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Unitary transformations formulate the time evolution of quantum states. How to learn a unitary transfor-
mation efficiently is a fundamental problem in quantum machine learning. The most natural and leading
strategy is to train a quantum machine learning model based on a quantum dataset. Although the presence
of more training data results in better models, using too much data reduces the efficiency of training. In
this work, we solve the problem on the minimum size of sufficient quantum datasets for learning a uni-
tary transformation exactly, which reveals the power and limitation of quantum data. First, we prove that
the minimum size of a dataset with pure states is 2n for learning an n-qubit unitary transformation. To
fully explore the capability of quantum data, we introduce a practical quantum dataset consisting of n + 1
elementary tensor product states that are sufficient for exact training. The main idea is to simplify the
structure utilizing decoupling, which leads to an exponential improvement in the size of the datasets with
pure states. Furthermore, we show that the size of the quantum dataset with mixed states can be reduced to
a constant, which yields an optimal quantum dataset for learning a unitary. We showcase the applications
of our results in oracle compiling and Hamiltonian simulation. Notably, to accurately simulate a three-
qubit one-dimensional nearest-neighbor Heisenberg model, our circuit only uses 96 elementary quantum
gates, which is significantly less than 4080 gates in the circuit constructed by the Trotter-Suzuki product
formula.
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I. INTRODUCTION

Machine learning is a task that builds a model to learn an
unknown function based on a training dataset. The training
dataset is a set of example input-output pairs repeatedly
used during the learning process and is used to fit the
parameters of the model. Machine learning has been used
in a wide variety of applications [1], such as computer
vision, natural language processing, and speech recogni-
tion. At the same time, quantum computing, a technology
that harnesses the laws of quantum mechanics to solve
problems too complicated for classical computers, has
been rapidly advancing. Inspired by the powerful capac-
ity of machine learning [1], it is natural to develop their
quantum counterparts and try to gain more benefits, which
has given rise to an emerging research area, i.e., quantum
machine learning (QML) [2–4].

QML is built on two components: models and data, both
of which could be in the quantum version. QML models
could be quantum analogs of classical machine learning
models, such as quantum neural networks [5–8], quan-
tum autoencoders [9–11], and quantum kernel methods
[12–14]. Quantum data are quantum states that are
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generated by quantum processes. Quantum data could be
sampled from a natural process like a chemical reac-
tion, or an artificial quantum system, e.g., a quantum
computer.

In quantum mechanics, the time evolution of a quantum
state according to the Schrödinger equation is mathemat-
ically represented by a unitary operator. A fundamental
problem in quantum computing, unitary learning, con-
sists in reproducing an unknown unitary transformation.
Unitary learning has been studied intensively in clas-
sical approaches [15,16], quantum settings [17,18], and
hybrid quantum-classical schemes [19–22]. One of the
most natural and leading methods is to train a QML
model based on a quantum dataset [23–26]. It raises a
fundamental question: what is the minimum size of the
quantum training dataset that is sufficient for learning a
unitary?

The power and limitation for learning an unknown uni-
tary based on datasets with pure states are investigated
in Ref. [27], which suggests that the size of the dataset
grows exponentially with the system size. The exponential
scaling on the size of training dataset leads to an expo-
nential overhead of the training process, which limits the
efficiency of QML. With a sufficient ancillary system, it
is not difficult to see that one Choi-Jamiołkowski state is
sufficient for learning the unitary [25,28,29] by the Choi-
Jamiołkowski isomorphism [30,31]. However, the costs of
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using the ancillary quantum system and computation in a
space with doubled dimensions are also expensive. Can we
reduce and find the optimal size of the training dataset for
an ancilla-free setting?

In this work, we resolve this problem by establishing
optimal quantum datasets for learning a unitary trans-
formation. We first introduce a formal definition of the
minimum training dataset problem for unitary learning. We
analyze the minimum size of training datasets with pure
states, and show that using 2n nonorthogonal but linearly
independent pure states as the training dataset is optimal
for learning an n-qubit unitary. In order to exploit the
power of the quantum dataset and reduce the exponential
size, we introduce datasets with mixed states for learn-
ing a unitary transformation. In particular, we leverage
the idea of decoupling to construct an efficient and prac-
tical dataset with n + 1 elementary tensor product states
that is sufficient to learn an n-qubit unitary operator. This
implies that quantum datasets with certain structures could
be extremely efficient for learning an arbitrary unitary
transformation. We further reduce the size of the dataset
to two and prove that this is optimal for learning a uni-
tary with ancilla-free systems. More generally, we prove
that a quantum dataset consisting of two randomly gen-
erated mixed states is sufficient for learning an unknown
unitary.

We showcase practical applications of our results under
the framework of hybrid quantum-classical algorithms. We
apply our results to do Hamiltonian simulations and show
that unitary learning can significantly reduce the depth of
quantum circuits, compared to the traditional method using
product formulas [32]. Another application is oracle com-
piling, which helps in transforming a high-level quantum
algorithm (e.g., Grover’s algorithm [33]) into a sequence
of elementary quantum gates that could run on near-term
quantum devices.

