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This paper develops a systematic approach to realizing linear detectors with an optimized sensitivity,
allowing for the detection of extremely weak signals. First, general constraints are derived on a specific
class of input-output transfer functions of a linear detector. Then a physical realization of transfer func-
tions in that class is found using the quantum network synthesis technique, which allows for the inference
of the physical setup directly from the input-output transfer function. By exploring a minimal realization
which has the minimum number of internal modes, it is shown that the optimal such detectors are inter-
nal squeezing schemes. Then, investigating nonminimal realizations, which is motivated by parity-time
symmetric systems, a quantum nondemolition measurement is systematically recovered.
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I. INTRODUCTION

The sensitivity of high-precision optical measurements,
such as those performed in advanced gravitational wave
(GW) detectors [1,2], is ultimately limited by the funda-
mental fluctuations of the quantum vacuum, known as the
quantum noise. For GW detectors, increasing the quantum-
noise-limited sensitivity will allow us to detect sources
arising from a greater volume of the universe, as well the
full neutron star inspiral waveform, allowing the deter-
mination of the neutron star equation of state [3,4]. The
sensitivity of linear detectors is ultimately constrained by
the quantum Cramér-Rao bound (QCRB) which states
that the variance of the measured signal due to noise is
inversely proportional the variance σNN of the photon num-
ber of the probe degree of freedom coupled to the signal
[5–10]. For vacuum or coherent (laser) states of light,
this quantity is ultimately limited by the Heisenberg limit
σNN ∼ N 2, which states that the uncertainty scales quadrat-
ically with the number of resources available (for optical
detectors N is the mean number of photons in the probe
degree of freedom), although for most resonant detectors it
is often constrained by the stronger shot-noise limit (also
called the standard quantum limit in quantum metrology):
σNN = N [11]. This shot-noise limit can be surpassed using
techniques such as bandwidth broadening via negative dis-
persion [12–15]; however, in this case the Heisenberg limit
is not saturated since σNN is explicitly bounded to a value
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less than N 2. Previously the Heisenberg limit for phase
measurement has been saturated in a nonresonant detector
using a combination of entanglement, multiple sampling,
and probabilistic adaptive measurements [16]. Theoreti-
cal examples of systems that saturate the limit have also
been derived for exotic nonclassical states [17,18] and
using quantum error correction [19]. Here we instead focus
on linear optical phase measurement, and focus on max-
imizing σNN ; however, we cannot claim to saturate the
Heisenberg limit due to our approximation of a linearized
coupling of the signal to the detector. We call a linear
detector with a maximal σNN an optimal linear detector
since, as we will see, it also optimizes the sensitivity to
a linearly coupled classical signal. In this paper we then
introduce a general approach to realizing an optimal linear
detector directly from its input-output transfer function.

A brief outline of the approach is as follows. First, we
start with a physically realizable transfer function with
order n in frequency. This order sets a limit on the com-
plexity of the system, since the corresponding physical
realization will have a number of internal modes limited
by this order. Then, from this realization, we investigate to
which internal mode a signal should be coupled in order to
gain a maximum signal-to-noise ratio, corresponding to the
internal mode to which the input vacuum fluctuations have
the maximum coupling, thus giving an optimal nth-order
detector.

This approach leads to both minimal and nonminimal
realizations: the minimal realization of a first-order trans-
fer function that is active (has nonunity gain) exhibits
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internal squeezing, directly increasing the photon number
fluctuation in the probe degree of freedom, as explored in
[20–22]; the nonminimal realization begins with the mini-
mal realization of a first-order lossless passive detector that
is shot-noise-limited, then adds a pair of auxiliary modes
that result in an infinite signal amplification at dc (i.e.,
for low-frequency signals). The latter is motivated by the
parity-time (PT) symmetric system explored in [23,24]. In
both cases, we use the systematic realization framework
developed in [25] to realize the simplest single-degree-of-
freedom system with squeezing, which can be extended to
arbitrarily many degrees-of-freedom using this framework.
For the signal amplification case, the input-output relation
must remain the same so that additional noise channels
are not added, and we derive the corresponding condi-
tions for modifying a system’s internal dynamics without
affecting its input-output transfer function. Additionally
we show that this is related to an ideal quantum non-
demolition (QND) measurement [26,27], and quantum-
mechanics-free subsystems ([28, §III], [29, Appendix D],
[30,31]). Further, we show how the dynamics can be arbi-
trarily modified by adding additional hidden modes while
maintaining the QND property of the variable, for exam-
ple so that the detector’s most sensitive frequency can
be tuned to a specific frequency, not limited to dc. As
discussed, in all cases we start with the system’s trans-
fer function, since the order of a system’s input-output
transfer function determines the complexity of the min-
imal realization of the system, specifically determining
the number of internal degrees of freedom of the sys-
tem [32]. In this way we can then start with full control
on the complexity of the resulting detector in the design
process.

The outline of this paper is as follows. In Sec. II we
define the transfer function used to analyze the linear sys-
tems in this paper. In Sec. III we show how quantum
network synthesis can be used to find a physical real-
ization directly from the transfer function, and how the
resulting detector’s performance can be evaluated using
the QCRB. In Sec. IV we then discuss the various con-
ditions on the transfer function arising from the physical
realizability conditions, which specifies the number of
parameters needed to describe a physically realizable sys-
tem. In Sec. V we consider the optimal minimal realization
of the first-order transfer function, showing that it is an
internal squeezing scheme. In Sec. VI we consider the
optimal nonminimal by augmenting a shot-noise-limited
tuned cavity with auxiliary modes that do not affect the
input-output dynamics, leading to a saturated signal ampli-
fication, and further that an ideal QND measurement is
realized. It must be stressed that in both cases the infi-
nite signal response arises from the approximations of our
analysis, which breaks down as the uncertainty becomes
comparable to the mean, and therefore we cannot infer that
we completely reach the Heisenberg limit.

II. THE TRANSFER FUNCTION OF LINEAR
SYSTEMS

In this work we are concerned with quantum systems
with linear dynamics in the Heisenberg picture [33]. In this
section we briefly review some of the relevant concepts,
with further details deferred to Appendix A. We consider
finite-dimensional linear quantum systems (in the sense
that there are only a finite number of internal modes) with
their dynamics given in the general form

ẋ = Ax + Bu,

y = Cx + Du,
(1)

where x is a column vector containing the operators for
the internal modes, u is a column vector of input operators
to the system, and y is column vector of output operators
from the system; A, B, C, and D are complex matrices of
the appropriate dimensions compatible with u, x, and y.
In particular, A is a square matrix. More generally, A, B,
C, and D could potentially be integro-differential operators
rather than constant matrices. In some cases this may be
rewritten in the form (1) by introducing a finite number of
additional degrees of freedom. However, in general it may
be necessary to introduce an infinite number of additional
degrees of freedom, corresponding to A, B, C, and D hav-
ing an infinite number of rows and columns. An example
is a model of linear gradient echo memories considered
in [34], a model involving continuous spatial degrees of
freedom. For the purposes of this work, we are interested
solely in the finite-dimensional case as given by (1).

In this paper we restrict the analysis to single-input,
single-output quantum systems with the input and output
fields each described by a pair of bosonic annihilation
and creation operators or quadratures in the two-photon
formalism described by Caves and Schumaker [35,36].
The output y has the decomposition y = yn + yf , where
yn and yf are the natural response and forced response,
respectively, given by

yn(t) = CeAtx(0−),

yf (t) =
∫ t

0−
CeA(t−τ)Bu(τ )dτ + Du(t),

where x(0−) is the initial condition for x at time t = 0−
just before t = 0. The natural response only depends on the
initial condition x(0−) but not the input u, while the forced
response is the system’s output response to the input u and
does not depend on x(0−).

