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Tailored Topological Edge Waves via Chiral Hierarchical Metamaterials
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Precise manipulation of the direction and redirection of vibrational wave energy is a key demand in
wave physics and engineering. We consider the paradigm of a finite framelike structure and the require-
ment to channel energy away from critical regions, leaving them vibration free, and redirect energy along
edges toward energy concentrators for damping or energy harvesting. We design an exemplar frame meta-
material, combining two distinct areas of wave physics. First, we consider topological edge states, taking
an unconventional tetrachiral lattice. We control these highly localized protected edge states leveraging a
hierarchy of scales through the addition of microresonators that impose tunable symmetry breaking and
reconfigurable mass. This allows us to achieve precise positional control in the macroscale frame lattice,
thereby opening up opportunities for robust signal transport and vibration control. Experiments, theory,
and simulation are all utilized to provide a comprehensive analysis and interpretation of the physics.
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I. INTRODUCTION

The investigation of topological states of matter has
attracted growing interest, with multiple realizations in
photonics [1–4] and phononics [5,6]. From their initi-
ation in the field of topological insulators in quantum-
mechanical systems [7,8], protected edge (or interfacial)
surface states have now percolated into the physical plat-
forms of classical wave propagation. In the context of
elasticity and acoustics, various topology-based mecha-
nisms have been investigated, including nonreciprocity
[9], wave pumping [10], one-way edge waves [11], and
beam splitting [12], to name a few; an attractive prop-
erty surrounding protected edge states is related to their
resilience to backscattering and disorder [13], making
them particularly important for signal transport and wave
control [14]. Protected bands exist within bulk band gaps
and stem from broken symmetries within a periodic sys-
tem; the topological nature of the Bloch bands is defined
by topological invariants, most notably the Berry phase
[15–18] and the Chern number [19]. The nature of the
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symmetry breaking delineates two classes of topologi-
cal insulators, which are related to the preservation of
time reversal symmetry (TRS). Active topological mate-
rials [11,20,21] have been inspired by the quantum Hall
effect (QHE), where time-reversal symmetry (TRS) is bro-
ken by external fields [22]. Conversely, passive topological
materials [5,13,23,24] have originated from the quantum
spin Hall effect (QSHE) [25,26], where symmetry breaking
is achieved by spin-orbit interactions (TRS is preserved).
More recently, a number of studies have exploited val-
ley degrees of freedom to achieve quantum valley Hall
effect (QVHE) analogs [27–31] in classical wave systems.
QVHE relies on the breaking of space-inversion symmetry
(SIS), while maintaining TRS. This is an important differ-
ence with respect to QHE and QSHE that permits realistic
applications (which do not require complex mechanisms
to achieve TRS breaking) and this is particularly appealing
for vibrational wave control.

Within the passive-topological-materials framework, we
tailor protected edge states in an elastic frame constructed
from unit cells (see Figs. 1 and 2). Given the necessity
of developing edge modes that propagate in the frequency
region defined by the band gaps of the bulk modes, we opt
for a tetrachiral structure that allows for large band gaps
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FIG. 1. (a) Rendering from the numerical solution of the displacement field of the edge mode at the boundary of the lattice,
together with an enlargement on the unit cell. The lattice is excited using an out-of-plane force on the edge, which is able to activate
flexural-wave propagation. (b) Experimental results obtained with a scanning laser Doppler vibrometer (SLDV) on the real specimen,
confirming strong agreement with numerical simulations. Experimental tests are performed by suspending the structure on a frame and
providing the input using an electrodynamic shaker. (c) The logarithmic amplitude of the experimental displacement field, depending
on the frequency. The two curves report the bulk (blue) and the edge (green) solutions. The dashed vertical lines denote the central
part of the bulk band gap.

in the low-frequency spectrum [32,33]. We demonstrate
that tetrachiral lattices possess not only distinctive static
features but also nontrivial topological states motivated
by the extension of well-known topological properties of
hexagonal lattices to square lattices [34–39]. In addition,
the obtained edge states can be precisely tuned leveraging
graded arrays of masses within each unit cell. By doing so,
we introduce a hierarchy of levels allowing us to design the
internal microstructure of the unit cell to obtain highly con-
trollable edge bands. Control over low-frequency vibration
is both challenging and of practical importance. We are
drawn to lightweight frame metamaterials that enable such
control over a low-frequency operating range and the result
is a candidate structure for addressing practical situations
involving vibration isolation in ultraprecision machining
[40], energy harvesting [41], and lossless signal transport
for sensing applications [42].