Our results on the optimal quantum dataset for uni-
tary learning notably reduce the computational cost of
training processes, from an exponential overhead to a
constant. On the other hand, since the quantum data are
generated by sampling from quantum processes, the opti-
mal size of the dataset also leads to the optimal cost of
data sampling. Our results also bring alternative insights
regarding the power of quantum data. Quantum data used
in QML can be considerably different than their classical
counterparts, since quantum mechanics permits quantum
states to be mixed, entangled, measured, distilled, concen-
trated, diluted, and manipulated. By fully leveraging the
laws of quantum mechanics, one could significantly reduce
the size of a quantum dataset, which is infeasible in the
classical scenario.

We now begin the more technical part of our paper
by giving some background and defining the minimum
training dataset problem. We note here that detailed math-
ematical proofs are given in the Appendix.

FIG. 1. The main scheme of using QML to learn an unknown
unitary transformation. For the target unitary transformation, the
first step is to prepare the training dataset consisting of input
and output quantum states. Next, we train a QML model with
the data using quantum processing, machine learning algorithms,
and optimization methods. After the training process, the built
QML model is able to emulate the action of the target unitary
transformation.

II. MAIN RESULTS ON UNITARY LEARNING

A. The minimum training dataset problem

The strategy of learning an unknown unitary U is to
train a QML model V with the training dataset D =
{(ρj , Uρj U†)}t

j =1 of size t so that V acts similarly to U
on the training set D. The goal is that the QML model V
can emulate the action of the unitary U on any quantum
state. The scheme is illustrated in Fig. 1. Notice that one
needs to prepare many copies of each state in the dataset
and repeatedly access them in the process of unitary learn-
ing. Throughout this paper, we refer to input states ρj as
the training data, and target output states Uρj U† are the
corresponding labels.

To effectively learn unitary operators, one must choose
a suitable loss function for performing optimization and
quantifying how well a model has learned the target uni-
tary. Note that a standard method of directly evaluating
the gate fidelity between the target unitary U and the
QML model V replies on quantum process tomography
[34], which is infeasible due to the exponential growth
of required resource. Instead of using the gate fidelity, we
choose the loss function that compares how well the output
states of U and V are matched, which is arguably easier to
evaluate on a quantum computer. A common loss function
is the squared trace distance between Uρj U† and Vρj V†,
i.e.,

�(Uρj U†, Vρj V†) = ||Uρj U†−Vρj V†||21, (1)
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where ||·||1 indicates the trace norm. The trace distance
could be evaluated by a variational quantum algorithm
[35]. There are many other distance measures that could
also serve as the loss function, e.g., the Hilbert-Schmidt
distance (or Frobenius distance), which could be evalu-
ated by the SWAP test [36]. The quantum empirical risk
is defined by averaging the loss function on the training
dataset,

R̂U(V) = 1
t

t∑

j =1

�(Uρj U†, Vρj V†). (2)

We quantify how well the model V performs in simulating
the unitary U by the quantum risk, defined as the squared
trace distance between the outputs of U and V applied to
the same input, averaged over all pure states induced by
the uniform Haar measure,

RU(V) =
∫
�(U|ψ〉〈ψ |U†, V|ψ〉〈ψ |V†)d|ψ〉 (3)

=
∫

d|ψ〉||U|ψ〉〈ψ |U†−V|ψ〉〈ψ |V†||21 (4)

= 1 −
∫

d|ψ〉|〈ψ |U†V|ψ〉|2 (5)

= 1 − N + |Tr[U†V]|2
N (N + 1)

, (6)

where N = 2n is the dimension of the corresponding
Hilbert space.

Since our study focuses on the sufficiency of training
datasets, for simplicity we assume the training is always
perfect, i.e., the quantum empirical risk R̂U(V) = 0. Under
the assumption of perfect training, a training dataset is suf-
ficient for the model V to learn the unitary U if the quantum
risk RU(V) = 0, otherwise it is insufficient.

The minimum training dataset problem for unitary learn-
ing is to find the minimum size tmin such that there exists a
sufficient training dataset of size tmin to learn an unknown
unitary U, and any dataset of size less than tmin is not
sufficient.

B. Minimum size of training datasets with pure states

The lower bound of expected quantum risk when apply-
ing datasets with pure states is given in Ref. [27], which
shows that it is not sufficient to learn an n-qubit unitary
using less than 2n pairs of Haar random pure states as the
training data. For example, it could be inferred that the
expected quantum risk of training V with O(n) pairs of pure
states is EU[ED[RU(θ)]] = 1 − O(1/2n).

However, the lower bound of the expected quantum risk
does not imply tmin = 2n for training datasets with pure
states. Consider using 2n pairs of pure states as the train-
ing data. A natural way is to pick an orthonormal basis.

