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Donor dots realized with phosphorus atoms in silicon have proven to be excellent hosts for electron spin
qubits as they provide a strong confining potential that results in small wave functions and well-isolated
ground states. As a promising candidate for large-scale quantum computers, such qubits have demon-
strated fast, high-fidelity single-shot readout (99.8%) and extremely long coherence times (seconds) with
single-qubit gates exceeding 99.94% fidelity. However, high-fidelity two-qubit gates in this platform have
been elusive, with charge noise being one of the key limiting factors. Charge noise causes unwanted fluc-
tuations in the exchange coupling between electron spins resulting in logic gate errors, a process that could
be minimized if we could engineer a large enough magnetic field difference between the qubits. In this
work, we show that using the donor nuclear spins as nanomagnets we can engineer a large magnetic field
gradient (> 800 MHz) between the qubits thereby minimizing sensitivity to charge noise and reducing
errors during two-qubit controlled-NOT (CNOT) gate operation. We develop a comprehensive theoretical
framework with realistic noise sources for performing CNOT gates via controlled rotation (CROT) using
multidonor dot qubits. We show that by engineering the number and location of donors within the dots we
can control the hyperfine couplings to maximize the energy difference between electron spin qubits. As
a result, we show that the CNOT gate error rates can be reduced by a factor of 4 when using multidonor
dots as compared to single donors. Our results provide a theoretical roadmap to show how to achieve
CNOT fidelities as high as 99.98% by optimizing both the local magnetic environment and the operating
parameters of multidonor dot qubits.
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I. INTRODUCTION

In 1998 Kane [1] proposed a quantum computing plat-
form in silicon, where electron spin states are hosted on
single phosphorus (P) donors. In Kane’s original proposal,
qubits were encoded into an array of the P donor nuclear
spins with two-qubit gates performed via the exchange
coupling, J , between electron spins hosted on adjacent
P atoms. To achieve the required magnitude of J for a
two-qubit gate, P atoms had to be placed in the silicon
host crystal with nanometer precision [2–4]. 20 years after
Kane’s proposal, this challenge was recently met by He
et al. [5] by exploiting the subnanometer precision of
STM lithographic techniques [6] to demonstrate the first
two-qubit gate between donor-bound electron spins in
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silicon. The ability to perform two-qubit gates, combined
with long (30 s) electron-spin lifetimes [7] and single-qubit
gate fidelities in excess of 99.94% [8], establishes donor
atom qubits in silicon as a competitive quantum computing
platform for scaling.

The next key milestone for atom-based electron-spin
qubits is improvement of two-qubit gate fidelities [5,9],
which have yet to meet the 99% fidelity threshold required
to build a large-scale error-corrected quantum computer
[10]. To optimize two-qubit gate fidelities, it is worth-
while to consider three different types of gates that can
be employed as native entangling gates between electron
spins: SWAPα , controlled-phase (CPHASE), and controlled-
rotation (CROT). The two-qubit SWAPα gates, such as√

SWAP and SWAP, can be implemented in a straightforward
way using a timed voltage pulse that swaps the antiparal-
lel spin states |↓↑〉 and |↑↓〉 [5,11]. SWAPα gates require
large J , which allows for the gate to be completed in a
short time (approximately 1 ns) [5,11]. At the same time,
due to the large magnitude of J these gates are inherently
sensitive to charge noise [12], which can hinder the
two-qubit gate fidelities. The susceptibility to charge noise
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is reduced when using CPHASE and CROT gates. The
CPHASE gate relies on a voltage pulse that introduces a
phase difference between the |↓↑〉 and |↑↓〉 states [13–16].
When combined with single-qubit operations, the CPHASE
gate can be used to execute the two-qubit CNOT gate
[13,14], a maximally entangling two-qubit gate widely
used in quantum computing algorithms and error correc-
tion [17]. The CROT gate, on the other hand, is a resonantly
driven gate that relies on the control qubit governing the
resonant energy of the target qubit [18–20]. Both CPHASE
and CROT gates are operated in the regime where the J cou-
pling is smaller than the energy difference �E between the
two qubits. In this regime J is less sensitive to charge noise
(compared to SWAPα gates) [12,21], making both CROT and
CPHASE promising candidates for achieving high fidelities.
The CROT gate is particularly attractive due to its sim-
plicity, since the CNOT gate can be directly implemented
in a single step via an adequately timed CROT operation
[18,19].

During the CNOT gate, the control qubit remains
unchanged while the target qubit is flipped, for example
from |↓〉 to |↑〉 state. Therefore, to achieve a high-fidelity
CNOT gate via CROT, it is useful to engineer a large �E/J
ratio such that both qubits remain in their computation
eigenbases {|↓〉, |↑〉} [19,22]. Additionally, the larger the
�E/J ratio the weaker the sensitivity to charge noise
during the exchange pulse [12]. For gate-defined silicon
quantum dots, the large �E/J ratio is typically achieved
by placing metallic micromagnets near the quantum dots to
create a large magnetic field gradient between the qubits.
While the addition of micromagnets helps maintain the
qubits in their computational bases during two-qubit gates,
these metallic structures can add extra charge noise as well
as increase the sensitivity of the qubits to charge noise,
reducing the qubit coherence time [14,23].