For causal systems, the impulse response or Green’s
function h for the system is given by h(t) = CeAtB �(t) +
Dδ(t), where �(t) is the Heaviside step function and δ(t)
is the Dirac delta function. Note that yf is the convolu-
tion of h with u. If h(t) = O(eσ t) then the system’s transfer
function is a complex function defined by
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H(�) =
∫ ∞

0−
h(t)ei�tdt, Im{�} > σ . (2)

To conclude this section, we note that the transfer function
coincides with the unilateral (one-sided) Laplace transform
L[h](s) = ∫∞

0− h(t)estdt of h with the identification s = i�
(note that in many fields, for example in engineering as
in [37] and [33, Chapter 2], the Laplace transform is
defined with s replaced by −s).

III. QUANTUM CRAMÉR-RAO BOUND

In this section we show how an optimal detector can
be engineered by minimizing the QCRB [9]. This is per-
formed by engineering diverging transfer functions from
the vacuum input to the probe degree of freedom. As
stressed previously, any divergent response we engineer is
a result of our approximations of a linear signal coupling,
as well as a more specific approximation arising from the
specific physical realization of each system which we will
treat as we come to them.

The QCRB sets a lower limit on the variance of an
unbiased estimator of a classical signal xc(t) coupled to a
detector linearly via Ĥint = −F̂xc(t),

Sxx(�) >
�2

SFF(�)
≡ σ QCRB

xx (�), (3)

where Sxx(�) is the single-sided displacement power spec-
tral density and SFF(�) is the spectral density describing
the quantum fluctuations of the degree of freedom F̂ that
couples to the classical signal. In this paper we consider
lossless systems, and so the spectral density of F̂ is given
by

SFF(�) = Suu(�)|GuF(�)|2 = |GuF(�)|2, (4)

where GuF(�) is the open-loop transfer function from the
input û to the internal degree of freedom F̂ which belongs
to the vector of internal modes x. With external squeezing
we decrease the QCRB by increasing Suu(�) which is a
well-known technique, so here we have restricted the input
to a unsqueezed vacuum input: Suu(�) = 1.

We illustrate the general process using an optical inter-
ferometer with Fabry-Pérot cavities which detects small
modulations of the cavity lengths xc(t) = �L(t), equiva-
lent to differential displacement of the mirrors [38]. In this
case, after linearizing the radiation pressure force of the
light on the mirrors (as discussed in Sec. V), we arrive at
a linear coupling of this length modulation to the ampli-
tude quadrature of the cavity, so that the probe degree of
freedom is F̂ ∝ â1 ≡ â + â†, where â is the annihilation
operator of the cavity mode. Here the probe fluctuation is

related to the intracavity photon number fluctuation by

SFF(�) = |GuF(�)|2 = �2ω2
0

L2 SNN (�), (5)

where SNN (�) is the spectral density describing the photon
number fluctuations, ω0 is the laser carrier frequency, and
L is the arm cavity length. In this case we measure the dis-
placement xc(t) and therefore a good figure of merit is the
signal-to-noise ratio,

SNR =
∫ ∞

0

d�

2π

|xc(�)|2
Sxx(�)

, (6)

where xc(�) is the Fourier transform of the classical sig-
nal. For a displacement spectrum that is flat (frequency
independent: |xc(�)| = |xc|), this SNR is bound by the
QCRB,

SNR ≤
∫ ∞

0

d�

2π

|xc|2
σ

QCRB
xx (�)

= |xc|2
�2

∫ ∞

0

d�

2π
|GuF(�)|2 = ω2

0|xc|2
L2 σNN , (7)

and σNN is total variance of the photon number of the probe
degree of freedom. Therefore by maximizing |GuF(�)|2,
we maximize the probe fluctuation SFF(�) and the photon
number variance σNN , therefore minimizing the QCRB and
maximizing the SNR.

The general approach for realizing an optimal detector
is then performed as follows. First, as shown in [25], we
can synthesize any n-degree-of-freedom system directly
from its input-output transfer function, so long as it obeys
certain conditions which is discussed in Sec. IV. Then,
labeling each internal degree of freedom of the realization
as F̂i, i = 1, . . . , n, we can calculate the open-loop trans-
fer functions from the input to those degrees of freedom,
GuFi(�). Finally, we can maximize the right-hand side of
Eq. (7) by maximizing GuFi(�) for the optimal system
parameters and also choosing the optimal internal degree
of freedom F̂i to which to couple the signal x(t), giving us
a systematic way of optimizing the detector design given
the input-output transfer function.

IV. GENERAL CONSTRAINTS ON THE
INPUT-OUTPUT RELATIONS OF LINEAR

DETECTORS

In this section we derive some general constraints on
a certain class of transfer functions by investigating their
physical realizability. We do this by investigating whether
or not they can lead to dynamics that preserve the commu-
tation relations of the input-output operators [28,37].

In this work we consider a class of quadrature-picture
rational transfer functions (i.e., with scalar rational transfer
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functions as entries) that can be transformed into diagonal
form with rational entries through multiplication by unitary
transfer functions on the left and on the right. However, in
doing this we lose some generality, since not all transfer
functions can be transformed into this form. In general, one
can transform transfer functions into a diagonal form with
nonrational entries (by applying the symplectic decompo-
sition in [39] to each value of �). Nonetheless, nonrational
transfer functions can be approximated arbitrary closely
with rational transfer functions by using methods such as
Padé approximation [40] and requiring that the approx-
imation satisfy the physical realizability condition (11)
below.

Let ŷ1,2 and û1,2 be the output and input fields respec-
tively in the two-photon quadrature formalism [35,36].
Then they are related by a transfer function Gq (a C2×2-
valued complex function) as

[
ŷ1(�)

ŷ2(�)

]
= Gq(�)

[
û1(�)

û2(�)

]
, (8)

where, as mentioned, we assume Gq to be a diagonal
matrix with rational elements,

Gq(�) =
[

G11(�) 0
0 G22(�)

]
. (9)

One special case is where |G11(�)|2 = |G22(�)|2 = 1, in
which case we have no squeezing (see Sec. VI). To param-
eterize the transfer function, we consider an n-degree-of-
freedom pole-zero form,

G11(�) =
∏n

j =1(i� − zj )∏n
k=1(i� − pk)

, (10)

where {zj ∈ C | j = 1, . . . , n} and {pk ∈ C | k = 1, . . . , n}
are the zeros and poles respectively, without any element
in common between the zeros and poles. The expansion
to n is chosen as the minimal state-space realization of
an nth-order pole-zero transfer function in this case will
have n internal modes, setting a limit on the complexity
of the resulting realization; however, applying the realiza-
tion framework may result in additional auxiliary modes
[25]. As shown in [37], the transfer function is physically
realizable if

G†
q(−�∗)�Gq(−�) = �, (11)

and

� =
[

0 i
−i 0

]
, (12)

which up to a factor of i is the simplest matrix that takes
part in the symplectic condition. This condition restricts

the conjugate transfer function to

G22(�) =
∏n

k=1(−i� − p∗
k )∏n

j =1(−i� − z∗
j )

, (13)

and so the poles/zeroes of G22 are the conjugates of the
zeroes/poles of G11 respectively and the sign of the fre-
quency is flipped. Since the real and imaginary parts of
the poles and zeroes are independent we have in total 4n
independent parameters specifying our system.

The possible poles and zeroes can be further reduced by
noting that the quadrature operators are real in the time
domain and so the transfer function must obey Gq(−�) =
G†

q(�), which leads to the equation

n∏
j ,k=1

(−i� − pk)(i� − z∗
j ) =

n∏
j ,k=1

(i� − p∗
k )(−i� − zj ),

(14)

which can be expanded as

2n∑
j =1

aj (i�)j −1 = 0, (15)

where aj are algebraic combinations of the poles and zeros.
Therefore we have aj = 0, j = 1, . . . , 2n, and the number
of independent parameters is reduced to 2n.

