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Magnetic Tracers for Magnetic Particle Imaging: Insight on the Roles of
Frequency-Sustained Hysteresis and Interactions in Quantitative Imaging
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Magnetic hysteresis present in tracer materials for magnetic particle imaging (MPI) either by effect of
the driving-field frequency or because of interactions among nanoparticles is shown to play a crucial role
when such a technique is exploited to get quantitative information about the tissue section being exam-
ined. By means of simulations based on a rate-equation model, the nanoparticles are proven to display
magnetic hysteresis at the operating frequencies typical of MPI even if they are superparamagnetic in
quasistatic conditions. As a consequence, the system function, a quantity crucial for image reconstruction
in MPI, becomes markedly different in nature and shape from the curve produced by superparamagnetic
nanoparticles. Not taking into account such an effect has detrimental consequences on quantitative MPI,
as evidenced by specific examples of image reconstruction involving both monodisperse and polydisperse
nanoparticles. The role played in image reconstruction by magnetic dipolar interaction, no longer negligi-
ble when nanoparticles accumulate in a small volume of the tissue, is discussed within the rate-equation
model.
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I. INTRODUCTION

Magnetic particle imaging (MPI) is a radiation-free,
noninvasive theranostic technique with highly promising
applications in biomedicine [1–3]. MPI is presently at an
advanced preclinical stage [4–6]; its advantages, bene-
fits, and drawbacks are reviewed in a number of papers
[7–9]. Magnetic particle imaging can be prospectively
applied to enhance the spatial and temporal resolution
of tumors [10,11] and in neurosurgery [12–14], vascu-
lar medicine [15,16], cell uptake monitoring, and cell
tracking [17,18]; moreover, MPI can be synergically
exploited together with modern techniques of precision
nanomedicine, such as computed tomography [19] and
magnetic hyperthermia [18,20].

MPI is based on the detection of the magnetic response
of nanometer-sized magnetic particles (tracers) [2] injected
in a living body as a ferrofluid and accumulated in a target
tissue [21,22] or vessel [23,24]. Superparamagnetic iron
oxide nanoparticles (SPIONs) are deemed to be the tracer
material of choice in MPI applications [3,25], although
an efficient magnetic imaging has also been achieved
by exploiting tracers, which exhibit magnetic hysteresis
[12,26–28].

In preclinical applications, the technique allows infor-
mation to be obtained on a biological target by determining
how magnetic nanoparticles are distributed in space. In
many cases, such information should be as quantitative as
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possible. This is a strict requirement in therapeutic or diag-
nostic applications where MPI is exploited in synergy with
other techniques of precision nanomedicine [10,29,30],
in which case an accurate quantification of the tracer
distribution within the target is highly desired.

MPI exploits the different behavior of magnetic tracers
when the target is submitted to a markedly nonuniform
static magnetic field called the bias field, which takes the
value zero in a specific region called field-free point (FFP)
and is strong elsewhere [1,2,31]. The cyclic magnetization
of tracers placed in the FFP and submitted to an ac mag-
netic field of frequency approximately 25 kHz generates
an easily detectable induced voltage signal [1,2,31], whose
third harmonic is the quantity actually measured by many
MPI setups [2,32]. In a simplified picture, i.e., consider-
ing all tracers outside the FFP as magnetically saturated by
the bias field and therefore magnetically inert, the signal
is directly proportional to the local concentration of trac-
ers in the FFP; as a consequence, the spatial distribution
of nanoparticles in the tissue can be obtained by suitably
moving the FFP in a scanning mode over the target. How-
ever, in laboratory tests and in the preclinical practice the
magnetic signal in the FFP is not only generated by the
tracers present there, but also by nanoparticles placed in
nearby regions of the target where the bias field is not
enough to bring them to magnetic saturation [12].

In this very common case, a central role in the image
reconstruction is played by a quantity called the system
function (SF), which permits to evaluate the impact on the
FFP voltage of the signals coming from nearby regions
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where tracers are not entirely saturated by the bias field
[33–36]. The most useful features of this quantity are the
following: (a) the SF contains all the relevant physics of the
magnetic nanoparticles; (b) each tracer material is charac-
terized by a specific SF, which should be exactly known in
order to get precise information about the spatial distribu-
tion of magnetic nanoparticles, i.e., an efficient quantitative
imaging.

The SF of a specific set of nanoparticles is typically
obtained by plotting the third harmonic of the magneti-
zation signal as a function of the bias field [32,37–39].
As an example, when the tracer material is made of
genuine superparamagnetic (SP) particles, which follow
Langevin’s law [40,41], the SF turns out to be a real func-
tion of the field whose exact analytic expression has been
recently derived [39]. The relevant point is that, indepen-
dently of the actual magnetic behavior of nanoparticles, it
is crucial to reconstruct the image using a SF appropriate
to the actual tracer material and to the operating conditions
of a specific MPI setup.

The correct SF of any tracer material can be obtained by
carefully performing a characterization of the material’s
magnetic properties and can be used to get an accurate
image reconstruction. As a matter of fact, a variety of MPI
setups operating at different frequencies and/or amplitudes
of the ac magnetic field are nowadays available in labo-
ratories and in the market [12]. Moreover, a number of
tracers have been either developed in labs or offered in
the market [25,42–44]. In principle, for each MPI setup
and each tracer material the detailed behavior of the SF
should be determined at the ac field frequency correspond-
ing to the operating conditions; however, such an ad hoc
characterization is seldom done for practical reasons.

This circumstance can be detrimental to quantitative
MPI. When the SF corresponding to the operating condi-
tions of a MPI setup and to a given tracer material is not
available, a simple working hypothesis is typically made
(it can be assumed, for instance, that the tracer material
is comprised of ideally SP nanoparticles). Clearly, such a
working hypothesis should be as close to reality as pos-
sible. In this paper, it is shown that this is not the case
when tracers are assumed to be still superparamagnetic at
the operating frequency of a MPI setup on the sole basis of
the information extracted from dc measurements.

The magnetization of a SP nanoparticle is an entirely
reversible process characterized by the absence of mag-
netic hysteresis [40,41]. However, nanoparticles character-
ized as superparamagnetic by dc measurements may lose
this quality at the operating frequencies typical of a MPI
setup [45–47]. In fact, high-frequency magnetization of
these nanoparticles is no longer a reversible process by
effect of the rapid variation of the ac driving field, which
interferes with the relaxation of magnetic moments, so that
a frequency-sustained magnetic hysteresis loop appears
[20,45–49]. The loss of the superparamagnetic features

and the ensuing change of the nanoparticle magnetization
curve may have dramatic consequences on both nature and
shape of the SF.

