
PHYSICAL REVIEW APPLIED 19, 024073 (2023)

Magnon-Fluxon Interaction in Coupled Superconductor/Ferromagnet Hybrid
Periodic Structures

B. Niedzielski,1 C.L. Jia ,2 and J. Berakdar 1,*

1
Institut für Physik, Martin-Luther Universität Halle-Wittenberg, Halle/Saale 06099, Germany

2
Key Laboratory for Magnetism and Magnetic Materials of the Ministry of Education and Lanzhou Center for

Theoretical Physics, Lanzhou University, Lanzhou 73000, China

 (Received 8 September 2022; revised 7 December 2022; accepted 6 February 2023; published 28 February 2023)

We study the magnon propagation in a micrometer-size ferromagnetic waveguide affected by the
proximity to a superconductor that hosts a vortex formation. By solving the time-dependent Ginzburg-
Landau equations of superconductivity, we obtain the equilibrium state of the vortex configuration and
the associated stray fields that act on the magnetic dynamics. Spin wave dynamics in the presence of
the superconductors are inferred from the Landau-Lifschitz equation. For a quantitative comparison, the
simulations are performed under the experimental conditions as reported by Dobrovolskiy et al. (Nature
Physics, 15, 477 (2019)). We found that the presence of the vortex lattice leads to the formation of a
Bloch-like band structure in the magnon spectrum. The width and the number of allowed bands are found
to depend mainly on the in-plane component of the vortex field along the waveguide. A shift to lower
energies of the lowest-order-allowed bands occurs due to the confinement of the magnonic modes above
the locations of the superconductor vortices. We also studied the role of the films thickness. At least two
GHz-frequency backward-volume magnetostatic spin waves modes are observed at the top and bottom
surfaces (in addition to these magnetostatic surface modes, the vertical confinement can also give rise to
longer-wavelength and low-frequency perpendicular standing spin waves). Effects of the vortex fields are
found to depend strongly on the type of the magnon modes. It is found that the effect of the superconduct-
ing vortices of the spin waves can be emulated well by the stray fields of air-separated magnetic nanocubes
of appropriate dimensions.
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I. INTRODUCTION

Studying the inter-relation between magnetism and
superconductivity is fundamentally important for the
understanding of both phenomena and their use in technol-
ogy [1–4]. For instance, minute magnetic or stray fields can
be sensed by the dynamics they drive in a superconducting
ring. While some (type I) superconductors (SCs) resist the
penetration of magnetic fields, others (type II SCs) may
funnel it through the cores of SC vortices. Superconduc-
tivity and magnetism may coexist in some materials [4]. In
general, however, the intrinsic coupling between SCs and
magnetism is weak but can be increased substantially by
proximity effects. Examples are multilayers and nanostruc-
tures comprising SCs adjacent to magnetic materials [5]. A
SC influenced by the exchange field of a ferromagnet (FM)
may develop an interfacial magnetic correlation whose
sign and amplitude are material and interface specific (such
as layer thickness and strength of impurity scattering)
[6–10]. Experiments utilizing ferromagnetic resonance,
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neutron scattering, muon scattering, and other methods
provided evidence of the interfacial coupling between SC
and magnetic correlations [10–17] which is manifested, for
instance, by the presence of a magnetic moment in the SC
arising upon a strong hybridization and orbital reconstruc-
tion (chemical bonds) among the atoms in the vicinity (few
nanometers) of the interface [18].

If the SC and FM are well separated (e.g., by a spacer
layer inhibiting direct hybridization), the SC and FM corre-
lation may still affect each other, for example via the stray
fields of the FM acting on the SC or by the vector poten-
tial of SC vortices in a type II SC that influences the FM
[19–32]. From a technological point of view, FM/SC lay-
ers may be useful. For example, the transport properties of
clean SC islands are affected by the dynamic of vortices
which are coupled in SC/FM to the magnetic dynamics
so allowing a local magnetic control of the SC. In turn,
as discussed here, individual, multiple, or a lattice of vor-
tices have a strong influence on magnetic excitations. In
the following, we study mostly static vortices acting on the
magnonic dynamics in the FM. As shown in the Appendix,
however, the time-dependent magnetic fields involved in
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the magnonic dynamics may also trigger vortex motion
resulting in combined dynamics of the order parameters
in the SC/FM heterostructure. For a discussion of the use
of SC/FM heterostructures for superconducting spintronic
devices and for quantum computation, we refer the reader
to the recent review article [27].

Here, we study fundamental aspects, specifically we
are interested in the influence of superconducting cor-
relation on the FM low-energy excitations (spin waves)
in SC/FM layer structure. In particular, we focus on the
dynamics of spin waves (magnons) in magnetic waveg-
uides coupled to SC vortices. The potential of magnonic
waveguides and spin waves in nanostructured magnets
for low-energy magnon-based computing and data trans-
fer have recently been demonstrated [33–42]. Introducing
SC allows for new possibilities for data handling such as
using supercurrents or SC vortices.

