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Controlling the spectral response of thermal emitters has become increasingly relevant for a range of
energy and sensing applications. Conventional approaches to achieving arbitrary spectrum selectivity in
photonic systems have entailed combining multiple resonantly emissive elements together to achieve a
range of spectral profiles through numerical optimization, with a universal theoretical framework lacking.
Here, we develop a temporal coupled-mode theory for thermal emission from multiple, arbtirarily coupled
resonators. We validate our theory against numerical simulations of complex two- and three-dimensional
nanophotonic thermal emitters, highlighting the anomalous thermal emission spectra that can emerge when
multiple resonators with arbitrary properties couple to each other with varying strengths.
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I. INTRODUCTION

Thermal emission is a fundamental physical process
whose control is essential for a broad range of imaging,
sensing, and energy technologies. Conventional thermal
emitters are typically incoherent, broadband, unpolarized,
and lack directionality. Over the last two decades, a range
of photonic strategies have by contrast shown that it is
indeed possible to create narrowband, polarized, and/or
directional thermal emitters [1–8]. The spectral character-
istics of thermal emission, in particular, have been sculpted
through a range of nanophotonic approaches including
metallic nanoantennas [9,10], photonic crystals [11–16],
and semiconductor nanorods [17]. Tailoring the frequency
and bandwidth response of emitted thermal radiation using
nanophotonic strategies has in turn proved critical for
improved performance in many emerging applications,
including thermophotovoltaics [13,18–23], radiative cool-
ing [24–30], and thermal management [31–34].

Conventional strategies to achieve an arbitrary degree
of control over spectral selectivity for a thermal emitter
rely on either numerical optimization or exploiting known
electromagnetic mode behavior in conventional photonic
systems. In this context, a resonance-based approach to
understanding thermal emission offers the potential of both
understanding and designing desired thermal-emission
spectra in a more systematic way. Temporal coupled-mode
theory [35,36], in particular, is a widely used semiana-
lytical method that has been shown to provide excellent
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approximations and physical insight into the behavior
of a range of resonance- and mode-driven nanophotonic
structures and devices [37–42].

Recently, temporal coupled-mode theory for single-
mode thermal emitters was developed to analytically
model the thermal emission from such an emitter with high
accuracy [43]. Further work has extended this coupled-
mode theory to include coupling between multiple iden-
tical resonant thermal emitters, and shown that thermal
emission decreases with increasing number of identical
thermal emitters in analogy to quantum super-radiance
effects [44]. In photonic structures that support one or few
modes, the thermal emission’s coherence is enhanced as
it is dominated by those modes, and allows for the use
of methods like coupled-mode theory. As a semianalyt-
ical model, coupled-mode theory is able to offer deeper
insight on the effect of material and structural param-
eters and the resulting spectral nature of their thermal
emission, an insight that simulations alone cannot offer.
However, prior work has been limited to describing a
constrained set of thermal emitters due to the resonators
being identical in character. For many practical scenar-
ios, highly complex and selective thermal emission spectra
with multiple frequency peaks and varying bandwidths
are desirable, but difficult to achieve with single-mode
resonators, and more generally are challenging to eluci-
date. One particularly promising mechanism to achieving
complex thermal-emission spectra is to consider systems
supporting multiple arbitrary resonators [9,10], which may
additionally couple or hybridize with each other, thereby
enhancing or suppressing thermal emission with several
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degrees of potential freedom to control the resulting spec-
tral response. Such a scenario, while intriguing, is however
challenging to model analytically and can require many
complex and slow simulations. A universal theoretical
framework for understanding the full range of complex
coupling, and resulting thermal emission that may be
possible in multiresonant photonic structures is currently
lacking, but could enable deeper insights into the behav-
ior of such structures and enable more rapid design of their
arrangements.