Separate from topological wave physics, another recent
advance has been to take photonic or phononic crystals
and then grade them spatially to create rainbow trap-
ping [43–47] or reflection devices [48–50]. Once robust
edge states are established, the combination of these with
such graded structures fulfills a requirement of vibrational
devices, that is, to deliver maximum energy to preallocated

positions within the lattice. The combination of rainbow
trapping with topological wave physics has very recently
been achieved [24,51–53]; we take these concepts to exem-
plify the advantages of the proposed design in tailoring
edge waves.

II. DESIGN PARADIGM

To breathe life into the concept of hierarchical metama-
terial structures for robust edge wave control, we choose
a tetrachiral lattice with multiple lateral resonators that act
as added masses (see Fig. S1 in the Supplemental Mate-
rial [54]); this choice is motivated by the broad band gaps
of the structure, the square geometry for fabrication, and
the attraction of employing both the beneficial character-
istics of chiral lattices, combined with those of a graded
system. We only utilize this structure in the low-frequency
range (up to 1 kHz), in which the resonance of the lat-
eral resonators is not achieved, and so they act as added
masses. The combination of the chirality with the hierar-
chical mass variation brings about interesting dynamical
phenomena at low frequencies. The lattice possesses topo-
logical properties, as discussed in later sections, meaning
that in a specific band gap, it fosters two coincident edge
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FIG. 2. The vertically polarized dispersion relation for (a) the symmetric (degenerate) and (b) the shifted (lifted degeneracy) cell,
with p4m and p4 plane symmetry (wallpaper) groups, respectively, computed along the irreducible Brillouin zone (IBZ) shown in the
inset. The color map of the dispersion curves shows the relative polarization of the cell, denoted by pz , with green points corresponding
to vertical (out-of-plane) polarization, while blue refers to horizontal (in-plane) polarization. Only the vertically polarized (green)
curves are relevant, as the structure is excited to only generate out-of-plane wave propagation. The points of accidental degeneracy
are lifted when the mirror symmetry is broken and the flexural waves now exhibit a band gap (b). The geometry and eigensolutions
of the cells involved are also shown, with a displacement color map from blue to red denoting the total absolute displacement field
normalized with respect to its maximum. In the symmetric configuration, flexural and torsional waves are decoupled (blue star and
triangle) (a); they couple when mirror symmetry is broken (b).

modes protected from the scattering phenomena arising
due to the presence of defects. The implementation of the
lateral masses is key to tailoring not only the band gap
that contains the desired edge modes but also the edge
modes themselves, granting the necessary design free-
dom needed to engineer protected edge modes with the
desired dispersion characteristics. Figure 1 shows the final
structure designed and used in experiments. We illus-
trate both the numerical simulation with an emission color
map [Fig. 1(a)] and the experimental results [Fig. 1(b)]
measured on the real specimen using a Polytec three-
dimensional (3D) scanning laser Doppler vibrometer
(SLDV) that scans the entire lattice. The structure shows
a well-localized edge mode at around 670 Hz. The
experimental velocity field in the bulk and the edge is also
reported in the frequency range of interest, to visualize the
confined nature of such edge states [Fig. 1(c)].

To show the illustrative design process and the relation-
ship of the observed edge states with topologically pro-
tected states, we first consider simpler demonstrative unit
cells before presenting the final structure that is both inves-
tigated numerically and experimentally characterized, as
shown in Fig. 1. In particular, the importance of mirror
symmetry, the creation of Dirac points, and the opening
(or “gapping”) of them by breaking mirror symmetry is
illustrated in the cells shown in Fig. 2. These cells exem-
plify the importance of topology and we then tune the
band gap to lower frequencies by adjusting the mass and
arm positions with an intermediate cell along the design
path illustrated in Fig. 3. The final cell, with its optimal

design, is shown in Fig. 4 and a ribbon geometry is used to
demonstrate the edge states.