In this paper we present a strategy to achieve large
magnetic field gradients �E between donor atom qubits,
while preserving the inherently low-noise crystalline qubit
environment of donor-based qubits [24]. To achieve this,
we propose a CROT gate between electron spins hosted
on multidonor dots where instead of using external mag-
nets, we use the donor nuclear spins as atomic “magnets”
to produce strong local magnetic fields at the qubit sites.
When initialized in opposite directions, the nuclear spins
on both dots can collectively create the large �E required
for a high-fidelity CROT gate. As previously shown by
Kalra et al. [22], for two-qubit gates between exchange-
coupled pairs of single P atoms, �E is limited by the
hyperfine coupling of a single donor to approximately
117 MHz, resulting in calculated theoretical CNOT gate
fidelities exceeding 99.9% in isotopically purified 28Si and
in the absence of charge noise. Here, we extend this model
to multidonor dots and we explain how the CNOT gate
fidelities can be increased via atomic scale engineering
by precisely controlling the spatial arrangement of donor

atoms. We find that, due to the strong hyperfine couplings,
atomically engineered multidonor dot qubits are particu-
larly well suited for CROT gates as they can produce large
�E in excess of 800 MHz. In order to determine the impact
that �E has on the CNOT fidelity, we construct a numerical
model that includes the interplay between different CNOT
gate error sources. Our model enables us to find the opti-
mal experimental parameters, such as the drive frequency
and the gate duration time, that maximize the CNOT gate
fidelity. In addition, we expand on the previous two-qubit
gate theory models by including charge noise, which is
one of the main error sources for exchange-based two-
qubit gates. Using a realistic nonlinear mapping of charge
noise to exchange coupling [25] we can estimate the true
impact of charge noise on CNOT gate fidelity. We find that
due to the large �E of multidonor dots, the sensitivity to
charge noise is reduced compared to single donors, and
errors associated with departing from the computational
two-qubit subspace are minimized. We show that for mul-
tidonor dot qubits the achievable CNOT fidelities depend
not only on the number of P donors in each qubit but also
the atomic configuration of the P atoms within each qubit,
which highlights the benefit of atomic scale engineering.
Of note, we find that assuming realistic levels of charge
noise (σε � 2μeV), atomically engineered multidonor dot
qubits are capable of CNOT errors as low as 0.024%, well
below the required 1% fault-tolerant threshold [17].

II. UTILIZING THE NUCLEAR SPINS AS ATOMIC
MAGNETS

The energy difference �E between two qubits plays
a crucial role during two-qubit gates. The strategies for
achieving �E in silicon devices vary between different
platforms as schematically presented in Fig. 1. For gate-
defined quantum dots, formed at the Si/SiGe and Si/SiO2
interfaces, the Zeeman splitting of each qubit is defined
by the local magnetic field B0 as well as the local electric
field, which can also affect the electron g factor due to the
Stark shift [26]. Figure 1(a) schematically shows a Si/SiGe
device where the difference in qubit energies is achieved by
placing qubits in a magnetic field gradient produced by a
specially designed micromagnet [14,18,19]. The Si-MOS
devices, on the other hand, typically utilize �E arising
from the roughness of the Si/SiO2 interface, which results
in variations in the electron’s g factor amongst different
qubit sites [18] [see Fig. 1(b)].

In contrast, for donor-based qubits, the energy splitting
E can be engineered by controlling the hyperfine cou-
pling between the electron spin and the nuclear spin of the
qubit-hosting phosphorus atom (or atoms). To illustrate an
example of this, in Fig. 1(c) we schematically show two
electron-spin qubits confined by two P donors (2P, left) and
a single donor (1P, right). The magnitude of the hyperfine
coupling A depends on the number of donors within a qubit
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FIG. 1. Illustrative representation showing the origin of �E between electron-spin qubits hosted in different quantum dots (a),(b)
and donors (c) in silicon. (a) The sketch shows two electron spins in quantum dots electrostatically defined within the two-dimensional
electron gas (2DEG) at the interface between Si (light gray) and SiGe (dark gray). The lower panel shows the gradient in Zeeman
energy as a function of distance, where �E between qubits arises due to the slanting magnetic field produced by a micromagnet
typically placed on the surface of such Si/SiGe devices. (b) In Si-MOS devices, the 2DEG forms at the interface between Si and SiO2,
where the electron experiences spin-orbit-mediated variations in the g factor due to the atomic nonuniformities at the Si/SiO2 interface.
As a result, each qubit has a slightly different Zeeman energy, with �E on the order of approximately 10 MHz between neighboring
dots [18]. (c) Schematic representation of an atomic-scale device where electrons are spatially bound to precision-placed donors in
silicon. In the example shown here, the left electron is confined by a pair of closely placed P donors, and the right electron by a
single donor. For atom qubits, the �E parameter is dominated by the local hyperfine fields due to the hyperfine interaction, A, between
electron (light blue ovoids) and nuclear spins (double-lined arrows ⇓ and ⇑). Consequently, the temporal orientation of nuclear spins
within both qubits defines the value of �E between them.

and their mutual atomic arrangement [27,28]. As a result,
the qubit energy difference �E depends on

(a) the number of donors in each dot,
(b) the atomic arrangement of donors in each dot,
(c) the orientation of P nuclear-spin states in each dot.

In this paper we discuss how each of these factors impacts
the CNOT fidelity. It is worthwhile to realize that the first
two factors (number and spatial location of donors) are
established during the fabrication of the device, with the
last factor (orientation of nuclear spins) dynamically con-
trolled via nuclear magnetic resonance (NMR). Hence,
the nuclear-spin initialization can be achieved via NMR
by applying rf pulses that match the nuclear-spin energy
splitting, as demonstrated for single donors [29,30] and
recently also for multidonor dots [31]. In the following sec-
tions we explain how to initialize nuclear spins via NMR
such that the CNOT fidelity is maximized.