Surprisingly, we find that using 2n orthogonal states as the
training data is not sufficient for learning a unitary, as the
worst case of quantum risk is RU(V) = 1 − 1/2n + 1. For
more details, we refer to Lemma 1 in the Appendix.

Sharma et al. [28] give a discussion on the case that
pure states in the training dataset are nonorthogonal but
linearly independent, and conclude that this case leads to
the same lower bound of average quantum risk as in Ref.
[27]. Here we prove an upper bound of quantum risk when
pure states in the training dataset are nonorthogonal but
linearly independent.

Proposition 1. (Upper bound of quantum risk). Consider
learning an n-qubit U using the QML model V with a
training set D = {(|xj 〉, U|xj 〉)}t

j =1, where {|xj 〉}t
j =1 is a

set of nonorthogonal but linearly independent vectors.
Assume that N/2 ≤ t ≤ N, then we have RU(V) ≤ 1 −
N + (2t − N )2/N (N + 1).

The proof of this upper bound is based on the fact that
U†V = I in the t-dimensional subspace HD spanned by
{|xj 〉}t

j =1. In the other (N − t)-dimensional subspace H⊥
D,

U†V could be any unitary matrix. Considering the worst
case, U†V = −I in H⊥

D, then Tr[U†V] = t − (N − t) =
2t − N .

The upper bound of quantum risk implies that using
t = N nonorthogonal but linear-independent pure states is
sufficient for learning a unitary. While t < N , it is not suf-
ficient to learn a unitary since the worst case of quantum
risk is greater than 0. From the upper bound of quantum
risk, we conclude that tmin = 2n for training datasets with
pure states.

The empirical risk is computed at each training itera-
tion under the empirical risk minimization principle, which
means the trace distance between Uρj U† and Vρj V† is
evaluated for each state ρj in the training set. When using
2n pure states as the training data to learn a unitary, the
overhead of this exponential scaling limits the efficiency
of the learning process, and thus places a cutoff on the size
of the target unitary in practical scenarios.

C. Efficient training dataset with mixed states

As we show in the previous section, using pure states
as the training dataset to learn a unitary is not efficient
because of the overhead exponentially scaling with the
number of qubits. However, quantum data are not limited
to pure states but also involve mixed states. In practice,
quantum systems are open and interact with environments.
Such systems are in mixed states as we have only incom-
plete information about the systems. Hence, it is natural
and sensible to consider the training dataset with mixed
states.
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A mixed state ρ is a mixture of pure states, i.e.,

ρ ≡
∑

j

pj |ψj 〉〈ψj |, (7)

where each |ψj 〉 is a pure state and each pj is a positive real
number such that

∑
j pj = 1. The rank of a mixed state ρ

is the rank of its density matrix in Eq. (7). For an n-qubit
mixed state, the maximum rank is 2n, which is also called
full rank, and the minimum rank is 1, in which case it is
a pure state. Obviously, if a mixed state has a larger rank,
it contains more information. Intuitively, fewer quantum
states are needed to learn an unknown unitary when using
mixed states as data.

To learn the target unitary U, we construct a training
dataset D1 that contains n + 1 quantum states. Define

ρ0 = (|+〉〈+|)⊗n (8)

and

ρj = τ⊗(j −1) ⊗ |0〉〈0| ⊗ τ⊗(n−j ) (9)

for 1 ≤ j ≤ n, where τ is the maximally mixed state. For
an n-qubit unitary U, let D1 = {(ρj , Uρj U†)}n

j =0 be the
training dataset.

To show that the training dataset D1 is sufficient for the
QML model V to learn U, we first prove that training with
the dataset {(ρi, UρiU†)}n

j =1 makes U†V a diagonal matrix.
This is because training with each state decouples the space
spanned by half of the computational basis states from the
other half. Training with all these states together decou-
ples the space spanned by each computational basis state
from each other, which makes U†V diagonal in the com-
putational basis. Then training with (ρ0, Uρ0U†) unifies all
diagonal entries in U†V, which ensures that U = V.

Proposition 2. For an n-qubit unitary U and a QML model
V, if it satisfies that

UρiU†=VρiV† (10)

for 0 ≤ i ≤ n, then we have U = V.

Proposition 2 shows that we can learn a unitary using
a QML model based on the training dataset D1, which
consists of n + 1 pairs of quantum states. The size of the
training dataset D1 grows linearly with the number of
qubits, which is more efficient than the case of using pure
states. Furthermore, each state in D1 is in a form of tensor
product without entanglement, which is arguably easy to
construct.

D. Minimum size of datasets with mixed states

Now that using mixed states could reduce the size of
the training dataset, it is of interest to study the ultimate
limits on the case of using mixed states to learn a unitary.
In this section, we further reduce the size of training sets
from linear to constant, which yields an optimal quantum
dataset for unitary learning. Moreover, we study the more
general cases where the data could be randomly generated
instead of constructed.

