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We investigate the transverse trapping force acting on a small particle on or off the central axis of zero-
order finite Bessel beams. Combining the simulated fields with the Gorkov force potential, the transverse
trapping behaviors for small objects are analyzed, and the reversal of the trapping behaviors is recovered
when varying the paraxiality parameter of the Bessel beam. The results prove the possibility of using
axisymmetric Bessel beams to trap both dense and stiff particles as well as light and soft ones. The particles
can be trapped at the maximum central pressure in the main lobe and also the maximum pressure of
the other transverse locations. A lossy acoustic metastructure with the ability to decouple the phase and
amplitude modulations is used to generate the desired sound field, which is used to trap a foam ball as
an example. Our research opens a promising avenue to the design and development of simplified acoustic
tweezers.
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I. INTRODUCTION

Acoustic wave, as one of the most important forms
in classical wave systems, plays a significant role in the
development of science and technology. When an object is
placed in an acoustic field, there exists an acoustic radi-
ation force acting on it. The force originates from the
momentum transfer from the field to the object due to
scattering, reflection, and absorption. The acoustic radi-
ation force acts throughout the object, but owing to the
overall momentum conservation, the radiation force can be
reduced to an integration of the time-averaged momentum-
flux tensor over an arbitrary closed surface enclosing the
whole object [1]. Acoustic radiation forces have been stud-
ied for a long time in regards to sound waves of different
forms [2–17]. The trapping behaviors generated by stand-
ing waves on small objects (object sizes are much smaller
than the wavelength) have been well understood [2], where
relatively light and soft particles (like droplets) are trapped
to the pressure maximum (antinode), yet relatively dense
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and stiff particles (like elastic objects) are trapped to the
pressure minimum (node). On the other hand, recent stud-
ies of acoustic radiation forces based on nondiffracting
beams [4–6,14,15,18–20] have predicted the possibility for
particle manipulations with more flexibility. However, in
practical situations and applications, nondiffracting beams,
such as acoustic Bessel beams, are difficult to generate
by a finite source due to relatively complex transverse
structures. Hence, it is significantly important to pre-
cisely generate and control the desired sound field. The
conventional method would use a speaker or transducer
array connected with a multisignal generator, and then the
desired sound field could be generated by adjusting the
signal for each speaker or transducer individually [10].
Sound field manipulation based on such an active method
has the advantage of flexibility, yet as the complexity of
the array system increases, the cost and the complexity
of the signal processing will also increase. Hence, it is
desirable to realize precise field manipulations with sim-
plicity and low cost. Recently, the emergence and the rapid
development of acoustic metamaterials [21] have opened
a field in acoustics, and also provide an approach for
field manipulations [22–39]. Acoustic metamaterials can
exhibit extraordinary properties and phenomena, which for
natural materials would be difficult to achieve, such as
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FIG. 1. Illustration of transverse particle trapping by acoustic
Bessel beams.

negative refraction and/or reflection [22,23], cloaking [40–
44], holograms [11,36,45–47], and specific field genera-
tions [22,24,32].

In this work, we investigate the transverse acoustic radi-
ation force generated by finite Bessel beams based on
acoustic metamaterials. The transverse trapping behaviors
of a small particle on or off the central axis of the Bessel
beams are studied numerically and experimentally. A lossy
acoustic metastructure, capable of decoupling the phase
and amplitude modulations, is designed to generate the
desired Bessel field, which is then used to trap a small foam
ball to the beam center as an example. Our work gives
insight into some unusual and unique trapping behaviors,
which will help the further study of particle manipulations
using acoustic radiation forces and acoustic Bessel fields.

II. NUMERICAL SIMULATION

We consider here a particle within a finite axisymmetric
Bessel beam (Fig. 1), which can be approximately consid-
ered as a nondiffracting beam within a certain transverse
radius and a certain propagating distance. The pressure
field within such regions Re[p(r, t)] (Re denotes the real
part) of finite zero-order Bessel beams propagating along
the z axis is given by

p(r, t) = p0J0(μρ) exp(iκz − iωt), (1)

where p0 is a real-valued amplitude, J0 is zero-order
Bessel function, r(ρ, φ, z) is the field point in cylindri-
cal coordinates, and the transverse wavenumber μ and
axial wavenumber κ are related to the total wavenumber
k =

√
μ2 + κ2 = ω/c0 (c0 is the speed of sound in the

surrounding media) through a paraxial parameter β with
μ = k sin β and κ = k cos β.