II. METHODS AND RESULTS

We consider a system consisting of a type II SC sepa-
rated from a FM by an insulating spacer layer of thickness
h = 5 nm, as shown schematically in Fig. 1(a), meaning a
direct FM-SC hybridization or orbital reconstruction [18]
are of less relevance. The determining factors are then
the stray fields and possible drag or pinning effects that
may change the damping properties of the FM excita-
tions and SC vortex dynamics, especially in clean SC. For
quantitative estimates, we performed numerical simulation
for permalloy Py layer with the saturation magnetization

Ms = 676 kA/m, the exchange stiffness A = 16 pJ/m [26],
and vanishing magnetocrystalline anisotropy. As the SC
we use Nb with a magnetic penetration depth of λ(8K) =
150 nm [26], and a Ginzburg-Landau parameter κ = 1,
which is a reasonable value for Nb in the clean limit [43].
The interaction of the spin waves or magnonic excitations
in the FM planar waveguide with the superconducting vor-
tices is simulated in two steps. At first, we solve for the
dimensionless time-dependent Ginzburg-Landau (TDGL)
equations [44]
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The solution of Eqs. (1)–(4) yields the distribution of the
static equilibrium vortex lattice. In general, to capture all
the facets of the coupled SC/FM dynamics (including the

(a) (b)

(c) (d)

FIG. 1. (a) Schematics of the system under investigation. A type II SC reacts to an external magnetic field by forming vortices and
modulating the spin wave dynamics in an attached ferromagnetic layer. (b) Simulation results of the TDGL equations for the spatial
distribution of the amplitude |�|2 of the superconducting order parameter. A static external magnetic field was applied along the z
direction with strength Bz = 5 mT. The blue regions are normal conducting and indicate the positions of vortex cores. (c) The field of
the vortex lattice is modeled by the stray fields of ordered nanomagnets (black dots indicate the lateral positions of the nanomagnets).
(d) Field distribution Bz in the magnonic planar waveguide, modulated by nanomagnets with magnetization Ms1 = 315 kA/m. The
lines in (b) and (d) indicate the regions over which line plots were taken.
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back-action of both subsystems), a self-consistent solu-
tion of the TDGL and the Landau-Lifshitz-Gilbert (LLG)
equations is required which is, in its full generality, a
computationally formidable task (the LLG describes the
magnetic dynamics). Indications of the effects of the stray
fields of the magnonic systems on the SC ordering have
been reported in [45]. Simulations and discussions on this
issue in the context of the present work are presented in
the Appendix. Furthermore, in principle, the static vor-
tex lattice structure can be also calculated with the aid of
the conventional time-independent Ginzburg-Landau (GL)
equations. Here, we are interested in the stability, meaning
the dynamics of the SC vortex structure, to external per-
turbations such as magnetic fields to excite the magnons
as well as in the typical time scales of the SC dynam-
ics compared with the magnonic time scale. In this paper,
for brevity, we concentrate on the magnonic dynamics
without discussing in depth the calculational results that
convinced us the SC vortex lattice is stable while trigger-
ing and propagating the magnons. One example is shown
in the Appendix for the response of the SC part of the sys-
tem to the time-varying Oersted fields of the microwave
antennas. Technically, the numerical solution of the clas-
sic GL equations is computationally more challenging than
the solution of the TDGL system of Eqs. (1)–(4), although
both systems of equations have the same equilibrium solu-
tion. Therefore, in this work the TDGL formalism is used
throughout both to obtain the solution of the classic GL
equations and for the SC dynamics.

From Eqs. (1)–(4) one obtains � which is the super-
conducting order parameter. Here |�|2 = ns is the local
density of Cooper pairs. The electric scalar potential φ

is eliminated by choosing the gauge φ = 0 [46]. The
dynamic coefficients η1 and η2 as well as the spatial
scaling parameter n = L/λ with L = 150 nm result from
the normalization of the equations (details of the scal-
ing procedure can be found in the Appendix). Magnetic
fields enter the formalism via their corresponding vector
potentials A = Ae + Asc. Here Be = ∇ × Ae is an external
magnetic field which acts likewise on the SC and FM. Of
primary interest for the following analysis are the supercur-
rents js and the magnetic field Bsc = ∇ × Asc which they
produce.

In calculating the equilibrium state of the system, the
magnetic self-field of the SC is neglected, that is, Asc = 0.
This is a reasonable approximation if the SC is a thin
layer of thickness d � λ or in the high-κ limit, that is,
κ � 1 [47,48]. Our aim is to run simulations mimicking
the experiment [26] in which case the field in the SC is
supposed to be dominated by the external field, mean-
ing in this geometry the magnetostatic demagnetization
fields are of less importance for the SC dynamics (in con-
trast to other geometries [28,29,49]). The vector potential
that acts on � is related to the external magnetic field by
∇ × A = ∇ × Ae = Be with the gauge Ae = −Beyex. We

use Be = Beez with Be = 5 mT. The technical details on
how we solve for the first TDGL to find the equilibrium
state of the SC (in the absence of the FM) have been pre-
sented elsewhere [28,29]. In principle, the bias field for
the magnonic waveguide B‖ = 60 mTex also acts on the
SC. We are considering, however, a thin film of thick-
ness d < ξGL and, therefore, the magnetic bias field (for
the used strength) does not generate in-plane vortices [50],
and it does not affect the equilibrium state of the SC, shown
in Fig. 1(b). A further effect that appears, in general, is the
influence of the dynamic demagnetization fields of the spin
waves on the SC dynamics, an effect which we assume to
be suppressed by the spacer layer (but we did not quan-
tify this statement due to limited computational resources).
Furthermore, the SC is assumed to be devoid of structural
defects. The vortices tend therefore to form a hexagonal
lattice [51], as evidenced by Fig. 1(b) where each of the
blue dots corresponds to a vortex with normal conduct-
ing core surrounded by a whirl of supercurrents. The fields
produced by these currents are used to modify the magnon
dynamics in the adjacent FM, but their effect on the SC is
assumed to be negligible.