III. OPERATION OF A CROT GATE

The two-qubit CROT gate requires both electric and mag-
netic control. The magnetic control, needed to drive the
individual electron spins, can be achieved using electron-
spin resonance (ESR) techniques [32]. The electric control,
necessary to control the J coupling, can be implemented

by applying voltages to in-plane control gates that can
tune the relative energy levels of the two qubits [5,33].
Due to the J coupling, the ESR transition of each qubit
is dependent on the state of the other qubit, which is the
basis of the CROT gate. To illustrate this, in Fig. 2(a) we
show a schematic energy diagram of a two-electron-spin
system as a function of detuning energy, ε, where Ē is
the average Zeeman splitting of the qubit pair and �E is
the energy difference between qubits. The left-hand side of
the energy diagram corresponds to the isolated spin basis{|↓↓〉, |↓↑〉, |↑↓〉, |↑↑〉}, where the red and blue arrows
correspond to the ESR transitions of the left and right
qubit, respectively. As the detuning, ε, is increased, the
exchange coupling changes the transition energy f L (f R)
of the left (right) qubit by ±J/2 (energy shift can be
positive or negative depending on the spin orientation of
the other qubit). The right-hand side of the diagram in
Fig. 2(a) corresponds to the hybridized basis of the spin
states

{|↓↓〉, |↓̃↑〉, |↑̃↓〉, |↑↑〉}, where the tilde indicates
the hybridization of the antiparallel states, |↓↑〉, |↑↓〉, due
to finite exchange energy J [19].

During a CROT operation, a timed ESR pulse rotates the
target qubit, under the condition that the control qubit is
in a |↑〉 state [14,19]. Throughout this work we arbitrarily
select the left (right) qubit to be the target (control) qubit,
so that the ESR pulse applied at frequency f L

↑ = f L+J/2
will rotate the left qubit (target) only if the right qubit
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FIG. 2. Using multidonor qubits to create large qubit energy
difference �E. (a) Energy diagram of a two-electron system. Red
(blue) arrows represent ESR transitions f L (f R) of left (right)
electron. At large negative detunings (left side), the electrons
are well separated and the exchange interaction, J is small. As
the detuning ε is increased (right side), J detunes the qubits’
transition energies, depending on the spin of the second elec-
tron. (b),(c) Energy-level diagrams of 1P-1P and 1P-2P qubit
pairs. Single (↓ / ↑) and double (⇓ / ⇑) arrows represent elec-
tron and nuclear-spin states, respectively. For clarity, the left
qubits are shown in red and right qubits in blue. For each qubit
pair, highlighted with the colored ovals we show the antiparal-
lel nuclear-spin configurations that provide the largest possible
difference in transition energies between the two qubits. To max-
imize the fidelity of the CNOT gate, the nuclear spins should be
initialized in such an antiparallel configuration, that is |⇓ · ⇑〉
for 1P-1P and |⇓ · ⇑⇑〉 for 1P-2P. (d) The transition energy dif-
ference �E between two qubits is larger for 1P-2P compared to
1P-1P. As a result, the angle θ = arctan(J/�E) for exchange-
coupled 1P-2P qubits is smaller than in the case of 1P-1P qubits.
(e) A schematic representation of the Bloch sphere of the two
electron-spin system. Since the qubits are measured in the single
spin basis, any deviation from the vertical |↓↑〉/|↑↓〉 axis results
in state leakage into the singlet-triplet (S − T0) basis. Since the
1P-2P qubit pair provides a smaller angle θ , the leakage error
during the CNOT gate is reduced.

(control) is in the |↑〉 state. The CNOT gate is achieved
when the controlled rotation angle is exactly π [19].
After the controlled rotation, both qubits are independently
measured via a projective spin readout [11].

The CROT gate requires that J is much smaller than �E,
so that the two-electron-spin system remains in the compu-
tational eigenbasis, and is therefore less sensitive to charge
noise [14,19,21,22]. Hence, to achieve a high-fidelity CROT
gate, it is desirable to engineer a large �E [18,19]. We
show how we can achieve large �E using multidonor
qubit pairs, such as 1P-2P, 1P-3P, or 2P-3P, where the P
nuclear spins can be used as atomic “magnets” to create a
large �E, exceeding 800 MHz, thus mitigating the need to
either integrate micromagnets on the devices or engineer
the spin-orbit coupling.

IV. USING MULTIDONOR QUBITS TO REDUCE
SENSITIVITY TO CHARGE NOISE

To illustrate the benefit of multidonor qubits, in Figs.
2(b) and 2(c) we compare the energy-level diagrams
between the 1P-1P and 1P-2P qubit pairs along with their
ESR transitions marked by vertical double-headed arrows.
The ESR transitions of the left (right) qubit are indicated
with a red (blue) color. Each ESR transition corresponds
to a specific configuration of the nuclear-spin states, with
two possible configurations for a 1P qubit, |⇓〉 and |⇑〉, and
four configurations for a 2P qubit, |⇓⇓〉, |⇓⇑〉, |⇑⇓〉, and
|⇑⇑〉. Prior to executing a CNOT gate, the nuclear spins of
the P donors within the dots must be initialized via NMR
so that the qubit transition energies are known and fixed
throughout the CNOT gate operation. For the CNOT gate, it is
beneficial to orientate the donor nuclear spins in one donor
dot such that they are antiparallel to the nuclear spins in
the other donor dot. For example, all P nuclear spins in the
left qubit pointing down and all P nuclear spins in the right
qubit pointing up. Such antiparallel nuclear-spin configu-
rations are highlighted with the colored ovals in Figs. 2(b)
and 2(c). Next, in Fig. 2(d) we compare the �E values that
arise from these antiparallel nuclear spin configurations for
1P-1P and 1P-2P qubit pairs. The qubit energy difference,
�E, is much larger for 1P-2P than for 1P-1P due to the
stronger electron confinement, and hence larger A, of the
2P qubit [27,28].