III. CELL TOPOLOGY

We design the lattice to control flexural-wave prop-
agation, as they are ideal candidate waves for energy
transport at low frequency and can be easily excited. To
engineer topologically protected edge modes, it is first
necessary to find and analyze a unit cell that is then peri-
odically repeated to create an infinite lattice (the bulk
medium); this is amenable to Floquet-Bloch theory and
one extracts dispersion relations that relate the frequency
to the Bloch wave number; the geometry with which we
start (see Fig. 2) has points of degeneracy in the dispersion
relation, i.e., band crossings. These points are necessary
for the creation of a bulk band gap, i.e., a band of fre-
quencies for the infinite lattice in which waves do not
propagate, which is generated by lifting the degeneracy
through the coupling of the two modes. The cell shown in
Fig. 2(a) has a dispersion relation that shows two points
of so-called accidental degeneracy [34,36] in the range
X –M and M–�, which denotes the high symmetry direc-
tions of the irreducible Brillouin zone (IBZ), as shown
in the inset of Fig. 2(a). Since we are interested in the
out-of-plane behavior, we color the dispersion curves by
using the vertical polarization pz, computed as the ratio
between the maximum out-of-plane and in-plane displace-
ment along the entire unit cell domain to delineate the in-
and out-of-plane-dominated modes.
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For the out-of-plane modes upon which we concentrate,
the green dispersion curves, we utilize both flexural and
torsional waves, i.e., waves with rotational polarization
along the cell axes; in the perfectly symmetric case, these
are decoupled but they combine when a mirror symme-
try breaking is introduced. The degeneracy is marked by
the intersection of the flexural and torsional waves, both
marked in green in the dispersion curves of Fig. 2(a), which
do not interact when the cell is fourfold rotational and mir-
ror symmetric, i.e., a p4m wallpaper group. This is seen
in Fig. 2(a), where the flexural eigensolution (blue star)
is not coupled to the torsional one (blue triangle) and the
modes have clearly distinct symmetries. To create the bulk
band gap that hosts the protected edge mode, the degen-
eracy has to be lifted by coupling the two modes. To do
so, the beams that connect the squared cells are shifted
in an asymmetric way, thereby breaking mirror symme-
try, which in turn requires a rotation of the base cell to
guarantee periodicity conditions; the breaking of mirror
symmetry is essential in terms of opening the band gap
[34,36]. This cell, with p4 symmetry group, is shown in
Fig. 2(b) together with the associated dispersion curves,
where we note the lifted degeneracy that now opens a band
gap as we require. Contrary to the symmetric configuration
in Fig. 2(a), the two eigensolutions (blue star and trian-
gle) are now coupled, i.e., flexural and torsional waves
are mixed together. This in turn eliminates the accidental
degeneracy of the two modes shifting the dispersion rela-
tions, uniting them and creating the band gap of interest;
this rotated cell already has topological protection given
by the mode coupling generated by removing the mirror

symmetry of the cell. To determine whether an edge mode,
situated in the bulk band gap, is topologically protected,
we evaluate the Berry curvature [29,55,56].

The Berry curvature, �n(k), given by (using bra-ket
notation)

�n(k) = −∇k × Im{〈un(k) | ∇k | un(k)〉}, (1)

evaluates how, in the reciprocal space, the eigensolution
rotates in the Brillouin zone (BZ); as a consequence the
Chern number, Cn, given by

Cn = 1
2π

∫
BZ

�n(k)d2k, (2)

counts how many times the Berry curvature has critical
points over the entire zone [57].

In these equations, k is the wave vector, un(k) is the
eigenvector associated with a certain k and with the nth
mode, and un(k) is a vector containing all the normalized
displacements of the nodes (from the finite-element anal-
ysis) or the nodal displacement of the masses for lumped
systems. The integration of the Berry curvature has to be
evaluated over the complete first Brillouin zone (FBZ),
without counting the edges of the zone twice, to obtain
the Chern number. In certain cases, a simplified calcula-
tion of the Chern number is performed near the critical
points, thus giving the valley Chern number Cv , but gen-
erally these type of calculations are not precise and are
heavily dependent on the discretization of the wave vector
and mainly over strong space-inversion symmetry break-
ing [58]. Here, we assess the presence of the critical points

(a) (b) (c)