To understand the effect of the static superconducting
vortices on the magnons we compare with simulations
where the vortex lattice is replaced by a static lattice of
nanomagnets (cf. Fig. 1). We calculate then the stray fields
[52] of the nanomagnets and compare with the magnetic
fields Bv associated with SC vortices. The appropriate
dimensions and geometry of the nanomagnets we infer
from the equilibrium vortex lattice delivered as a solution
of the TDGL equation. The magnetic fields are then used
as input in micromagnetic simulations [53]. Simulations
are performed and compared for the cuboid nanomag-
netic replacement and the full solution of the coupled
TDLG/micromagnetic systems. The field of a magnetic
cuboid can be calculated analytically and its strength and
spatial distribution are adapted to Bv [52]. The nanomag-
nets are chosen to have dimensions 
x = 
y = 250 nm
and 
z = 360 nm and are placed under the magnonic
waveguide with an air gap between the materials of 
h =
175 nm. Similarly to the vortices, the nanomagnet lat-
tice has a hexagonal symmetry with a lattice constant of
c = 700 nm [Fig. 1(c)]. To each nanomagnet we attach
a magnetization M = Ms1ez with the saturation magneti-
zation Ms1 to be adjusted. For Ms1 = 315 kA/m the field
distribution in a magnonic stripe of width w = 700 nm
is shown in Fig. 1(d). Similar to the vortices the nano-
magnets produce a field with local maxima directly above
each magnet. The fields are also compared via line plots
along the x direction in the magnonic waveguide (Fig. 2).
For a magnetization Ms1 = 12.6 kA/m the fields are quite
similar in magnitude and spatial extend. As the vortex
lattice and the magnet lattice have slightly different lat-
tice constants, the frequency of the field oscillations is
not exactly the same. In our case, the lattice constant of
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(a) (b)

FIG. 2. Comparison of the vortex field as follows from the solution of the TDGL equations and the stray field of static cuboid
nanomagnets (FM model) for Ms1 = 12.6 kA/m along the lines indicated in Figs. 1(b) and 1(d).

the nanomagnets is chosen to be cm = 700 nm, which is
between the experimentally obtained value for the vortex
lattice a(B⊥ = 5 mT) = 691 nm [26] and the simulated
vortex lattice c(B⊥ = 5 mT) = 720 nm.

The magnon dynamics in the planar magnonic waveg-
uide are inferred from the solution of the LLG equation

∂M
∂t

= γ �

1 + α2 (M × Beff + αM × (M × Beff)) . (5)

The effective field Beff follows from the functional deriva-
tive of the magnetic free energy density with respect to
the magnetization and γ ∗ is the gyromagnetic ratio. The
LLG equation is solved via the micromagnetic simulation
program MuMax3 [53].

The magnonic waveguide is a Py stripe of width w,
thickness d = 1 nm, and length L = 28 µm. The mate-
rial parameters are as indicated previously and we use a
unit cell size of 5 × 5 × 1 nm3. Spin waves are excited
by applying a sinc-field H = H0 sin (2π ft)/(2π ft)ey with
H0 = 15 mT and f = 20 GHz to a 5-nm-long stripe at
the center of the waveguide and across its width. As in
the experiment [26], bias fields H‖ = 60 mT and H⊥ =
5 mT are applied to the waveguide to set the magnon
propagation into a backward volume magnetostatic spin-
wave (BVMSW) configuration. The perpendicular field
here is necessary to generate vortices in the adjacent SC
but otherwise, in all shown simulations, it did not have
any observable effect on the results. Spin-wave spectra are
obtained by applying a 2D fast-Fourier transform (FFT)
to the magnetization fluctuation δmz(x, t) along the cen-
ter of the waveguide [54]. As the artificial vortex field
acting upon the magnetization is rather weak, the band
gaps are expected to be on the order of MHz and below.
Therefore, long simulation times are required in order to
obtain dispersion plots with sufficiently good resolution.
We neglected in the calculations the magnetic damping,
after assuring that its influence on the magnon dynam-
ics for α ≤ 10−3 does not change the dispersion, except

for the usual damping-induced blurring of the dispersion
branches (if α is assumed local and static, i.e., independent
of frequency and wave vector).