As a matter of fact, frequency-sustained magnetic hys-
teresis of nanoparticles is known to have an impact on
many biomedical applications, such as magnetic hyper-
thermia and heat-assisted drug delivery [50–55]. In a
recent work by our group [46], the role played in MPI
by frequency-sustained hysteresis was investigated in the
very special case of an infinite magnetic field gradient
(by this term it is meant that the magnetic field is so
high in all regions outside the FFP that all tracers there
are fully saturated [46]). Under this hypothesis, only the
particles present in the FFP contribute to the magnetic sig-
nal and no SF is needed to reconstruct the image. Such
a simplifying assumption is widely used in the x-space
image-reconstruction approach [2,56]

The present paper shows the results of simulations based
on magnetic rate equations [57] and describing the realis-
tic case of a finite magnetic field gradient, characteristic
of all MPI setups and leading to a more complex proce-
dure of image reconstruction [58] where the SF plays a
central role. In this paper, the magnetic nanoparticles are
considered as being completely immobilized in the target
tissue: such an assumption is based on solid grounds, as
discussed in the literature [59–61]. Immobilization allows
one to exclude both translational and rotational motion of
magnetic nanoparticles, so that their magnetic behavior is
not affected by Brownian motion, and specifically by phys-
ical rotation of the particle axes with respect to the fluid
medium [62], and is driven by the Néel relaxation time
[61]. It should be remarked that the degree of immobiliza-
tion of tracers is a factor directly affecting the magnetic
behavior of tracers and therefore the SF. A limitation of
the model is that it cannot be used to treat MPI applica-
tions where the nanoparticles are dispersed in a dynamic
environment, as in angiography or blood vessel imaging
[12].

In Sec. II, we show that magnetic hysteresis of trac-
ers—arising either by the effect of the high-frequency
driving field or by the presence of magnetic interactions
among particles [20,45,47]—has a strong impact on the SF,
drastically modifying its behavior with the bias field from
the one predicted for SP particles. Making use of a well-
established magnetic rate-equation approach [57,63], the
frequency-sustained hysteresis of an assembly of nanopar-
ticles with random easy axes is accurately modeled and
its effects on the shape of the SF are analyzed. The detri-
mental consequences of an inappropriate choice of the SF
on quantitative MPI are demonstrated in Secs. III and IV
by means of some examples for both monodisperse and
polydisperse single-core nanoparticles. The role of dipole-
dipole interaction, which takes place when nanoparticles
become accumulated (either by chance or by choice) in a
small volume is discussed in Sec. V.
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II. MAGNETIC HYSTERESIS AND THE SYSTEM
FUNCTION

Usually, the magnetization of magnetite nanoparticles
for MPI applications submitted to an applied magnetic
field is assumed to follow the reversible, anhysteretic
Langevin function [39,44,64]; such particles will be called
for short Langevin particles. For Langevin particles, the
SF is a real function of the bias field H0 [2,39]. The
SF for Langevin particles admits an analytical expression
[39] very close to the absolute value of the third deriva-
tive of the Langevin function with respect to its argument
[39]. An approach based on the Langevin function is jus-
tified by the fact that most tracer materials are indeed
superparamagnetic around room temperature when they
are operated in quasistatic conditions [41,45–47]. How-
ever, the superparamagnetic (i.e., anhysteretic) regime is
determined not only by temperature and by the intrinsic
properties of nanoparticles (such as the saturation magne-
tization Ms and the average magnetic anisotropy < Keff >),
but also by the frequency of the driving field [20,45–
49,65]; in fact, when magnetic nanoparticles are driven at
high frequency (approximately 25 kHz) as in MPI appli-
cations, a hysteresis loop emerges even in particles, which
are superparamagnetic at very low frequency [45,46,48].

This point is made clear by using a magnetic rate-
equation approach, which has already been successfully
exploited in biomedical applications of nanoparticles
[46,55,66,67]. In this approach, the nanoparticles are pic-
tured as classical double-well systems (DWSs) with ran-
dom easy axes, whose magnetization at and off equilib-
rium is obtained by solving linear equations involving
the relaxation times for energy-barrier crossing [57,65].
Only Néel’s relaxation is taken into account because the
nanoparticles are considered to be immobilized in the
tissue. The method is based on a simple description of
energy-barrier crossing by effect of both temperature and
magnetic field, whose accuracy and ability to provide a
realistic picture of processes taking place in magnetic
nanoparticles at room temperature is discussed elsewhere
[57,65] and summarized in Sec, S1 of the Supplemental
Material [68].

When a hysteresis loop opens, the shape of the magne-
tization signal M (t) is strongly modified with respect to
the one given by the time-dependent Langevin function
(see Sec. S2 of the Supplemental Material [68]), so that
all higher-order harmonics, including the third harmonic,
are expected to significantly vary from the anhysteretic
case.

The magnetic nanoparticles are modeled as being single
core and made of magnetite (Fe3O4), a typical compo-
nent of the SPIONs, of spheroidal shape and diameter D.
The room-temperature values of the magnetic quantities
are set to match the ones of real single-core particles syn-
thesized in laboratory: Ms = 350 emu/cm3 (≡ 3.5 × 105

A/m), Keff = 3 × 105 erg/cm3 (≡ 3 × 104 J/m3), diame-
ter D between 11 and 15 nm. These particles are easily
checked to be superparamagnetic at room temperature in
quasistatic conditions. By contrast, only particles with
D = 11 nm are still superparamagnetic when magnetically
driven at f = 25 kHz, the critical size for the emergence
of frequency-sustained hysteresis (corresponding to the
transition from temperature-driven to partially field-driven
behavior [47]) being D � 11.5 nm. The nanoparticles are
submitted to the combined effect of the static bias field H0
produced by the magnetic field gradient (H0 = 0 in the FFP
[1,2]) and of a harmonic driving field H(t) = HV cos(ωt)
where HV is the vertex field [1,2], ω = 2π f with f = 25
kHz. For the sake of simplicity, in this paper the fields H(t)
and H0 are considered to be collinear; although such a con-
dition is typically not fulfilled in many present-day MPI
setups, it can be achieved as well by using an arrangement
of permanent magnets and coils.