The force potential U is then obtained based on the
simulated pressure p and velocity fields v [2], i.e.,

U = (πa3/3)[f1|p|2/(ρ0c2
0) − (3/2)f2ρ0|v|2], (2)

(a)

(b)

(c)

(d)

FIG. 2. Reversal of transverse particle trapping behaviors
when reducing the angle from (a) β = 40◦ to (b) β = 15◦.
Black solid lines: normalized squared pressure, |p|2, at z = 3λ;
red dots: normalized force potential U computed from Eq. (2)
based on the simulated pressure and velocity fields. Insets: two-
dimensional normalized squared pressure (color plots) and the
corresponding radiation forces (white arrows). (c) Variation of
the first trapping location r0 near the beam axis. Transition angle
occurs at β ∼ 29◦. (d) Spatial range R for approximated Bessel
beams from a finite sound source. Red dots: simulated results
obtained based on the −3-dB location in the z direction; black
line: curve fitting, R ≈ 0.9H/ tan β with H being the half-length
of the finite source.

where a is the radius of the object, ρ0 and c0 are the
mass density and the speed of sound of the background
medium, and f1 and f2 are the monopole and dipole fac-
tors depending on the mass density ratio and bulk modulus
ratio between the object and the surrounding medium [15].
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FIG. 3. (a) Illustration of one element of the artificial structure. Parameters are chosen as h = λ, D = 0.25λ, d = 0.8D, h2 = 0.5λ,
and h = h1 + h2 + h3. The wavelength is λ. By adjusting the geometry parameters w and h1, (b) the amplitude and (c) the phase
of the reflected field can be modulated separately [Eq. (4)]. (d) The artificial structure used in the simulation for β = 15◦, and the
corresponding geometry parameters w (black circles) and h1 (red circles) for the 40 elements.

Here, rigid particles with f1 = 1 = f2 are used in the calcu-
lation since, for most solid objects, the density and bulk
modulus are much larger than those of the background
medium, air, so the results here are applicable to most
elastic objects.

We first simulate the sound field of a finite zero-order
Bessel beam with β = 40◦ [see Fig. 2(a)]. The red dots
show the variation of the force potential [2] U [Eq. (2)]
along the transverse location r/λ, with λ being the wave-
length, and the black solid line shows the corresponding
sound pressure. Particles are trapped to the local poten-
tial minimum; hence, for this case, a rigid particle cannot
be trapped to the pressure maximum at the beam cen-
ter (r = 0), which agrees with the previous conclusion
from standing fields [2]. In addition, we find that for the
off-axis transverse locations (r > 0), the force potential
minimum coincides with the corresponding pressure min-
imum (or at most with a slight shift), where the particles
can be trapped. In particular, the nearest trapping loca-
tion to the beam center for this case is at r0 ∼ 0.5λ, which
is useful for trapping particles [see the inset of Fig. 2(a)

for the two-dimensional pressure profile (color plot) and
the radiation forces computed based on the force poten-
tial, i.e., F = −∇U (white arrows)]. However, when the
angle β is reduced to, for example, 15◦ [see Fig. 2(b)],
the trapping behavior becomes different. Rigid particles are
instead trapped to the central pressure maximum (see white
arrows in the inset for the radiation force), and in addition,
almost all the potential minimum along the transverse loca-
tion corresponds to the pressure maximum, where the rigid
particle can be trapped. Comparing Figs. 2(a) and 2(b), one
can find that for a large β [2(a)], there exist more poten-
tial minima at the same transverse distance, so the spatial
resolution for the trapping is improved. In addition, the
transverse radiation force for a large β would be larger due
to the large gradient of the force potential.

Here, the simulations are conducted with a two-
dimensional axisymmetric model using the commercial
software COMSOL Multiphysics. The size of the compu-
tation domain is 10λ in radius and 50λ in the z direc-
tion. Radiation boundaries are used to eliminate reflection.
Maximum mesh size is set to be λ/10 to obtain precise and
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(a) (c)
(b)

FIG. 4. Particle manipulations using finite Bessel beams. (a) Measured and simulated fields generated by the metastructure with the
results compared with those for an ideal continuous distributed source. Comparison of the field profile |p|2 at z = 12λ (white dashed
lines). J0 is the zero-order Bessel function. (b) Photo of the transverse particle trapping experiment using acoustic metamaterials, where
a foam ball is trapped at the center of the Bessel beam. The size of the sample is 20 × 20 × 2 cm3, and the diameter of the foam ball
is approximately 2 mm. Inset: enlarged photo of the sample. (c) Illustration of the experimental setup.

accurate sound fields. The source is located at z = 0 and
the background medium is air with a density of 1.21 kg/m3

and speed of sound of 343 m/s.
We numerically observe the reversal of the transverse

trapping behaviors for rigid particles on the central beam
axis (r = 0) as the angle β is reduced, which recovers
the previous theoretical prediction for ideal Bessel beams
[15]. In order to examine the exact transition angle β for
finite Bessel beams, a series of simulations are conducted
for β from 10◦ to 70◦. The nearest trapping location to
the beam center is examined as a function of β [see Fig.
2(c)]. From the results, the trapping location first increases
and then decreases as the angle β increases. The transition
angle happens around β ∼ 29◦, agreeing with the predicted
value β ∼ 28◦ in Fan and Zhang [15] within tolerance.
The explanation of the reversal is interpreted by the con-
tribution of axial velocity to the force potential and by
momentum projection therein.