III. MAGNON DISPERSION CAUSED BY
SUPERCONDUCTING VORTICES

The nanomagnets saturation magnetization is Ms0 =
12.6 kA/m. Their stray fields form a lattice that matches
well the field of the SC vortex lattice (see Fig. 2). We ramp
up the magnetization to Ms0 = 25Ms1 = 315 kA/m which
allows for a better insight into the characteristics of the
magnonic dispersion. The magnon dispersion curves for
Ms1 = 0 and Ms1 = 25Ms0 are shown in Fig. 3(a). In the
absence of SC vortices, the dispersion exhibits a typical
BVMSW behavior with a dominant first-order mode and
a weaker higher-order mode [55–58]. As the waveguide is
relatively thin, the dispersion is dominated by exchange-
type magnons and the k-space region with negative group
velocity is very narrow. No band gaps are observed except
for the intrinsic gap f < 6.62 GHz due to the external bias
field and the finite width of the waveguide. The shift of the
bands to higher frequencies is known to be of purely dipo-
lar origin and can be explained by an effective pinning of
the dynamic magnetization component at the lateral edges
of the stripe [59,60]. When switching on the vortex field
(amounts to Ms1 = 25Ms0), band gaps appear at wave vec-
tors k = nπ/cm, n ∈ Z [Fig. 3(b)]. The opening of gaps at
the edges of the Brillouin zones (BZs; thick green lines)
upon the formation of standing wave patterns in periodic
systems (due to interference of incoming and partially
reflected waves) is well established in magnonics [55,56],
photonics [61], and electronic systems. Higher bands dis-
play gaps that open not at the BZ boundary but also inside
the BZs (vertical dashed lines). The existence of these
bands can be understood by considering that it is not only
the first-order modes that propagate inside the waveguide
but also higher-order width modes are excited, as displayed
in Fig. 3(a). The higher-order modes are also reflected by
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(a) (b)

FIG. 3. Influence of the vortex lattice on the magnon dispersion. (a) Dispersion relation in the absence of vortices (Ms1 = 0). (b)
Modified dispersion relation for an artificial vortex lattice composed of nanomagnets with magnetization Ms1 = 25Ms0 = 315 kA/m.

the vortex field and their interaction with the lowest-order
mode leads to more complicated standing wave patterns
and the formation of additional band gaps. This behavior
is known from width-modulated magnonic crystals where
the higher-order modes are excited by magnonic scattering
at edge steps in the waveguide [62,63]. Another feature
of our dispersion relation is the existence of a band at
f = 6.3 GHz inside the formerly forbidden region f <

6.62 GHz.
For an insight into the mechanism that allows spin

waves to propagate in this region, we calculated a band
gap diagram of the waveguide for different strengths of the
vortex field. In addition, we also allowed for different sizes
of the air gap between the nanomagnets and the waveg-
uide. The results are shown in Fig. 4(a), which provides
evidence that with increasing strength of the vortex field
several band gaps open (white), whereas for zero field all
frequencies with f > 6.62 GHz can propagate (gray). The
lowest allowed band for all field strengths is almost flat and
its central frequency is shifted downwards with increasing
Ms1. The second allowed band displays a similar behav-
ior but the frequency shift is less obvious. The modified

dispersion characteristics become more pronounced if the
distance between the nanomagnets and the waveguide is
reduced to h = 100 nm [cf. Fig. 4(b)]. In this case the
amplitude of the field modulation in the waveguide is
stronger, which has a similar effect as increasing Ms1 to
a higher value. The reduced air gap size drives the open-
ing of the band gaps even further. In addition, the bands
show a stronger downwards shift, even for higher frequen-
cies. The number of flat bands also increases. Apart from
these differences, the dispersion diagrams show a very sim-
ilar behavior which indicates that the two experimentally
observed band gaps stem from the magnon modes at the
top and bottom surfaces of the waveguide. Comparing
the frequency spectra in Figs. 3(b) and 4, we infer that
the frequency band at f = 6.3 GHz is the lowest-order
band shifted downwards by the vortex field. It should be
noted that for h = 175 nm the first three allowed bands are
not affected by the higher-order modes, whereas for f >

7 GHz anticrossing between branches of the first mode
and the higher modes leads to a more complicated band
structure. In the case of Ms1 = 1Ms0, which is a realistic
vortex field strength, only a single band gap of width 
f ≈

(a) (b)

FIG. 4. Frequency diagrams for a strip of width w = 700 nm and different ratios Ms1/Ms0. White corresponds to band gaps and gray
corresponds to allowed frequencies. The air gap between the waveguide and the nanomagnets is chosen to be (a) h = 175 nm and (b)
h = 100 nm.
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18 MHz appears in the dispersion relation. This magnonic
gap is much smaller than that reported in the experiment of
Dobrovolskiy et al. [26], where 
f ≈ 50 MHz. Possible
reason for this discrepancy are addressed in the following.

IV. EFFECT OF THE THICKNESS OF THE
WAVEGUIDE

Studying how the thickness hFM of the waveguide affects
the magnonic dispersion, the width of the FM is set
to w = 65 nm and the length L = 28 µm remains as
before. In addition the magnetization of the nanomagnets
is kept at Ms1 = 1Ms0. The reduced value of w increases
the mode quantization and shifts the higher-order modes
to higher frequencies. In our case the frequency shift
is large enough for the second mode to disappear com-
pletely from the dispersion plots. The second important
geometry effect is related to the variable thickness of the
waveguide. In previous calculations the FM thickness had
the relatively small value of d = 1 nm, which leads to
a strongly exchange-dominated dispersion relation. As d
is increased, the ferromagnetic volume increases and the
dipolar interactions become of a greater importance. It is
therefore to be expected that the typical BVMSW behav-
ior of the magnons becomes more visible for larger d. In
Figs. 5(a) and 5(b) the width and the center frequencies of
the appearing band gaps are displayed in dependence of

hFM. Apparently only two band gaps appear when varying
the FM thickness and the gap width is in the MHz range.
For hFM = 1 nm the only band gap has now a width of