The cyclic magnetization of two sets of monodisperse
particles with D = 12 and 14 nm obtained by solving the
rate equations is shown in Fig. 1 as a function of the total
field H = H0 + H(t). Here, H0 takes different values from
0 to 400 Oe at steps of 25 Oe, whilst HV = 100 Oe. When
D = 12 nm, the cyclic magnetization is still almost anhys-
teretic, all minor loops being very narrow and basically
aligned to each other to define a sort of master curve,
which is coincident with the equilibrium magnetization
curve M (H). Therefore, particles with D = 12 nm still
behave as quasisuperparamagnetic particles when driven
at 25 kHz.

In contrast, for D = 14 nm the minor hysteresis loops
centred at different H0 values take the form of a set of
intertwined rings whose vertexes are only approximately
superimposed to the equilibrium magnetization curve. The
loop area quickly decreases with increasing H0, so that the
loops calculated for the highest H0 values basically merge
with the equilibrium line. Small differences in particle size
are observed to bring about marked differences in mag-
netic behavior because it is the cube of the diameter (D3),
which enters the argument of the exponentials for two Néel
relaxation times in the rate equations (see Sec. S3 of the
Supplemental Material [68]).

The most remarkable effect of magnetic hysteresis is that
an imaginary component of the third harmonic (and there-
fore of the SF) appears. This is a natural consequence of
the lossy magnetization process, which can be represented
by the presence of an imaginary component of the cyclic
magnetization M (t) and all its harmonics. The effect can
be clearly observed in Fig. 2, where the real and imag-
inary parts of the third harmonic of the magnetization,
obtained by solving the rate equations, are plotted as func-
tions of H0 for monodisperse, noninteracting particles with
diameters in the 11–15 range under the driving-field fre-
quency f = 25 kHz.
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FIG. 1. Cyclic magnetization of two monodisperse nanoparticle systems submitted to the field H = H0 + HV cos(ωt) with HV = 100
Oe and H0 taking values between 0 and 400 Oe as indicated by the color list on the right. Left: quasisuperparamagnetic behavior of
magnetite nanoparticles with D = 12 nm. Right: strongly hysteretic behavior of nanoparticles with D = 14 nm.

It should be remarked that particles with D = 11 nm still
exhibit an anhysteretic magnetization at 25 kHz, whereas
for all other diameters a frequency-sustained hysteresis
loop opens. In fact, for D = 11 nm the imaginary part of
the third harmonic is zero and the real part is the curve pre-
dicted by the analytical treatment of the time-dependent
Langevin function [39]; the SF of nanoparticles with D =
12 nm—which already display a definite, if small magnetic
hysteresis—still has a predominant real part. However, for
larger particle sizes the imaginary part of the SF becomes
comparable in magnitude to the real part, reflecting the
changes in the M (t) waveform arising when magnetic
hysteresis appears (see Sec. S2 of the Supplemental Mate-
rial [68]), and resulting in a strong deviation from the
prediction for Langevin particles.

For anhysteretic particles, the SF is usually identi-
fied with the absolute value of the real M3(H0) function
[32,37–39]. Such a SF is compared in Fig. 3 to the mod-
ulus of the complex SF function obtained by taking into
account magnetic hysteresis. The modulus (|M3|) displays
a functional behavior with H0, which is similar to the
anhysteretic case for D up to approximately 12 nm, but is
rather different for larger diameters. For Langevin particles
(left panel) the SF becomes zero for a single finite value
of H0, whose value depends on D; finally, it goes to zero
for H0 → ∞, as expected; by contrast, in particles where
magnetic hysteresis is present the real and imaginary com-
ponents of M3 become separately zero at different points
of the H0 axis (see Fig. 2), so that the modulus is always a
positive quantity and becomes zero only for H0 → ∞.

A comparison between system functions helps make a
useful point: while for Langevin particles the maximum
value of the SF (SFM = |M3|H0=0) strongly increases with
increasing D, as expected [2,69], for hysteretic nanopar-
ticles |M3|H0=0 is a nonmonotonic function of D; in fact,
above a critical value (close to D = 14 nm in the present
case) |M3|H0=0 decreases with further increasing D, as
shown for particles with D = 15 nm (blue symbols on
the right panel). A comparison between the two types of
behavior is reported in Sec. S4 of the Supplemental Mate-
rial [68]; it should be noted that |M3|H0=0 gives an estimate
of the sensitivity of MPI: the larger this quantity is, the
higher the induced voltage signal, and the smaller the
amount of nanoparticles needed to overcome the detection
limit of the method.

The effect is ascribed to the fact that minor hysteresis
loops in large particles become squeezed and particularly
thin when D is above some critical value, which depends
on the magnetic parameters (Ms, Keff), as discussed else-
where [47,70] and shown in Sec. S3 of the Supplemental
Material [68], resulting in a lower overall M (t) signal and
in a lower magnitude of all harmonics. In fact, the rapid
evolution with size of the hysteresis loops is the key fac-
tor to understand why increasing nanoparticle diameter
beyond some value ceases to improve the MPI resolution
and sensitivity, in contrast with the prediction for Langevin
particles [2], and as actually observed [69]. In fact, the
present study shows that in hysteretic nanoparticles, the
maximum of |M3|H0=0 occurs for an intermediate particle
diameter by effect of the trade-off between the increase
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FIG. 2. Real and imaginary parts of the third harmonic of the cyclic magnetization (M3) as functions of the bias field H0 for monodis-
perse nanoparticles characterized by magnetic hysteresis at 25 kHz (D between 12 and 15 nm); particles with D = 11 nm are still
superparamagnetic at the operating frequency. In all cases, HV = 100 Oe.

of the signal with increasing magnetic moment and the
suppression of the minor hysteresis loop in large particles
because of the dramatic increase of the Néel relaxation
time hindering the redistribution of magnetic moments
between the DWS energy minima. The maximum roughly
corresponds to the widest minor hysteresis loop displayed
by nanoparticles at this frequency and vertex field. The
hysteresis loop is shown to be widest for a particle diameter
such that the condition τ = 1/(2f ) is fulfilled [55].

Of course, the diameter corresponding to the maximum
of |M3|H0=0 critically depends on the magnetic parameters
of the modeled particles: in fact, the optimal size for MPI
has been shown in simulations [71] as well as experimen-
tally [72] to be markedly affected by magnetic anisotropy

and operation frequency and can attain slightly larger val-
ues than the one resulting in this case. In general, the
condition for having an optimized MPI signal results from
a delicate balance between nanoparticle size and effective
anisotropy, which is in turn affected by crystal structure,
shape, and surface properties of the nanoparticles. There-
fore, changing the magnetic material or using multicore
aggregates [73] instead of single-core particles may give
rise to different numerical results without, however, affect-
ing in a substantial way the conclusions of the present
analysis.