V. INTERNAL SQUEEZING

In this section we consider the minimal realization
of a first-order input-output transfer function exhibiting
squeezing, that is, |G(�)| 	= 1 for the quadrature operators,
and the off-diagonal terms are nonzero for the sideband
operators. We will see that the internal squeezing schemes
are optimal for a classical signal coupled linearly to the
cavity mode. We will choose the classical signal to be a
displacement of the cavity length, as discussed in Sec. III,
although the analysis is general to linear detectors. Accord-
ing to the previous section, the most general first-order
transfer function that is rational is quantified by two inde-
pendent real parameters, and is given in the quadrature
picture by

Gq(�) =

⎡
⎢⎣

α + i�
β − i�

0

0
β + i�
α − i�

⎤
⎥⎦ , (16)

which obeys Eq. (11). In Appendix B we derive the physi-
cally realizable state space directly from the above transfer
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function, giving

A = 1
2

[−α − β α − β

α − β −α − β

]
,

B =
√

α + β I2×2, (17)

C = −
√

α + β I2×2, D = I2×2.

The physical realization of this system, shown in Fig. 1,
has one internal degree of freedom and in the generalized
open oscillator formalism (discussed extensively in [32])
is given by

S = I2×2, (18)

L̂ =
√

α + β â, (19)

Ĥ = − i
4
�(α − β)(ââ − â†â†), (20)

where â is the annihilation operator of the cavity mode.
Here S is the input-output direct scattering matrix, L̂ is
the coupling operator to the external continuum, and Ĥ is
the system’s internal Hamiltonian in the rotating frame at
the laser carrier frequency. As shown in [25], this corre-
sponds to a tuned cavity with coupling coefficient γ ≡
(α + β)/2 containing a nonlinear crystal with coupling
frequency χ ≡ (α − β)/2, which is related to the single-
pass squeezing factor by r = 2χL/c where L is the cavity
length. Inverting these relations gives α = γ + χ and β =
γ − χ .

The quadrature picture transfer function from the inputs
to the internal degree of freedom is given by

[
â1

â2

]
=

⎡
⎢⎢⎣

√
2γ

γ − χ − i�
0

0
√

2γ

γ + χ − i�

⎤
⎥⎥⎦
[

â1
in

â2
in

]
. (21)

In this case, the classical signal xc, whose variance is
lower-bounded by the QCRB in Eq. (3), is the length mod-
ulation of the cavity, and is coupled to the probe degree
of freedom linearly. This probe degree of freedom is, in
turn, proportional to the probe amplitude quadrature â1.

FIG. 1. The setup for the squeezing of one quadrature via
internal squeezing within the cavity, achieving an SNR that
diverges at dc. The optical parametric amplifier (OPA) is pumped
by the classical pump beam.

The linear coupling requires the application of a lineariza-
tion procedure of the radiation pressure as performed in
[41], which specifically requires that any fluctuations of
the field are much smaller than the mean. Fixing the pro-
portional constant (the actual value does not affect the
optimization), we have F̂ ≡ (�ω0

√
2N/L)â1 with N the

mean photon number and the input field is û ≡ â1
in, giving

the input-to-probe transfer function

GuF(�) =
(

�ω0
√

2N
L

) √
2γ

γ − χ − i�
. (22)

The probe photon fluctuation is given by the integral in
Eq. (7),

σNN = 2N
∫ ∞

0

d�

2π

2γ

|γ − χ − i�|2 . (23)

Clearly at γ = χ the integrand diverges at � = 0 and thus
the total probe fluctuation will diverge, corresponding to
an increase in the signal response. As stressed previously,
the probe fluctuation is only valid up to the point where
it approaches the mean. This corresponds to the threshold
case where the cavity acts as an optical parametric oscilla-
tor, since the damping of the cavity mode exactly compen-
sates the pumping due to the nonlinear crystal interaction.
We have made the approximation that the pump will never
be depleted; in practice, as γ approaches χ , the latter will
always change due to the decrease in pump power. At
γ 	= χ the integral is solved trivially as

σNN = Nγ

|γ − χ | , (24)

which is shot-noise-limited at χ = 0 (i.e., at no internal
squeezing), but can be made to surpass it for χ > 0. We
have therefore recovered the internal squeezing approach
to enhancing the quantum-limited sensitivity previously
developed in [20–22].

In Appendix C we demonstrate this approach starting
with a second-order transfer function, arriving again at an
internal squeezing design, with the same condition γ = χ

resulting in a divergent response.

VI. REALIZATION OF QND VIA SIGNAL
AMPLIFICATION

In this section we consider the nonminimal realization
of a passive first-order transfer function, showing that the
shot-noise limit can be surpassed for a classical signal cou-
pled linearly to one of the modes via the addition of hidden
internal modes that internally amplify the signal. We again
choose the classical signal to be a displacement of the
cavity length, as discussed in Sec. III, although the anal-
ysis remains general to all linear detectors. We first show
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that the minimal realization of a first-order system without
squeezing is constrained by the Mizuno limit [42], and use
the recent discovery that an infinite dc signal response can
be achieved by adding a pair of modes that do not mani-
fest in the input-output dynamics [23] and thus do not add
any additional noise. We show how this is the simplest
case of a general class of such nonminimal realizations,
and that a quantum-mechanics-free subspace is formed,
allowing for arbitrary modification of the system dynam-
ics. By asserting that the input-output behavior remains the
same, we have internal signal amplification without adding
additional noise channels.

First, considering the case of Eq. (16) without squeezing
with α = β ≡ γ , the physically realizable state space is
given by

Gq(�) =

⎡
⎢⎣

� − iγ
� + iγ

0

0
� − iγ
� + iγ

⎤
⎥⎦ . (25)

The corresponding generalized open oscillator is given by

S = I2×2, L̂ = −
√

2γ â, Ĥ = 0, (26)

and the corresponding minimal realization is a simple
tuned cavity where γ is the cavity bandwidth. We can
express the dynamics in the sideband picture by the
Langevin equation and associated input-output relation
[41,43–45]

˙̂a = −γ â +
√

2γ âin, (27)

âout = âin −
√

2γ â. (28)

As before, we choose the classical signal xc to be the length
modulation of the â cavity, which is coupled linearly to the
amplitude quadrature of the cavity, and therefore apply the
aforementioned linearization process to the radiation pres-
sure coupling. The transfer function from the input vacuum
to the amplitude quadrature is given by

GuF(�) =
√

2γ

γ − i�
. (29)

Integrating this over all frequencies gives 2π and thus the
total SNR will be bounded by a constant independent of
the bandwidth. This fact is the aforementioned Mizuno
limit. Specifically, the detector is limited by the shot-noise
limit σNN = N where N is the average photon number,
giving SNR = ω2

0N 2/2 = E2/(2�2) where E is the aver-
age energy. Passive resonant detectors generally exhibit
such a limit: dependent on the average stored energy, but
independent of the parameters.

We now consider adding two auxiliary modes b̂ and ĉ
as shown in Fig. 2 and discussed in [23], without modify-
ing the input-output dynamics. In Appendix D we derive
a general approach by which such hidden auxiliary modes
can be added. The general condition is given by

T(a)(�) ≡
[

igb −igb†

ig∗
b† −ig∗

b

]
T(b)(�)

+
[

igc −igc†

ig∗
c† −ig∗

c

]
T(c)(�) = 0. (30)

where T(b)(�) and T(c)(�) are transfer functions given in
Eqs. (D15) and (D16) respectively, and the most general
linear Hamiltonian with two extra possibly hidden modes
is given by

−�gb(âb̂† + â†b̂) − �gb†(âb̂ + â†b̂†),

−�gc(âĉ† + â†ĉ) − �gc†(âĉ + â†ĉ†).