In this paper we introduce an extended temporal
coupled-mode theory framework to derive an analytical
formalism to model thermal emission from an arbitrary
number of resonators, which can arbitrarily couple to each
other. We validate the theory against simulation-based cal-
culations of thermal emission from a range of physically
realizable systems. We first demonstrate the coupled-mode
theory’s accuracy for multiple two-dimensional slit res-
onators, where the dielectric permittivity of each slit can
vary, along with the distance between each slit, thereby
altering both the real and imaginary part of the coupling
coefficient. We also demonstrate the coupled-mode the-
ory’s capabilities with a three slit system, highlighting how
both subradiant enhancement and super-radiant suppres-
sion of thermal emission can be selectively engineered at

different frequencies. Finally, we demonstrate the accu-
racy of the coupled-mode theory in predicting the thermal
emission spectra of supercell three-dimensional metal-
dielectric-metal resonators for a range of inter-resonator
distances. Collectively, our results offer a general theoreti-
cal framework capable of taking the response of individual
resonators and using them to determine their complex
spectral response when integrated and hybridized with
each other.

II. EXTENDED COUPLED-MODE THEORY

We first develop an extended temporal coupled-mode
theory capable of describing the collective thermal emis-
sion from N different emitters that are coupled to each
other with varying degrees of strength. Each resonant emit-
ter is assumed to have an amplitude a = (a1, a2, . . . , aN )T.
The energy stored inside an emitter may decay through
three pathways. The first pathway is through intrinsic
absorption, which is represented by the intrinsic decay rate
�0 = diag(γ01, γ02 · · · γ0N ). The second is to decay to the
external free-space channels, which is described by the
external decay rate �e = diag(γe1, γe2 · · · γeN ). The third is
through coupling with other resonators, which is expressed
by a complex coupling coefficient matrix K defined as

K =

⎛
⎜⎜⎜⎜⎝

0 κ12 + iβ12 · · · κ1(N−1) + iβ1(N−1) κ1N + iβ1N
κ21 + iβ21 0 · · · κ2(N−1) + iβ2(N−1) κ2N + iβ2N

...
. . .

...
κ(N−1)1 + iβ(N−1)1 κ(N−1)2 + iβ(N−1)2 · · · 0 κ(N−1)N + iβ(N−1)N

κN1 + iβN1 κN2 + iβN2 · · · κN (N−1) + iβN (N−1) 0

⎞
⎟⎟⎟⎟⎠

. (1)

To capture arbitrary coupling between resonating ele-
ments, we define κ as the real part of the coupling coef-
ficient, which in our context can capture scenarios such
as variable distance between resonators, and β, which is
the imaginary part of the coupling strength, and captures
the phase difference between resonators. In the framework
of the fluctuation-dissipation theorem, the absorption pro-
cess is balanced by a random thermal excitation source n.
With all these considerations, the dynamic equations for
resonance amplitudes can be written in the following form:

da
dt

= (j �0 − �0 − �e)a +
√

2�0n − Ka, (2)

where �0 = diag(ω1, ω2 · · · ωN ) describes the resonant
frequency of each resonator. We can explicitly calculate

a(ω) in the frequency domain,

a(ω) = (j (ω − �0) + �0 + �e + K )−1
√

2 �0n. (3)

We normalize the amplitude so that the mode energy is
given by |a|2. Here we introduce a noise source vector
n in Eq. (1), to compensate for the intrinsic resonator
loss and maintain thermal equilibrium [43]. Following the
fluctuation-dissipation theorem this noise source is defined
by a correlation function (see Supplemental Material [45]):

〈n∗(ω)n(ω′)〉 = 1
2Nπ

�(ω, T)δ(ω − ω′), (4)

where �(ω, T) = �ω/e(�ω/kT) − 1. The total power
emitted as thermal radiation, 〈PPP〉, can then be
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calculated as

〈P(t)〉 = 2�e〈a∗(t)a(t)〉

= 2�e

∫ ∞

0
dω

∫ ∞

0
dω′e−j (ω−ω′)t〈aaa∗(ω)aaa(ω′)〉

=
∫ ∞

0
dω

�(ω, T)

2Nπ
4�e((j (ω − �0) + �0

+ �e + K )−1)2�0. (5)

Solving for the power spectral density of thermal emission
we find that

P(ω) = �(ω, T)

2Nπ
4�e((j (ω − �0)+ �0 +�e + K )−1)2�0.

(6)

Here, as in conventional expositions of temporal coupled-
mode theory for multiport systems, we assume that each
resonances can decay into every other port in the sys-
tem, described by a total value dij and encompassed by

a coupling matrix D:

D =

⎛
⎜⎜⎜⎜⎝

d11 d12 · · · d1(N−1) d1N
d21 d22 · · · d2(N−1) d2N
...

