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LDOS is a fundamental spectral property that plays a central role in various physical phenomena, such
as wave-matter interactions and spontaneous emissions. The role of LDOS in acoustics was uncovered
only in recent years and the measurement of acoustic LDOS has not yet been achieved. Here, we report on
the direct measurement of the LDOS in acoustic systems. The acoustic LDOS is quantified here through
the measurement of the volume flow rate and the acoustic pressure with a local excitation-probe configu-
ration. Based on this method, we detect the LDOS in the one-dimensional acoustic Su-Schrieffer-Heeger
model and observe the fractional topological charge of the system. Our work unveils the role of the
LDOS in acoustic phenomena and paves the way toward characterizing and tailoring the LDOS in acous-
tic systems, which holds promise for applications in acoustic emission control, energy localization, and

wave-matter interaction.
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I. INTRODUCTION

The bulk density of states (DOS) gives the spectral
distribution of the eigenstates of a system, which, in a
condensed-matter context, is closely related to the opti-
cal, thermal, and transport properties of the underlying
material. In quantum electrodynamics, the Purcell effect
reveals the LDOS as one of the central quantities that
determines the spontaneous emission rate of a quantum
emitter [1-5]. The engineering of LDOS by nanophotonic
structures is a persistent theme in optics [6—10]. The pho-
tonic crystals [5], hyperbolic metamaterials [6,8—10], and
plasmonic structures [7] are utilized to tailor light-matter
interactions and modify the spontaneous emission rate of
emitters. The usefulness of LDOS in acoustics and its
relevance to many acoustic phenomena were uncovered
only in recent years. The emission of a sound source can
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be enhanced by employing acoustic resonant metamate-
rial structures [11-14], and it was found that the emission
enhancement results from the increased LDOS of acoustic
systems [15]. The acoustic analog of Drexhage’s exper-
iment was demonstrated [16], where the modification of
emission efficiency can be described as the variation of the
LDOS caused by the reflective wall. The elastic Purcell
effect has also been reported [17], and it shows theo-
retically that the nanoparticle resonators can suppress or
enhance the emission rates of sources by engineering the
local density of elastic states. The LDOS plays a key role
in various acoustic phenomena, and therefore the measure-
ment of LDOS is helpful for the spatial and spectral control
of acoustic emissions. The measurement of LDOS can also
serve as a useful tool for the characterization of acous-
tic systems. However, the direct measurement of LDOS in
acoustic systems has not yet been achieved.

In electronic systems, the LDOS at the Fermi level can
be probed by the STM using tunneling current [18]. The
optical LDOS can be mapped by measuring the fluores-
cence lifetime of nanoscale emitters [19]. For microwave
metamaterials, the LDOS is obtained by inserting a
subwavelength antenna into the structure, and measuring
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the radiation resistance of the antenna using a microwave
network analyzer [20—22]. The radiation resistance of the
antenna is proportional to the photonic LDOS. To quan-
tify the photonic LDOS, a reference system with a known
LDOS is also needed [21]. In acoustic systems, the LDOS
is related to the emission rate of subwavelength monopole
sources. The measurement of acoustic LDOS has not yet
been achieved, mainly due to the technical challenges in
characterizing the acoustic properties of subwavelength
monopole sources.

The measurement of LDOS can also help identify the
band topology of topological phases. In recent years,
topological phases with unprecedented properties have
attracted much attention. A rich variety of topological
phases have also been realized in acoustic systems, which
leads to robust designs and functionalities for acoustic
devices. One of the most significant features of topological
phases is the bulk-boundary correspondence, which links
the existence of in-gap boundary states to the bulk topolog-
ical invariants. However, for topological crystalline insu-
lators without additional local symmetries, the boundary
states may reside within the bulk bands and the bulk-
boundary correspondence fails to identify the band topol-
ogy. Instead, the fractional spectral charge at edge bound-
aries or disclinations is the key topological feature in these
phases [20—22]. The spectral charge can be obtained by
integrating the LDOS over the frequency range of an entire
bulk band. Recently, it was proposed that the multidimen-
sional partition of LDOS can directly identify topological
phases and provide a general correspondence between bulk
topology and measurable LDOS [23]. The measurement
of LDOS can also contribute to characterize the fragile
topology in acoustic metamaterials, where it has a spectral
consequence in the form of spectral flow in acoustic sys-
tems [24]. The spectral flow and mode localization has also
been experimentally demonstrated in elastic media [25],
which holds promise for applications in energy localization
and elastic wave control.