We first consider learning a unitary U using the QML
model V with one mixed state ρ as the training data. Sup-
pose UρU† = VρV†, i.e., U†V and ρ commute, then U†V
and ρ share a common set of eigenvectors [37, Lemma 5F].
Since the eigenvalues of U†V are not fixed, the worst case
of quantum risk is RU(V) = 1 − 1/2n + 1, we hence con-
clude that using one mixed state as the training data is not
sufficient for learning a unitary.

We then prove that using two mixed states as the training
data is sufficient to learn an n-qubit unitary.

Proposition 3. Suppose a unitary W satisfies WρW† = ρ

and WσW† = σ , where ρ and σ are full-ranked mixed
states that have nondegenerate eigenvalues, and eigenvec-
tors of ρ and σ are nonorthogonal. Then W = I .

In order to prove Proposition 3, we show that U†V is
simultaneously diagonal with respect to the eigenbasis of ρ
and σ if U†V commute with the state ρ and σ , respectively.
Since eigenvectors of ρ and σ are mutually nonorthogonal,
it implies that U†V must be identity, i.e., U = V.

More generally, any two random full-ranked mixed
states ρr and σr that are Hilbert-Schmidt distributed sat-
isfy the condition in Proposition 3, thus a random dataset
D2 = {(ρr, UρrU†), (σr, UσrU†)} is sufficient for learning
an n-qubit unitary.

Our analytical results indicate that at least two quantum
states are required for training a QML model to learn an
unknown unitary. Thus we can conclude that tmin = 2 for
the quantum training datasets, which solves the minimum
training dataset problem for unitary learning.
Remark 1: For the task of characterizing a quantum gate,
which consists of distinguishing two unitaries as well
as assessing the unitarity of a time evolution, Ref. [38]
showed that the minimum number of input states required
is two. On the one hand, we note that perfectly distinguish-
ing any two unitaries reduces to the same mathematical
problem as unitary learning: find a set of quantum states
{ρj } such that a unitary U satisfies Uρj U† = ρj for each ρj
if and only if U is the identity matrix up to a global phase.
Hence, utilizing the main tools and results in Ref. [38], one
can conclude that two input states are sufficient for unitary
learning.

On the other hand, since we assume that the target time
evolution is unitary, the task of learning a unitary does not
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FIG. 2. The parameterized quantum circuit, one layer of which
has n generic one-qubit rotation gates with three Euler angles
θ = (θ ,φ, λ) and n CNOT gates. The CNOT gates in the circuit
are only between neighboring qubits on a 1D chain with periodic
boundary condition.

involve unitarity assessing. Thus, our results imply that
two states are also necessary for distinguishing a pair of
unitaries even if we do not need to assess the unitarity
of time evolution. Moreover, by observing the equiva-
lence between unitary learning and unitary distinguishing,
Proposition 1 implies that the minimal set of pure states
sufficient for distinguishing any two unitaries has a size of
d, while the minimum number of pure states required for
gate characterization is d + 1 as shown in Ref. [38].

Remark 2: Notice that numerically generating density
matrices in D2 that satisfy the conditions in Proposition
3 is simple, following the method in Ref. [39]. How-
ever, preparing such quantum states (also known as totally
mixed thermal states) on a quantum computer is very dif-
ficult. As a comparison, the dataset D1 contains n + 1
elementary tensor product states as proposed in Eqs. (8)
and (9) that are easy to prepare. We remark that the dataset
D1 combines the properties of efficiency and feasibility,
making it a particularly good choice for the task of unitary
learning in practice.

We next demonstrate applications of unitary learning to
investigate the performance of optimal quantum datasets
with two mixed states. We adopt variational quantum algo-
rithms in the numerical experiments, which use a classical
optimizer to train a parameterized quantum circuit (PQC)
as shown in Fig. 2. Note that there are many reasonable
choices of PQCs that differ from ours, such as alternat-
ing layered ansatzes [40] and variable structure ansatzes
[41], and the optimal choice may depend on the specifics of
learning problem. Our numerical experiments were carried
out with the Paddle Quantum toolkit [42] on the Pad-
dlePaddle Deep Learning Platform [43], using a desktop
with an 8-core i7 CPU and 32GB RAM.

III. APPLICATIONS

A. Applications to Hamiltonian simulation

One of the first proposed and the most natural applica-
tions of quantum computers is simulating other quantum
systems [44]. The dynamics of a closed quantum system
are determined by a Hamiltonian H (a Hermitian matrix),
and the state of the system at time t is represented by a state
vector |ψ(t)〉. The system evolves over time according to
the Schrödinger equation:

|ψ(t)〉 = e−iHt|ψ(0)〉. (11)

The goal of quantum simulation is to produce the final state
|ψ(t)〉 within some error tolerance for a given Hamiltonian
H , an evolution time t, and an initial state |ψ(0)〉.