Large values of �E are desirable for a two-qubit CROT
gate as they help retain qubits in the their computational
basis, where errors associated with charge noise are mini-
mized. The advantage of a large �E value is schematically
shown in Figs. 2(d) and 2(e). During the controlled rotation
of the target qubit, the two-electron-spin system is in the
hybridized basis

{|↓↓〉, |↓̃↑〉, |↑̃↓〉, |↑↑〉}, where the effec-
tive coupling between the |↓̃↑〉 and |↑̃↓〉 corresponds to
[5],

� =
√

�E2 + J 2. (1)

As schematically presented on the Bloch sphere in
Fig. 2(e), the hybridization of the antiparallel states can be
quantified using the angle θ = arctan(J/�E) that defines
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the two-qubit basis as follows [18,19]:

|↑̃↓〉 = − sin
(

θ

2

)
|↓↑〉 + cos

(
θ

2

)
|↑↓〉, (2)

|↓̃↑〉 = cos
(

θ

2

)
|↓↑〉 + sin

(
θ

2

)
|↑↓〉, (3)

where

sin
(

θ

2

)
= J

√(
�E + √

�E2 + J 2
)2

+ J 2

, (4)

cos
(

θ

2

)
= �E + √

�E2 + J 2
√(

�E + √
�E2 + J 2

)2
+ J 2

. (5)

The angle θ determines the level of hybridization dur-
ing the exchange pulse, and hence the sensitivity to
charge noise. The overall energy fluctuations between the
hybridized states, |↓̃↑〉 and |↑̃↓〉, can be approximated as
[21],

δ� = δB
∂�

∂(�E)
+ δε

∂J
∂ε

× ∂�

∂J
, (6)

where δB is magnetic noise affecting the qubit energy dif-
ference �E, and δε corresponds to charge-noise-induced
detuning fluctuations that impact exchange coupling J .
Consequently, large �E/J ratio reduces the sensitivity of
� to charge noise ∂�/∂J . As shown in Fig. 2(d), the 1P-2P
qubit pair provides a larger �E and smaller θ as compared
to single donors (1P-1P). This means that for a given value
of J , sensitivity to charge noise is much smaller for a 1P-
2P compared to 1P-1P. To quantify the impact of donor
numbers on the two-qubit gate fidelity, in the following
sections we use a theoretical model to calculate the CROT
gate fidelities for multidonor qubits.

V. THEORY MODEL

The previous section shows that due to their large �E
values multidonor qubit pairs promise reduced errors from
charge noise and increased CNOT gate fidelities. In order to
quantify the impact of �E on the CNOT gate fidelity, we
construct a numerical model based on the time evolution
of the two-electron-spin Hamiltonian [22,34],

H =
HZ

γeB0(SL
z + SR

z ) +

HA

NL∑

j =1

AL
j SL · IL

j +
NR∑

k=1

AR
k SR · IR

k

+
HJ

J (SL · SR), (7)

where γe is electron gyromagnetic ratio [32], B0 is the
global magnetic field strength, S and I are electron and

nuclear spin operators, NL (NR) is a number of donors
within the left (right) qubit, Ai is the hyperfine strength
between an electron and an individual donor site i, and
the HZ , HA, and HJ parts of the Hamiltonian correspond
to Zeeman, hyperfine and exchange contributions, respec-
tively. The nuclear Zeeman energy of donor dots has been
neglected as it is much smaller (approximately 20 MHz)
than both the electron Zeeman energy (approximately
40 GHz) and the hyperfine energy (typically hundreds of
MHz) [22]. To drive the ESR transitions of donor qubits,
we consider an oscillating magnetic field Bac(t) perpendic-
ular to B0. Using this rotating frame approximation, in the
absence of exchange interaction the total two-electron-spin
Hamiltonian can be diagonalized and written in the

{|↓↓〉,
|↓↑〉, |↑↓〉, |↑↑〉} eigenbasis as [18,22,35]

HRF = 1
2

⎛

⎜⎜
⎝

2Ē γeB1 γeB1 0
γeB1 −�E 0 γeB1
γeB1 0 �E γeB1

0 γeB1 γeB1 −2Ē

⎞

⎟⎟
⎠ , (8)

where B1 = Bac/2. The energy difference, �E, between
qubits L and R can be written as

�E =
∣∣∣∣ EL − ER

∣∣∣∣≈
∣∣∣∣

NL∑

i=1

〈Iz〉i AL
i −

NR∑

j =1

〈Iz〉j AR
j

∣∣∣∣, (9)

and the mean qubit energy, Ē, as

Ē = EL + ER

2
≈ γeB0 + 1

2

( NL∑

i=1

〈Iz〉i AL
i +

NR∑

j =1

〈Iz〉j AR
j

)
,

(10)

where 〈Iz〉k = ± 1
2 is the expectation value of the nuclear

spin operator of the kth donor. In the presence of a finite
J coupling between the qubits, the eigenbasis is changed
to

{|↓↓〉, |↓̃↑〉, |↑̃↓〉, |↑↑〉} and the corresponding Hamil-
tonian can be written as

H J
RF = 1

2

⎛

⎜⎜
⎝

2Ē γSB1 γTB1 0
γSB1 −� − J 0 γSB1
γTB1 0 � − J γTB1

0 γSB1 γTB1 −2Ē

⎞

⎟⎟
⎠ , (11)

where γS and γT are the effective gyromagnetic ratios asso-
ciated with singlet and triplet states, and can be expressed
as

γS = γe

[
cos

(
θ

2

)
− sin

(
θ

2

)]
, (12)

γT = γe

[
cos

(
θ

2

)
+ sin

(
θ

2

)]
. (13)

024068-5



LUDWIK KRANZ et al. PHYS. REV. APPLIED 19, 024068 (2023)

We can now use the time evolution of the Hamiltonian
H J

RF to describe the two-qubit CROT operation between two
exchange-coupled electron spins.