In this work, we develop a method to directly mea-
sure the acoustic LDOS via the integration of a thermal
convection-based acoustic particle velocity sensor and a
MEMS pressure microphone. Theoretically, the acoustic
LDOS is related to the imaginary part of the onsite acous-
tic Green’s function. From the acoustic wave equations,
the LDOS can be extracted from the frequency and spa-
tial dependence of the volume flow rate and the acoustic
pressure when the acoustic waves are excited by a sub-
wavelength source. The volume flow rate represents the
strength of the acoustic source and here is obtained by
the acoustic particle velocity sensor. The proposed method
can directly acquire the acoustic LDOS without need for
a reference system. We demonstrate the underlying prin-
ciple by measuring the acoustic LDOS of two prototypes
of resonators: the Helmholtz resonator and Fabry-Perot
resonator. Furthermore, we show that acoustic LDOS can

be used to directly extract the fractional topological charge
in the SSH model when it is realized in acoustic metamate-
rials, revealing a fundamental phenomenon in topological
acoustics, which would benefit the study of the fractional
charge and localized states at bulk defects in topologi-
cal phases [26-30]. Our work would open up an avenue
to characterize and tailor the LDOS in acoustic systems,
and may find applications in acoustic emission control and
high-intensity acoustic devices.

II. GREEN’S FUNCTION AND ACOUSTIC LDOS

The acoustic LDOS is related to the imaginary part of
the onsite Green’s function as follows [31]:

1 diZ ()

plon) = F- ImG (o, r=r), (1)

where r’ and r denote the positions of the source and the
detector, respectively, G* is the retarded and advanced
Green’s function, and k(z) = w? /c% (co is the speed of
sound). Assuming the Sommerfeld radiation boundary
condition, the retarded Green’s function is the solution to
the acoustic wave equation with a monopole source of unit
strength:

ViGH (o, rY) + G (0, 1Y) =8(r—T1). (2)
The corresponding equation for the acoustic pressure p is
VZP + k%]? = iw/oairusSsa (l‘ - l‘/), (3)

where p,;; is the mass density of air, u, is the acoustic par-
ticle velocity on the surface of monopole source, and S; is
the surface area of the source. The velocity u, stands for
the oscillating velocity of the air flows, which is a useful
quantity in describing acoustic wave dynamics. The prod-
uct of u, and Ss is the volume flow rate that represents
the strength of the source. By comparing Eqgs. (2) and (3),
Green’s function at the source location can be expressed as

Ds

+ /
G'w,r=r)=——,
1 PairUs Sy

(4)

where p; denotes the acoustic pressure at the source loca-
tion. The acoustic LDOS is then obtained as

2 1 Ds
p(w, 1) = — 5 Re( ) . %)
T PairCqy, UsSs

Therefore, the acoustic LDOS at the source location is
proportional to the radiation resistance of the sound source.
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FIG. 1. (a) A compact detector tube, which combines a bal-
anced armature speaker, a homemade acoustic particle velocity
sensor, and a Knowles MEMS silicon microphone. The cross-
section area of the tube is 10 x 6 mm?. (b) Photo of the velocity
sensor which consists of three suspended heated wires above a
silicon substrate.

III. METHODS FOR MEASURING THE
ACOUSTIC LDOS

From Eq. (5), it can be seen that the acoustic LDOS
at the source location can be obtained via the acous-
tic pressure p; and the volume flow rate of source usS;.
However, the direct measurement of .S, of a small-size
monopole source is quite challenging. Here, we design
a compact detector tube, which combines a balanced
armature speaker (Knowles, CI-22955-000) as the sound
emitter, a homemade acoustic particle velocity sensor,
and a Knowles MEMS silicon microphone, as shown in
Fig. 1(a). The detector tube has a width of 6 mm and a
height of 10 mm, which are of deep subwavelength scales.
The SEM photo of the acoustic particle velocity sensor is
shown in Fig. 1(b). The particle velocity sensor consists
of three suspended wires above a silicon substrate, and
the wires are electrically heated and have a temperature-
dependent resistance. The middle wire acts as the heater
and the side wires act as temperature sensors. The incident
sound wave will induce a temperature difference between
the sensing wires, then their resistance difference can be
measured, which is proportional to the particle velocity
around the wires.

As shown in Fig. 2(a), the detector tube is connected to
the structure and the sensors are placed on the contact sur-
face. The acoustic pressure p, and velocity u, at the source
location are measured, respectively, by the MEMS pres-
sure microphone and the particle velocity sensor. In our
setup, S; becomes the cross-section area of the detector
tube. This design gives an excitation-probe setup with a
deep subwavelength source and a local detector, which is
targeted to probe Green’s function in Eq. (4).