. . .
...

d(N−1)1 d(N−1)2 · · · d(N−1)(N−1) d(N−1)N
dN1 dN2 · · · dN (N−1) dNN

⎞
⎟⎟⎟⎟⎠

.

(7)

By energy conservation the total coupling matrix D
bounds the values of the coupling coefficients to each
relevant channel (see the detailed derivation in Ref. [45]):

2(�0 + �e + K ) = D+D. (8)

Equation (6) is a key result of this paper and provides a
general expression for thermal emission from N resonators
that are coupled to each other arbitrarily. To elucidate the
power of this result, we first write analytical forms for
small N scenarios of typical interest, beginning with the
N = 1 scenario where coupling is not relevant:

P(ω) = �(ω, T)

2π

4γ01γe1

(ω − ω1)2 + (γ01 + γe1)2 . (9)

This expression is simply a standard Lorentzian form of power emitted due to a single resonance previously derived in
Ref. [43]. For two resonators (N = 2), however, we must include complex coupling terms κij + iβij for generality. This
results in the following expression for the radiated power:

P(ω) = �(ω, T)

4π

(
4γ01γe1α

2
2 + 4γe1γ02κ

2
12 + 4γe1γ02β

2
12 − 8α2κ12γe1

√
γ01γ02

(α1α2 − (κ12 + iβ12)(κ21 + iβ21))2

+4γe2γ02α
2
1 + 4γe2γ01κ

2
21 + 4γe2γ01β

2
21 − 8α1κ21γe2

√
γ01γ02

(α1α2 − (κ12 + iβ12)(κ21 + iβ21))2

)
. (10)

Here for convenience we introduce variables αj defined as

αj = i(ω − ωj ) + γ0j + γej .

κ12 and κ21 are the real parts of the coupling term deter-
mined by the spatial distance between the resonances,
while the complex terms β12 and β21 describe the phase
mismatch between resonances. Due to energy conserva-
tion, a two resonator system is constrained by Eq. (8),
resulting in the following expression:

cos(θ12 − θ11) + i sin(θ12 − θ11) + cos(θ22 − θ21)

+ i sin(θ22 − θ21) = 2κ12 + 2j β12√
(γ01 + γe1)(γ02 + γe2)

. (11)

Here, θij is the phase angle of dij . As in conventional
coupled-mode theory, this energy conservation relation
extends to arbitrary numbers of resonators and fundamen-
tally links the various coupling terms external to each
resonator: coupling to neighboring resonators or to free
space. In the two resonator case, we can first consider the
scenario when the two resonators are spatially close to each
other. In this case, as the two resonators move closer and
closer, θ12 will be getting closer to θ11 and θ21 will be get-
ting closer to θ22. Therefore, cos(θ12 − θ11) is near 1 and
sin(θ12 − θ11) is near 0, and the total thermal emission peak
power is strongly driven by the real part of the coupling
coefficients. When the two resonators are physically far
away from each other, as θ12 and θ21 is small, the coupling
strength is determined by the phase angle of θ11 and θ22.
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If θ11 and θ22 closes to π/2, the total thermal emission peak
is mainly determined by the imaginary portion of the cou-
pling strength, which encodes phase mismatch. If θ11 and
θ22 closes to 0, the total thermal-emission peak power is
strongly driven by the real part of the coupling coefficients.
More generally, the behavior of each resonant peak in an
arbitrary multiple-resonance system is determined by both
real and imaginary parts of the coupling coefficients.

III. NUMERICAL RESULTS

To validate the extended coupled-mode theory devel-
oped above, we consider an exemplary system consisting
of multiple narrow dielectric slits of arbitrary permittiv-
ity, which are introduced into a perfect electric conductor
(PEC) layer, as shown in Fig. 1(a). In the system, the opti-
cal fields are confined in the slit and can couple with each
other. This system is an extension of the slit resonator
system considered in Ref. [44], which consider multiple
identical resonators that were sufficiently close to each
other to enable near-field coupling.