VI. CALCULATION OF CNOT GATE FIDELITY
USING 1P-1P AND 1P-2P QUBITS

Using the theoretical framework outlined in the previ-
ous section, we calculate the CNOT fidelities achievable
with 1P-1P and 1P-2P qubit pairs. We begin by calculat-
ing the ESR transition energies as a function of detuning
for the 1P-1P qubit pair in Fig. 3(a) and for 1P-2P in
Fig. 3(b). For the calculation of �E values, we use Eq. (9)
and assume the hyperfine value of A = 117 MHz for the
1P qubit, which corresponds to the average bulk value of a
single P donor in silicon [36], and A = 366 MHz for the 2P
qubit, which corresponds to 0.384-nm separation between
the 2P atoms [28]. We also assume that the nuclear spins in
the two qubits are prepared in the antiparallel orientation
in order to maximize �E. Such an antiparallel config-
uration yields �E = 117 MHz for the 1P-1P qubit pair
and �E = 425 MHz for 1P-2P. For both qubit pairs, the
exchange energy J (ε, tc) is calculated using the Hubbard
model [37–40],

J (ε, tc) = ε

2
+

√
ε2

4
+ tc2, (14)

with the tunnel coupling of tc = 4 GHz, allowing for the
exchange interaction J to be controllably switched on and
off using electrostatic gates [5,33]. It has been experi-
mentally shown that the tunnel coupling of tc = 4 GHz
corresponds to the two qubits being separated by a dis-
tance of approximately 13 nm [5]. As the detuning, ε,
is increased, the ESR spectral line of the left (right)
qubit is split into two lines that correspond to |↓〉 and
|↑〉 spin states of the right (left) qubit, which can be
written as

f R↑ = Ē + 1
2

(√
�E2 + J 2 + J

)
,

f R↓ = Ē + 1
2

(√
�E2 + J 2 − J

)
,

f L↑ = Ē + 1
2

(
−

√
�E2 + J 2 + J

)
,

f L↓ = Ē + 1
2

(
−

√
�E2 + J 2 − J

)
.

Having determined the ESR spectra of exchange-coupled
1P-1P and 1P-2P qubit pairs, we now calculate the corre-
sponding CNOT gate fidelities. To achieve this, we calculate
the unitary of the time evolution of our two-electron-spin
system Hamiltonian H J

RF [Eq. (11)]. The unitary oper-
ator is then used to calculate the process tomography
matrix χ , which allows the process fidelity to be calculated

as F = Tr(χTχideal), where χideal is the ideal CNOT pro-
cess matrix [41]. The ideal CNOT process matrix includes
phase accumulations for each state, which can be corrected
for using single-qubit rotations and a refocusing pulse
sequence [18,20,22,42]. To account for decoherence dur-
ing the CNOT gate, we consider Gaussian distributions with
standard deviation σε and σB that correspond to charge
noise and magnetic noise, respectively. The CNOT fidelity
is then calculated by sampling five values from each dis-
tribution and averaging over the corresponding time evo-
lutions. Using the inverse transform sampling method [43]
we find that five samples from a Gaussian distribution is
sufficient to accurately calculate the CNOT gate fidelity. In
our simulations we consider charge noise of σε = 2 μeV,
as reported for state-of-the-art silicon qubits [24,44], and
a magnetic noise of σB = 2 kHz corresponding to isotopi-
cally purified silicon 28Si with a residual 29Si concentration
of 800 ppm [30]. For the microwave ESR pulses, we
consider a square-shaped envelope of the oscillating ESR
magnetic field, which allows for faster Rabi oscillations as
compared to other pulse shapes (e.g., Gaussian) with the
same power [22]. The exchange interaction is considered
to be applied with a detuning pulse, where the duration of
the exchange pulse is adjusted such that unwanted phase
accumulations cancel each other out [20,42]. In addition,
we assume that initialization of nuclear spins has neg-
ligible errors, as single-qubit gates with 99.99% fidelity
have been reported for P nuclear spins in silicon [45]. It
is also assumed that the desired antiparallel orientation of
the nuclear spins is preserved throughout the experiment.
This assumption is justified with the fact that the relax-
ation times of nuclear spins (� few mins) [29,30] are much
longer than the typical CNOT gate operation time (< 10 μs)
[14,19].