The time evolution of a quantum system shown in Eq.
(11) corresponds to a unitary operator U = e−iHt. Simu-
lating such time evolution on a quantum device requires
the implementation of this unitary operator. If we can have
access to the quantum system, it is possible to train a
QML model to simulate U with a training dataset sam-
pled from the quantum process. On the other hand, if the
physical evolution U is not directly accessible but has been
implemented as a quantum circuit V0 through methods like
product formula [32], we can query V0 to prepare train-
ing data and learn V0 using another quantum circuit with a
greatly reduced number of gates.

Here we consider learning a one-dimensional (1D)
nearest-neighbor Heisenberg model [45] with n qubits,
which is described by the Hamiltonian

H =
n∑

j =1

(�σj · �σj +1 + hj σ
z
j ), (12)

where �σj = (σ x
j , σ y

j , σ z
j ) denotes a vector of Pauli x, y, and

z matrices on qubit j . Here a periodic boundary condition
is imposed, i.e., �σn+1 = �σ1. The coefficient hj is chosen
uniformly at random in [−h, h], where the parameter h
characterizes the strength of the disorder.

In numerical experiments, we first generate an n-qubit
one-dimensional nearest-neighbor Heisenberg model with
random hj ∈ [0, 1]. We then construct the time-evolution
circuit V0 using the second-order Suzuki product formula
[32] with evolution time t = n and gate fidelity at least
1 − 10−3. We train a PQC V(θ) with datasets D1 and D2,
respectively, to learn V0. The two mixed states in D2 are
randomly generated according to the Hilbert-Schmidt mea-
sure [39]. Note that for the dataset D2, we independently
generate ten samples of datasets and average the experi-
mental results over ten independent training instances in
order to reduce the effect of randomness. The number of
layers of PQC is chosen empirically, depending on the size
of the quantum system. We select the number of layers
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d = 8, 25, and 100 for n = 3, 4, and 5, respectively. All
parameters of trainable gates in PQCs are initialized fol-
lowing the uniform distribution on [0, 2π ]. We choose the
trace distance as the loss function and the empirical risk
defined in Eq. (2) serves as the cost function in the train-
ing process. We set the training epoch to be 400 with a
batch size equal to the size of datasets for all experiments.
The Adam optimizer is used to minimize the cost func-
tion. The learning rate is 0.05 and 0.1 for training with
dataset D1 and D2, respectively. For n = 5, the learning
rate decays by 0.5 every 100 epochs in order to achieve a
better convergence.

As the numerical results shown in Fig. 3, PQC mod-
els trained with the dataset D1 and randomly generated
datasets D2 could simulate the Hamiltonian with high
accuracy (the average quantum risk achieves 0.01). What
is more, the number of gates in PQC models is significantly
fewer compared to circuits constructed by the second-order
Suzuki product formula.

B. Applications to oracle compiling

A quantum oracle is a “black-box” operator that is used
extensively in quantum algorithms. Most known quan-
tum algorithms, such as Shor’s algorithm [46], Grover’s
algorithm [33], quantum walks [47], and quantum singular
value transformation [48], are constructed using quantum
oracles.

A quantum oracle is usually defined using a classical
Boolean function f : {0, 1}n → {0, 1}, which maps an n-
bit binary input to a binary output. The most common
definition of quantum oracles is

Uf (|x〉 ⊗ |y〉) = |x〉 ⊗ |y ⊕ f (x)〉, (13)

where “⊕” is the XOR operation. Notice that the oracle Uf
is unitary by the definition. In practice, such binary oracles
are often used in quantum algorithms to do a phase rota-
tion. This means that it is simpler to consider an alternative
oracle, which is called phase oracle, defined as follows:

Up |x〉 = (−1)f (x)|x〉. (14)

As a “black-box” operator, the structure of a quantum ora-
cle is typically unknown, thus we may not able to directly
implement it on a quantum device. Based on the idea of
unitary learning, we could train a QML model to learn
an unknown quantum oracle, which permits us to compile
and run an oracle-based quantum algorithm on quantum
devices.

Here we showcase an example of compiling a phase
oracle and then run the famous Grover’s algorithm based
on this oracle. Suppose the search space consists of N =
2n elements, which we label with n-bit strings. Let f :
{0, 1}n → {0, 1} be the Boolean function telling which ele-
ments are marked: the element labeled with x ∈ {0, 1}n

TABLE I. Performance of compiling Grover’s algorithm with
datasets D1 and D2. The success probability of compiled
Grover’s algorithm with dataset D2 is averaged over ten inde-
pendent training instances.

No. of qubits
Success probability

Compiled Compiled
Grover with D1 with D2

3 0.94531250 0.94446218 0.94862192
4 0.96131897 0.96496582 0.95465205
5 0.99918232 0.99569303 0.99097359

is marked if f (x) = 1 and unmarked otherwise. Let Up
be the phase oracle that encodes the Boolean function f ,
and we assume there is a unique marked element. Let
D = 2|�〉〈�| − I be the Grover diffusion operator, where
|�〉 = |+〉⊗n. The operator G = D · Up is known as the
Grover iterate. Grover’s algorithm repeatedly applies the
Grover iterate G for �4/π

√
N� times on the initial state

|�〉 and measures the resulting state. The success proba-
bility of Grover’s algorithm is the probability of obtaining
the marked element when making the measurement.