FIG. 3. (a) The vertically polarized dispersion relation of the shifted cell that possesses the p4 symmetry group. The cell is topolog-
ically equivalent to the degenerate case seen in Fig. 2. The cell geometry is shown in the inset. (b) A 3D surface view of the Berry
curvatures of the top and bottom bands near the lifted degeneracy point shown in (a). The opposite sign of the cones along the bottom
and top dispersion branches in the neighborhood of the lifted degeneracy identifies a critical point. This underpins a valley Hall analog,
which guarantees topologically protected modes within the bulk band gap. (c) The top view of the Berry-curvature cones of the two
modes. The gradient of the field is reported with white and black arrows, emphasizing the opposite sign of the top and bottom cones.
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FIG. 4. (a) The vertically polarized dispersion relation of the ribbon. The star indicates the degenerate edge modes. (b) The corre-
sponding eigensolution is reported. The results are obtained considering a ribbon made of ten cells, periodically repeated along the
arrow direction. An enlargement of the edge cell of the ribbon is shown with the associated magnitude of the displacement field (with
a red and blue color map). The arrow denotes the direction along which periodic boundary conditions are imposed, while the dots
denote the sequence of nine cells in the ribbon. On top of this, the curl of the displacement field is superimposed, with yellow arrows
showing the chiral nature of the motion, with opposite chirality between the left and right boundaries.

of the Berry curvature, given that these points are present
concurrently with the band gap only when the modes that
create the band gap support topologically protected modes.
To achieve the maximal band-gap width, the shifts of the
main beams have to be maximized, thereby increasing
the coupling of the two modes; the maximum shift corre-
sponds to the cell that we employ. Furthermore, the added
lateral masses are positioned on just one side of the beams,
to broaden the band gap and tune it to lower frequencies,
given the strong coupling effect of mass eccentricity.

The calculations of the Berry curvature are performed
over the cell reported in the inset of Fig. 3(a). This cell
still maintains a p4 symmetry group as the final cell of the
lattice and the cones in the dispersion curves [Fig. 3(a)]
are well identified due to the breaking of mirror symme-
tries. In this cell, the lateral masses are now positioned
over only one side of the connecting beams, which allows
us to emphasize the lifted degeneracy and to increase the
band-gap width. With regard to the topological protection
of the edge mode, Fig. 3(b) shows the Berry curvature in
the vicinity of the critical points, evaluated through Eq.
(1) over the opening and closing eigensolutions. To do so,
the eigenvectors un(k) associated with the two modes are
extracted from the eigensolutions over the full Brillouin
zone (BZ) of the cell in the reciprocal space. The numer-
ical calculation is performed by means of the ABAQUS®

finite-element software, showing the two mirrored cones
associated with the two modes that create the band gap.
We note that the Berry curvature in a neighborhood of the
lifted degeneracy has cones of opposite sign along the bot-
tom and top dispersion branches. This allows us to obtain
a valley Hall analog that ensures topologically protected
modes within the bulk band gap. To better visualize this

result, Fig. 3(c) shows top and bottom views of the Berry
curvature, together with the gradient of the field.

IV. PROTECTED EDGE MODE

Having analyzed the band gap and its topological prop-
erties, we now focus on protected edge modes; these
modes, existing within the bulk band gap, are a combina-
tion of torsional and flexural waves. They propagate only
at the boundary of the lattice and are heavily localized
on the edge cells: they decay abruptly in the bulk. More-
over, the two edge modes are identical but propagate along
opposite directions. They are analyzed numerically by per-
forming a dispersion analysis on a ribbon made of one line
of repeated cells. In this paper, we opt for a ribbon with
ten cells; we note that the dispersion branch of the edge
mode converges to the same result from even just five cells
but we consider ten cells to better illustrate the strong con-
finement of the eigensolution. The dispersion analysis is
performed considering the ribbon in Fig. 4(b), where peri-
odic boundary conditions are applied along the direction
denoted by the dashed arrow. Figure 4 reports the results
of the analysis conducted over the final, most staggered,
configuration. Since the lifted eigensolution is preserved
by rotation operators [59], the band gap is enlarged while
preserving topological protection. The two modes are coin-
cident but each of them is localized only to one of the
two edges. The edge-mode dispersion additionally shows
that the propagating mode is very slow given the near-
zero group velocity across most of the IBZ. This is useful
for energy harvesting or sensing, since slow energy trans-
port along the edge gives a larger interaction time with
the harvesting or detection system to capture energy or
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FIG. 5. The results of the rainbow effect over the topologically protected edge mode. Different renderings of the numerical results
are reported with a color coating that shows where the waves, characterized by different frequency components, get blocked and
confined. The blue arrows show the input wave and its propagation direction on the lattice. The numbering refers to the respective
frequencies, organized in ascending order. The localization and the rainbow effect are shown with a corresponding time-domain fast
Fourier transform (FFT) computed over the unwrapped edge.