We now use our theoretical model to compare the CNOT
fidelities achievable with 1P-1P and 1P-2P qubit pairs. Fig-
ures 3(c) and 3(d) show the calculated CNOT gate error
as a function of applied ESR frequency and detuning
for 1P-1P (c) and 1P-2P (d). The gate time TCNOT has
been set to 2 μs, which results in the highest fidelity as
explained later in this work. It is worthwhile to note that
for a given qubit pair, the optimal operating point is deter-
mined by the competition between different error sources
(see Appendix A for more details on error sources). The
dark-colored lines in Figs. 3(c) and 3(d) correspond to fre-
quency f L

↑ at which the CROT gate is performed. Our model
enables us to find the point in the ESR frequency/detuning
space for which the total CNOT error is minimized. For
the 1P-1P system, the lowest error of 0.096% is found
for f L

↑ = γeB0 − 56.1 MHz and ε = −13.3 meV. Simi-
larly, for the 1P-2P system we find the optimal operating
point for f L

↑ = γeB0 − 54.3 MHz and ε = −7.8 meV with
only 0.034% error. Our results show that the average CNOT
error is three times smaller when using 1P-2P donor dots
compared to single donors. This dramatic improvement
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FIG. 3. CNOT gate based on a 1P-2P configuration yields 3
times smaller error compared to 1P-1P. (a) The ESR spectra
of a 1P-1P qubit pair with the left qubit nuclear spin initial-
ized in a |⇓〉 state and the right qubit in a |⇑〉 state. Such an
antiparallel configuration yields a hyperfine energy difference of
�E = 117 MHz. The exchange coupling splits the spectral ESR
line of each qubit into two branches, separated in energy by
J . (b) Same as in (a) but for a 1P-2P qubit pair with nuclear
states initialized in an antiparallel |⇓ · ⇑⇑〉 configuration that
yields �E = 425 MHz. (c) The CNOT gate error plotted as a
function of detuning and ESR frequency for a 1P-1P qubit pair.
Our model allows us to optimize the performance of a CNOT
gate by finding the optimal exchange energy and the correspond-
ing ESR frequency of the target qubit. For 1P-1P we find the
lowest CNOT error of 0.096% for f L

↑ = γeB0 - 56.1 MHz and
ε = −13.3 meV. (d) Same as in (c) but for a 1P-2P qubit pair,
with minimum error of 0.034%, a factor of 3 lower as com-
pared to CNOT gate with 1P-1P. Here, the maximum fidelity is
found for f L

↑ = γeB0 − 54.3 MHz and ε = -7.8 meV. For both
cases, (c) and (d), we assume magnetic Overhauser noise level
of σB = 2 kHz corresponding to purified silicon (800 ppm 29Si)
[30], and charge-noise level of σε = 2 μeV [24].

can be attributed to the strong confining potential of the 2P
donor dot that allows for an increased magnitude of �E.

VII. CNOT GATE WITH ATOMICALLY
ENGINEERED DONOR DOTS

Having shown a threefold decrease in gate infidelity
between 1P-1P and 1P-2P systems, we now investigate
if the fidelity can be increased further using donor dots
that contain even more P atoms. We primarily focus on
the asymmetric pairs of multidonor dots (1P-2P, 1P-3P,
and 2P-3P), which allow for a high level of tunability
over the exchange coupling [46]. The CROT gate can be,
in principle, executed between electron spins hosted by
any arbitrary number of donors. However, the process of
initializing all of the individual nuclear spins will likely
become increasingly more challenging for excessive num-
bers of P atoms within qubits. Therefore, in this work we
limit our considerations to qubit pairs containing no more
than five donors in total (2P-3P). To begin, we consider the
span of possible hyperfine values for 1P, 2P, and 3P qubits,
as shown in Fig. 4(a). For each electron-spin qubit hosted
by N P atoms, we calculate the total hyperfine,

A =
N∑

i=1

Ai. (15)

The A value of 1P is nominally fixed at 117 MHz; how-
ever, we note that this value can be slightly reduced in
the presence of electric fields due to the Stark shift effect
[28,47–49]. Unlike 1P, the 2P and 3P qubits do not have a
fixed hyperfine value. Instead, A has been shown to depend
on the exact crystallographic configurations of P atoms
defining each qubit [27,28]. When the donors within the
dot are close together, they form a strong confining poten-
tial, as the electron is more tightly bound, which results
in higher A. Similarly, low A values correspond to larger
interdonor separations within the dot, where the electron
wave function is, on average, further away from each
P atom. Consequently, depending on the crystallographic
alignment of P atoms, A can take values between 120 and
732 MHz for the 2P qubit, and a range of 258–1050 MHz
for the 3P qubit. The hyperfine values are obtained from
tight binding numerical calculations in Refs. [27,28,48,50],
which consider qubit donor arrangements up to eight lat-
tice sites in the [110] crystallographic direction and two
sites in the [11̄0] direction. Figure 4(a) shows several
examples of different donor configurations for the 2P and
3P qubits with the corresponding ranges of A values.

Next, we determine the CNOT fidelities that can be
achieved with different qubit pairs, 1P-1P, 1P-2P, 1P-3P,
and 2P-3P. Figure 4(b) shows the average CNOT gate error
as a function of �E [calculated using Eq. (9)] and gate time
TCNOT. The errors are calculated at the optimal detuning
and ESR frequency, which means that for each point we
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FIG. 4. Impact of the atomic qubit arrangements on the CNOT gate fidelity. (a) The range (shaded blue regions) of the hyperfine
energies A for donor dots with 1, 2, and 3 phosphorus donor atoms. While the hyperfine value of a 1P is in principle fixed (117 MHz),
the multidonor dots have a range of hyperfine values they can take, depending on the exact donor configuration within the silicon
crystal lattice. The insets show the orientation of P atoms in the silicon crystal that correspond to the lowest and highest hyperfine
values. In all cases, the donors are separated by less than 3 nm. The resultant A values, calculated as a sum of individual A couplings
(per electron), range from 120 to 732 MHz for the 2P and from 258 to 1050 MHz for the 3P. (b) The CNOT gate error shown as a
function of �E and the CNOT gate time TCNOT. The white dashed line estimates the optimal two-qubit gate time of approximately
2 μs. (c) Performance of the CNOT gate for qubit pairs with different donor numbers. The black line shows the dependence between
the CNOT error and the �E value, calculated for the optimal gate time of TCNOT ≈ 2 μs. The colored regions indicate the �E values
achievable with different qubit pairs, based on the A ranges shown in (a). The dashed lines indicate the corresponding CNOT errors
that can be achieved using different qubit pairs. The smallest error is found for qubit pairs that contain more donors, such as 2P-3P, as
each donor nuclear spin can be used to increase �E thereby reducing the quantum state leakage.