In numerical experiments, we train a PQC V(θ) with
dataset D1 and random datasets D2, respectively, to learn
the phase oracle Up . Except for different target unitaries,
the setting of training PQCs is the same as what was used
in the previous application. Then we append the circuit of
Grover diffusion operator D to V(θ) as the Grover iterate.
By repeatedly applying the entire circuit of Grover iter-
ate, we are able to run the compiled version of Grover’s
algorithm. The experimental results with a comparison to
the theoretical success probability of Grover’s algorithm
are listed in Table I. From the results, we could see that, by
training a PQC with our proposed datasets D1 and D2, our
method compiles the oracle into a sequence of single-qubit
and two-qubit gates with high accuracy, which enables us
to run an oracle-based algorithm on near-term quantum
devices.

IV. CONCLUDING REMARKS

Quantum computers could be used to simulate the
dynamics of quantum systems, which is known to be com-
putationally difficult for classical computers. One promis-
ing method is to train a quantum machine model based
on quantum data, so that the model is able to mimic a
unitary transformation. The performance of any machine
learning model highly relies on the training data. Typical
methods for learning unitaries often employ exponentially
large training datasets [23–25,27]. In this work, we iden-
tify mixed states as the key to reduce the size of quantum
datasets that are sufficient for learning an unknown uni-
tary operator. We introduce efficient quantum datasets with
mixed states that are exponentially smaller than datasets
consisting of pure states. Explicitly, we show that the
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(a) (b) (c)

FIG. 3. Panel (a) displays the number of required gates to simulate Hamiltonian of different quantum system sizes by our method
and Trotter-Suzuki method. Note that each generic U3 gates in the PQC is counted as three single-qubit rotation gates. Panel (b) shows
the quantum risk in training with the dataset D1. The blue, orange, and green lines correspond to the results on the quantum system
with size n = 3, 4, and 5, respectively. Panel (c) shows the quantum risk in training with randomly generated dataset D2. The blue,
orange, and green lines are averaged over ten independent training instances for the three system sizes. The corresponding shaded
region is the min-max threshold in different runs.

optimal size of quantum datasets is tmin = 2 and we also
obtain a practical dataset consisting of elementary tensor
product states. Our analytical results are completely gen-
eral and thus are not restricted to some particular quantum
machine learning models. We showcase the applications
of our results in Hamiltonian simulation and oracle com-
piling under the framework of hybrid quantum-classical
algorithms, which demonstrates the effectiveness and prac-
ticability of our results in meaningful tasks.

Our results may also shed light on the advantages of
quantum machine learning over classical machine learn-
ing, with respect to the training data. The main goal
of using quantum machine learning to simulate quantum
dynamics is to provide speedups over classical methods,
as the computational cost of quantum simulation using
classical computers is believed to grow exponentially with
system size. Thus any exponential scaling in the quan-
tum machine learning algorithm places a barrier on this
speedup. Our results reduce the size of the dataset from
exponentially large to linear, and further to a constant,
which removes such a barrier.

As the minimum training dataset problem for unitary
learning has been answered, one future step is to study
the more general case. Note that the most general quantum
process is a quantum channel, it is of great interest to study
the sufficient training dataset for learning an unknown
quantum channel. Possible applications of quantum chan-
nel learning include quantum error mitigation [49–54] and
quantum channel simulation [55–58]. The training dataset
problem for learning a quantum channel may also have
implications for the learnability of QML models. Another
interesting direction is to study the relationship between
the size of the quantum dataset and the generalization error
of unitary learning, without the assumption of perfect train-
ing. Our work shows applications of unitary learning via
a quantum dataset, it will also be interesting to discover
more such applications in quantum information processing
and quantum machine learning [2–4].
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APPENDIX: PROOFS OF THE MAIN RESULTS

Lemma 1. Consider learning an n-qubit unitary U using
a QML model V with training set D = {(|xj 〉, U|xj 〉)}N

j =1,
where {|xj 〉}N

j =1 is an orthonormal basis. Then the worst
case of learning is RU(V) = 1 − 1/2n + 1.

Proof : Since the training is perfect, i.e., V|xj 〉 =
eiθj U|xj 〉 for j = 1, 2, . . . , N , we have 〈xj |U†V|xj 〉 = eiθj .
Then we can write

U†V =
N∑

j =1

eiθj |xj 〉〈xj |. (A1)

Note that each θj are not necessarily the same. Con-
sider a worst case scenario, θj = θ for j = 1, . . . , N/2
and θj = θ + π for j = N/2 + 1, . . . , N , where θ is an
arbitrary angle, then we have Tr[U†V] = 0 and RU(V) =
1 − 1/2n + 1. �

Proposition 4. (Upper bound of quantum risk). Consider
learning an n-qubit U using the QML model V with a
training set D = {(|xj 〉, U|xj 〉)}t

j =1, where {|xj 〉}t
j =1 is a

set of nonorthogonal but linearly independent vectors.
Assume that N/2 ≤ t ≤ N, then we have RU(V) ≤ 1 −
N + (2t − N )2/N (N + 1).
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Proof : Training the QML model V with the training set
D makes

U†V =

⎡

⎢⎢⎢⎣

eiθ1 · · · 0
...