In an acoustic cavity such as the Helmholtz resonator
[Fig. 2(a)], the resonant LDOS is known to be of the form
[32]:

(6)
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FIG. 2. (a) The detector tube is connected to the testing struc-
ture, and can be considered as a subwavelength source. The
acoustic pressure and the volume flow rate of source are mea-
sured by the sensors. The acoustic LDOS at the source location
then can be extracted. (b) The simulation results of acoustic
LDOS at the resonance frequency for a Helmholtz resonator with
different neck sizes. The results from the quality factor O of the
resonator agree well with the results from the acoustic pressure
and velocity at the source location.

where w, is the resonance frequency, Q is the quality fac-
tor, and V' is the modal volume. For the lowest resonant
mode, its wave function is nearly homogeneous inside the
cavity. The acoustic waves radiate out into the surround-
ing air through the neck. For a cubic Helmholtz resonator
with a side width of 60 mm, we calculate the acoustic
LDOS at the resonant frequency for different neck sizes
by finite-element simulations. As shown in Fig. 2(b), the
results from Eq. (6) agree well with the results from Eq.
(5), which demonstrate the feasibility of determining the
acoustic LDOS via Eq. (5).

The resonant cavity structures can be utilized to realize
the enhancement of LDOS. Here, we measure the acous-
tic LDOS through setups with two different cavities: the
Helmbholtz resonator [Fig. 3(a)] and the Fabry-Perot res-
onator [Fig. 3(c)]. To avoid the subtle influence of residue
and environment waves, the experiments are conducted in
an anechoic chamber. The speaker is driven by the sound
card and the signals of sensors are acquired by the NI 9234
data-acquisition module. As shown in Figs. 3(b) and 3(d),
the measured data are in good agreement with the simula-
tion results. The overall LDOS of the Helmholtz resonator
is higher than the Fabry-Perot resonator, which is due to
the stronger wave confinement in the Helmholtz resonator.

For the acoustic eigenmode, the spatial distribution of
LDOS is proportional to the squared acoustic pressure field
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FIG. 3. (a)Photo of the Helmholtz resonator. The detector tube
is connected to the resonator and the sensors are placed on the
contact surface. (b) The experimental and simulation results of
the acoustic LDOS spectrum for the Helmholtz resonator. The
blue star corresponds to the resonant LDOS calculated by the
quality factor of the resonator. (c) Photo of the Fabry-Perot res-
onator. The detector tube is placed at the bottom of the resonator,
where the LDOS reaches its maximum. (d) The experimental
and simulation results of the acoustic LDOS spectrum for the
Fabry-Perot resonator.

inside the cavity: p(w,r)  |p(w,r)|?. For the Helmholtz
resonator, the LDOS is nearly uniform in the cavity. In
contrast, for the Fabry-Perot resonator, the LDOS is inho-
mogeneous and reaches its maximum at the bottom of the
cavity where we probe the LDOS. Figure 4(a) presents the
simulated pressure field p distribution of the eigenmode of
the Fabry-Perot resonator at 1260 Hz. The pressure field
reaches its maximum at the bottom of the cavity. The sim-
ulation results of the normalized squared acoustic pressure
|p|? and LDOS p(r) at 1260 Hz along the dashed line are
shown in Figs. 4(b) and 4(c), respectively, which confirm
that p(r) o |p(r)|*.

IV. ACOUSTIC SSH MODEL AND FRACTIONAL
TOPOLOGICAL CHARGE

The LDOS is also tightly connected to the fractional
charge in the SSH model and other topological systems.
The fractional charge is a signature of the nontrivial topol-
ogy and can be found in a variety of systems. Here, we use
the acoustic SSH model [33—37] as a prototype to measure
the fractional topological charge via the LDOS using the
above method. The SSH model is a one-dimensional lat-
tice model with staggered hopping amplitudes. By adjust-
ing the intercell and intracell hopping strength, the SSH

model experiences a topological phase transition when
band inversion occurs. In its topological phase, the SSH
model hosts localized edge states, and the fractional charge
emerge at the two ends.