It should be remarked that the curves shown in the left
panel of Fig. 3 are not to be intended as “incorrect” with
respect to the “correct” ones displayed on the right panel;
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FIG. 3. Left panel: behavior with the bias field H0 of the SF of magnetite nanoparticles with diameters between 11 and 15 nm
assumed to be Langevin particles (in this case the SF admits an exact analytical representation). Right panel: the SF when frequency-
sustained hysteresis is duly taken into account (in this case it is defined as the modulus of the complex M3 function calculated from the
rate equations). In all cases, HV = 100 Oe.

simply, they correspond to the correct SF for the consid-
ered particles in the limit of very low frequencies (i.e.,
under a quasistatic driving field). This applies to commer-
cially available magnetic ferrofluid also, where magnetic
hysteresis has been measured to emerge at the typical
frequencies used in MPI [73].

On the other hand, for all particle diameters exact (cal-
culated) and Langevin-like SFs become the same at high
H0 values, as shown in Fig. 3. As a consequence, the
first derivative of the standard Langevin function (often
assumed to represent the point-spread function (PSF)
[2,74] and used to approximately determine both the reso-
lution and the sensitivity of the magnetic imaging process
[2,75,76]) is basically not affected by magnetic hystere-
sis of tracers at the operating frequency. As a matter of
fact, the PSF can be more accurately determined by means
of experimental measurements [77] and, similar to the
system function approach, can be exploited to calibrate
the actual magnetization response of a nanoparticle in the
scanned area and provide information for a reliable image
reconstruction.

Quantitative imaging can be achieved through one of
the procedures of image reconstruction, which have been
recently proposed [2,58], inherently involving the correct
knowledge of the the actual behavior of magnetic tracers in
the operating conditions. Not taking into account the actual
hysteretic features of the magnetic response of tracers can
lead to an inaccurate estimate of the tracer concentration,

as shown in the next section. In the present approach, the
behavior of tracers is accounted for by the SF.

III. IMAGE RECONSTRUCTION USING
HYSTERETIC TRACERS

The many and complex problems related to the pro-
cedure for image reconstruction in standard MPI oper-
ations are extensively discussed in the recent literature
[58,78,79]. Here, a somewhat simplified description of
the reconstruction procedure is considered, the focus of
this paper being on the role played by the SF rather than
on the practical details of the reconstruction itself. As is
well known, one of the key aims of the MPI technique
is to find the local concentration of magnetic tracers over
a scanned area of living tissue by detecting the overall
voltage induced by magnetic tracers at the FFP position.

In the following treatment, magnetic particles are
assumed to be distributed according to a function c(xi, yi)

on a square of edge L lying in the (x, y) plane and subdi-
vided in N minor square regions of edge L/N 1/2, each one
labeled by the index i = 1, 2, . . . , N . The following values
are used: L = 16 cm, N = 2025. For the sake of simplic-
ity, the depth of the scanned volume below the square of
edge L is taken equal to one particle’s diameter, in order to
avoid considering the effects of the dispersion of particles
along the z axis.
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Both the generation of the induced voltage and the
image reconstruction are described by linear algebra of
matrices. The N values of the local particle concentration
ci ≡ c(xi, yi) define the (real) vector c. The contribution of
the ith region to the third harmonic of the induced volt-
age generated by tracers in the FFP is V3i; the N quantities
V3i define the vector V3, which is obtained by operating
on c with the N × N matrix [SF], assumed to be a known
invertible matrix. The generic element SFi,j is the value
taken by the SF function at position j when the FFP is at
position i. By effect of the static magnetic field gradient,
the i-j distance implies that the bias field (equal to zero in
region i) takes some positive value H ∗

0 in region j ; the SFi,j
element is just the value of the SF for H0 = H ∗

0 .
In the MPI practice, c is an unknown vector, which is

obtained from the measured V3i values by operating on
V3 with the inverse matrix [SF]−1. The SF plays, there-
fore, a central role in the imaging procedure. However,
as has been previously pointed out, the choice of the SF
used to generate both [SF] and [SF]−1 matrices is some-
times based more upon a reasonable guess than on the
detailed knowledge of its actual behavior: this is the case
when the SF for Langevin particles—appropriate to trac-
ers driven at very low frequency—is used in place of the
SF emerging from the real magnetic response of tracers
driven at the much higher operating frequency f . As dis-
cussed in the previous section, the difference between the
actual SF and the Langevin-particle SF can be remarkable
when frequency-sustained magnetic hysteresis of tracers is
no longer negligible.

An effect arising from the hysteretic magnetization of
tracers is the presence of an imaginary component of
the system function. Therefore, in this case [SF] is a
complex matrix resulting in a complex V3 vector when
applied to the real c vector. In other words, if the induced
voltage is measured to have an imaginary part (or alter-
natively to exhibit a phase shift different from π/2 with
respect to the driving field), it can be concluded that the
SF is a complex function of H0 and that the magnetic
tracers are no longer Langevin particles at the driving
frequency.

An example is graphically depicted in Fig. 4. Tracers
are supposed to have a size such that their cyclic magneti-
zation at 25 kHz is hysteretic (with the parameter values
used in this work, the particle diameter must be larger
than 11.5 nm). The total number of tracers distributed over
the scanned surface of area L2 is such that the average
surface fraction fs is equal to 1 × 10−4. This quantity is
defined as fs = Stot/L2 where Stot is the sum of all areas
projected on the (x, y) plane by the spherical magnetite
nanoparticles (independent of their diameter). For a uni-
form distribution of particles on the square of edge L,
the value fs = 1 × 10−4 corresponds to distant nanoparti-
cles, the ratio (d/D) between average interparticle distance
d and particle diameter being as large as about 88.6, as

shown in Appendix; therefore, the particles can be safely
considered as noninteracting.

An accumulation of particles around the center of
the scanned region is modeled by a Gaussian func-
tion c(xi, yi) ≡ c(ri) = A exp[−r2

i /(2σ 2)] with ri = (x2
i +

y2
i )1/2 and standard deviation σ = 0.8 cm (see Fig. 4).