generate a plot as in Figs. 3(c) and 3(d) and determine the
minimum error value. The diamond markers in Fig. 4(b)
correspond to the plots in Figs. 3(c) and 3(d) for 1P-1P and
1P-2P qubit pairs. For the noise levels considered (mag-
netic noise σB = 2 kHz and charge noise σε = 2 μeV), we
find an optimal CNOT gate time at approximately 2 μs, as
indicated with the dashed line in Fig. 4(b). This optimal
CNOT gate time arises due to the interplay between two sep-
arate mechanisms. Fast CNOT gates (short TCNOT times)
correspond to increased driving power and broad excita-
tion profiles in the frequency domain, which can effectively
lead to the unwanted driving of the transitions f L

↓ and f R
↓ ,

reducing the overall gate fidelity. Slow CNOT gates, on
the other hand, suffer from the Overhauser dephasing as
the resonant frequency of the target qubit fluctuates with
the 29Si nuclear bath. The competition between these two
mechanisms sets an optimal gate time around TCNOT ∼
2 μs [22] (for 800 ppm 29Si), regardless of the qubit donor
numbers.

Assuming the optimal gate time (TCNOT ∼ 2 μs), in
Fig. 4(c) we show the minimum CNOT error achievable
for a given value of �E. Based on the previously deter-
mined A values for individual qubits, we use Eq. (9) to
find the �E values obtainable with different qubit pairs:

� 117 MHz for a 1P-1P, between 119 and 425 MHz for
a 1P-2P qubit pair, 188–584 MHz for 1P-3P, and 189–891
MHz for 2P-3P. These ranges of �E values are indicated
in Fig. 4(c), with the corresponding CNOT errors indicated
with dashed lines. It is desirable for the �E values to be
as high as possible since they correspond to the highest
achievable CNOT fidelities.

The most advantageous �E values can be realized via
atomic scale engineering, where the P atoms are placed
close to each other in the silicon crystal lattice with atomic
precision [see the upper graphics in Fig. 4(a)]. To date,
the incorporation of P atoms into the silicon crystal lat-
tice has a placement accuracy of approximately ±1 lattice
site due to the dissociative chemical processes that take
place during the incorporation pathway [6]. As shown in
Fig. 4(c), we find that the asymmetric qubit pairs 1P-2P,
1P-3P, and 2P-3P outperform two single donors, regard-
less of the atomic configurations of the multidonor qubits.
Therefore, with the existing ±1 lattice-site accuracy, it
remains beneficial to use multidonor qubits since they
allow for high CNOT fidelities to be reproducibly achieved.
In the near future, absolute placement accuracy appears
feasible through the development of STM methods such
as tip-assisted incorporation [51,52]. Assuming absolute
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atomic precision of qubit fabrication, the 2P-3P becomes
very attractive as it promises �E as high as 891 MHz and
the CNOT error as low as 0.024%.

VIII. IMPACT OF CHARGE NOISE AND
MAGNETIC NOISE ON THE CNOT GATE

FIDELITY

In the previous section we show that the two-qubit CNOT
gate fidelity benefits from the large �E values offered by
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FIG. 5. Impact of noise on the CNOT gate fidelity. (a) The aver-
age CNOT error as a function of charge-noise level σε , calculated
for a fixed gate time of TCNOT = 2 μs and the magnetic noise of
σB = 2 kHz corresponding to the purified silicon-28 (800 ppm).
Line traces represent the highest achievable values using different
donor numbers. Larger donor dots outperform 1P-1P, particularly
for low charge-noise levels. (b) The average CNOT error as a func-
tion of magnetic noise level σB. Calculations are performed for
the charge-noise level of σε = 2 μeV, indicated with a purple
vertical line in (a). As expected, for all donor numbers the CNOT
gate is highly susceptible to the Overhauser noise produced by
the 29Si nuclear spins.

multidonor qubits. All of the above results assume the
charge-noise level of σε = 2 μeV and the magnetic noise
level of σB = 2 kHz. We now vary the standard devia-
tion of detuning noise σε and the magnetic noise σB and
investigate the impact of noise levels on the CNOT gate
fidelity.

In Fig. 5(a) we show the average CNOT gate error,
achievable with 1P-1P, 1P-2P, 1P-3P, and 2P-3P qubit
pairs, as a function of charge noise σε , for a fixed magnetic
noise of σB = 2 kHz. For each qubit pair, we assume the
best-case atomic arrangement, that is the arrangement cor-
responding to the the highest �E. As expected, we observe
a reduction in the gate error for lower charge noise and
larger �E values. We note that all calculations assume a
tunnel coupling of tc = 4 GHz between the qubits. The
impact of charge noise can be mitigated by increasing the
tc, which would effectively lower the fluctuations in J ,
σJ = σε∂J/∂ε, for a given σε value [12]. However, with
the tc being too large it might be challenging to turn J
completely off (J � �E), as needed for independent spin
control and measurements, since this will then require a
large amplitude of the detuning pulse. The optimal tunnel
coupling depends therefore on available detuning voltage
range, which can be limited either by device leakage or by
pulse amplitude of the control instrumentation. In practice,
the most optimal set of experimental parameters used for a
CNOT gate needs to be tailored for a specific device.