Here, the one-dimensional (1D) acoustic SSH model
is realized by coupling an array of acoustic cavities in a
dimerized way [Fig. 5(a)]. Each cavity has a height of
Ly = 150 mm and a side width of Dy = 30 mm. Two types
of square tubes of different widths (5 and 12 mm, respec-
tively) are used to connect the cavities and introduce the
dimerized couplings. All tubes are of length 60 mm. The
Hamiltonian of the acoustic SSH model, on a real-space
basis, is written as

Eyb v 0 -+ 0

V E, w :
H=|0 w E 0, (7)

S

0 0 v EO

where E, denotes the on-site potential, and v (w) is the
intracell (intercell) hopping, which is related to the width
of the coupling tube. The LDOS of the acoustic SSH model
can be theoretically calculated from the real-space Hamil-
tonian (see Appendix A for details). When the intracell
coupling is stronger (weaker) than the intercell coupling,
the system is trivial (topological). Figures 5(b) and 5(c)
show the acoustic eigenstate spectrum from finite-element
simulations for the topological and trivial cases. There are
in total 16 eigenstates in the spectrum for both cases, which
is equal to the number of cavities in our system. For the
topological case, there are two edge states emerging at the
middle of the band gap. Figures 5(d) and 5(e) show the
pressure-field distributions of the edge state [Fig. 5(d)] and
the bulk state [Fig. 5(e)] of the 1D acoustic SSH model
from finite-element simulations. The edge state is mainly
localized in the edge cavity, while the bulk state occupies
the other cavities.

The sample is fabricated using three-dimensional (3D)
printing technology [Fig. 6(a)] and has eight unit cells.
There are two sites within each unit cell. In the experi-
ment, the detector tubes are placed at the top of the cavities.
We measure the LDOS of each cavity with a frequency
step of 2 Hz. We define that the LDOS at the ith site is
o(f, i) = (1/2) pmax (f, i) LoD} where pmax(f, i) is the max-
imum LDOS in the ith cavity (i.e., the LDOS measured
at the top of the cavity, see Appendix B for details). In
Fig. 6(b), we present the LDOS p(f,7) for the first four
sites of the system using results from theoretical calcula-
tions, finite-element simulations, and the experimental data
for the topological case. These results are in agreement
with each other. We find that for the LDOS in site 1, the
edge state emerges as a single peak in the band gap. For the
LDOS in sites 2—4, the two peaks are associated with the
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FIG. 4.

(a) Simulated pressure-field p distribution of the eigenmode of the Fabry-Perot resonator at 1260 Hz. (b),(c) The simulation

results of the normalized |p|> and LDOS p(r) along the white dashed line, which confirm that the spatial distribution of LDOS is
proportional to the squared acoustic pressure field inside the cavity.

bulk states. From these results, we can infer that the edge
states are mainly localized in the edge cavities, which is in
agreement with the simulated pressure-field distribution of
the edge state in Fig. 5(d).

In its topological phase, the SSH model supports the
fractional charge at edges. The topology of the SSH model
can be characterized by the bulk polarization as P =
(i/2m) [ dk (u(k)|ou(k)), which is the integral of the Berry
potential over the Brillouin zone, with u(k) being the Bloch
function. P = 0(1/2) corresponds to the trivial (topologi-
cal) case. The Wannier center, which indicates the charge
distribution, is identical to the bulk polarization. The posi-
tion of the Wannier centers is shown in Fig. 6(c). The
Wannier centers are at the center (edge) of the unit cell
in the trivial (topological) case. Thus, in the topological
case, the Wannier center is shared by two adjacent unit
cells and contribute 1/2 charge to each of them, which
indicates a nontrivial phase with fractional edge charge.

The fractional charge can be understood via the concept of
filling anomaly [38,39]: the mismatch between the number
of valence-band eigenstates to the number of unit cells and
the inversion symmetry leads to the fractional charge of
1/2.

In analog of the fermionic band filling of the valence
band and the edge states, here the mode charge for each
site is defined as

faap
%=A p(f.i)df ®)

Here, fgap is a frequency in the band gap and is above the
edge states. The mode charge of each unit cell is the sum of
the mode charge of the two sites. The results are shown in
Fig. 6(c). For the trivial case, the mode charge of each unit
cell is close to the theoretical value of 1. For the topological
case, it is shown that the edge unit cell has a mode charge
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FIG. 5. (a) The structure of the 1D acoustic SSH model. The eigenstate spectrum from finite-element simulations for the topological

(b) and trivial case (c). A pair of edge states emerge in the band gap for the topological case. Here, “bulk 1” and “bulk 2” label the
valence and conduction bands, respectively. (d),(e) Simulation results of the field distributions of the edge state (d) and bulk state (e)

of the acoustic SSH model.
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FIG. 6. (a) Photo of the sample. Inset shows the structure of the device for the probe of the acoustic LDOS. (b) The LDOS spectrum

of the first four sites of the system. In the LDOS spectrum of site 1, the edge state emerges as a single peak in the band gap. In the LDOS
spectrum of sites 2—4, the two peaks correspond to the bulk states. (¢) Measured mode charge of each unit cell for the topological and

trivial case. The green stars label the Wannier centers.

close to 1.5, which reveals the 1/2 fractional topological
charge for the SSH model.