We first consider the two resonator (two dielectric slit)
scenario and demonstrate how the coupled-mode theory
accurately predicts the effect of varying distance between
dissimilar resonators, as well as differing permittivities at
a fixed separation distance. In this scenario, the slits are
1.4 µm long, and 5 nm wide, and contain dielectric media
with permittivities ε1 = 12.5 + 0.001i and ε2 = 12.53 +
0.001i, respectively. Since the permittivity of each slit is
different the system supports resonances at slightly differ-
ent frequencies, ω1 and ω2 as can be seen in Fig. 1(b).
We then calculate the emission cross section of this sys-
tem using the finite-difference frequency-domain method
for different values of the slit separation distance d as
shown in Fig. 1(b). Simulations reveal a notable behav-
ior as we decrease the distance between two resonators:
the resonator with lower dielectric permittivity sees a
large enhancement in its total associated emission while
a large decrease for the resonator with higher permittivity
is observed.

We next model the same system using the extended
coupled-mode theory and compare its predictions to
the FDFD simulations. By defining a purely real

(a)

(b) (c)

FIG. 1. The effect of varying distance between dissimilar resonators. (a) The structure of resonant emitters consisting of two slits
in two PEC slabs. The length and width of the slit are 1.4 µm and 5 nm, respectively. They are filled with two different emissive
materials with a dielectric constant of ε1 = 12.5 + 0.001i and ε2 = 12.53 + 0.001i. (b) FDFD-simulated spectra of emission cross
section for two resonant emitters with a distance of 400, 800, and 1690 nm, separately. (c) Coupled-mode theory thermal-emission
power prediction for two different emitters with a coupling strength of κ = 0.000145, κ = 0.00015, κ = 0.000185.
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inter-resonator coupling constant, κ and examining a range
of its values we are able to systematically replicate the
trend observed in Fig. 1(b) in Fig. 1(c) remarkably well.
We note here that the y axis of Fig. 1(b) is the emis-
sion cross section, as calculated from the absorption cross
section, while the y axis in Fig. 1(c) is the total emit-
ted power as calculated by the CMT, and is formally
related to the emission cross section [44]. As the two res-
onators are moved closer, the real part of the coupling
strength further increases. This in turn influences the inter-
nal coupling coefficients γ01 and γ02 and external coupling
coefficients γe1 and γe2 due to energy conservation. As
detailed in the Supplemental Material [45], further increas-
ing the real part of coupling constant will need to increase√

(γ01 + γe1)(γ02 + γe2) thereby resulting in a decrease of
the lower-frequency peak, and an increase of the higher-
frequency peak. The exact same behavior is observed in
the FDFD simulations, with a small variation in resonance
frequency the only notable difference. This result suggests
that once coupling coefficients have been established for a

particular multiresonator system of interest, the temporal
coupled-mode theory can be used as a rapid simulator of
thermal emission from the class of nanophotonic structures
being examined.

Next, we examine the effect of changing the permit-
tivity in one of the two dielectric slits at a fixed, large
distance d = 800 nm [Fig. 2(a)]. As the permittivity of
one of the slits is changed, the imaginary part of inter-
resonator coupling coefficient, β changes due to phase
difference between each resonator. Since the resonators
are far apart, we expect minimal contribution from the
real part of the coupling coefficient κ . In our system,
we maintain the permittivity of ε1 as 12.5 + 0.001i and
change the permittivity of ε2 to 12.5008 + 0.001i, 12.53 +
0.001i, and 12.55 + 0.001i, respectively. FDFD simula-
tions shown in Fig. 2(b) highlight that as ε2 changes the
emission peak associated with resonator 2 increases first,
reaching a peak at �ε = 0.03 but then decreasing as ε2
is further increased. We explore the same system using
coupled-mode theory in Fig. 2(c) and find a range of β

(a)

(b) (c)

FIG. 2. The effect of changing permittivity in one of the two dielectric slits at a fixed, large distance. (a) The structure of resonant
emitters consisting of two slits in two PEC slabs. The length and width of the slit are 1.4 µm and 5 nm, respectively. They are
filled with two different dielectric materials with nonzero emissivity that are separated by a constant distance d = 800 nm. (b) FDFD-
simulated spectra of emission cross section for two resonant emitters. The dielectric constant difference of �ε1 = 0.0008, �ε2 = 0.03
and �ε3 = 0.05 separately. (c) Coupled-mode theory thermal-emission power prediction for two different emitters with a different
imaginary coupling strength of β = 0.00001, β = 0.0002, β = 0.00015.
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values, which result in exactly the same behavior observed
in the FDFD simulations, further demonstrating the util-
ity of this coupled-mode theory model. We emphasize that
while in the first scenario, a purely real coupling coef-
ficient captures the physical response, in this scenario,
a purely real coupling coefficient is insufficient. Refer-
ring back to Eq. (11) we observe that as the sin(θ) term
purely influences β it thereby encodes the phase differ-
ence between the resonators, which peaks at θ = π/2.
This corresponds to a particular β value depending on
the strengths of the internal coupling coefficients γ0 and
external coupling coefficients of the resonances γe. Thus,
this second scenario is captured with a purely imaginary
coupling coefficient.