f ≈ 23 MHz, which is slightly larger than the gap width
of the waveguide with w = 700 nm. As the FM thickness
is increased the gap width decreases until the band disap-
pears completely at hFM = 7.5 nm. Here, it should be noted
that band gaps 
f = 2 MHz and below can no longer be
determined accurately because the resolution in frequency
space is limited by the simulation time (see, e.g., [54]).
The increasing width of the waveguide not only leads to
the opening of a second band gap, but the dipolar inter-
actions also become of greater importance for the magnon
dynamics. As a consequence the entire band structure is
lifted upwards in frequency space [cf. Fig. 5(b)]. In addi-
tion, the region in k space for which the group velocity
of the modes is negative increases. For hFM = 5.5 nm this
region stretches over the entire first BZ. For larger waveg-
uide thickness, the first band gap disappears completely
and only the second band remains finite [cf. Fig. 5(d)].
In this regime the BVMSW behavior of the magnons is
clearly visible. Notably, a partial band gap opens at the
first BZ boundary but does not prevail over the entire k
space (gray bar). In addition, a second band gap opens at
unconventional k values (dashed vertical lines). The nature
of these features becomes clearer by applying a logarith-
mic color scale to the dispersion relation, as can be seen

(a) (b)

(c) (d)

FIG. 5. Influence of the waveguide thickness hFM on the magnon dispersion for Ms0 = 1Ms0. The waveguide has a width of w =
65 nm and an air gap size of h = 175 nm. (a), (b) Width and center frequencies of the band gaps appearing in the dispersion relation,
respectively. (c), (d) Magnonic dispersion for hFM = 5.5 nm and hFM = 15 nm, respectively. Thick green lines indicate the edges of
the first two BZs. Dashed lines indicate unconventional k values at which gaps open.
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FIG. 6. Magnonic dispersion for hFM = 15 nm and logarith-
mic color scale [cf. Fig. 5(d)]. Thick green lines indicate the edge
of the first BZ and dashed lines indicate k values k = ±0.5π/c at
which gaps open.

in Fig. 6. Apparently the second band gap already opens
at k values k = ±0.5π/c and stretches over the entire k
space. In contrast, the gap opening at the first BZ bound-
ary k = ±π/c is incomplete and only modes with negative
group velocity are affected by the presence of the vortices.
It should also be noted that modes with k = ±2π/c can
travel undisturbed through the waveguide and there is no
gap formation in this frequency regime. The reason for
this behavior is still under investigation and will not be
addressed further in this work. These results show that the
waveguide geometry is an important factor in the problem
and should be taken into account when comparing theory
and experiment.

V. DISORDERED VORTEX LATTICE

How does an imperfect vortex lattice affect the magnon
propagation? To address this issue, two kinds of disorder
are used. First the vortices are allowed to have random field
values at each location. This particular kind of disorder
corresponds to the case of a SC with varying GL param-
eter κ . In a perfectly homogeneous superconducting film
the electronic mean free path l as well as the film thickness
are uniform leading to a constant value of κ . However,
variations in either of these parameters make κ a space-
dependent quantity. For instance, it was predicted that in a
superconducting wedge the effective GL parameter is mod-
ified via a thickness gradient along the sample [64]. This
geometric modification of κ allows for the formation of
vortices and enabled a study of the dependency of the vor-
tex field strength on the value of κ . It is shown that the
vortex field becomes considerably weaker as the thickness
of the sample is reduced and the GL parameter is increased.
In samples with thickness variations, vortices are thus
expected to have a field strength that depends on the posi-
tion in the sample. On the other hand, it is also known that

vortices prefer to reside at positions with reduced thickness
because the volume filled with supercurrent is reduced in
this way lowering the energy. Random thickness variations
are also expected to lead to some degree of structural disor-
der in the vortex lattice. Variations in the electronic mean
free path have a similar effect and can modify the London
penetration depth λ as well as the GL parameter [1,65].
In real SCs the nonuniformity of the sample geometry
and compositions usually hinder the formation of a per-
fectly hexagonal vortex lattice. Therefore, it is instructive
to investigate how magnon-fluxon interaction is affected
by this phenomenon. For clarity, the field variations and
the spatial disorder are investigated independently.

A. Variations of the field strength

The effect of varying the field strength on the magnon
dispersion is investigated with the system displayed in
Fig. 7(a). The FM geometry is that displayed in Fig. 1,
that is, we have w = 700 nm, hFM = 1 nm, L = 28 µm,
and an air gap size of h = 175 nm. The vortices can form
a perfectly hexagonal lattice but their corresponding field
strength varies from position to position. This field vari-
ation is introduced in our artificial model by allowing
the magnetization of the nanomagnets to vary randomly
in a certain interval Ms1 − 
M , Ms1 + 
M . Here Ms1 is
the saturation magnetization in the absence of disorder.

(a)

(b)

FIG. 7. Schematic of the two kinds of disorder of the vortex
lattice. (a) The vortex lattice with perfect structural order but
varying field strength between the vortices. The field variation is
introduced by random magnetizations of the nanomagnets in the
interval [0.85Ms1, 1.15Ms1] or [0.7Ms1, 1.3Ms1] with saturation
magnetization Ms1 = 3.5Ms0 = 44.1 kA/m. (b) All nanomagnets
are magnetized equally strong. They occupy random locations
in a box of side length a = 100 nm or a = 200 nm around their
ideal position.
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(a) (b)

FIG. 8. Magnonic dispersion and mode profiles (a) in the absence of disorder and (b) for a disordered vortex lattice. Disorder is
introduced via a varying field strength where the magnetization has random values in the interval [0.85Ms1, 1.15Ms1]. Here Bvx and Bvz
correspond to the field components of the vortex field Bv . Blue and red dashed vertical lines correspond to the positions of the minimal
and maximal total static magnetic field, respectively.

