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Exceptional points, with simultaneous coalescence of eigenvalues and eigenvectors, can be realized
with non-Hermitian photonic systems. With the enhanced response, exceptional points have been proposed
to improve the performance of photonic sensing. Recently, there are intense debates about the actual
sensing advantage of exceptional points. The major concern is that intrinsic noise is also increased at
exceptional points. Here, we aim to clarify the contribution of exceptional points for photonic sensing.
This is achieved by analyzing the condition to realize divergent quantum Fisher information in linear non-
Hermitian photonic systems. We show that the divergence of quantum Fisher information is the result of
lasing threshold, instead of exceptional points. However, exceptional points correspond to the condition
that lasing threshold is simultaneously achieved across multiple photonic modes. Therefore, exceptional
points can further improve the sensitivity on top of lasing threshold. On the other hand, exceptional points
alone cannot provide sensing advantage.

DOI: 10.1103/PhysRevApplied.19.034059

I. INTRODUCTION

Optical metrology plays a critical role in modern pre-
cision measurement. Prominent examples include laser
spectroscopy for molecule identification [1,2], optical fre-
quency comb for timing and ranging [3–5], and optome-
chanics for inertial navigation and force sensing [6,7]. The
capability of optical metrology is further strengthened by
the recent demonstration of photonic exceptional points
[8–11]. The initial rationale to use exceptional points for
photonic sensing is that the frequency splitting δω of
coupled photonic cavities at nth-order exceptional points
scales as δω ∝ ε1/n, in contrast to linear scaling δω ∝ ε

without exceptional points [9–11]. Therefore, a stronger
spectral response can be achieved at exceptional points.

With the enhanced signal response, it is widely accepted
that the overall photonic sensing performance can be
improved if the noise is dominated by later measurement
stages [11]. As exceptional points are typically realized
with non-Hermitian photonic systems, there are unavoid-
able intrinsic noise processes such as vacuum fluctuations
due to loss and spontaneous emission in gain medium [12].
This has caused intense debate about whether exceptional
points can still show sensing advantage if intrinsic noise
processes are dominant [13–21]. The major concern is that
intrinsic noise is also increased due to the coalescence
of eigenvectors. This has been confirmed with theoreti-
cal [13,14], analytical [21], and experimental [17] studies
of specific measurement protocols of exceptional points.
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However, according to the quantum information theory,
analysis built upon specific measurement protocols is not
sufficient to draw a conclusion to the ultimate limit of
photonic sensing systems [22]. Instead, quantum Fisher
information (QFI), which is independent of specific mea-
surement protocols, can provide the ultimate sensitivity of
exceptional points [23]. While QFI with exceptional points
has been calculated in recent works [15,16], significant
disagreement still exists regarding the sensing benefit of
exceptional points.

In this paper, we aim to clarify the contribution of excep-
tional points for photonic sensing. To estimate the ultimate
sensitivity, we calculate QFI in different configurations of
non-Hermitian photonic systems under the linear approxi-
mation. We find that QFI shows divergent behavior when
at least one photonic mode is at the lasing threshold. On
the other hand, QFI is bounded to finite values at excep-
tional points. This confirms that the fundamental reason
for improved sensitivity is the lasing threshold, instead of
exceptional points. However, there is one special case such
that exceptional points and lasing threshold are achieved
at the same time. This condition can only be achieved if
the total gain and loss are balanced, thus the overall sys-
tem is parity-time (PT) symmetric [8–10]. In this case, QFI
diverges with a faster speed than only the single-mode las-
ing threshold. The divergence speed is proportional to the
order of exceptional points. Therefore, we conclude that
exceptional points can benefit the sensitivity, but only in
combination with the lasing threshold in PT-symmetric
systems. Our analysis reveals the relevance of the bal-
ance between the total gain and loss to achieve enhanced
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sensitivity at exceptional points, providing guidance for
further experimental verification.