Next, we investigate the sensitivity of the CNOT gate on
the magnetic noise originating from the 29Si nuclear spins.
In Fig. 5(b) we plot the average CNOT gate error for a
fixed charge-noise level (σε = 2 μeV) while varying the
magnetic noise level from σB = 100 Hz to 3.2 MHz. The
magnetic noise levels corresponding to natural silicon and
purified silicon-28 (800 ppm of 29Si) are indicated with
vertical purple lines. As expected, we find that, regardless
of donor numbers, the average CNOT error can be largely
suppressed using isotopic purification of silicon-28. In par-
ticular, for the purification level of 800 ppm 29Si, the CNOT
error rates can be brought below 0.03% when using multi-
donor dots and approximately 0.1% for single donors. This
is a significant result as it confirms the benefit of using
atomically engineered hyperfine fields on the two-qubit
CNOT gate fidelity.

IX. DISCUSSION AND SUMMARY

In summary, we develop a theoretical framework that
allows us to calculate the CNOT gate fidelity between two
electron spins hosted on multidonor qubits. We find that,
with realistic noise levels, multidonor qubits (such as 2P-
3P) allow for the CNOT fidelities as high as 99.98%, com-
pared to only ∼ 99.9% achievable with single donors (1P-
1P). This improvement in the CNOT fidelity is attributed
to the fact that we can engineer large hyperfine couplings
in multidonor dot qubits leading to a large magnitude for
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�E when the P nuclear states on both qubits are initialized
in opposite directions. We use a theoretical model of the
two-qubit CNOT gate to optimize both the fabrication and
measurement stages of the experiment. Firstly, our results
suggest that to optimize the CNOT gate fidelity, the number
of donors and their atomic arrangement within the qubits
need to be engineered at the atomic level during the STM
lithography stage to achieve large A values. Secondly, once
the device is fabricated, the model allows us to calculate
the optimal qubit control parameters that yield the high-
est achievable CNOT gate fidelity. More specifically, if the
A, tc, T∗

2, and σε parameters are known, the model deter-
mines the optimal amplitude of the J pulse (optimal ε),
optimal frequency of the ESR pulse (optimal f L

↑ ) and opti-
mal power of the ESR pulse (optimal TCNOT). Our model
provides a comprehensive guide to recognizing and miti-
gating limiting factors in the CNOT gate to create a roadmap
for high-fidelity two-qubit gates in donor-based systems.
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APPENDIX: ERROR SOURCES FOR A
TWO-QUBIT CROT GATE

It is useful to realize that the CNOT gate fidelity can be
limited by several different mechanisms. To understand the
limitations of the CNOT gate fidelity, we divide the sources
of error into five main categories:

1. Unwanted driving of the target qubit when the
control qubit is in a |↓〉 state.

This error is associated with large negative ε values
for which the target qubit ESR frequencies f L

↓ and f L
↑ are

not well separated. This error can be reduced by increasing
J .

2. Unwanted driving of the control qubit.
The ideal CNOT gate assumes that the control qubit

remains unchanged during the gate operation. However, at
detuning values approaching zero, the resonant frequencies
of both qubits converge (branches f L

↑ and f R
↓ ). Thus, when

applying an ESR pulse to perform a rotation of the target
qubit, the control qubit might be inadvertently flipped. This
error can be reduced by decreasing J .

3. Deviation from the computational basis.
After the CNOT operation, both electron spins are

measured, which corresponds to the projection from the{ ↓↓, ↓̃↑, ↑̃↓, ↑↑ }
basis onto the computational basis

{↓↓, ↓↑, ↑↓, ↑↑}. As a result of the projective readout,
there is a finite probability that the spins will be incor-
rectly mapped back onto the computational basis. For
example, the |↓̃↑〉 state can be incorrectly projected into
the |↑↓〉 state, which manifests itself as an error in the
CNOT gate [19]. This error is proportional to the angle
θ = arctan(J/�E). When projected onto the measurement
axis, the visibility of the target qubit Rabi oscillations is
reduced and can be written as

VRabi = �E2

�E2 + J 2 . (A1)

This error can be reduced by decreasing J (by decreas-
ing ε) and/or increasing �E. It should be noted that this
error can be avoided by slowly ramping the detuning such
that the two-spin states are adiabatically mapped from
the hybridized basis to the computational basis. The slow
ramps, however, extend the duty cycle of the two-qubit
gate adding an overhead to the operation of the quantum
processor. While in this work we consider square-shaped
detuning pulses to maximize the gate speed, in future work
different pulse shapes can be considered to find a desired
trade-off between speed and fidelity of two-qubit gates.

4. T∗
2 dephasing process.

Due to fluctuating of the surrounding nuclear spin
bath, the amplitude of Rabi oscillations decay over time
and limits the CNOT gate fidelity. This error can be reduced
by shortening the gate time TCNOT, or extending T∗

2 with
silicon purification methods that remove spinful 29Si nuclei
[30,53].

5. Charge noise.
The fluctuations in detuning (ε) result in the target

qubit being detuned from its resonance, hence the Rabi
frequency of the target qubit varies throughout the CNOT
gate and leads to dephasing. This error can be reduced by
decreasing ε, since charge noise has been shown to be pro-
portional to ∂J/∂ε. The impact of charge noise can be also
reduced by shortening the two-qubit gate time.

Our numerical model includes the combined effect of all
the above-mentioned error sources. This is in contrast to
previous models [22] that have simply considered and
added individual errors. We also note that the competition
between the different error sources results in an optimal
detuning ε as well as optimal ESR frequency, which can
be determined using our model to maximize CNOT gate
fidelity.
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