In previous calculations we had Ms1 = 12.6 kA/m which
resulted in the formation of band gaps on the order of

f ≈ 18 MHz. Choosing Ms1 = 44.2 kA/m leads to the
formation of band gaps of 
f ≈ 60 MHz. This value fits
the experiment by Dobrovolskiy et al. [26] better than
predicted by our GL simulations. Three calculations were
performed, one with uniform magnetization and two others
in which the magnetization was allowed to have random
values in the interval [Ms1 − 0.15Ms1, Ms1 + 0.15Ms1] or
[Ms1 − 0.3Ms1, Ms1 + 0.3Ms1]. The results for 15% vari-
ations in the field strength are displayed in Fig. 8. A
more detailed overview on the mode profiles, including
the case of strong disorder, is shown in Figs. 9–11. In
the absence of disorder, the dispersion develops a num-
ber of allowed and forbidden gaps which open at the BZ
boundaries, as discussed in the preceding sections. Here,
two band gaps appear having the widths of 
f = 65 MHz
and 
f = 12 MHz (not shown here). The lowest-order
band has a small but finite dispersion. As disorder is
introduced into the system this dispersion quickly disap-
pears and the band flattens out. It can also be observed
that an additional number of flat bands appear above the
initial band. The band gap is therefore reduced to some
extent.

To understand the origin of the additional flat bands, we
calculated the Fourier amplitudes of the magnonic modes

for a number of selected frequencies and different levels of
disorder (see Figs. 8–11).

Under the uniformly magnetized lattice, the lowest-
order modes are predominantly located at positions where
the vortex field counteracts the external bias field. At these
positions, the total magnetic field has local minima and
the energy of the modes at these positions is reduced.
This mode confinement affects also the magnonic disper-
sion and partially inhibits mode propagation, because the
propagation and the dispersion are inherently coupled. In
contrast, higher-frequency modes are also located at the
positions where the total magnetic field has local maxima.
The flattening of the lowest-order band has been discussed
previously. Now it is evident that increasing the magne-
tization of the nanomagnets goes hand in hand with a
confinement of the magnonic modes above the positions
of the magnets. By increasing the field strength, the mode
propagation becomes increasingly inhibited and the lowest
band turns flat and is shifted towards lower frequencies.
A very similar behavior is known to occur in surface-
modulated magnonic crystals [66]. Here, a periodic mag-
netic field modulation is introduced into the system by
carving grooves into the surface of the waveguide. The
static stray field of these surface defects leads to similar
field variations and mode confinement, as in our system.
Flat bands have also been observed in magnonic crystals
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FIG. 9. Mode profiles for selected frequencies in the absence
of disorder. Here Bvx and Bvz correspond to the field components
of the vortex field Bv . Blue and red dashed vertical lines corre-
spond to the positions of the minimal and maximal total static
magnetic field, respectively.

with periodic Dzyaloshinskii-Moriya interaction [67]. For
a given magnetization of the nanomagnets, the mode prop-
agation in our system is inhibited but not zero. When the
field is allowed to vary between different nanomagnets,
even for field variations of 15%, the lowest-order band
becomes completely flat. By inspecting the mode profiles
of the corresponding frequencies, we deduce that the flat
modes correspond essentially to knots above certain vor-
tex positions. The oscillations of these knots is no longer
coherent and uniformly propagating waves cannot form.
With increasing variation of the field strength of the nano-
magnets, this effect becomes more prominent and more
flat bands appear. Higher-frequency modes are much less

FIG. 10. Mode profiles for selected frequencies. Disorder is
introduced via a varying field strength. The magnetization has
random values in the interval [0.85Ms1, 1.15Ms1]. Here Bvx and
Bvz correspond to the field components of the vortex field Bv .
Blue and red dashed vertical lines correspond to the positions of
the minimal and maximal total static magnetic field, respectively.

affected by the variations in the field strength because they
are mostly exchange driven.

B. Variations in field position

To study the vortex lattice with structural disorder,
the nanomagnets are assumed to all have the same
magnetization. Allowing the nanomagnets to occupy ran-
dom positions had a similar effect as the variations in their
field strength. Essentially the lowest-order mode can no
longer form coherently and magnon propagation is not
possible. This again leads to the formation of a number
of flat bands in the dispersion relation, as demonstrated by
Figs. 12 and 13. However, in this case the higher-frequency
bands are much more strongly affected by the disorder
in the system. This becomes particularly clear for high
structural disorder where vortices are allowed to occupy
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FIG. 11. Mode profiles for selected frequencies. Disorder is
introduced via a varying field strength. The magnetization has
random values in the interval [0.7Ms1, 1.3Ms1]. Here Bvx and Bvz
correspond to the field components of the vortex field Bv . Blue
and red dashed vertical lines correspond to the positions of the
minimal and maximal total static magnetic field, respectively.

random positions in a box with side length a = 200 nm.
Here, the lower part of the second allowed band is com-
pletely cut off and the band edge is replaced by another flat
dispersion branch. In addition, the mode profile of the fre-
quency f = 7.2 GHz is strongly modified compared with
the previous cases.