V. CONCLUSIONS

In this work, we develop a method to probe the acous-
tic LDOS through the measurement of the volume flow
rate and the acoustic pressure with a local excitation-probe
configuration. In acoustic systems, the characterization of
the acoustic field is usually based on measurement of
the sound pressure, which ignores the particle velocity.
Here, we characterize the properties of the subwavelength
acoustic source via the combination of an acoustic par-
ticle velocity sensor and a pressure microphone, and the
acoustic LDOS at the source location then can be directly
extracted. Based on this method, we observe in an acous-
tic SSH system the emergence of 1/2 fractional topological
charge, which proves that our method can help identify the
band topology of topological acoustic phases. These find-
ings reveal the central relevance of the LDOS in acoustic
systems and thus opens a pathway toward the fundamental
physics of acoustic phenomena [30,40]. The measurement
of acoustic LDOS could also have many practical applica-
tions. The low-frequency acoustic emission enhancement
is highly demanded in audio acoustics. The engineering of
LDOS via acoustic structures can control and enhance the
emission rate of acoustic sources. Calculating and measur-
ing the LDOS is therefore necessary for the spatial and
spectral control of acoustic emissions. The tailoring of

LDOS can also play a role in acoustic wave-matter inter-
action, energy confinement [41], and sound absorption.
Moreover, the measurement of LDOS provides a useful
tool for the characterization of acoustic systems, such as
probing the band structure and eigenmodes of phononic
crystals [42].
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APPENDIX A: CALCULATING LDOS FROM THE
REAL-SPACE HAMILTONIAN

In quantum mechanics, Green’s function of the Hamil-
tonian is a useful concept, which closely links to the
density of states. Green’s function can be obtained by the
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(a) Simulation results of the squared pressure |p|? distribution of the eigenmode at 1216 Hz. (b) Simulation results of the

LDOS distribution inside the third cavity at 1216 Hz. (c) Simulation results of the LDOS spectrum of the third site. The results from
(1/2) pmax (f i)LoD(Z) agree well with the results by integrating the LDOS over the whole site. ppax () is the maximum LDOS on top of

the third cavity.

real-space Hamiltonian via

1
G*(E,rr) = ——0. (AD)
E4+in—H
It can also be expressed by the eigenfunctions:
¢n (N (1)
G*(E,r,v) = — A2
(E,r,r) ZEim_An (A2)

n

Using 1im+(1/x +in) = P(1/x) Find(x):
n—0

¢n (1) (1)

G*(E,r,Y) =P
E —

Fin ) 8(E —r)eue; (). (A3)

The LDOS is defined as

p(r,E) =) S(E—)e,(Dgi(r).  (Ad)

Comparing Egs. (A3) and (A4), we can find that the LDOS
corresponds to the imaginary part of Green’s function:

1
p(r,E) = F—ImG* (E,r,1) (A5)
T
and the DOS is the trace of the matrix:
1
p(E) = F—Im[uG*(E)]. (A6)
T

APPENDIX B: DISTRIBUTION OF LDOS INSIDE
THE ACOUSTIC SSH MODEL

In Fig. 7(a), we present the calculated squared pressure
|p|? distribution of the eigenmode at 1216 Hz, which is
proportional to the LDOS. The calculated LDOS distribu-
tion inside the cavity at 1216 Hz is shown in Fig. 7(b).
The acoustic pressure of the cavity mode is described
by a sinusoidal function along the z direction. As a
result, the average acoustic LDOS inside the cavity is
equal to (1/2)pmax(f), where pmax(f) is the maximum
LDOS at the top of the cavity. The LDOS inside the
coupling tube is difficult to be measured, and can be
ignored because the size of the tube is much smaller than
the cavity. The LDOS at the ith site is then given by
o(f> i) = (1/2) pmax (f', ))LoD3. In Fig. 7(c), we present the
LDOS spectrum of the third site by finite-element simu-
lations. The results from (1/2)pmax(f, i)LOD% agree well
with the results by integrating the LDOS over the whole
site. The results from (1/2) omax (f, i)Lng are smaller than
the results from integration because we ignore the LDOS
inside the tube.
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