The terms with coupling rates gb and gc are coupled to â via
a beam splitter, and the terms with coupling rates gb† and
gc† via a nonlinear crystal (or equivalently an optomechan-
ical interaction with optomechanical coupling frequency
g, as discussed in [15,23]). Each auxiliary mode has just
one degree of freedom, and thus the transfer functions are
given by

T(b)(�) = 1
−i�

[
igb −igb†

ig∗
b† −ig∗

b

]
, (31)

T(c)(�) = 1
−i�

[
igc −igc†

ig∗
c† −ig∗

c

]
. (32)

This gives

T(a)(�) ≡ 1
−i�

(−g2
b + g2

b† − g2
c + g2

c†)I2×2. (33)

If we now choose cavity mode ĉ to be coupled to mode
â purely by a beam splitterlike interaction, then we have
gc = ωs with ωs being the sloshing frequency between the
mode ĉ and mode â and no nonlinear coupling: gc† = 0.
Therefore the input-output dynamics is left invariant if
gb = 0 and gb† = ωs, and so mode b̂ should be coupled to
mode â via a nonlinear interaction (e.g., a nonlinear crystal
if b̂ is an optical mode) with the same coupling constant as
the ĉ mode: g ≡ gb† = ωs. The most general Hamiltonian
with two hidden modes is thus given by

Ĥ0 = −�g(âĉ† + â†ĉ) − �g(âb̂ + â†b̂†). (34)

Such a system is known as being parity-time symmet-
ric (PT symmetric) as the Hamiltonian is invariant under
the parity operation (reversing modes ĉ and b̂ via ĉ ↔ b̂†,
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ĉ† ↔ b̂) together with the time-reversal operation (ĉ ↔ ĉ†,
b̂ ↔ b̂†) [46]. The equations of motion are given by

˙̂a = −γ â + igĉ + igb̂† +
√

2γ âin, (35)

˙̂b† = −igâ, (36)

˙̂c = igâ. (37)

In this case, we have the probe degree of freedom propor-
tional to the amplitude quadrature of the ĉ mode cavity
F̂ ∝ (ĉ + ĉ†)/

√
2 and the input as the amplitude quadra-

ture û = (âin + â†
in)/

√
2. Solving in the frequency domain,

we can find the input-to-probe transfer function

GuF(�) ∝ g
�

√
2γ

γ − i�
, (38)

and therefore the probe fluctuation SFF diverges at dc and
thus σNN diverges and the detector is optimized in the
regime where the photon number fluctuation is less than
the mean. In this case we are not necessarily operating at
or above threshold and thus the pump depletion approx-
imation mentioned in the internal squeezing case is not
relevant here.

We can show that the diverging probe fluctuation occurs
due to the setup realizing an ideal QND measurement [26],
in which case the probe degree of freedom has infinite fluc-
tuation as it is conjugate to a conserved QND quantity.

FIG. 2. A schematic representation of the most complex real-
ization developed in Sec. VI. The modes b̂ and ĉ are coupled
to the mode â via a squeezinglike interaction and beam splitter-
like interaction respectively with the same coupling frequency g,
with the signal h being coupled to mode ĉ. In this setup the sig-
nal response diverges at dc. We then add two additional modes d̂
and ê coupled to the modes b̂ and ĉ respectively, both via beam
splitterlike couplings with coupling frequency ω′ which shifts the
signal response resonance to � = ω′.

Rewriting Eq. (34),

Ĥ0 = −�g[â†(ĉ + b̂†) + â(ĉ† + b̂)], (39)

it can be seen that the composite quantity ĉ + b̂† is con-
served, since

d
dt

(ĉ + b̂†) ∝ [ĉ + b̂†, ĉ† + b̂] = 0. (40)

This further implies two conserved quantities X̂+ ≡ (X̂c +
X̂b)/

√
2, Ŷ− ≡ (Ŷc − Ŷb)/

√
2 in terms of amplitude and

phase quadratures X̂c ≡ (ĉ + ĉ†)/
√

2, Ŷc ≡ (ĉ − ĉ†)/
√

2i
(and similarly for â and b̂). Additionally, we define X̂− ≡
(X̂c − X̂b)/

√
2. Rewriting the Hamiltonian in terms of

these quantities gives

Ĥ0 = �g(ŶaX̂+−X̂bŶ−) − �(α/
√

2)(X̂++X̂−)h, (41)

The relevant residue part leading to detection of the signal
xc reads

Ĥres = −�gX̂aŶ−−�(α/
√

2)X̂−xc, (42)

with Ŷ− being the conserved QND observable and X̂−
being the probe degree of freedom thus having infinite
variance and therefore giving infinite signal response. In
the frequency domain, Ŷ− exhibits the divergence at dc:

Ŷ−(�) = iα√
2�

xc(�). (43)

As discovered above, the operators X̂+ and Ŷ− are con-
stants of motion and therefore form a quantum-mechanics-
free subsystem ([28, §III],[29, Appendix D], [30,31]).
The dynamics can be arbitrarily modified while keeping
this subsystem quantum-mechanics-free so long as the
simultaneous measurability condition is kept:

[X̂+(t), X̂+(t′)] = [Ŷ−(t), Ŷ−(t′)] = 0. (44)

We can then modify the dynamics such that the signal
response appears to diverge under the approximations of
our analysis. As an example, we can shift the divergent
response from dc to another frequency ω′ by adding an
extra pair of modes d̂ and ê which couple to b̂ and ĉ, respec-
tively. In this case the interaction Hamiltonian gains the
terms

−�ω′(b̂d̂† + b̂†d̂ + ĉ†ê + ĉê†)

= i�ω′(X̂+Q̂++Ŷ+P̂+−Ŷ−P̂−+X̂−Q̂−),

which satisfies the general condition given in Eq. (30) and
thus does not affect the input-output dynamics, and where
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we have defined

Q̂±≡ X̂d ± X̂e√
2

, P̂±≡ Ŷd ± Ŷe√
2

. (45)

The residue part relevant to signal detection gains the term

�ω′(X̂−Q̂−−Ŷ−P̂−). (46)

The latter term modifies the dynamics of Ŷ− to become

˙̂Y− = −ω′Q̂−+ α√
2

xc, (47)

˙̂Q− = ω′Ŷ−, (48)

and so, eliminating Q̂− in the frequency domain, we obtain

Ŷ−(�) = iα�√
2(�2 − ω′2)

xc(�). (49)

We see that the signal response now diverges at � = ω′
rather than at dc, and that the PT-symmetric case shown
in Eq. (43) is recovered for ω′ = 0. The final- phase
quadrature input-output relation is given by

Ŷout(�) = −� − iγ
� + iγ

Ŷin(�) +
√

γαg�xc(�)

(�2 − ω′2)(� + iγ )
,

(50)

and so via the divergent signal amplification we now have
an infinite signal response at a chosen frequency.

VII. DISCUSSION

We have demonstrated a systematic method for con-
structing detectors that are optimal up to the approximation
that the photon number fluctuation approaches the mean,
specifically investigating the first-order transfer function.
Investigating minimal realizations of the transfer function,
we showed that the optimal designs use internal squeez-
ing. Considering nonminimal realizations, we investigated
PT-symmetric systems and showed that such systems real-
ize a QND measurement and are optimal, further showing
how their dynamics can be modified without losing this
property.

Another further exploration will be a systematic realiza-
tion of the transmission-readout setup presented in [15];
however, this requires systematically realizing a 4 × 4
multi-input, multi-output (MIMO) transfer function with
third-order elements, which will be complicated to real-
ize directly using the aforementioned framework. Further,
we can consider experimental demonstrations of the afore-
mentioned PT-symmetric setups. Optomechanical realiza-
tions are currently in development; however, there is also

the open possibility for an all-optical demonstration that
avoids the strict thermal noise requirements expected in the
optomechanical design. Finally, the aforementioned signal
amplification readout is less susceptible to output loss at
the photodiode than the internal squeezing setup due to the
amplification of the signal, so different realizations have
different responses to loss and thus we can choose the
specific realization to minimize the impact of loss on the
SNR. One future approach would be a full analysis taking
loss into account from the start by adding the additional
loss channels to a MIMO transfer function, fixing the loss
coefficient to be small, and then using the framework to
systematically realize this transfer function.
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APPENDIX A: LINEAR SYSTEMS

The general solution for x and y of the linear system (1)
is

x(t) = eAtx(0−) +
∫ t

0−
eA(t−τ)Bu(τ )dτ ,

y(t) = CeAtx(0−) +
∫ t

0−
CeA(t−τ)Bu(τ )dτ + Du(t).

Taking the initial condition to be at t = 0− allows the con-
sideration of impulse inputs δ(t) and a step discontinuity in
x from t = 0− to t = 0+ (the time just after t = 0).