VI. SUMMARY AND COMPARISON WITH
EXPERIMENT

We presented a framework for capturing the magnonic-
superconducting dynamics in a proximity-coupled fer-
romagnetic/type II SC hybrid structure. The magnonic
dispersion depends markedly on the details of the super-
conducting excitations. A number of aspects remain to be
investigated and included in the theory which can be best
inferred by contrasting with experiment: comparing our

FIG. 12. Mode profiles for selected frequencies. Disorder is
introduced by varying the vortex positions. The vortices are ran-
domly located in a box of side length a = 100 nm. Here Bvx and
Bvz correspond to the field components of the vortex field Bv .

results to the experiments reported by Dobrovolskiy et al.
[26] we find that the experiment is matched best when
we use the same material parameters as in the experiment
and the vortex field is B⊥ = 5 mT with the whole system
having a comparable size to the experiment. Our simula-
tions confirm the existence of band gaps in the magnonic
spectra due to the presence of a hexagonal vortex lat-
tice in the SC. The vortex field is observed to act as a
Bragg grating that leads to the opening of band gaps at the
BZ boundaries k = nπ/aVL, n = 0, 1, . . . in the magnonic
dispersion relation. In our calculations the in-plane compo-
nent B‖ = Bvx of the field is observed to have the greatest
effect on the magnon dynamics whereas B⊥ = Bvz did not
visibly change the dispersion, even for artificially strong
vortex fields. Quantitatively, our results do not match the
experiment accurately. For a strength of the vortex field
Ms1 = Ms0, only a single additional band gap in the dis-
persion relation of the waveguide with w = 700 nm is
observed. The band width is fBG = 18 MHz, which is
much smaller than the band width in the experiment where
fBG = 50 MHz. If the strip width is increased to w = 2 µm,
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FIG. 13. Mode profiles for selected frequencies. Disorder is
introduced by varying the vortex positions. The vortices are ran-
domly located in a box of side length a = 200 nm. Here Bvx and
Bvz correspond to the field components of the vortex field Bv .

the same as in the experiment, the band gap becomes so
small that it can no longer be detected with our meth-
ods. This means in the experiment that the vortex field
is either stronger than in our case or the downward shift
of the lowest band is more extreme. In our calculations
we neglected the influence of the superconducting stray
fields on the SC itself, and a following modification of the
supercurrent distribution in the SC. The vortex field would
also be affected by this modification. It could also be that
our GL parameters are not a perfect match to the system
used in the experiment. It should also be noted that we
used a waveguide of thickness d = 1 nm whereas in the
experiment the thickness is d = 80 nm. Nonetheless, our
results show that the geometry of the waveguide does not
only affect the number of band gaps but also their width
and position in Fourier space. In addition, because the vor-
tex field is highly nonhomogeneous in space, the magnon
propagation at the top and bottom layers of the waveg-
uide are expected to be affected differently by the vortex
field. Finally, we did not take into account the dynamic

interaction between the magnons and the vortices via their
corresponding stray fields. This includes also the mod-
ification of the magnonic spectrum by the conventional
Meißner screening of the SC; that is, it is known that
the modification of the magnonic stray fields by the SC
goes hand in hand with enhanced phase velocities and
nonreciprocal behavior [68,69].
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APPENDIX: RESPONSE OF THE VORTEX
LATTICE TO TIME-VARYING EXTERNAL

FIELDS

The time-varying external field of the microwave
antenna which is applied to generate magnonic excitations
in the FM layer may affect the superconducting dynam-
ics. A strong perturbation of the SC may invalidate the
scenario that magnonic excitations evolve in the static
magnetic field lattice due to the presence of the SC vortices
(same applies to the effects of the dynamic demagnetiza-
tion fields of the spin waves). For a quantitative insight
into such effects (and also to study the SC/magnonic
time-scale separations), we consider the dynamics of the
vortex lattice in Fig. 1 in the time-varying Oersted field
of the microwave antenna. Two settings for the system
constituents are considered. The first setup is shown in
Fig. 14. It corresponds to the system that is used for the
calculations in the main text. In this setup, both FM and
SC are separated by an insulating spaces layer and the
antenna is placed above this hybrid structure. The sec-
ond setup (cf. Fig. 15) corresponds to the experimental
situation described by Dobrovolskiy et al. [26]. Here, the
microwave antenna and the SC have a lateral distance of
d = 500 nm and both are placed h = 5 nm above the FM.
The discussion of dynamic processes in the SC requires
a self-consistent solution of the TDGL equations (1)–(4).
Here the following scaling is applied: � = �̃

√|α|/β,
A = Ã�L/(qsλξ), φ = φ̃κ�/(qsτ), ∇ = ∇̃/L, and js =
j̃s�/(qsξ(T0)λ(T0)

2μ0). The quantities without tilde are
the original expressions whereas the quantities with tilde
are dimensionless. For clarity, the tilde was dropped later
on. The scaling parameters are set to τ = 1 ps and L =
150 nm. The mass and charge of a Cooper pair are denoted
as ms and qs, respectively. For the dynamic coefficients
following relations apply

η1 = ξ(T0)
2

Dτ
= 3.916, (A1)

η2 = σμ0λ(T0)
2

τ
= 2.184. (A2)
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Hereby we adopted the commonly used model for the
electric conductivity [70]

σ = l
3.72 ∗ 10−16�m2 = 7.723 ∗ 107/(�m). (A3)

The electronic mean free path is chosen as l = 28.73 nm,
which is in accordance with the two-fluid model [1]

λ(T0) = λL(T = 0)

√
1 −

(
T0

Tc

)4
−1√

1 + ξ0

l
= 150 nm.