By definition, the total surface of magnetite particles is
Stot = ∑

ij c(xi, yj )�xi�yj , where �xi, �yj are the lengths
of the edges of the minor square regions. The amplitude
A is determined by equating

∑
ij c(xi, yj )�xi�yj to fsL2 =

256fs and turns out to be A � 256fs/(2πσ 2) � 7 × 10−3. It
should be noted that for magnetite particles with diameters
in the considered range, the value of fs used in the example
corresponds to a total mass of Fe well above the detection
limit of MPI (1 − 5 × 10−9 g) [3,11]. Note that even within
the central minor square region (where the concentration
is highest) the ratio d/D is still as high as 10.6, as shown
in the Appendix, so that the particles are noninteracting
throughout.

In the case of hysteretic nanoparticles, the correct SF is
a complex function of H0, so that V3 becomes a complex
vector, resulting in the modulus and phase components
shown in the right panel of Fig. 4. When operating with
the correct [SF]−1 matrix on V3 (blue arrow), the starting
c vector (which is obviously a real quantity) is perfectly
recovered. In contrast, if the reconstruction is operated
using the real matrix [SF*]−1 whose elements are given
by the system function appropriate to particles of the
same size assumed to be bona fide Langevin particles (red
arrow), the unphysical result of a complex c vector is
obtained.

A. Impact of the choice of SF on the image
reconstruction

Given a [SF] matrix, operating on the vector V3 with
the inverse matrix [SF]−1 results by definition in the cor-
rect c vector. In this section we discuss the impact of an
ill-defined system function on the correct reconstruction
of the tracer concentration c(ri). In the present analysis,
the inverse matrix is obtained by making use of the SF for
Langevin particles, independently of the particle diameter.
It has however been shown that this is valid for particles
with D ≤ 11 nm only. For diameters larger than 11 nm,
tracers are no longer genuine Langevin particles because of
frequency-sustained magnetic hysteresis. The deviation of
the correct SF from the prediction of the Langevin theory
[2,39] increases with increasing D.

In order to make the reconstruction numerically stable,
the Tikhonov regularization [58,80] has been adopted. This
is one of the many numerical techniques developed to con-
trast the amplification of noise inherent in the solution of
inverse problems [58], and has the advantage of being well
known and particularly simple to implement.
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FIG. 4. Induced voltage V generated by a known planar distribution of tracers with magnetic hysteresis, c(x, y) ≡ c(r) (yellow arrow
pointing right). The arrows pointing left indicate two possible image reconstruction procedures. Blue arrow: reconstruction based on
the correct system function for hysteretic nanoparticles. Red arrow: reconstruction based on the assumption that the particles are
without hysteresis. See text for details.

The impact of an improper choice of the SF to build the
[SF]−1 matrix for tracers with D in the 12–15 nm interval
is shown in Fig. 5 under an average magnetic field gradient
of 3 T/m (3 × 102 Oe/cm), a value typically found in MPI
setups. In the considered case, the bias field H0(x, y, z) is
assumed to be perpendicular to the scanned area of edge L,
which lies in the (x, y) plane at z = 0. The magnitude of
the field increases with increasing the distance from the
FFP, which is at the center of the scanned area. Within
each minor square region of edge L/N 1/2 the field H0 is
considered to keep the same magnitude as at the geometric
center of the considered region. The high-frequency driv-
ing field, generated by a solenoid parallel to the z axis, is
perpendicular to the (x, y) plane as well.

The real (starting) Gaussian distribution of particles over
the plane c(ri) is shown on top of Fig. 5 both in a three-
dimensional (3D) graph representation and on a contour
colour map. The modulus [81] of the distribution c∗(ri)

obtained using the inverse real matrix [SF*]−1 is shown
using the same representations for all considered parti-
cle diameters. Only for D = 12 nm is the reconstructed
|c∗(ri)| still reasonably close to the starting function in both
height and width, although some minor artifacts (undula-
tions) begin to appear at large distances from the center;
for larger diameters, the behavior of the reconstructed
modulus becomes more and more distant from the real
distribution.

These artifacts indicate the presence of tracers in regions
of the (x, y) plane where no particles actually exist. The
peak of the reconstructed distribution is always at x = 0,
y = 0, but it becomes increasingly lower and less signif-
icant with increasing D. When D = 15 nm, an operator
of the MPI setup would conclude that very few tracers
are present in the scanned region and that they are rather
evenly distributed over the plane, which is clearly not the
case.

A more quantitative insight on the effect is given by
Fig. 6, where the profile of the reconstructed |c∗(ri)| dis-
tribution along the x axis in y = 0 is shown for particle
diameters in the interval 11.5 ≤ D ≤ 15 nm. The recon-
struction for particles with D < 11.5 nm (not shown here)
turns out to be a real function of x and is perfectly superim-
posed to the starting c(x, 0) curve, as expected for particles
still superparamagnetic at 25 kHz. When D = 11.5 nm,
c∗(xi, 0) is basically still a real quantity closely corre-
sponding to the actual concentration (red and black lines
in the left panel of Fig. 6). Increasing the particle diam-
eter brings about a strong reduction of the central peak
together with increasingly larger artifacts, as shown in
the left panel. A quantitative measure of the deviation of
the reconstructed tracer distribution from the real one is
shown in the right panel, where the standard deviation
σs = [ ∑N

i=1(|c∗(xi, 0)| − c(xi, 0))2
]1/2 of the differences

between reconstructed and actual ci values is plotted. The
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FIG. 5. Image reconstruction under a magnetic field gradient of 3 T/m, using 3D and color-contour maps. Top center panel: starting
Gaussian distribution of nanoparticles on the target. The four panels below show the reconstructed distributions for hysteretic nanopar-
ticles of different size obtained neglecting magnetic hysteresis. The concentrations c, c∗ are dimensionless quantities; the color scale
shown in the top panel is the same everywhere.

standard deviation is equal to zero up to (and including)
D = 11 nm; when magnetic hysteresis begins to play a
role, a nonzero σs appears; the standard deviation mono-
tonically increases with increasing D, indicating that the
reconstruction becomes increasingly worse.