The system is asymptotically stable if the matrix A
is Hurwitz, that is, all its eigenvalues have a neg-
ative real part. In an asymptotically stable system,
the natural response asymptotically decays to zero,
limt→∞ eAtx(0−) = 0 for any initial condition x(0−). The
impulse response h for an asymptotically stable system
also decays to 0 as t → ∞.

For a sinusoid input u(t) = b(�)e−i�t, where � is real
and b(�) is a fixed column vector of operators (in our
case this vector contains the quantized modes of an input
quantum field), the asymptotic output as t → ∞ of an
asymptotically stable system only has the forced response
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and is given by

y(t) = H(�)b(�)e−i�t, (A1)

where H(�) is as given in (2) with σ ≥ 0. In this case,
H coincides with the Fourier transform of h and is called
the system’s frequency response. For an input u(t) =∫∞
−∞ b(�)e−i�td�, by linearity of the system the asymp-

totic response is y(t) = ∫∞
−∞ H(�)b(�)e−i�td�.

For a system that is not asymptotically stable, the
impulse response may not be integrable,

∫∞
0− |h(t)|dt =

∞, and the frequency response H not well defined. For
such systems, the forced response to a sinusoid input
may not have an asymptotic solution. However, for h(t) =
O(eσ t), with σ ≥ 0, it can have an asymptotic solution
for inputs of the form u(t) = b(�)e−i�t for all complex
� with Im{�} > σ and with b(�) some fixed vector of
operators as before. In this case, the asymptotic forced
response is again given by the right-hand side of (A1) but
� is now complex. For more general inputs of the form
u(t) = ∫∞

−∞ b(ω + iσ0)e−i(ω+iσ0)tdω, with σ0 > σ , by lin-
earity the forced response is given by yf (t) = ∫∞

−∞ H(ω +
iσ0)b(ω + iσ0)e−i(ω+iσ0)tdω.

APPENDIX B: PHYSICALLY REALIZABLE
STATE-SPACE REALIZATION FOR INTERNAL

SQUEEZING

We will now follow the steps given in [25] to systemat-
ically construct the physically realizable state space of the
internal squeezing setup whose transfer function is shown
in Eq. (16). First we define a de-dimensionalized frequency
with respect to α by making the transformation � → α�,
so that the aforementioned transfer function becomes

Gq(�) =

⎡
⎢⎣

1 + i�
� − i�

0

0
� + i�
1 − i�

⎤
⎥⎦ , (B1)

where � ≡ β/α. The recovery of a linear quantum sys-
tem (1) with Gq(�) as its transfer function is studied in
modern control theory as a fundamental topic known as
realization theory; see, for example, [47] for a review.
We do not describe the calculations for finding a state-
space realization for the transfer function given above,
but we describe below how it may can computed with
Mathematica routines.

Assuming that the amplitude quadrature is squeezed
(i.e., � < 1), we can compute the canonical state-space
realization using Mathematica. The Mathematica function
StateSpaceModel when applied to a transfer func-
tion returns a state space in the controllable canonical
form [48,49]. The returned state space may have more
internal degrees of freedom than is necessary to repre-
sent the system. This is remedied by applying the function

MinimalStateSpaceModel [50] to the state space to
find the minimal state space [51]. Using these functions,
we calculate

A′ = 1
3 + γ 2

[−(1 + �)2 c1
c1 −2 − � − �3

]
, (B2)

B′ =

⎡
⎢⎢⎢⎣

0
√

2
3 + �2

1
2

√
3 + �2

1 + �2

�2 − 1

2
√

3 + 4�2 + �4

⎤
⎥⎥⎥⎦ , (B3)

C′ =

⎡
⎢⎢⎢⎣

(1 + �)2|� − 1|√
2(3 + �2)

2(1 + �)(1 + �2)√
3 + 4�2 + �4

(1 + �)

√
3 + �2

2
0

⎤
⎥⎥⎥⎦ , (B4)

D′ = −I2×2. (B5)

where c1 = √
2
√

1 + �2|� − 1| and I2×2 is the 2 × 2 iden-
tity matrix. This state space does not currently fulfill the
physical realizability condition, given by [25]

AJ + JA† + BJB† = 0, (B6)

JC† + BJD† = 0, (B7)

where

J =
[

1 0
0 −1

]
. (B8)

To find the transformation from the unrealizable state
space (A′, B′, C′, D′) to the realizable state space (A, B, C, D)

we look for the matrix X that satisfies

A′X + X (A′)† + B′J (B′)† = 0, (B9)

X (C′)† + B′J (D′)† = 0. (B10)

In this case one such matrix is given by

X =

⎡
⎢⎢⎢⎣

− 2
3 + 3� + �2 + �3

√
3 + 4�2 + �4|� − 1|√
2(1 + �2)(3 + �2)3/2

1 − �√
2(1 + �2)(3 + �2)

2
3 + 3� + �2 + �3

⎤
⎥⎥⎥⎦ .

(B11)

We then look for the similarity transformation matrix T
satisfying X = TJT†, which in this case is given by
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T =

⎡
⎢⎢⎢⎣

0
√

2
3 + 3� + �2 + �3

1
2

√
3 + �2

1 + � + �2 + �3

�2 − 1

2
√

(1 + �2)(3 + 3� + �2 + �3)

⎤
⎥⎥⎥⎦ . (B12)

We can apply this transformation by the standard state-
space transformation,

A = T−1A′T, B = T−1B′, C = C′T, D = D′,
(B13)

which gives the state space

A = 1
2

[ −1 − � 1 − �

| − 1 + �| −1 − �

]
, (B14)

B = √
1 + �I2×2, (B15)

C = √
1 + �I2×2, (B16)

D = −I2×2. (B17)

To slightly simplify the physical realization without loss of
generality we can add a π phase shift for the input-output
reflection, resulting in transforming the state space via
C → −C and D → −D. Substituting � = β/α and revers-
ing the de-dimensionalization via � → �/α, we obtain
the physically realizable state space which obeys Eqs. (B6)

and (B7),

A = 1
2

[−α − β α − β

α − β −α − β

]
,

B =
√

α + β I2×2, (B18)

C = −
√

α + β I2×2, D = I2×2.

APPENDIX C: QUANTUM EXPANDER

In this appendix we consider a second-order input-
output transfer function, showing that the optimal sensi-
tivity is achieved when the parameters match that of the
so-called quantum expander explored in [22], a setup
which, similarly to the transmission-readout setup dis-
cussed in [15], can directly increase the detection band-
width of a gravitational wave interferometer. This setup,
shown in Fig. 3, consists of a tuned, signal-recycled
Michelson interferometer with internal squeezing in the
signal recycling cavity. The signal-recycled Michelson can
be mapped to an equivalent coupled-cavity [52]. We show
that the quantum expander is the optimal detector for any
second-order quadrature-picture transfer function obeying
the constraints in Sec. IV.

Thus we start with the most general rational and proper second-order input-output transfer function that is diagonal and
rational,

Gq(�) =

⎡
⎢⎢⎣

(i� − α1)(i� − β1)

(i� − α2)(i� − β2)
0

0
(−i� − α2)(−i� − β2)

(−i� − α1)(−i� − β1)

⎤
⎥⎥⎦ , (C1)

where α1, α2, β1, β2 ∈ R. Requiring that there is no gain
at dc, we also obtain the condition α1β1 = α2β2. We then
follow the same procedure as in Appendix B for finding
the physically realizable state space, obtaining

A =

⎡
⎢⎣

0 0 −iωs 0
0 0 0 iωs

−iωs 0 −γ −χ

0 iωs −χ −γ

⎤
⎥⎦ ,

B =

⎡
⎢⎢⎣

0 0
0 0√

2
√

γ 0
0

√
2
√

γ

⎤
⎥⎥⎦ ,

C =
[

0 0 −√
2
√

γ 0
0 0 0 −√

2
√

γ

]
, D = I2×2, (C2)

where γ ≡ 1
2 (−α1 + α2 − β1 + β2), χ ≡ 1

2 (α1 + α2β1 +
β2), and ωs ≡ √

α1β1. This corresponds to the dynam-
ics derived from Hamiltonian for the quantum expander
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described in [22]. In this case since we have a two-
degree-of-freedom system, we have to apply the separation
theorem of [32] to separate it into two one-degree-of-
freedom systems. The corresponding quantum network is
given by N = {{G1, G2}, Ĥ d,S}, where S = G2 � G1 rep-
resents the series product [29], that is, the output of G1 is
fed into G2. The two generalized open oscillators are given
by

