
PHYSICAL REVIEW APPLIED 19, 024039 (2023)

Interferometric Method for Direct Measurement of the Effective Mass in
Two-Dimensional Systems

V. M. Muravev,1,* A. V. Shchepetilnikov,1 K. R. Dzhikirba ,1 I. V. Kukushkin ,1 R. Schott ,2
E. Cheah ,2 W. Wegscheider,2 and A. Shuvaev 3

1
Institute of Solid State Physics, RAS, Chernogolovka 142432, Russia

2
Solid State Physics Laboratory, ETH Zurich, Zurich CH-8093, Switzerland

3
Institute of Solid State Physics, Vienna University of Technology, Vienna 1040, Austria

 (Received 10 September 2022; revised 27 October 2022; accepted 22 December 2022; published 14 February 2023)

We have developed a method of determining the effective mass of charge carriers in a two-dimensional
electron system (2DES) based on the phase analysis of the radiation transmitted through the 2DES. This
measurement technique is demonstrated in the experiments with a high-quality 2DES in InAs/AlSb and
GaAs/(Al, Ga)As heterostructures. Furthermore, we find that the proposed approach gives compatible
results with the cyclotron resonance spectroscopy method.
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I. INTRODUCTION

The effective mass is a key parameter characteriz-
ing the band structure of semiconductors. The original
and most common methods of measuring the mass in
semiconductor two-dimensional systems is cyclotron reso-
nance (CR) spectroscopy [1–3] and temperature-dependent
Shubnikov–de Haas measurements [4–6]. The disadvan-
tage of these techniques is that they cannot be applied to
anisotropic systems. Moreover, CR experiments rely on
rather strong external magnetic fields that can distort the
Fermi surface and thereby influence the measured value of
the mass. This effect is particularly significant for narrow-
gap semiconductors [7]. An alternative approach is to
use plasma excitation spectroscopy [8–17] or Fermi con-
tour mapping using commensurability oscillations [18,19].
However, these methods require fabrication of a gridlike
gate or microstructuring of the 2DES area.

In the present paper, we propose an interferometric
method of measuring the effective mass of charge carriers
in two-dimensional (2D) electronic systems. It is simple
in implementation, noninvasive, and does not require any
sample processing. The method relies on the phase analy-
sis of the electromagnetic wave passing through a 2DES.
Indeed, a recent experimental study has demonstrated that
a two-dimensional electron layer can significantly change
the phase of the electromagnetic wave traversing through
it [20]. According to previous works [21–25], the 2DES
impedance is well described by the Drude model as

Z2DES(ω) = R + iωLK , LK = m∗

nse2 . (1)
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Here, ns is the 2D electron density, m∗ is the effective mass,
and LK is the kinetic inductance that arises from the col-
lective motion of 2D electrons. Provided that ωLK � R,
which is equivalent to ωτ � 1, the two-dimensional elec-
tron layer acts as 2D plasma. In that regime, the phase
change of the radiation passing through the 2DES can be
expressed as [26]

�φ = arctan
Z0

2ωLK
, (2)

where Z0 = 377 � is the impedance of the vacuum.
In order to eliminate the parasitic effects of the
semiconductor substrate, �φ measurements should be
taken at Fabry-Pérot resonance frequencies ωN = Nωd =
Ncπ/

√
εd (N = 1, 2, 3 . . .), where d denotes the substrate

thickness. Thus, we can unambiguously determine the
value of the electron mass along the direction of the electric
field as follows:

m∗ = Z0

2ωN

nse2

tan �φ
. (3)

II. METHODS AND SAMPLES

To determine the phase shift experimentally, we uti-
lize the Mach-Zehnder interferometer, as illustrated in
Fig. 1(a) [27]. A set of backward-wave oscillators (BWOs)
is used as a source of radiation in the frequency range
of f = 50–500 GHz. The diverging BWO beam is trans-
formed into a quasiparallel beam by a collimating lens.
Then, the grid polarizer (1) splits the electromagnetic
radiation into the measurement and reference beams, indi-
cated in Fig. 1(a) by yellow and pink colors, respectively.
The beams in the measurement and reference arms of the
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FIG. 1. (a) Schematic diagram of the Mach-Zehnder inter-
ferometer setup. (b) Transmission through the InAs/AlSb
heterostructure measured at B = 7 T. The solid curve is the
Fabry-Pérot function (4) calculated for the shunting dopant
layer with the resistance per square Rd = 530 � and the sub-
strate thickness d = 0.44 mm at εGaSb = 15.7. (c) Transmission
through the GaAs/(Al, Ga)As heterostructure measured at B =
7 T. The solid curve is the Fabry-Pérot function (4) calculated
for the substrate thickness d = 0.62 mm and εGaAs = 12.8.