. . .
...

0 · · · eiθt

0

0 Y

⎤

⎥⎥⎥⎦ , (A2)

where Y is a unitary matrix on a (N − t)-dimensional
Hilbert space. Since {|xj 〉}t

j =1 is a set of nonorthogonal
but linearly independent vectors, we have θj = θk, ∀j , k ∈
{1, . . . , t} [28]. Then we can write

U†V =
[

eiθI 0
0 Y

]
. (A3)

Thus we have

|Tr[U†V]| = |Tr[eiθI] + Tr[Y]| (A4)

= |Tr[eiθI] − Tr[−Y]| (A5)

≥ ||Tr[eiθI]| − |Tr[−Y]|| (A6)

= |t − |Tr[Y]|| (A7)

≥ t − (N − t) (A8)

= 2t − N . (A9)

Inequality (A6) is from the reverse triangle inequality.
Inequality (A8) follows from the fact that the maximum
of Tr[Y] is (N − t). The upper bound of the quantum risk
is

RU(V) = 1 − N + |Tr[U†V]|2
N (N + 1)

≤ 1 − N + (2t − N )2

N (N + 1)
.

(A10)

�

Corollary 2. Consider learning an n-qubit U using the
QML model V with a training set D = {(|xj 〉, U|xj 〉)}N

j =1,
where {|xj 〉}N

j =1 is a set of nonorthogonal but linear inde-
pendent vectors. Then we have RU(V) = 0.

Proof : Directly follows from Proposition 1. �

Lemma 3. A unitary operator W satisfies

Wρj W†=ρj (A11)

for all 1 ≤ j ≤ n only if W is diagonal in the computational
basis.

Proof : A state ρj defined in Eq. (9) can be written out in
the computational basis as

ρj = 1
2n−1

2j −1∑

k=0

2n−j −1−1∑

l=0

|l + 2n−j k〉〈l + 2n−j k|. (A12)

The unitary operator W can be written as W =∑2n−1
k=0 e−iθk |φk〉〈k| for an orthonormal set of states

{φk}2n−1

k=0 . Hence we have

Wρj W† =
(

2n−1∑

r=0

e−iθr |φr〉〈r|
)
ρj

(
2n−1∑

s=0

eiθs |s〉〈φs|
)

(A13)

= 1
2n−1

2j −1∑

k=0

2n−j −1−1∑

l=0

|φl+2n−j k〉〈φl+2n−j k| (A14)

= 1
2n−1

2j −1∑

k=0

2n−j −1−1∑

l=0

|l + 2n−j k〉〈l + 2n−j k|,

(A15)

where Eq. (A15) follows from Eq. (A11). Then, the
orthonormal sets of vectors �j ≡ {|φl+2n−j k〉} and j ≡
{|l + 2n−j k〉} must span the same subspace, and so do
�j ≡ {|φm〉|m = 0, . . . , 2n − 1} −�j and j ≡ {|m〉|m =
0, . . . , 2n − 1} −j . Hence, we can say that the space
spanned by �j is decoupled from the space spanned by
�j in the sense that W = U�j + U�j

, where U�j acts
nontrivially only on the space spanned by �j .

Writing l + 2n−j k into its binary representation, we note
that the set j corresponds to all the bit strings whose
(j + 1)th bits (from left to right) are 0. Since for every
pair of different computational basis states, there is at least
one-bit difference in their corresponding bit strings, there
exists a number j such that one of this pair is inj and the
other is in j . Thus, Eq. (A11) holding for all j implies
that the space spanned by each computational basis state is
decoupled from each other: that is,

W =
2n−1∑

k=0

Uk =
2n−1∑

k=0

e−iθk |k〉〈k|, (A16)

where Uk = e−iθk |k〉〈k|. Therefore, W is a diagonal matrix.
�

Lemma 4. If a diagonal unitary  satisfies

ρ0
†=ρ0, (A17)

then  = e−iθI , where I is the identity matrix.
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Proof : The pure state |+〉 = 1/
√

2(1, 1)T, then we can
write
( N∑

j =0

e−iθj |j 〉〈j |
)

· (|+〉〈+|)⊗n ·
( N∑

k=0

eiθk |k〉〈k|
)

=
( N∑

j =0

e−iθj |j 〉〈j | · |+〉⊗n
)( N∑

k=0

eiθk 〈+|⊗n|k〉〈k|
)

(A18)

= (|+〉〈+|)⊗n. (A19)