II. CLASSICAL LINEAR DYNAMICS

Photonic dimer, consisting of two coupled photonic
cavities, is a well-established model to study exceptional
points and non-Hermitian dynamics (Fig. 1). The classical
equation of motion for this photonic system can be written
as

da1

dt
=

(
−iω0 − γ

2

)
a1 + iκa2,

da2

dt
=

(
−iω0 − γ − g

2

)
a2 + iκa1,

(1)

where a1 and a2 represent optical fields in each cavity, ω0
is the resonant frequency, γ is the cavity loss, and κ is the
coupling rate between the two cavities. Here, we assume
that the two cavities have the same resonant frequency and
cavity loss, and optical gain g is applied to the second
cavity. The eigenvalues are given by

λ± = ω0 + i
g − 2γ

4
±

√
κ2 −

(g
4

)2
. (2)

When g = 4κ , the two eigenvalues become degenerate,
corresponding to the exceptional point [Fig. 2(a)]. Lasing
threshold requires the imaginary part of one eigenvalue
to be zero. This can be obtained under two conditions.

FIG. 1. Schematic of the photonic dimer with two coupled
resonators. Probe channels (solid green) can be accessed experi-
mentally. Intrinsic loss channels (dashed gray) and gain channel
(dashed red) cannot be accessed experimentally.

(a)

(b)

FIG. 2. Eigenvalue real part (blue) and imaginary part (red)
with (a) g = 1.25γ and (b) g = 2γ . The conditions for the las-
ing threshold and exceptional point (EP) are labeled with solid
and dashed black lines, respectively. The two conditions coincide
with g = 2γ .

The first one is g = γ + 4(κ2/γ ), corresponding to single-
mode lasing threshold with frequency at ω0. The second
one is g = 2γ and κ > γ/2, corresponding to single-mode
lasing threshold with frequency at ω0 ±

√
κ2 − (g/4)2.

The conditions for the exceptional point and lasing thresh-
old can be simultaneously satisfied when g = 2γ = 4κ .
This corresponds to exceptional points in PT-symmetric
systems with balanced total gain and loss [Fig. 2(b)].

III. QUANTUM DYNAMICS

From quantum perspective, gain and loss are realized
through phase-insensitive coupling with environments,
which inevitably introduces excess noises [12]. As opti-
cal fields are amplified or attenuated with the same ratio
regardless of the optical phase, additional noise chan-
nels are essential to maintain the quantum mechanical
commutation relation (Fig. 1). To investigate the ultimate
sensitivity limit, we use quantum Langevin equations to
describe the dynamics of the coupled photonic cavities

dâ1

dt
=

(
−iω0 − γ

2

)
â1 + iκ â2 + √

γcâin
1 + √

γiN̂1,

dâ2

dt
=

(
−iω0 − γ − g

2

)
â2 + iκ â1

+ √
γcâin

2 + √
γiN̂2 − √

gN̂ †
g ,

(3)
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where N̂1/2 is the noise operator due to the intrinsic loss,
âin

1/2 is the input state operator from the probe channel,
and the gain g is realized through the gain channel with
the creation operator N̂ †

g . Here we assume the two cavi-
ties have the same passive intrinsic loss (γi) and coupling
strength (γc) with the probe channels. After performing the
Fourier transform â(ω) = ∫

â(t)e−i(ω−ω0)tdt and convert-
ing into quadrature basis x = â + â† and y = −i(â − â†),
Eq. (3) can be rewritten as

⎡
⎢⎣

x1
x2
y1
y2

⎤
⎥⎦ = G

⎛
⎜⎜⎝

√
γc

⎡
⎢⎢⎣

xin
1

xin
2

y in
1

y in
2

⎤
⎥⎥⎦ + √

γi

⎡
⎢⎣

q1
q2
p1
p2

⎤
⎥⎦ + √

g

⎡
⎢⎣

0
−pg

0
qg

⎤
⎥⎦

⎞
⎟⎟⎠ ,

(4)

where (q1/2, p1/2) and (qg , pg) are the quadratures of intrin-
sic noise channels and the gain channel, respectively, and
(xin

1/2, y in
1/2) are the input-state quadratures. The transfer

function G is dependent on the cavity detune θ = ω − ω0

G−1(θ) =

⎡
⎢⎢⎣

γ

2 0 θ κ

0 γ−g
2 κ θ

−θ −κ
γ

2 0
−κ −θ 0 γ−g

2

⎤
⎥⎥⎦ . (5)

Then we can obtain the output-state quadratures

⎡
⎢⎣

xout
1

xout
2

yout
1

yout
2

⎤
⎥⎦ = −√

γc

⎡
⎢⎣

x1
x2
y1
y2

⎤
⎥⎦ +

⎡
⎢⎢⎣

xin
1

xin
2

y in
1

y in
2

⎤
⎥⎥⎦

= (I − γcG(θ))

⎡
⎢⎢⎣

xin
1

xin
2

y in
1

y in
2

⎤
⎥⎥⎦

− √
γcγiG(θ)

⎡
⎢⎣

q1
q2
p1
p2

⎤
⎥⎦ − √

γcgG(θ)

⎡
⎢⎣

0
−pg

0
qg

⎤
⎥⎦ ,

(6)

where I is the four-by-four identity matrix. Noise quadra-
tures (q1/2, p1/2) and (qg , pg) are averaged to zero. There-
fore, we can obtain the signal output.