(A4)

We use the material parameters for Nb and operate at the
temperature T0 = 0.9Tc. Specifically, the critical tempera-
ture is Tc = 9 K, the London penetration depth at zero tem-
perature is λL(0) = 43 nm, the Bardeen-Cooper-Schrieffer
(BCS) coherence length is ξ0 = 91.5 nm, and the Fermi
velocity is vf = 6 × 105 m/s [71]. The diffusion coefficient
in (A1) has the value D = vf l/3 = 1.72 × 10−2. As in the
main text, we neglect the influence of the stray fields of
the SC. However, because the external field is no longer
changing adiabatically it is no longer permitted to simulta-
neously set Asc = 0 and φ = 0. Instead, the electric scalar
potential is solved by applying the divergence to Eq. (2)
which results in

η2
φ = ∇ · js. (A5)

For the excitation field of the microwave antenna, we use
the vector potential of an infinitely long cylinder carrying
a uniform current I . This field can be calculated as

Aa = B0d log

(√
(x − x0)2 + (z − z0)2

R

)
ey . (A6)

In our case the cylinder has a radius of R = 100 nm
and its main axis is parallel to the y axis. The con-
stants x0 and z0 are chosen to match the configurations
displayed in Figs. 14 and 15. The constant d is cho-
sen such that the x component of Ba = ∇ × Aa has the
defined value B0x at the center of the FM film directly
underneath the antenna position. A time-dependent sig-
nal can be constructed by multiplying (A6) with a time-
dependent function a(t). In our case, we use a sinc-pulse
a(t) = sin(2π f (t − t0))/(2π f (t − t0)) with f = 20 GHz
and t0 = 100 ps. Before discussing the results, it is worth
mentioning that the excitation field in the main text did not
have a physically accurate form and is only chosen for con-
venient implementation. Simulations performed with the
accurate field (A6) are confirmed to yield results which are
identical to those already presented.

In Fig. 14 it is shown how the SC reacts to the time-
varying Oersted field of the microwave antenna (setup

(a)

(b)

FIG. 14. (a) Setup used for the calculations in the main text.
The Oersted field B0 of the antenna is set to have a maximum
value B0x at the center of the ferromagnetic film at t = 100 ps.
The coordinate origin is located at the center of the SC. The
excitation signal for magnons has the form of a sinc-pulse.
(b) Maximum distortion

∣∣∣|�|2 − ∣∣�eq
∣∣2

∣∣∣
max

of the vortex lat-

tice where
∣∣�eq

∣∣2 is the equilibrium order parameter distribution
which is shown in Fig. 1.

1). For these simulations we use the parameter χ(t) =∣∣∣|�(r, t)|2 − ∣∣�eq(r)
∣∣2

∣∣∣
max

as a measure for the disloca-
tion of the vortices. The subscript max indicates the spatial
maximum value of the quantity in brackets. Before the
excitation signal is switched on, the SC is in the equilib-
rium state which is displayed in Fig. 1. The corresponding
order parameter is denoted as �eq. In Fig. 14(b) one
observes that excitation fields of varying amplitudes lead
to qualitatively similar results. Specifically, at t0 = 100 ps,
when a(t0) = 1 the vortex lattice experiences the great-
est disturbance and relaxes back slowly to the equilibrium
once the field diminished. According to the way in which
χ(t) is defined, a value χ = 1 corresponds to a deflection
of the vortices which is equal or larger than half of the
lattice parameter c = 700 nm. A value χ > 1 is not pos-
sible because |�|2 ≤ 1. For the configuration displayed in
Fig. 14(b) the vortex number is conserved for field ampli-
tudes up to B0x = 15 mT. Results for fields of significantly
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(a)

(b)

FIG. 15. (a) Experimental setup for studying the interaction
between magnons and superconducting vortices. At t = 100 ps,
the Oersted field B0 of the antenna has a maximum value B0x
at the ferromagnetic film center (which is also the origin of
the coordinate system). Magnons are excited with a sinc-pulse.
(b) Maximum distortion

∣∣∣|�|2 − ∣∣�eq
∣∣2

∣∣∣
max

of the vortex lattice

where
∣∣�eq

∣∣2 is the equilibrium order parameter distribution that
is shown in Fig. 1.

larger amplitude (not shown here) can lead to different
results in which case the physics of the SC/magnonic
dynamics changes qualitatively.

The situation is different if we consider the setup shown
in Fig. 15. Despite the larger distance between the antenna
and the SC surface, already fields of amplitude B0x = 9 mT
are found to change the vortex number in the SC per-
manently. This change is also indicated by a permanent
nonzero value of χ for times larger than t0 = 100 ps. If the
excitation signal is weaker than the vortex entry field, the
disturbance of the vortex lattice is smaller than for setup
1. This can also be inferred by comparing the curves for
B0x = 5 mT in Figs. 14 and 15.
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