To highlight the generality and flexibility of the devel-
oped coupled-mode theory we now examine a more com-
plex system involving three dielectric slits separated by
some arbitrary distance in a finite thickness PEC slab, and
filled with dielectric materials of arbitrary permittivity, as
is shown in Fig. 3(a). We consider the scenario where

the first and third resonators have the same permittivity
ε1 = ε3 = 12.5 + 0.001i while the middle resonator has
a slightly different permittivity of ε2 = 12.53 + 0.001i. In
Fig. 3(b), we compare the emission cross section as simu-
lated by FDFD for this three-slit-resonator system against
a two-resonator only system with ε1 = 12.5 + 0.001i and
ε2 = 12.53 + 0.001i and without ε3. Remarkably, we
observe that the addition of the third resonator suppresses
the lower-frequency peak (associated with ε1 and ε3) while
greatly enhancing the emission peak associated with the
middle resonator (with permittivity ε2). Coupling between
the resonators 1 and 3 results in a super-radiant suppres-
sion of emission analogous to that observed in Ref. [44]
for the lower-frequency peak. However, coupling between
resonator 2 and its neighbors results in a dramatic subra-
diant enhancement in its thermal-emission peak. We can
model both the baseline two-resonator system, and the
more complex three-resonator system using the coupled-
mode theory and find that it replicates the result observed
in the full-wave electromagnetic simulation, as is shown in

(a)

(b) (c)

FIG. 3. Comparison between a two-resonant-emitter system and a three-resonant-emitter system. (a) The structure of resonant
emitters consisting of three slits in three PEC slabs. The length and width of the slit are 1.4 µm and 5 nm, respectively. They
are filled with three emissive materials. (b) FDFD-simulated spectra of emission cross section for two resonators with a permit-
tivity ε1 = 12.5 + 0.001i and ε2 = 12.53 + 0.001i, and for a three-resonant-emitter scenario where the dielectric permittivities are
ε1 = 12.5 + 0.001i, ε2 = 12.53 + 0.001i and ε3 = 12.5 + 0.001i. (c) Coupled-mode theory thermal emission power prediction for
both the two-resonator and three-resonator scenarios, showing strong alignment with the numerical simulations of (b).
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Fig. 3(c). Our results, in addition to highlighting the capa-
bilities of the coupled-mode theory, show a mechanism to
develop high-power, narrow bandwidth thermal emitters
through inter-resonator coupling.

Finally, we demonstrate the ability of the coupled-mode
theory to accurately model thermal emission from com-
plex, three-dimensional nanophotonic structures. In partic-
ular, we consider complex supercells of metal-insulator-
metal (M -I -M ) metasurfaces [9,46] featuring cross-shaped
resonators made of two different noble metals, schemat-
ically shown in Fig. 4(a). The structures have π/2 rota-
tional symmetry and consist of three layers. The top
layer consists of a pair of gold metasurface elements, and
a pair of silver metasurface elements with arm lengths
of l1 = 2.5 µm, l2 = 2.1 µm, and arm widths w1 =
0.6 µm, w2 = 0.4 µm respectively, with a thickness of
0.1 µm. The permittivities of both silver and gold are
modeled with a Drude fit that is accurate to the long-
wave infrared target wavelength range [47]. The metasur-
faces lie atop a 0.2-µm Al2O3 layer whose permittivity is
defined in our wavelength region of interest with a Drude-
Lorentz model ε = ε∞ − σ/(ω2 − iωγ − ω2