μout(θ)
def=

⎡
⎢⎣

x̄out
1

x̄out
2

ȳout
1

ȳout
2

⎤
⎥⎦ = (I − γcG(θ))

⎡
⎢⎢⎣

x̄in
1

x̄in
2

ȳ in
1

ȳ in
2

⎤
⎥⎥⎦

def= (I − γcG(θ)) μin. (7)

The covariance matrix of the output state, which character-
izes the noise, can be written as

Vout(θ) = (I − γcG) Vin (I − γcG)T (8)

+ γcγiGViGT + γcgGDVgDTGT

where Vin, Vi, and Vg are the covariance matrix for the
input state, noise input due to intrinsic loss and gain chan-
nel, respectively. For simplicity, we assume all noise and
input channels have quantum limited vacuum noise. For
optics, this corresponds to coherent state input and perfect
amplification with no thermal noise. Therefore, we have

Vin = Vi = Vg =

⎡
⎢⎣

1 0 i 0
0 1 0 i
−i 0 1 0
0 −i 0 1

⎤
⎥⎦ , (9)

D = diag[0, −1, 0, 1].

As the overall photonic process is Gaussian, QFI can be
directly calculated using the average signal output [Eq. (7)]
and covariance matrix [Eq. (8)] [24,25]. If we use the cav-
ity detune θ as the perturbation and assume strong input,
QFI can be written as

I(θ) =
(

dμout(θ)

dθ

)T

V−1
out(θ)

(
dμout(θ)

dθ

)
. (10)

Then the sensitivity lower bound δθ is determined by the
quantum Cramer-Rao bound (QCRB) [26]

δθ = 1/
√

I(θ). (11)

With Eq. (7)–(9), we can see that QFI is only determined
by the input probe amplitude μin and the transfer function
G(θ).

I(θ) = γ 2
c

(
dG
dθ

μin

)T
⎡
⎣

(γcG − I)Vin(γcG − I)T

+γcγiGVinGT

+γcgGDVinDTGT

⎤
⎦

−1

(12)
(

dG
dθ

μin

)
.

This equation is used to numerically calculate QCRB
under different conditions of the non-Hermitian photonic
system.

IV. RESULTS

We first analyze the impact of the input state μin. As both
the optical gain and loss are phase insensitive, we focus
on the power distribution between the two input waveg-
uides. We fix the total input power |âin

1 |2 + |âin
2 |2, and vary
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FIG. 3. QCRB dependence on input power distribution at the
lasing threshold g = 1.9γ (blue) and g = 2.1γ with κ calculated
by g = γ + 4κ2/γ . Perturbation amplitude is set as θ = 10−3.

the power ratio |âin
1 |2/|âin

2 |2. As shown in Fig. 3, the proper
choice of power ratio can improve the QCRB. At the lasing
threshold g = γ + 4(κ2/γ ), we should allocate all power
to the cavity at the lasing threshold. This corresponds to
all power to the active cavity â2 if g < 2γ , and to the
passive cavity â1 if g > 2γ . For exceptional points with
balanced gain and loss g = 2γ = 4κ , the QCRB limit has
no dependence on the power distribution. This is because
both modes are at the lasing threshold, and both modes
have equal distribution in the two cavities. Regardless of
photonic parameters, the QCRB is a smooth function with-
out divergence. The choice of the input state does not
change the QCRB radically. Therefore, we use the bal-
anced input |âin

1 |2/|âin
2 |2 = 1 to analyze the impact of the

transfer function G(θ) on the sensitivity limit.
Different from the smooth dependence on the input state,

the QCRB can show divergent dependence on the transfer
function G(θ) due to the inverse operation [Eq. (5)]. This
occurs when the inverse of the transfer function has zero
determinant

det[G−1(θ0)] =

∣∣∣∣∣∣∣∣

γ

2 0 θ0 κ

0 γ−g
2 κ θ0

−θ0 −κ
γ

2 0
−κ −θ0 0 γ−g

2

∣∣∣∣∣∣∣∣
= 0. (13)

