is verified in Figs. 6(b)–6(d),
wherein the majority of kx components fall within this
range for all protocols. On the other hand, the diverg-
ing wavefront must owe to waves with |kx| ≥ kx2 =
2π sin ϑ2/λ = 7.04π where ϑ2 = tan−1(D/f ), such
that they do not reach the focal plane. Such components
are seen for all three protocols in Figs. 6(b)–6(d), but they
are clearly more prominent for IF and CWFS, as high-
lighted by the contours. Meanwhile, for z > f , it is seen
that kx components larger than kx1 are suppressed for both
IF and CWFS, showing that the diverging waves indeed do
not reach the focal plane. The suppression is particularly
obvious for CWFS, which manifests as a sharp drop at the
focal plane z = f . This agrees with the fact that the cri-
terion of CWFS [Eq. (6)] explicitly demands background
suppression at the focal plane. Interestingly, the diverg-
ing wavefronts produced by IF and CWFS can maintain
their spatial profiles while propagating in the free space:
they exhibit characteristics of nondiffractive beams, such
as Bessel beams [40,41], Airy beams [42], and other types
of self-bending beams [43,44].

C. Quality of more complex focusing patterns

Here we investigate more complex scenarios. First, we
consider the generation of two focal spots at the same
focal plane. For PC and IF, this effect is achieved by
simply redefining � = (0, . . . , 1, . . . , 1, . . . , 0)T, i.e., by

introducing a second virtual source. For WFS, it requires
an additional probe at the second focal spot, and the opti-
mization is modified to target the total field amplitude
measured by the two probes. For CWFS, q, [Eq. (6)] is
also modified to include the contribution of the second
focal spot. In Figs. 7(a)–7(c), we show the results with the
two focal spots at xα = −2 m, xβ = 2 m, and f = 10 m.
CWFS clearly gives the highest quality.

WFS and CWFS can also be easily modified to simul-
taneously generate focal spots at different focal planes.
(Of course, it is also possible for PC and IF to achieve a
similar result, but the virtual sources take far more compli-
cated forms so they are far less convenient compared with
WFS and CWFS.) An example is shown in Figs. 7(d) and
7(e), where the two focal spots are set at xα = 2 m, fα =
5 m and xβ = −2 m, fβ = 10 m. CWFS clearly achieves
higher focus quality, and the background suppression is
clearly seen as the incident wavefront of the first focal spot
is highly “skewed” such that the contamination to the back-
ground at the second focal plane (fβ = 10 m) is minimized.
These results demonstrate the reliability and robustness of
the CWFS protocol for producing complex focusing.

IV. DISCUSSION AND CONCLUSION

The focusing scenarios studied here are based on an
extension of the Fresnel lens, which involves only one
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wavelength. A Fresnel lens is a monochromatic device
because the phase profiles for waves with different wave-
lengths must be different. However, focusing through ran-
dom media is intrinsically broadband because the multiple
scatterings effectively scramble the Fresnel zones for dif-
ferent wavelengths, such that a DPSL can access them
simultaneously. Therefore, we expect the CWFS to be
equally effective in broadband focusing. Studies on time-
reversal focusing [6,45–47] and multispectral transmission
matrices [48] may be useful in guiding the implementation.

Although our study is based on 2D configurations, the
numerical model that is based on the Huygens-Fresnel
principle can be straightforwardly modified for studying
3D configurations by changing the cylindrical monopole
sources to spherical versions. In that case, an even higher-
contrast focus is expected because the amplitude of spher-
ical wave declines faster in 3D space compared with
cylindrical wave in 2D space, resulting in a smaller back-
ground level. However, much greater computational power
is needed to handle the drastically increased data size
that comes with the additional dimensionality. In addition,
polarization can also be considered, which requires the
degree of freedom of the system to be doubled, i.e., involv-
ing two orthogonal polarization components [49,50].

To conclude, we have studied the focusing by DPSLs
through random media in a 2D configuration from the
perspective of focus quality. Three prevailing focusing
protocols are analyzed together with the effect of phase
sampling resolution. We then propose and analyze a differ-
ent protocol called CWFS which prioritizes high contrast
between the focal spot and background at the focal plane.
Our results can be useful in the design and evaluation
of intelligent lenses, which potentially benefit the field
of ultrasound imaging and a wide range of other wave
and light-based applications such as beamforming, energy
harvesting, source localization, communication, optical, or
acoustic force applications.
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APPENDIX A: DPS FRESNEL LENS IN FREE
SPACE

The phase profile of a Fresnel lens is discretized into p
steps, i.e.,

ϕn = 2(n − 1)π

p
, (A1)

with n = 1, 2, . . . , p . To achieve focusing, these finite
phases need to be matched to the optimal phase profile
θ(x) = −k

(√
f 2 + x2 − f

)
with the nearest true value.