Like plane waves, an ideal Bessel beam cannot be cre-
ated since it requires an infinitely large source and also
an infinite amount of energy. Hence, the approximated
Bessel beams only exist within a certain spatial range. We
examine the relationship between the approximated spatial
range R and the angle β [see red dots in Fig. 2(d)], where
the spatial range R for each angle β takes the location
of −3 dB along the propagating z direction. The relation
between the spatial range R and the angle β for a finite
source is

R ≈ 0.9H/ tan β, (3)

with H being the half-length of the source. Based on Eq.
(3), the field can be approximately considered as a Bessel
field within the allowable spatial range R for a given β

and a source size H , and the Bessel beam with a small β

could trap particles from a relatively long distance from the
source.

III. EXPERIMENTAL REALIZATION

The desired acoustic Bessel beams can be generated
using acoustic metamaterials. There are usually relatively
complex couplings between the amplitude and the phase
of the reproduced sound field by a sophisticated artifi-
cial structure, and the conventional phase-only modulated
metamaterials generally ignore the error caused by the
unavoidable amplitude variation. Hence, acoustic metama-
terials with the ability to decouple the phase and amplitude
modulations are preferred here.

In this work, a lossy acoustic metastructure is used to
generate an acoustic Bessel beam with β = 15◦ [see Fig.
3(a) for the cross section of one element in the structure]
[36]. This structure can achieve the decoupled modulation
of the amplitude A and the phase 	 [36], i.e.,

A = d4 − w4

d4 + w4 , 	 = −4πh1

λ
. (4)

The decoupled modulation of the amplitude and the phase
allows for all the combinations in their full parameter
ranges [that is, A ∈ [0, 1] and 	 ∈ [0, 2π ]; see Figs. 3(b)
and 3(c)], which is necessary to generate acoustic Bessel
beams in our case. The viscosity effect of the metastructure
here can be ignored since the boundary layer thickness is
much smaller than the width of the elements [48,49]. The
cross section of the structure and the corresponding geom-
etry parameters w and h1 for the 40 elements are shown in
Fig. 3(d), which are used to generate a zero-order Bessel
beam with β = 15◦.

The measured and simulated fields |p|2 generated via the
acoustic metastructure are shown in Fig. 4(a). The results
are further compared with the field generated by an ideal
continuously distributed Bessel source of the same size.
We examine the transverse profile of the field at z = 12λ

(white dashed lines). From the results, one can find that
the fields generated via the acoustic metastructure (green
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diamonds and blue circles) agree fairly well with the ideal
source of the same size (red circles), and both of them fol-
low the squared zero-order Bessel function (black solid
line). Hence, with the aid of this structure, a zero-order
Bessel beam is effectively generated and can be utilized
for particle manipulations. As an example, the transverse
particle trapping behavior for a small foam ball (diameter
of approximately 2 mm) is examined and experimentally
observed, where the particle is transversely trapped to the
center of the field [see Fig. 4(b)]. Here, the sample of the
metastructure is fabricated using a three dimension (3D)
printer (Wiiboox Four) with the material polylactic acid
(PLA). The printing resolution is 0.1 mm. A signal gener-
ator (RIGOL DG1032) and a power amplifier (CROWN
XLi2500) are connected to a loudspeaker with a rated
power of 100 W (Lutiane DL-630). The working frequency
is 17 kHz, corresponding to a wavelength λ ∼ 2 cm. The
experimental diagram is shown in Fig. 4(c). The loud-
speaker is fixed for a 45◦ incidence to the sample. An
absorption panel is set at a specific position to separate
incident and reflected acoustic fields. The acoustic fields
are scanned in the target region with a step of 0.5 cm. Then
an interpolation process is conducted on the measured data.
To better investigate the transverse particle trapping, the
foam is hung by a light string with a diameter of about
0.07 mm, and the particle can move freely in the transverse
direction.

IV. CONCLUSION

In summary, we analyze both on-axis and off-axis
particle trapping behaviors generated by finite acoustic
axisymmetric Bessel beams. The reversal of the trapping
behaviors on the beam axis is recovered when vary-
ing the paraxiality parameter β of the Bessel beam. In
addition, the applicable spatial range for the approxi-
mated Bessel beam from a sound source of finite size
is quantitatively investigated. A lossy acoustic metas-
tructure is used for the generation of zero-order Bessel
beams, which are then used to trap a small foam ball.
Our work is beneficial to the further development of sim-
plified acoustic tweezers using ordinary Bessel beams,
which are desired for many applications involving particle
manipulations.
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