If we assume the perturbation is dispersive, θ0 can only
have real values. Then we can obtain two conditions for
Eq. (13): (i) g = γ + 4(κ2/γ ) ≥ γ with θ0 = 0 and (ii)
g = 2γ and κ > γ/2 with θ0 = ±

√
κ2 − (g/4)2, corre-

sponding to the undetuned and detuned lasing threshold
identified from Eq. (2), respectively. Near these conditions,
Laurent expansion around the defective point θ0 can be

used to describe the dynamics of the transfer function

G(θ) =
m∑

k=0

Ck × 1
(θ − θ0)k ∼ Cm × 1

(θ − θ0)m , (14)

where Ck is the expansion constant matrix, and m is the
pole order. Since G(θ) scales as ∼ (θ − θ0)

−m, we can
get Vout(θ)−1 ∼ (θ − θ0)

2m and dG/dθ ∼ G2(θ) ∼ (θ −
θ0)

−2m [16]. With Eqs. (11) and (12), we can determine
the QCRB scaling

δθ ∼ (θ − θ0)
m. (15)

Then the critical issue is to obtain the pole order m under
different conditions. For the first condition g = γ + 4 κ2

γ
≥

γ , we have m = 1 and the expansion is conducted around
θ0 = 0

G(θ) ∼

⎡
⎢⎢⎣

0 2κγ −4κ2 0
2κγ 0 0 γ 2

4κ2 0 0 2κγ

0 −γ 2 2κγ 0

⎤
⎥⎥⎦× 1

(4κ2 − γ 2)
× 1

θ
.

(16)

Therefore, the QCRB diverges as δθ ∼ θ , shown as blue
and green solid lines in Fig. 4. In contrast, the transfer
function G(θ) is nondefective at the general exceptional-
point condition g = 4κ , corresponding to the pole order
m = 0. Therefore, the QCRB saturates at small perturba-
tion, shown as blue and green dashed lines in Fig. 4. This
shows that the fundamental reason of the sensing advan-
tage is the lasing threshold instead of the exceptional point.
However, the Laurent decomposition in Eq. (16) requires
the condition γ �= 2κ .

With the condition γ = 2κ , the lasing threshold require-
ment g = γ + 4(κ2/γ ) becomes g = 2γ = 4κ . Therefore,
the exceptional point and lasing-threshold conditions are
satisfied at the same time. The photonic system is PT sym-
metric with balanced total gain and loss. Then the Laurent
decomposition of the transfer function gives [16]

G(θ) ∼

⎡
⎢⎣

1 0 0 1
0 −1 1 0
0 −1 1 0

−1 0 0 −1

⎤
⎥⎦ × γ

2
× 1

θ2 . (17)

Therefore, the pole order becomes m = 2. The QCRB
diverges as δθ ∼ θ2 (red solid line in Fig. 4), which is
faster than the undetuned single-mode lasing threshold.
This shows that the exceptional point can provide sensitiv-
ity advantage on top of the lasing threshold, but only with
balanced total gain and loss. On the other hand, generalized
exceptional points obtained by loss gauge transformation
[9] cannot exhibit sensing advantage assuming noise is
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FIG. 4. QCRB dependence on perturbation amplitude. Blue
dashed line: generalized exceptional point with g = γ and κ =
g/4 = γ /4. Green dashed line: generalized exceptional point
with g = 3γ and κ = g/4 = 3γ /4. Blue solid line: single-mode
lasing threshold κ = 0, g = γ + 4κ2/γ = γ . Green solid line:
single-mode lasing threshold κ = γ /

√
2, g = γ + 4κ2/γ = 3γ .

Red solid line: exceptional point with balanced gain and loss
g = 2γ = 4κ .

limited by intrinsic processes. It is also worth noting that
EP at lasing threshold is different from two-mode lasing
threshold at a diabolic point. The later case can be achieved
with the condition that both photonic cavities have gain
g1 = g2 = g = γ and no mutual coupling κ = 0. The pole
order for the two-mode lasing threshold at a diabolic point
is still m = 1 and the QCRB is δθ ∼ θ , which is slower
than EP at lasing threshold.