The optimal matching profile given by this process can be
written as a step function with variable θ :

ϕ(θ) =
p∑

n=1

ϕnχ�n(θ), (A2)

where

χ�n(θ) =
{

1, if θ ∈ �n,
0, if θ /∈ �n, (A3)

and

Θn =
(

2n − 3
p

π ,
2n − 1

p
π

]

We then express the modulation of the lens eiϕ(θ) as Fourier
series

eiϕ(θ) = ε(p)

∞∑
l=0

[
(−1)l

pl + 1
ei(pl+1)θ

+ (−1)l

pl + p − 1
e−i(pl+p−1)θ

]

= ε(p)

[
eiθ + 1

p − 1
e−i(p−1)θ + . . .

]
, (A4)

where ε(p) is the normalization factor. Equation (A4)
shows that any DPSL can be equivalently decomposed into
a series of lenses, each with a different wave modulation
function. The first term represents the original converging
lens that perfectly compensates for the phase difference,
other terms generate undesirable parasitic waves that are
not focusing on the target position. For example, the sec-
ond term in Eq. (A4) generates a diverging wave with
a virtual source located at [0, −(p − 1)f ] and a relative
amplitude of 1/(p − 1). For the subsequent terms, their
relative amplitudes are even smaller. These parasitic waves
will interfere with the converging wave in the focal plane,
and deteriorate the focus quality. For larger p values, the
diverging waves have less impact on the focusing, thus, the
focus quality Q accordingly improves. When the diverg-
ing waves are sufficiently small, their influences on Q are
negligible such that Q reaches to a plateau.

APPENDIX B: NUMERICAL METHODS

Our model involves two propagation regions such that
numerically the propagator H [Eq. (3)] is the product of
two matrices: the free space propagation matrix F which is
introduced in Eq. (1), and the random transmission matrix
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FIG. 8. Focusing through random media with bimodal transmission statistics. (a) The normalized 1D intensity distributions at the
focal plane (solid curves). The phase resolution is p = 36. For comparison, the dashed curves plot the results in the main text with
quarter-circle law statistics [same as in Fig. 3(a)]. (b) Focus quality Q at different phase resolutions (markers). The dashed curves plot
the performances obtained through media obeying quarter-circle statistics [Fig. 2(b)]. The results of CWFS are iterated 10 times. The
results are averaged over 1000 realizations, and the standard deviations in the data are indicated by the error bars.

K which is downsampled from an Ñ × Ñ full transmis-
sion matrix K̃. K̃ is taken from one quadratic block of
the 2Ñ × 2Ñ scattering matrix S, which is numerically
generated as a random unitary matrix [11]. Then, to down-
sample K̃ to N × N dimension, a matrix transformation
is applied which reads K = A2K̃A1, where A2(A1) is an
N × Ñ (Ñ × N ) matrix which is generated by randomly
eliminating Ñ − N rows(columns) of an Ñ × Ñ identity
matrix [35].

The outgoing wavefield KPi then becomes the inci-
dent wavefront at the exit plane z = 0 in free space. The
incident wavefronts are numerically generated using the
Huygens-Fresnel principle. The exit plane with an aper-
ture of D = 9.9 m is discretized into 5N equally spaced
segments, where N = 99 is the number of tunable pixels
in the DPSL. A point source emitting a cylindrical wave
is placed at the center point of each segment. It is then
straightforward to work out that the spacing of the point
sources is λ/10, with λ = 0.2 m. The DPSL effectively
modulates five point sources together, such that by neglect-
ing minor deviations between sources, the wavefields at the
exit plane KPi is reduced to a 99 × 1 vector. Therefore, the
propagator matrix is 99 × 99 in size.

APPENDIX C: FOCUSING THROUGH RANDOM
MEDIA WITH BIMODAL TRANSMISSION

STATISTICS

Here, we reexamine the three focusing protocols
described in this paper using random matrices following
bimodal distribution. In the main text, the random media is
modeled by random matrices K with singular value statis-
tics (the normalized singular value density distribution of
K) following the quarter-circle law. Mathematically, this

means all the elements within K are independent of each
other, and it is achieved by downsampling a full transmis-
sion matrix K̃ whose eigenvalue statistics (the eigenvalue
density distribution of K̃†K̃) originally follow a bimodal
distribution [35]. Physically, such a condition indicates the
lens only has limited access to the medium, which is typi-
cal for wave/light propagation through multiple scattering
media such as a slab of white paint or biological tissues.