As shown in the Sec. S6 of the Supplemental Material
[68], increasing the field gradient magnitude reduces the
mismatch between the actual concentration and the one
reconstructed considering hysteretic tracers as Langevin
particles. This is explained recalling that in the limit of an
infinite field gradient [SF] is a diagonal matrix, because
only tracers located in the FFP contribute to the induced
voltage, all particles in other regions of the scanned plane

being magnetically saturated. As a consequence, the vector
c is proportional to vector V and the reconstruction proce-
dure becomes trivial [2,46]. However, the proportionality
constant between the two vectors is a real number for gen-
uine Langevin particles only, while it is a complex number
in the case of hysteretic tracers. In the latter case, the mod-
ulus of the reconstructed c∗(ri) function is expected to give
a correct information on the shape of the actual particle
distribution, because the shape is intimately related to the
structure of the [SF] matrix, which in the case of an infinite
gradient is diagonal for both Langevin and hysteretic par-
ticles. However, the diagonal elements for Langevin and
hysteretic particles are different, and this mismatch leads
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FIG. 6. Left: profile of starting and reconstructed nanoparticle distributions along the x axis, for different diameters of nanoparticles
with frequency-sustained hysteresis; the reconstruction for particles still superparamagnetic at 25 kHz (D < 11.5 nm) is not shown,
being perfectly superimposed to the starting c(x, 0) curve. Right: standard deviation σs of the differences between reconstructed and
actual distribution curves, plotted as a function of nanoparticle diameter. The dotted line is a guide for the eye.

to an incorrect quantitative estimate of the actual particle
concentration at every point of the scanned surface.

B. Resolution

When the magnetization of tracers for MPI displays
hysteresis at the operation frequency, making use of the
inverse matrix for Langevin particles ([SF*]−1) instead of
the correct one ([SF]−1) affects the spatial resolution of
MPI also. The upper panel of Fig. 7 shows the contour-
color map representation of a simple bimodal distribution
of particles on the (x, y) plane generated by two Gaussian
functions of the same variance and amplitude symmetri-
cally placed along the x axis close to the center of the
scanned surface. The distance between the two concentra-
tion maxima is d = 1 cm. With this choice of parameters,
the two peaks of the bimodal distribution are well sep-
arated. The following panels show the behavior of the
reconstructed |c∗(xi, yi)| functions for hysteretic particles
with diameters in the 12–15 nm interval, obtained using
the [SF*]−1 inverse matrix appropriate to Langevin parti-
cles. The ability of the reconstruction procedure to resolve
the two peaks becomes worse with increasing D, and arti-
facts indicating the presence of “phantom particles” along
the perpendicular direction (the y axis) appear for D = 13,
14 nm. When D = 15 these “phantom particles” seem to
disappear (at least on the z scale used in Fig. 7), but the
reconstructed concentration is everywhere extremely low
with respect to the actual one. It should be noted that
by properly changing the z scale the “phantom particles”

appear even for D = 15 nm, as shown in Sec. S7 of the
Supplemental Material [68].

The observed artifacts are particularly apparent in par-
ticles with D = 13, 14 nm because for these diameters
the correct SF is substantially different from the one for
Langevin particles of the same size (compare the curves in
the two panels of Fig. 3), whilst the shape of |M3| for D =
15 nm is closer to the corresponding one for Langevin par-
ticles (although the reduced magnitude results in very low
values of the induced voltage V3i and in correspondingly
low values of the reconstructed distribution |c∗(xi.yi|).

IV. EFFECT OF NANOPARTICLE SIZE
DISTRIBUTION

The previous results are obtained for monodisperse
particles. In fact, magnetic tracer materials for MPI are
typically comprised of iron-oxide nanoparticles widely
distributed in size [5,11,40], resulting in the simultane-
ous presence of anhysteretic (Langevin-like) and hysteretic
cyclic magnetization at the operation frequency, even
when all particles are superparamagnetic at low frequency.
This fact has been experimentally checked [73]. As a con-
sequence, the effects discussed in the previous sections
can play a non-negligible role even in materials containing
size-distributed nanoparticles.

As an example, let us consider the Gaussian distribu-
tion of particle sizes p(D) shown in the top left panel of
Fig. 8. The mode of the distribution is set at D = 11.5 nm,
so that with the parameter values of this work the material
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FIG. 7. Image resolution. Top panel: contour-color map of the starting distribution of tracers on the plane; the four panels below
show the reconstructed distribution for hysteretic nanoparticles of different size when magnetic hysteresis is neglected. The color scale
shown in the top panel represents the nanoparticle concentration (a dimensionless quantity) and is the same everywhere.

contains exactly one half of magnetite particles, which are
still superparamagnetic at f = 25 kHz and one half whose
magnetization is hysteretic, as indicated. When the parti-
cles are noninteracting or weakly interacting, the total SF is
obtained by separately summing up all the real and all the
imaginary parts of the SFs appropriate to each diameter.
The resulting SF is a complex function of bias field whose
modulus is indicated by the red dotted line in the top right
panel of Fig. 8, where it is compared to the SF obtained
by assuming that all particles are still Langevin particles
at the operating frequency, which is a real function of the

bias field (black line). Although the two curves become
superimposed at large fields, they substantially differ at
intermediate values of H0, i.e., rather close to the FFP.

A reconstruction operated not taking into account the
hysteretic behavior of a fraction of the tracers is there-
fore expected to be affected by errors. In the example of
Fig. 8 the particles are assumed to be randomly distributed
in space on the (x, y) plane according to the same Gaus-
sian function c(ri) shown in the top panel of Fig. 4; in
the bottom left panel of Fig. 8 the reconstructed |c∗(ri)|
function obtained using the inverse real matrix [SF*]−1
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FIG. 8. Effect of tracer size distribution. Top left: size distribution of tracers with an equal number of nanoparticles with and without
hysteresis at 25 kHz. Top right: real part of the actual SF compared with the SF obtained assuming that all tracers are still Langevin
particles. Bottom left: reconstruction of the starting Gaussian distribution of tracers on the plane (shown in the top panel of Fig. 5)
when all tracers are assumed to be Langevin particles. Bottom right: profile along the x axis evidencing the mismatch between starting
and reconstructed nanoparticle distributions. The color scale represents the dimensionless nanoparticle concentration.

appropriate to Langevin particles is shown in both a 3D
graph representation and on a color-contour map.

Disregarding the presence of hysteretic particles brings
about an unsatisfactory reconstruction characterized by a
lower peak value with respect to the real distribution and
by the presence of artifacts (once again, undulations and
“phantom particles”) away from the center of the surface.
This is put in evidence in the bottom right panel of the
same figure, where the profile along x of starting (c(xi, 0))
and reconstructed (|c∗(xi, 0)|) distribution is compared.

V. EFFECT OF INTERPARTICLE INTERACTION

In the rate equations’ framework, the effect of dipo-
lar volume interactions among particles is modeled as an
increase of the energy barrier between the two energy
minima of a DWS [47,67]. Introducing dipolar interaction
results in a complex behavior (i.e., either an enhancement
or a reduction, depending on particle size) not only of the

hysteresis loop width [47] but also of |M3| [46]. The effect
on the amplitude of the third harmonic is discussed in Sec.
S5 of the Supplemental Material [68]. As a consequence,
the SF is expected to be markedly affected by interparticle
interaction.