Since 〈j |(|+〉⊗n) = (〈+|⊗n)|k〉 = 1/
√

N , we have

1
N

N∑

j =0

N∑

k=0

e−iθj eiθk |j 〉〈k| = (|+〉〈+|)⊗n. (A20)

The state ρ is the matrix with all elements are the same,
i.e., ρ = (|+〉〈+|)⊗n = 1/NI, the elements in I are all 1.
Thus we have

∑

j

∑

k

e−iθj eiθk |j 〉〈k| = I, (A21)

which implies each element on the left-hand side equals to
1, so the phase term must be 1, i.e., θj = θk = θ . Then the
diagonal matrix can be written into

∑

j

e−iθ |j 〉〈j | = e−iθ
∑

j

|j 〉〈j | = e−iθI . (A22)

�

Proposition 5. For an n-qubit unitary U and a QML model
V, if it satisfies that

UρiU†=VρiV† (10)

for 0 ≤ i ≤ n, then we have U = V.

Proof : Writing Eq. (10) as U†VρiV†U = ρi. By Lemmas
3 and 4, we have U†V = e−iθI . �

Lemma 5. Consider learning an n-qubit U using the QML
model V with only one training data D = {(ρ, UρU†)},
where ρ is a mixed state. The worst case of learning is
RU(V) = 1 − 1/2n + 1.

Proof : We assume the training is perfect, i.e., UρU† =
VρV†. Then, we rewrite it into

U†VρV†U = ρ. (A23)

Since U†V commutes with ρ, U†V and ρ share the same
eigenvectors [37, 5F]. Suppose ρ has eigenvectors {ψj }j ,

we can write

U†V =
N∑

j =1

eiθj |ψj 〉〈ψj |. (A24)

Then we have

|Tr[U†V]| =
∣∣∣∣∣

N∑

i=1

eiθj

∣∣∣∣∣ . (A25)

Note that each θj are not necessarily the same. Con-
sider a worst case scenario, θj = θ for j = 1, . . . , N/2
and θj = θ + π for j = N/2 + 1, . . . , N , where θ is an
arbitrary angle, then we have Tr[U†V] = 0 and RU(V) =
1 − 1/2n + 1. �

Proposition 6. Suppose a unitary W satisfies WρW† = ρ

and WσW† = σ , where ρ and σ are full-ranked mixed
states that have nondegenerate eigenvalues, and eigenvec-
tors of ρ and σ are nonorthogonal. Then W = I .

Proof : Write mixed states ρ and σ in the form of
spectral decomposition:

ρ =
∑

j

bj |xj 〉〈xj |, (A26)

σ =
∑

j

cj |yj 〉〈yj |, (A27)

where {|xj 〉}j and {|yj 〉}j are two different eigenbases. By
Ref. [37, 5F], W shares a common eigenbasis with ρ and
σ , respectively. Suppose that {θj }N

j =1 is the eigenphases of
W, we can write W as

W =
N∑

j =1

eiθj |xj 〉〈xj |, (A28)

W =
N∑

j =1

eiθj |yj 〉〈yj |, (A29)

where {|xj 〉}N
j =1 and {|yj 〉}N

j =1 are two different eigenbases
of that satisfy 〈xj |yk〉 �= 0 for each 1 ≤ j , k ≤ N . Since
eigenvectors with distinct eigenvalues are orthogonal, |xj 〉
and |yk〉 being nonorthogonal implies that αj = αk for each
1 ≤ j , k ≤ N . Thus we have W = eiθI . �

Corollary 6. Consider learning an n-qubit U using the
QML model V with a training set D2 = {(ρr, UρrU†),
(σr, UσrU†)}, where ρr and σr are two random generated
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full-ranked mixed states according to the Hilbert-Schmidt
measure. Then we have EU[ED[RU(V)]] = 0.

Proof : The Hilbert-Schmidt measure is equivalent to the
measures induced by partial tracing of bipartite compos-
ite systems on the Hilbert space HN ⊗ HK if N = K [39].
One could generate an N × N random density matrix ρr
according to the Hilbert-Schmidt measure by taking nor-
malized random Wishart matrices AA†, with A belonging
to the Ginibre ensemble of Hermitian matrices of appropri-
ate dimension. The probability distribution in the simplex
of eigenvalues of ρr is

P(λ1, λ2, . . . , λN ) = CN δ

⎛

⎝1 −
N∑

j =1

λj

⎞

⎠
N∏

j<k

(λj − λk)
2,

(A30)

where CN is the normalization constant. From the proba-
bility distribution in Eq. (A30), we observe that the proba-
bility of ρr having two identical eigenvalues is 0. It implies
that a random density matrix has nondegenerate eigenval-
ues. In addition, eigenvectors of two randomly generated
mixed states are nonorthogonal, as the probability that two
independent random vectors that follow an absolutely con-
tinuous distribution will be exactly orthogonal is 0. Thus ρr
and σr satisfy the condition in Proposition 3, which implies
that EU[ED[RU(V)]] = 0. �
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