However, random media following bimodal distribution
do exist, e.g., in a waveguide with disordered scatter-
ing inclusions [35,36]. This condition indicates that the
multiple-scattering medium will be at the same width
as the DPSL aperture. Under such a condition, the lens
can access the degrees of freedom of the medium with-
out information loss. (Here, we consider the symmetric
bimodal distribution that occurs for chaotic scattering [11],
which is a universal condition that does not contain any
system-specific information. We note that bimodal distri-
butions can also be asymmetric under diffusive scatter-
ing. Such cases are dependent on system details such as
mean free path and medium size. They are not consid-
ered here.) The results achieved with the three protocols
are shown in Fig. 8. The results are largely consistent with
those obtained with K following the quarter-circle law
[Figs. 2(b) and 3(a)]. Meanwhile, the results obtained using
MF are markedly improved in the bimodal case. This effect
originates from the different statistics of K, as the bimodal
statistics indicate that the elements within K are no longer
independent but correlated [35,37]. How such interelement
correlations affect the performance of MF can be under-
stood from its optimization objective: it only concerns the
amplitude at focal spot and does not pay attention to the
rest of the wavefield. Then, the wavefield around the focal
peak is naturally comprised of the inherent background

034084-10



MAXIMIZING FOCUS QUALITY THROUGH . . . PHYS. REV. APPLIED 19, 034084 (2023)

Phase resolution p

Fo
cu

s 
qu

al
ity

 Q

2 4 8 16 32
0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

PC
IF
CWFS

WFS

(b)(a)

–D/2 0 D/2
x (m)

100

N
or

m
al

iz
ed

 in
te

ns
ity

10–2

10–1

10–3

10–4

PC
IF
CWFS

WFS

FIG. 9. Focusing through random media with full modulation (discrete phase and amplitude modulation). The amplitude modula-
tions are sampled from 0 to 1 with a step of 0.1. (a) The normalized 1D intensity distributions at the focal plane (solid curves). The
phase resolution is p = 36. The dashed curves plot the results of phase-only modulations [same as in Fig. 3(a)]. (b) Focus quality
Q with different phase resolution p (markers). The dashed curves plot the performances of phase-only modulations [Fig. 2(b)]. The
number of iterations for CWFS here is 10. All results are averaged over 1000 realizations, and the standard deviations in the data are
indicated by the error bars.

noises whose level is based on the degree of disorder
within the transmission system (described by the propaga-
tor H = FK). Therefore, the more correlations within K,
the less disordered the system, and consequently the back-
ground level reduces which results in a higher focus quality
for MF. On the other hand, because IF and CWFS already
consider the whole wavefield (which engage the whole
propagator), no significant improvements are observed.

APPENDIX D: FOCUSING THROUGH RANDOM
MEDIA WITH MODULATIONS TO BOTH PHASES

AND AMPLITUDES

All results shown in the main text are obtained using
phase modulation alone. However, for methods such as PC
and IF, the ideal modulation profiles should also include
modulations to the amplitude of the incident wavefront,
i.e., Q∗

PC� and Q̄IF� from Eqs. (4) and (5). For the CWFS,
amplitude modulation can also be included.

The full modulation results are shown in Fig. 9. Here,
the amplitude resolution is fixed at step 0.1 and ranges
from 0 to 1, which denotes a fully closed and open pixel,
respectively. In Fig. 9, it is seen that all protocols except for
WFS (whose results are identical to the phase-modulation-
only case) benefit from full modulation, and CWFS still
achieves the best focus quality at all phase resolutions. In
particular, the CWFS can achieve very high focus qual-
ity (Q ≈ 0.84) even at binary phase resolution. Such an
improvement is not seen for the other protocols. This
implies CWFS can take advantage of either phase or ampli-
tude modulation to achieve high-quality focusing, which
demonstrates its flexibility in realistic application scenes.

In addition, we note that the two approaches of achiev-
ing MF, i.e., WFS and PC, now give different outcomes.

Adding amplitude modulation can improve the perfor-
mance of PC, but it has no improvement on the perfor-
mance of WFS. This is because its objective is to maximize
the amplitude at the focal spot, so that the amplitudes at
each pixel will be inevitably optimized to maxima once
finding the matched phases.
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