0), with ε∞ =
2.228, σ = 0.008385(2πc/a), γ = 0.04(2πc/a), and ω0
= 0.08(2πc/a), where a = 1 µm. The bottom layer is

assumed to be gold as well at a thickness of 0.2 µm.
We perform full-field electromagnetic simulations of a
range of M -I -M supercell metasurfaces where the dis-
tance between the resonators in each supercell is modified,
in analogy to the scenario explored in Fig. 1 in a two-
dimensional systems. We simulate each geometry across
both polarizations and all angles of incidence to calculate
the total spectral hemispherical emittance. Given the four-
fold symmetry of the supercells, to find the total emitted
power we integrate the incident angle θ from 0 to π/2 at
π/12 step and the azimuth angle φ from 0 to π/4 with
π/12 steps:

ε(λ) =
∫ 2π

0

∫ π/2
0 ε(λ, θ , φ) cos θ sin θdθdφ∫ 2π

0

∫ π/2
0 cos θ sin θdθdφ

. (12)

As shown in Figs. 4(b)–4(d), the simulations show that
the supercell structure supports two nondegenerate modes
at ω1 = 0.131 (2πc/a) and ω2 = 0.143 (2πc/a). We then
use the coupled-mode theory to fit each resonator’s intrin-
sic decay rate and external decay rate by simulating its
hemispherical emittance with a single resonator model,
finding γ01 = 0.0019 (2πc/a), γ02 = 0.0017 (2πc/a),
γe1 = 0.0038 (2πc/a), and γe2 = 0.0030 (2πc/a).

(a)

(b) (c) (d)

FIG. 4. Coupled-mode theory predictions versus full-field simulations of a complex supercell metasurface. (a) Geometry of the
supercell metasurface architecture evaluated. The metasurface elements have dimensions of l1 = 2.5 µm, l2 = 2.1 µm, and w1 =
0.6 µm , w2 = 0.4 µm respectively, with a layer thickness of 0.1 µm. The central layer is Al2O3 with thickness 0.2 µm while the
bottom layer is gold with thickness of 0.2 µm. (b) Simulation thermal emission power when d = 1.2 µm versus analytical coupled-
mode theory prediction when κ = 0. (c) Simulation thermal-emission power when d = 0.4 µm versus analytical coupled-mode theory
prediction when κ = 5.31 × 10−4(2πc/a). (d) Simulation thermal-emission power when d = 0.2 µm versus analytical coupled-mode
theory prediction when κ = 0.0016(2πc/a).
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As the distance d is varied, the numerically simulated
total hemispherical emittance is then compared against
the coupled-mode theory predictions and shows remark-
ably strong agreement, as can be seen in Figs. 4(b)–4(d)
for a range of resonator distances. Our results highlight
a powerful capability enabled by the coupled-mode the-
ory framework in the context of thermal emission from
such complex supercell systems: simulating the response
of each metasurface resonator in a periodic configuration
provides sufficient information to rapidly model the behav-
ior of complex arrangements of metasurface resonators
through the use of the complex coupling coefficients K .

IV. CONCLUDING REMARKS

In conclusion, we develop a coupled-mode theory that
accurately models thermal emission from complex pho-
tonic structures composed of multiple resonators that can
be arbitrarily coupled to each other. We demonstrate that
the coupled-mode theory accurately models anomalous,
complex behavior, such as combined sub- and super-
radiant thermal emission in a single nanophotonic struc-
ture, as well as the response of supercell three-dimensional
M -I -M metasurface thermal emitters. Furthermore, the
coupled-mode theory provides accurate predictions while
taking far less time than full-field simulations, which takes
hours to simulate [46], and in the process provides physical
insight into the original of the complex spectral behav-
ior that can result. Although we fit only our theoretical
framework using regular nanophotonic systems, this the-
ory also implies that, once intrinsic decay rate, external
decay rate and coupling coefficients for a particular mul-
tiresonator system of interest have been determined, the
temporal coupled-mode theory can be utilized as a quick
simulator of thermal emission from the class of complex
nanophotonic structures under consideration. As a semian-
alytical model, it can provide deeper insight into the effect
of material and structural characteristics on the spectral
nature of their thermal emission, which simulations alone
cannot provide. One can thus imagine building libraries
of individual resonator responses, which can then rapidly
be assessed for their integration into coupled arrangements
based on the developed coupled-mode theory. As demands
on the complexity of the spectral response of thermal pho-
tonic emitters grow, such a framework may prove critical
to further enhance and rapidly model their capabilities.
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