In a cyclic magnetization process, dipole-dipole energy
depends on the degree of alignment of magnetic dipoles
and is assumed to oscillate between a maximum and a min-
imum, the latter being about one half of the former [47].
The maximum rms dipolar energy is

Emax
D = α

μ2

d3 , (1)

where α is a dimensionless quantity of the order of 10 [47,
82], and μ = MsV is the magnetic moment carried by a
particle of volume V having spontaneous magnetization Ms
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[47]. In three dimensions, Emax
D can be written as [47]

Emax
D = αM 2

s VfV, (2)

where fV = V/d3 is the volume fraction of nanoparticles.
In two dimensions, Eq. (1) transforms into

Emax
D = 8

π1/2 α2 M 2
s Vf 3/2

s , (3)

where fs is the surface fraction defined in Sec. III
and the relation (1/d) = 2f 1/2

s /(π1/2D) is exploited (see
Appendix). The dimensionless parameter α2 is smaller
than α because the particles are distributed over a plane
rather than in a volume (see Appendix); in particular, α2 �
0.745 α.

The effect of dipolar interaction on the SF is shown in
the two upper panels of Fig. 9 for a uniform distribution of
particles on the scanned plane, considering different val-
ues of fs and two nanoparticle diameters. The limits of
the investigated interval of the surface fraction fs (0.02

and 0.1) correspond to (d/D) values between 6.3 and 2.8,
respectively. The curves for noninteracting particles are
added for comparison. For 13-nm tracers, an increase of fs
brings about first an enhancement of the SF at H0 = 0 and
in general of the whole curve; however, above fs � 0.06
the trend is inverted and a reduction of the SF is observed.
Such a behavior of the magnitude of |M3| is associated with
a smoothing of both the secondary maximum and the dip
of the curve. In contrast, for 14-nm tracers a monotonic
reduction of the magnitude of the SF with respect to the
noninteracting case is observed, along with a smoothing of
the whole curve; for this diameter, the secondary maximum
is observed to become higher than the value at H0=0. For
both diameters, the tails of all curves become almost coin-
cident at large H0 with the one describing noninteracting
particles.

It may be interesting to compare the behavior of the SF
obtained by our simulations for a non-negligible interac-
tion among particles (fs > 0.06) with the results obtained
in Ref. [27], where interparticle interaction is so strong that
short nanoparticle chains are formed; the magnetization

FIG. 9. Effect of dipole-dipole interaction. Top panels: change of the SF by effect of an increasing surface fraction of nanoparticles
for two diameters; the noninteracting case corresponds to fs = 0. Bottom panels: reconstructed images of a Gaussian distribution of
interacting particles (fs = 0.1) on the plane (shape as in the top panel of Fig. 5) obtained neglecting the interaction. The color scale
represents the dimensionless nanoparticle concentration.
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of the chain coherently rotates giving rise to a wide
hysteresis loop and to a strong MPI signal at the coercive
field. In both cases, dipolar interaction plays a consider-
able role, leading to a strong contribution to the picked-up
signal at a field different from zero (i.e., not at the FFP).
This effect is to be duly taken into account in MPI image
reconstruction.

It is interesting to note that when dipolar interaction
among nanoparticles of a given diameter is switched on,
the SF becomes similar to the one calculated for noninter-
acting particles of slightly larger diameter. As an example,
let us consider the effect of the interaction existing when
fs = 0.06 (blue lines in Fig. 9). For D = 13 nm, the SF
has a shape similar to the one of noninteracting particles
with D = 14 nm (blue line in the right panel of Fig. 3),
whereas for D = 14 nm, the shape of the SF is similar to
the one of noninteracting particles with D = 15 nm (line
in cyan in the right panel of Fig. 3). This effect can be
explained by considering that dipolar interaction brings
about an increase of the energy barrier between minima
of the DWS with respect to the noninteracting case [47];
the energy barrier being proportional to V [83], a higher
EB can be interpreted as a virtual increase of the size of the
particles, thought to be noninteracting.

When dipolar interaction cannot be disregarded,
neglecting the effects of dipole-dipole interaction affects
image reconstruction, as shown in the two lower panels
of Fig. 9. In this case, the average surface fraction fs is
assumed to be as large as 1.57 × 10−3; this means that the
number of nanoparticles dispersed on the scanned plane
is such that they can no longer be considered as non-
interacting. As in Sec. III, nanoparticles are assumed to
accumulate around the center of the scanned region. The
accumulation is described by the Gaussian function of Sec.
III with the same standard deviation σ but a much larger
amplitude (A = 0.1 instead of 7 × 10−3). The lower right
panel shows the reconstructed image obtained using the
inverse matrix for ideally noninteracting particles instead
of the correct one. It should be noted that in the case
of interacting nanoparticles the local surface fraction f (j )

s
present in each region j of the scanned plane plays a com-
plex role on the value of each matrix element SFi,j , which
is determined not only by the number of particles in region
j (given by f (j )

s �xj �yj ) but also by the local value of the
energy barrier for the DWS, which in turn depends on f (j )

s
through Eq. (3).

As a consequence, for both particle diameters the recon-
structed |c∗(ri)| curve turns out to be quite different—both
in shape and maximum amplitude–from the starting Gaus-
sian function. In fact, for the examined diameters the
reconstructed concentration of tracers has a dip instead
of a maximum at the center of the scanned area. This
is explained considering that in the central minor square
region the tracer concentration and the interaction are high-
est (there, fs = 0.1, corresponding to d/D � 2.8), and the

SF is strongly reduced in both cases (see upper panels of
Fig. 9). Even in this case, “phantom particles” appear at
large distances from the center because of the undulat-
ing behavior of the reconstructed |c∗(ri)| function. Note
that for D = 14 nm |c∗(ri)| is everywhere very small com-
pared to to the starting |c(ri)| function, in agreement with
the strong monotonic decrease of the system function with
increasing fs, shown in the upper right panel.

VI. CONCLUSIONS

We show how the magnetic properties of tracers can
affect magnetic particle imaging by influencing the sys-
tem function associated to a specific tracer material and
the image reconstruction, which is based on it. Using rate
equations, we explain why the SF critically depends on
the actual magnetic behavior of tracers at the driving-
field frequency, pointing out the relevance of carefully
characterizing the magnetic nanoparticles at the operating
frequency in order to guarantee the optimal efficiency of a
MPI setup.