G1 = (I2×2, 0, 0) , (C3)

G2 =
(

I2×2, −
√

2γ âq, i
2�χ(âqâq + â†

qâ†
q)
)

, (C4)

where I2×2 is the 2 × 2 identity matrix, γ is the coupling
frequency of the continuum to the cavity mode described

by annihilation operator âq, and χ is the strength of the
nonlinear interaction. The Hamiltonian coupling the two
cavities is given by Ĥ d = �ωs(âqâ† + â†

qâ), where â is the
cavity mode of the second cavity, and is therefore a sim-
ple beam splitterlike coupling between the two cavities.
Note that G1 is not coupled to the external continuum
and therefore it is only coupled to G2 via H d. In total
we have two tuned cavities coupled by a beam splitter-
like interaction, with the first cavity coupled to the external
continuum and exhibiting internal squeezing, and have
thus recovered the quantum expander realization pictured
in Fig. 3.

The quadrature transfer function from the input to the
arm cavity mode â was found to be

[
â1

â2

]
=

⎡
⎢⎢⎢⎣

0
√

2γωs

iω(χ − γ ) + ω2
s − ω2

−
√

2γωs

−iω(γ + χ) + ω2
s − ω2 0

⎤
⎥⎥⎥⎦
[

â1
in

â2
in

]
. (C5)

Using Eq. (7), we see that the SNR for a signal coupled to
the amplitude quadrature is given by 2πγ/|γ − χ |, which
diverges as χ → γ . At χ � γ the SNR approaches zero
since the nonlinear interaction totally depletes the ampli-
tude quadrature fluctuations in the cavity. The SNR for
the phase quadrature is given by 2πγ/(γ + χ), which is

maximal at χ = 0 where it is equal to 2π and is thus
constrained by the Mizuno limit.

For the signal recycling cavity mode âq, we also see the
divergence at χ → γ , except that in this case the SNR for
the phase quadrature diverges rather than the amplitude
quadrature,

[
â1

q

â2
q

]
=

⎡
⎢⎢⎢⎣

− i
√

2
√

γω

−iω(γ + χ) + ω2
s − ω2 0

0 − i
√

2
√

γω

iω(χ − γ ) + ω2
s − ω2

⎤
⎥⎥⎥⎦
[

â1
in

â2
in

]
. (C6)

FIG. 3. The setup analyzed for the quantum expander as
explored in [22], equivalent to a tuned Michelson interferometer
except with squeezing (via a nonlinear crystal) internally within
the signal recycling cavity (SRC).

In this case the SNR for the amplitude quadrature is
given by 2πγ/(γ + χ) and for the phase quadrature is
given by 2πγ/|γ − χ |, that is, the roles of the ampli-
tude and phase quadrature are swapped compared to the
arm-cavity mode.

APPENDIX D: AUXILIARY MODE DYNAMICS

In this section we discuss how the dynamics of added
auxiliary modes, shown in Fig. 2, can be inferred by requir-
ing that the frequency-domain input-output relation remain
unchanged by the addition of them. Each auxiliary mode is
coupled to a set of nd internal modes d̂j and ne internal
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modes êj , adding the following terms to the Hamiltonian:
∑

j

−�gdj (b̂d̂†
j + b̂†d̂j ) − �g

d†
j
(b̂d̂j + b̂†d̂†

j )

− �gej (ĉê†
j + ĉ†êj ) − �g

e†
j
(ĉêj + ĉ†ê†

j )

+
∑
i	=j

�g
did

†
j
(d̂id̂

†
j + d̂†

i d̂j ) + �gdidj (d̂id̂j + d̂†
i d̂†

j )

+
∑
i	=j

�g
eie

†
j
(êiê

†
j + ê†

i êj ) + �geiej (êiêj + ê†
i ê†

j ),

where g
did

†
j

and gdidj respectively quantify the beam split-

terlike and nonlinear coupling between modes d̂i and d̂j ,
and similarly for the ê modes. Note that there is no direct
coupling between the d̂ and ê modes.

The full set of equations of motion is

˙̂a = −γ â +
√

2γ âin

− igbb̂ + igb† b̂† − igcĉ + igc† ĉ†, (D1)

˙̂b = igbâ − igb† â† + i
∑

j

gdj d̂j − i
∑

j

g
d†

j
d̂†

j , (D2)

˙̂dj = igdj b̂ + ig
d†

j
b̂† − i

∑
i	=j

g
did

†
j
d̂i − i

∑
i	=j

gdidj d̂†
i , (D3)

˙̂c = igcâ − igc† â† + i
∑

j

gej êj − i
∑

j

g
e†

j
ê†

j , (D4)

˙̂ej = igej ĉ + ig
e†

j
ĉ† − i

∑
i	=j

g
eie

†
j
êi − i

∑
i	=j

geiej ê†
i . (D5)

Focusing on d̂j , the frequency-domain expression is given
by

−i��d(�) = �gdb̂(�) + �gd† b̂†(−�) − iG�d(�), (D6)

where

�gd = (igd1 , −ig∗
d†

1
, . . . , igdnd

, −ig∗
d†

nd
)T, (D7)

�gd† = (ig
d†

j
, −ig∗

dj
, . . . , ig

d†
nd

, −ig∗
dnd

)T, (D8)

and

�d(�) = (d̂1(�), . . . , d̂nd(�); d̂†
1(−�), . . . , d̂†

nd
(−�))T.

(D9)

and where, in block form,

G(d) =

⎡
⎢⎣

G(d)

1
...

G(d)
nd

⎤
⎥⎦ ∈ C

2nd×2nd , (D10)

where

G(d)
j =

⎡
⎣g

d1d†
j

. . . g
dnd d†

j
; gd1dj . . . gdnd dj

g∗
d1d†

j
. . . g∗

dnd d†
j
; g∗

d1dj
. . . g∗

dnd dj

⎤
⎦ ,

(D11)

with gdj dj = g
dj d†

j
= 0. Solving for �d(�) gives

�d(�) = (−i�I2nd×2nd + iG(d))−1 [�gd �gd†
] [ b̂(�)

b̂†(−�)

]

≡ M (d)

[
b̂(�)

b̂†(−�)

]
,

where I2nd×2nd is the 2nd × 2nd identity matrix, and M (d) ∈
C2nd×2.

The frequency-domain expression for b̂ is given by

− i�
[

b̂(�)

b̂†(−�)

]
=
[

igb −igb†

ig∗
b† −ig∗

b

] [
â(�)

â†(−�)

]
+ iD(d)�d(�),

(D12)

where

D(d) =
⎡
⎣gd1 , . . . , gdnd

; −g
d†

1
, . . . , −g

d†
nd

g∗
d†

1
, . . . , g∗

d†
nd

; −g∗
d1

, . . . , −g∗
dnd

⎤
⎦ .

(D13)

Solving for the b̂ mode, we get

[
b̂(�)

b̂†(−�)

]
= T(b)(�)

[
â(�)

â†(−�)

]
, (D14)

where

T(b)(�) ≡ (−i�I2×2 − iD(d)M (d))−1
[

igb −igb†

ig∗
b† −ig∗

b

]
,

(D15)

in which I2×2 is the 2 × 2 identity matrix.
Similarly, we have

[
ĉ(�)

ĉ†(−�)

]
= T(c)(�)

[
â(�)

â†(−�)

]
,

where

T(c)(�) ≡ (−i�I2×2 − iD(e)M (e))−1
[

igc −igc†

ig∗
c† −ig∗

c

]

(D16)
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in which

D(e) =
[

ge1 , . . . , gene ; −g
e†

1
, . . . , −g

e†
ne

g∗
e†

1
, . . . , g∗

e†
ne

; −g∗
e1

, . . . , −g∗
ene

]
,

(D17)

and

M (e) = (−i�I2ne×2ne + iG(e))−1, (D18)

where, in block form,

G(e) =

⎡
⎢⎣

G(e)
1
...