With the balanced total gain and loss, the lasing thresh-
old can also be achieved with strong mutual coupling
between cavities κ > γ/2. Then the Laurent decompo-
sition is conducted with frequency detune around θ0 =
±

√
κ2 − (γ /2)2

G(θ) ∼

⎡
⎢⎣

− γ

4 0 0 − κ
2

0 γ

4 − κ
2 0

0 κ
2 − γ

4 0
κ
2 0 0 γ

4

⎤
⎥⎦ × 1√

κ2 − (γ 2/4)
(18)

× 1
θ − θ0

.

Pole order is also m = 1. In this case, the divergent QCRB
is at nonzero frequency detune θ0 [Fig. 5(a)]. If we shift
the origin point of the perturbation from 0 to θ0, we can
clearly see the first-order divergence of the QCRB δθ ∼
(θ − θ0) [Fig. 5(b)]. As the optimum frequency detune θ0
can be controlled with the mutual coupling κ , it can enable
alternative dynamic measurement schemes that track the
perturbation change with high sensitivity.

(a)

(b)

FIG. 5. (a) QCRB dependence on original perturbation ampli-
tude. (b) QCRB dependence on shifted perturbation ampli-
tude θ −

√
κ2 − (γ /2)2. Total gain and loss are balanced g =

2γ . Red: exceptional point g = 2γ = 4κ . Blue: detuned lasing
threshold κ = (1/2 + 10−3)γ . Green: detuned lasing threshold
κ = (1/2 + 2 × 10−3)γ .

Gain saturation is not considered in this linearized
model. With gain saturation, we expect that the sensitiv-
ity will not show divergence as this requires infinite signal
amplification and power. Practically, gain saturation can be
avoided by setting the gain g slightly below the divergence
threshold. To evaluate the influence of such subthreshold
condition, we compare the QCRB with varying gain g in
two cases (i) κ = γ /2 near θ0 = 0 and (ii) κ = γ near
θ0 =

√
κ − (γ /2)2 = √

3γ /2. At g = 2γ , the two cases
correspond to the exceptional point with balanced gain
and loss, and the lasing threshold with frequency detune,
respectively. As shown in Fig. 6, the sensitivity advan-
tage is maintained with subthreshold gain values. This can
be verified by conducting the Laurent decomposition with
respect to the gain g. For both lasing threshold and excep-
tional point with balanced gain and loss, the same polar
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FIG. 6. QCRB dependence on the optical gain. Red: approach-
ing the exceptional point with balanced gain and loss with g →
2γ and κ = γ /2. Blue: approaching the detuned lasing threshold
when g → 2γ and κ = γ . Perturbation amplitude is set as θ =
10−5 away from the critical value θ0 = 0 and θ0 =

√
κ2 − (γ /2)2

for the red and blue lines, respectively.

number of m = 1 is obtained

G(g) ∼ 1
(g − g0)

(19)

when we set θ = θ0. The corresponding critical perturba-
tion and gain values are (i) θ0 = 0 and g0 = γ + 4κ2/γ for
the undetuned lasing threshold (ii) θ0 = 0 and g0 = 2γ =
4κ for the exceptional point with balanced gain and loss,
and (iii) θ0 =

√
κ2 − (γ /2)2 and g0 = 2γ for the detune

lasing threshold.
The sensing performance of exceptional points has been

theoretical analyzed previously [13–21]. Here, we explic-
itly provide the necessary condition to realize sensing
advantages with exceptional points, which is the lasing
threshold. While the critical role of the lasing thresh-
old was also recognized in Ref. [21] based on power-
consumption analysis, our work provides the ultimate limit
using quantum information theory.

V. CONCLUSION

In conclusion, we analyze the contribution of the lasing
threshold and exceptional point for photonic sensing. The
sensitivity limit is obtained by calculating QFI in the lin-
ear model. We show that the QCRB shows divergence at
the lasing threshold, but smooth behavior at exceptional
points. Therefore, the sensitivity improvement is a result
of the lasing threshold instead of the exceptional point.
While the exceptional point alone does not offer advan-
tage, the optimum QCRB is achieved if the exceptional-
point and lasing-threshold conditions are satisfied at the
same time. This corresponds to the exceptional point in
PT-symmetric systems with balanced total gain and loss.

Under this condition, the QCRB shows a faster diver-
gence speed than single-mode lasing threshold. Therefore,
the balance between the total gain and loss is the key
to verify the contribution of exceptional points. Besides
clarifying the contribution of exceptional points, our work
also provides the useful guidance to experimentally realize
exceptional-point-enhanced photonic sensing.
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