Generally speaking, a detailed knowledge of the actual
magnetic behavior of nanoparticles is mandatory not only
in magnetic imaging but also in other recent biomed-
ical applications. In the specific case of MPI, where
nanoparticles are submitted to a driving field of medium-
high-frequency, magnetic hysteresis cannot be disregarded
because frequency-sustained hysteresis loops may appear
even in particles, which are superparamagnetic at very low
frequency.

Although Brownian relaxation is not taken into account
in the rate-equation framework, a core point of the present
paper is the recognition of the problems arising when the
SF of superparamagnetic particles is unduly exploited in
image reconstruction. Physical rotation of particle axes
further increases the width of the loop resulting from
Néel’s relaxation [73]. An evolution of the present rate-
equation model, able to add the effect of physical rota-
tion of the particle axes, would allow the prediction of a
more realistic SF of particles, which are not rotationally
immobilized.

Magnetic hysteresis modifies the SF to such an extent
that approximating the actual magnetization process of
nanoparticles through a simplified picture can be detrimen-
tal in all applications where quantitative information of the
tracer distribution in a tissue has to be obtained. In any
case, the reversible magnetization typical of superparam-
agnetism is by no means a mandatory requirement for an
efficient magnetic imaging.

In the presence of magnetic hysteresis, the SF is no
longer a simple real function of the bias field. In fact, a
nonzero phase angle between magnetization and driving-
field signals (or, alternatively, a phase angle not equal to
π/2 between voltage and driving-field signals) is the fin-
gerprint of a hysteretic tracer material. In this case, image
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reconstruction using a purely real SF, such as the one
associated to Langevin particles, leads to unsatisfactory
results.

In single-core magnetic tracers displaying frequency-
sustained hysteresis the SF has been shown to remarkably
depend on nanoparticle diameter because both shape and
width of the hysteresis loop of a magnetic nanoparticle are
strongly influenced by its size. Properly taking into account
the complex effects of size on the third harmonic of the
induced voltage is the key to explain why the efficiency
and the spatial resolution of MPI do not increase monoton-
ically with increasing nanoparticle diameter, as expected
in the case of Langevin particles.

Tracer materials typically contain magnetic particles
widely distributed in size, so that the target tissue can
be populated by superparamagnetic tracers as well as
by tracers, which display hysteresis at the operating fre-
quency of MPI. Not taking into account the effect of the
frequency-sustained hysteretic magnetization of the largest
particles in the distribution leads to an inaccurate image
reconstruction.

Often the nanoparticles used in diagnostic tools, such as
MPI are considered to be noninteracting because of their
low concentration in the tissue. However, dipole-dipole
interaction is no longer negligible for larger nanoparticle
concentrations, required, for instance, by specific therapeu-
tic applications or occurring when tracers are accumulated
in a small region of tissue. Dipole-dipole interaction is an
intrinsic source of magnetic hysteresis whose effects com-
bine with those of frequency. A glimpse of its impact on
image reconstruction has been given using a simple model:
as a first approximation, the SF of weakly interacting par-
ticles is shown to behave as the one of noninteracting
particles of larger size. In the presence of a nonuniform
spatial distribution of tracers, dipolar interaction (which
depends on the local volume/surface fraction of particles)
significantly affects image reconstruction. In the presence
of a non-negligible dipolar interaction, considering the
nanoparticles as entirely noninteracting definitely worsens
the reconstructed image.

Finally, it should be mentioned that some available
tracer materials are made of multicore particles, each
individual magnetic unit being an aggregate of smaller
nanoparticles (having typical diameters in the 5–7 nm
range) with randomly distributed easy axes. In this way,
the effective magnetic anisotropy of a multicore aggre-
gate is substantially reduced by an averaging effect, so
that the energy barrier between minima of the DWS is
lower in a multicore aggregate than in a single-core par-
ticle of the same size; in a similar way, the critical radius
for the onset of superparamagnetism in quasistatic condi-
tions is displaced towards larger sizes. A comparison of
the SF of 15-nm multicore particles resulting from ran-
dom aggregation of smaller (5-nm) nanoparticles with the
ones of single-core particles of the same size as well as

of 5-nm nanoparticles, showing the beneficial effect of
clustering, can be found in Sec. S8 of the Supplemen-
tal Material [68]. Multicore particles owe their popularity
as tracers for MPI to the fact that they combine a low
effective anisotropy, a high saturation magnetization, and
a M (H) curve steeper than the one of the smaller com-
ponent particles, which makes them quite responsive to
the driving field. However, also multicore particles are
affected by frequency-sustained hysteresis even if they are
superparamagnetic in dc measurements.

Therefore, in these aggregates all the effects discussed
in the present work—basically deriving from the loss of
the superparamagnetic features at high frequency—are still
present, so that our conclusions maintain their validity,
with an obvious shift of all numerical results towards larger
diameters.

APPENDIX

The surface fraction fs of nanoparticles can be defined
in two equivalent ways. By definition, fs = Stot/L2, where
Stot is the total area resulting from the sum of all circular
areas projected by the magnetite particles on the scanned
plane. It is easy to prove that the surface fraction can also
be written as fs = S/d2 where S = (π/4)D2 is the area pro-
jected on the scanned plane by a single nanoparticle of
diameter D and d is the average interparticle distance on
the same plane. The quantity fs takes values between 0
and π/4 � 0.785, the upper limit corresponding to touch-
ing nanoparticles (d = D). Therefore, the ratio (d/D) is
expressed as (d/D) = π1/2/(2f 1/2

s ). For a uniform distri-
bution of particles with fs = 1 × 10−4 one gets (d/D) =
88.6. For the Gaussian distribution of particles used in
Sec. III, the surface fraction takes the value fs = 7 × 10−4

inside the minor square region around the center, so that
(d/D) = 10.6 there.

The parameters α2, α appearing in Eqs. (2) and (3) con-
tain the square root A1/2

6 of the dimensionless sum A6 =∑
n(1/amn)

6 extending over all neighbors of the mth parti-
cle, where amn = (dmn/d), dmn being the distance of any
particle n from the reference particle m (n �= m) and d
the average nearest-neighbor distance [82,84]. As an expe-
dient approximation, the nanoparticles can be thought to
be placed at the vertexes of a simple cubic lattice (in
3D) or a simple square lattice (in 2D). In this case A6
takes the values 8.40 (3D) and 4.6 (2D), so that α2/α =
(4.66/8.4)1/2 � 0.745.
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