G(e)
ne

⎤
⎥⎦ ∈ C

2ne×2ne , (D19)

where

G(e)
j =

⎡
⎣g

e1e†
j

. . . g
ene e†

j
; ge1ej . . . gene ej

g∗
e1e†

j
. . . g∗

ene e†
j
; g∗

e1ej
. . . g∗

ene ej

⎤
⎦ .

(D20)

The frequency domain expression for â is given by

−i�
[

â(�)

â†(−�)

]
=
[

igb −igb†

ig∗
b† −ig∗

b

] [
b̂(�)

b̂†(−�)

]

+
[

igc −igc†

ig∗
c† −ig∗

c

] [
ĉ(�)

ĉ†(−�)

]
+ . . . ,

= T(a)(�)

[
â(�)

â†(−�)

]
+ . . .

where . . . are the damping and input vacuum terms from
Eq. (27) and where

T(a)(�) ≡
[

igb −igb†

ig∗
b† −ig∗

b

]
T(b)(�)

+
[

igc −igc†

ig∗
c† −ig∗

c

]
T(c)(�) = 0. (D21)

Therefore to keep the input-output dynamics invariant, all
elements of this matrix must be zero.

[1] LIGO Scientific Collaboration, Advanced LIGO, Class.
Quantum Grav. 32, 74001 (2015).

[2] F. Acernese, M. Agathos, K. Agatsuma, D. Aisa, N. Alle-
mandou, A. Allocca, J. Amarni, P. Astone, G. Balestri, and
G. Ballardin, et al., Advanced Virgo: A second-generation
interferometric gravitational wave detector, Class. Quan-
tum Grav. 32, 024001 (2015).

[3] J. S. Read, C. Markakis, M. Shibata, K. Uryu, J. D. E.
Creighton, and J. L. Friedman, Measuring the neutron

star equation of state with gravitational wave observations,
Phys. Rev. D 79, 124033 (2009).

[4] A. Bauswein and H. T. Janka, Measuring Neutron-Star
Properties via Gravitational Waves from Neutron-Star
Mergers, Phys. Rev. Lett. 108, 011101 (2012).

[5] C. Helstrom, Minimum mean-squared error of estimates in
quantum statistics, Phys. Lett. A 25, 101 (1967).

[6] V. B. Braginsky, in AIP Conference Proceedings, Vol. 523
(AIP, 2000), p. 180.

[7] A. Holevo, Probabilistic and Statistical Aspects of Quan-
tum Theory (Scuola Normale Superiore, Pisa, 2011), 2nd
ed.

[8] M. Tsang, H. M. Wiseman, and C. M. Caves, Fundamental
Quantum Limit to Waveform Estimation, Phys. Rev. Lett.
106, 090401 (2011).

[9] H. Miao, R. X. Adhikari, Y. Ma, B. Pang, and Y. Chen,
Towards the Fundamental Quantum Limit of Linear Mea-
surements of Classical Signals, Phys. Rev. Lett. 119,
050801 (2017).

[10] H. Miao, N. D. Smith, and M. Evans, Quantum Limit for
Laser Interferometric Gravitational-Wave Detectors from
Optical Dissipation, Phys. Rev. X 9, 011053 (2019).

[11] M. Zwierz, C. A. Pérez-Delgado, and P. Kok, Ultimate lim-
its to quantum metrology and the meaning of the Heisen-
berg limit, Phys. Rev. A 85, 042112 (2012).

[12] G. S. Pati, M. Salit, K. Salit, and M. S. Shahriar, Demon-
stration of a Tunable-Bandwidth White-Light Interferom-
eter Using Anomalous Dispersion in Atomic Vapor, Phys.
Rev. Lett. 99, 133601 (2007).

[13] H. N. Yum, J. Scheuer, M. Salit, P. R. Hemmer, and M. S.
Shahriar, Demonstration of white light cavity effect using
stimulated Brillouin scattering in a fiber loop, J. Lightwave
Technol. 31, 3865 (2013).

[14] H. Miao, Y. Ma, C. Zhao, and Y. Chen, Enhancing the
Bandwidth of Gravitational-Wave Detectors with Unsta-
ble Optomechanical Filters, Phys. Rev. Lett. 115, 211104
(2015).

[15] J. Bentley, P. Jones, D. Martynov, A. Freise, and H. Miao,
Converting the signal-recycling cavity into an unstable
optomechanical filter to enhance the detection bandwidth
of gravitational-wave detectors, Phys. Rev. D 99, 102001
(2019).

[16] S. Daryanoosh, S. Slussarenko, D. W. Berry, H. M. Wise-
man, and G. J. Pryde, Experimental optical phase mea-
surement approaching the exact Heisenberg limit, Nat.
Commun. 9, 1 (2018).

[17] D. V. Tsarev, S. M. Arakelian, Y. L. Chuang, R. K. Lee, and
A. P. Alodjants, Quantum metrology beyond Heisenberg
limit with entangled matter wave solitons, Opt. Express 26,
19583 (2018).

[18] J. Huang, M. Zhuang, B. Lu, Y. Ke, and C. Lee, Achiev-
ing Heisenberg-limited metrology with spin cat states
via interaction-based readout, Phys. Rev. A 98, 012129
(2018).

[19] S. Zhou, M. Zhang, J. Preskill, and L. Jiang, Achieving
the Heisenberg limit in quantum metrology using quantum
error correction, Nat. Commun. 9, 78 (2018).

[20] V. Peano, H. G. L. Schwefel, C. Marquardt, and F.
Marquardt, Intracavity Squeezing Can Enhance Quantum-
Limited Optomechanical Position Detection through Deam-
plification, Phys. Rev. Lett. 115, 243603 (2015).

034009-13

https://doi.org/10.1088/0264-9381/32/2/024001
https://doi.org/10.1103/PhysRevD.79.124033
https://doi.org/10.1103/PhysRevLett.108.011101
https://doi.org/10.1016/0375-9601(67)90366-0
https://doi.org/10.1103/PhysRevLett.106.090401
https://doi.org/10.1103/PhysRevLett.119.050801
https://doi.org/10.1103/PhysRevX.9.011053
https://doi.org/10.1103/PhysRevA.85.042112
https://doi.org/10.1103/PhysRevLett.99.133601
https://doi.org/10.1109/JLT.2013.2288326
https://doi.org/10.1103/PhysRevLett.115.211104
https://doi.org/10.1103/PhysRevD.99.102001
https://doi.org/10.1038/s41467-018-06601-7
https://doi.org/10.1364/oe.26.019583
https://doi.org/10.1103/PhysRevA.98.012129
https://doi.org/10.1038/s41467-017-02510-3
https://doi.org/10.1103/PhysRevLett.115.243603


JOE BENTLEY et al. PHYS. REV. APPLIED 19, 034009 (2023)

[21] M. Korobko, L. Kleybolte, S. Ast, H. Miao, Y. Chen, and
R. Schnabel, Beating the Standard Sensitivity-Bandwidth
Limit of Cavity-Enhanced Interferometers with Internal
Squeezed-Light Generation, Phys. Rev. Lett. 118, 143601
(2017).

[22] M. Korobko, Y. Ma, Y. Chen, and R. Schnabel, Quantum
expander for gravitational-wave observatories, Light: Sci.
Appl. 8, 118 (2019).

[23] X. Li, M. Goryachev, Y. Ma, M. Tobar, C. Zhao, R. X.
Adhikari, and Y. Chen, Broadband sensitivity improvement
via coherent quantum feedback with PT-symmetry (2020),
ArXiv:2012.00836.

[24] X. Li, J. Smetana, A. Ubhi, J. Bentley, Y. Chen, Y.
Ma, H. Miao, and D. Martynov, Enhancing interferome-
ter sensitivity without sacrificing bandwidth and stability:
beyond single-mode and resolved-sideband approximation,
In preparation (2021).