signal data [45]. Figure 4 also reports the curl of the dis-
placement field, which shows, as does the cell itself, a
well-defined chirality. This chiral nature of the mode sup-
ports the idea of the topologically protected mode [24],
given that the wave field is confined on the edge. The
edge-mode robustness is also corroborated by time-domain
analyses via implicit time integration [60] on a defected
structure (see Fig. S2 in the Supplemental Material [54]),
where we note the existence of such an edge mode even in
presence of large defects. Moreover, the existence of the
edge mode is confirmed by Fourier transforming the time-
domain results (see Fig. S4 in the Supplemental Material
[54]).

V. RAINBOW EDGE MODE

Having analyzed the edge-mode properties and behav-
ior, we now focus on modifying its characteristics, namely
its group and phase velocities and the position of the zero-
group-velocity point within the Brillouin zone. The aim is
to tailor these properties without modifying the total added
mass given by the lateral resonators, so that the band gap
that fosters the protected mode is not altered between the
different cells. In the cases analyzed here, we define the
functions for the change in length of the masses in such a
way that the added mass is kept constant, regardless of the
spatial distribution. In this way, the location of the edge
mode remains confined in the protected bulk band gap,
without any significant frequency shift; thus, topological

protection is preserved. The control over the dispersion
properties of the edge mode is necessary to engineer its
behavior in the frequency range of interest. The change of
the dispersion branch is then used to progressively mod-
ify the propagating wave characteristics, e.g., to create
grading effects, on the edge of the lattice (see Fig. S3
in the Supplemental Material [54]). We then demonstrate
the advantages of the proposed design concept, creating
the rainbow effect as a meaningful example. The rain-
bow effect engineered in this work is constructed through
the use of five different cells with the same geometry,
except from the grading of masses. Specifically, we adopt
the following linear grading of lengths: l1 ∈ [13, 5] mm,
l2 ∈ [10.7, 6.5] mm (inverse grading), l3 ∈ [8.7, 8.7] mm
(periodic), l4 ∈ [7.2, 10.4] mm, and l5 ∈ [5, 13] mm (direct
grading). The configurations are chosen carefully follow-
ing the set of rules defined above and maintaining the
notion of an adiabatic change of the homogenized prop-
erties of the lattice, i.e., considering a slow variation of
the fundamental Bloch mode of each cell along the spa-
tial dimension [61,62]. The edge rainbow structure is also
assembled following the idea of having two symmetric
directions of propagation of the input edge wave, mean-
ing that the overall lattice has a mirror symmetry group.
The lattice mirror plane is positioned exactly at the center
of one of the edges, where we apply the input wave.

Within the lattice, in the bulk, we keep the spatial dis-
tribution of the masses unchanged. This choice does not
disrupt the propagating edge mode because the bulk band
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gap supports the edge mode even when the lateral masses
are modified, highlighting that the spatial distribution
can be defined and implemented by just considering the
edge-mode dispersion branch. Figure 5 reports the results
obtained from a finite-element analysis on the described
structure. It shows how a broadband input generated at the
center of one edge propagates at the boundary of the struc-
ture, being confined at different spatial positions depending
on its frequency. Figure 5 also highlights the localization
of frequency components with respect to spatial positions
over the unwrapped edge, which is a distinctive property
of the rainbow effect [43].

VI. CONCLUSIONS

We show, both numerically and experimentally, the
physics of a hierarchical tetrachiral lattice that fosters
topologically protected edge modes. The edge mode is
engineered to obtain full control over its propagation in
both space and time. Moreover, as a meaningful example,
we also obtain the topological rainbow effect by modify-
ing the dispersion properties of the edge mode along the
boundary of the lattice, granting the localization of dif-
ferent frequency components along the edge. This control
over the dispersion properties is obtained due to microele-
ments added to the cell (lateral masses), without changing
the shape or the added mass. Future developments will
assess the behavior of the structure at higher frequencies,
i.e., when the resonators begin to work dynamically at
resonance.
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