[25] J. Bentley, H. Nurdin, Y. Chen, and H. Miao, Direct
approach to realizing quantum filters for high-precision
measurements, Phys. Rev. A 103, 013707 (2021).

[26] V. B. Braginsky and F. Khalilli, Quantum Measurement
(Cambridge University Press, Cambridge, 1992).

[27] N. Yamamoto, Coherent versus Measurement Feedback:
Linear Systems Theory for Quantum Information, Phys.
Rev. X 4, 041029 (2014).

[28] M. R. James, H. I. Nurdin, and I. R. Petersen, H∞ con-
trol of linear quantum stochastic systems, IEEE T. Automat.
Contr. 53, 1787 (2008).

[29] J. Gough and M. R. James, The series product and its appli-
cation to quantum feedforward and feedback networks,
IEEE T. Automat. Contr. 54, 2530 (2009).

[30] M. Tsang and C. M. Caves, Evading Quantum Mechan-
ics: Engineering a Classical Subsystem within a Quantum
Environment, Phys. Rev. X 2, 031016 (2012).

[31] S. Wang, H. I. Nurdin, G. Zhang, and M. R. James,
Quantum optical realization of classical linear stochastic
systems, Automatica 49, 3090 (2013).

[32] H. I. Nurdin, M. R. James, and A. C. Doherty, Network
synthesis of linear dynamical quantum stochastic systems,
SIAM J. Control Optim. 48, 2686 (2009).

[33] H. I. Nurdin and N. Yamamoto, Linear Dynamical Quan-
tum Systems: Analysis, Synthesis, and Control (Springer,
Berlin, 2017).

[34] M. Hush, A. R. R. Carvalho, M. Hedges, and M. R. James,
Analysis of the operation of gradient echo memories using
a quantum input-output model, New J. Phys. 15, 085020
(2013).

[35] C. M. Caves and B. L. Schumaker, New formalism for two-
photon quantum optics. I. Quadrature phases and squeezed
states, Phys. Rev. A 31, 3068 (1985).

[36] B. L. Schumaker and C. M. Caves, New formalism for two-
photon quantum optics. II. Mathematical foundation and
compact notation, Phys. Rev. A 31, 3093 (1985).

[37] A. J. Shaiju and I. R. Petersen, A frequency domain condi-
tion for the physical realizability of linear quantum systems,
IEEE T. Automat. Contr. 57, 2033 (2012).

[38] H. J. Kimble, Y. Levin, A. B. Matsko, K. S. Thorne, and
S. P. Vyatchanin, Conversion of conventional gravitational-
wave interferometers into quantum nondemolition inter-
ferometers by modifying their input and/or output optics,
Phys. Rev. D 65, 022002 (2001).

[39] U. Leonhardt and A. Neumaier, Explicit effective Hamilto-
nians for general linear quantum-optical networks, J. Opt.
B: Quantum Semiclass. Opt. 6, L1 (2003).

[40] R. W. Boyd, Padé Approximants (Cambridge University
Press, Cambridge, 1996), 2nd ed.

[41] Y. Chen, Macroscopic quantum mechanics: Theory and
experimental concepts of optomechanics, J. Phys. B: At.
Mol. Opt. Phys. 46, 104001 (2013).

[42] J. Mizuno, Comparison of optical configurations for laser
interferometric gravitational wave detectors, Thesis (1995).

[43] C. W. Gardiner and P. Zoller, Quantum Noise: A Handbook
of Markovian and Non-Markovian Quantum Stochastic
Methods with Applications to Quantum Optics (Springer,
Berlin, 2004), 2nd ed.

[44] A. A. Clerk, M. H. Devoret, S. M. Girvin, F. Marquardt,
and R. J. Schoelkopf, Introduction to quantum noise, mea-
surement, and amplification, Rev. Mod. Phys. 82, 1155
(2010).

[45] M. Aspelmeyer, T. J. Kippenberg, and F. Marquardt, Cavity
optomechanics, Rev. Mod. Phys. 86, 1391 (2014).

[46] C. M. Bender, Introduction to PT-symmetric quantum the-
ory, Contemp. Phys. 46, 277 (2005).

[47] B. de Schutter, Minimal state-space realization in linear
system theory: an overview, J. Comput. Appl. Math. 121,
331 (2000).

[48] W. Research, StateSpaceModel, https://reference.wolfram.
com/language/ref/StateSpaceModel.html (2014), [Acce-
ssed: 20-June-2022].

[49] D. Luenberger, Canonical forms for linear multivariable
systems, IEEE T. Automat. Contr. 12, 290 (1967).

[50] W. Research, MinimalStateSpaceModel, https://reference.
wolfram.com/language/ref/MinimalStateSpaceModel.html
(2014), [Accessed: 20-June-2022].

[51] G. E. Antoniou, P. N. Paraskevopoulos, and S. J. Varo-
ufakis, Minimal state-space realization of factorable 2-D
transfer functions, IEEE T. Circuits Syst. 35, 1055 (1988).

[52] A. Buonanno and Y. Chen, Scaling law in signal recycled
laser-interferometer gravitational-wave detectors, Phys.
Rev. D 67, 062002 (2003).

034009-14

https://doi.org/10.1103/PhysRevLett.118.143601
https://doi.org/10.1038/s41377-019-0230-2
https://arxiv.org/abs/2012.00836
https://doi.org/10.1103/PhysRevA.103.013707
https://doi.org/10.1103/PhysRevX.4.041029
https://doi.org/10.1109/TAC.2008.929378
https://doi.org/10.1109/TAC.2009.2031205
https://doi.org/10.1103/PhysRevX.2.031016
https://doi.org/10.1016/j.automatica.2013.07.014
https://doi.org/10.1137/080728652
https://doi.org/10.1088/1367-2630/15/8/085020
https://doi.org/10.1103/PhysRevA.31.3068
https://doi.org/10.1103/PhysRevA.31.3093
https://doi.org/10.1109/TAC.2012.2195929
https://doi.org/10.1103/PhysRevD.65.022002
https://doi.org/10.1088/1464-4266/6/1/L01
https://doi.org/10.1088/0953
https://doi.org/10.1103/RevModPhys.82.1155
https://doi.org/10.1103/RevModPhys.86.1391
https://doi.org/10.1080/00107500072632
https://doi.org/10.1016/S0377-0427(00)00341-1
https://reference.wolfram.com/language/ref/StateSpaceModel.html
https://doi.org/10.1109/TAC.1967.1098584
https://reference.wolfram.com/language/ref/MinimalStateSpaceModel.html
https://doi.org/10.1109/31.1857
https://doi.org/10.1103/PhysRevD.67.062002

	I. INTRODUCTION
	II. THE TRANSFER FUNCTION OF LINEAR SYSTEMS
	III. QUANTUM CRAMÉR-RAO BOUND
	IV. GENERAL CONSTRAINTS ON THE INPUT-OUTPUT RELATIONS OF LINEAR DETECTORS
	V. INTERNAL SQUEEZING
	VI. REALIZATION OF QND VIA SIGNAL AMPLIFICATION
	VII. DISCUSSION
	ACKNOWLEDGMENTS
	A. APPENDIX A: LINEAR SYSTEMS
	B. APPENDIX B: PHYSICALLY REALIZABLE STATE-SPACE REALIZATION FOR INTERNAL SQUEEZING
	C. APPENDIX C: QUANTUM EXPANDER
	D. APPENDIX D: AUXILIARY MODE DYNAMICS


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile ()
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 5
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Average
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFX1a:2003
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    33.84000
    33.84000
    33.84000
    33.84000
  ]
  /PDFXSetBleedBoxToMediaBox false
  /PDFXBleedBoxToTrimBoxOffset [
    9.00000
    9.00000
    9.00000
    9.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV <>
    /HUN <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames false
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks true
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo true
      /AddRegMarks false
      /BleedOffset [
        9
        9
        9
        9
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks true
      /IncludeHyperlinks true
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