interferometer have orthogonal polarizations. The samples
1 × 1 cm2 in size are cut out from a semiconductor wafer.
The sample is placed inside an optical cryostat, at the cen-
ter of a superconducting coil. The measurements are taken
while maintaining the base sample temperature T = 5 K.
The cryostat with the sample is placed in the measurement
beam. The waves in the reference and measurement beams
are added together at the grid (2) without any interfer-
ence. In turn, the grid (3) lets pass a linear wave, allowing
the corresponding components from the sample and ref-
erence beams to interfere. The interferometer is operated
in such a way that, during the measurement, the position
of the mobile mirror (4) in the reference arm is adjusted
to maintain the balanced state of the interferometer, with
zero signal on the detector. The interference signal modu-
lated by the oscillating membrane mirror (5) is measured
by the bolometer at the modulation frequency of 28 Hz.
The displacement of the mirror (4) is then recalculated into
the phase shift.

The proposed interferometric technique is tested on
two wafers made of different semiconductor materials,
both grown by molecular-beam epitaxy. The first wafer
is a high-quality Al0.33Ga0.67Sb/InAs/AlSb heterostructure

grown on a GaSb substrate of thickness d = 0.44 mm,
with a 20 nm InAs quantum well residing 25 nm below
the crystal surface. The 2DES has an electron density of
ns1 = 7.44 × 1011 cm−2 and a low-temperature mobility
of 1.3 × 106 cm2/V s. The second wafer is a standard
industrial GaAs/Al0.25Ga0.75As heterostructure grown on a
GaAs substrate of thickness d = 0.62 mm. The structure
hosts a two-dimensional electron system in a 20-nm-wide
quantum well at a depth 220 nm below the crystal sur-
face. In this case, the electron density in the quantum
well is ns2 = 1.30 × 1012 cm−2, with the low-temperature
mobility reaching approximately 105 cm2/V s. The elec-
tron densities of both samples are measured with very high
accuracy based on the periodicity of the Shubnikov–de
Haas oscillations.

III. RESULTS AND DISCUSSION

Figures 1(b) and 1(c) show the transmission spectra
measured for the InAs/AlSb and GaAs/(Al, Ga)As het-
erostructure samples at a large magnetic field B = 7 T
directed perpendicular to the sample surface. The applied
magnetic field quenches the electron motion in the plane of
the quantum well. Therefore, the resultant transmission in
effect represents the behavior of the Fabry-Pérot function
for a bare dielectric substrate, without 2DES. Notably, for
the InAs/AlSb sample, the transmission at the Fabry-Pérot
resonance does not reach the unity value (|t0|2 = 0.55),
indicating the presence of a parallel conducting channel
[28]. The existence of such a parasitic channel is indepen-
dently confirmed by transport measurements. Indeed, it is
quite common for semiconductor heterostructures similar
to the sample under study. We expect this layer to be at the
(Al, Ga)Sb/GaSb superlattice heterointerface located 270
nm below the sample surface. Its contribution to the sam-
ple impedance can be reduced to a simple shunt resistor
Rd. As demonstrated by the solid curves in Fig. 1, the mea-
sured transmission dependencies are well approximated by
the Fabry-Pérot function [29]:

T =

∣
∣
∣
∣
∣
∣
∣
∣

2
(

1 + Z0

Rd

)

s1 + s2

∣
∣
∣
∣
∣
∣
∣
∣

2

,

s1 = cos(kd) − i√
ε

sin(kd),

s2 = cos(kd) − i
√

ε sin(kd), (4)

where k = √
εω/c is the radiation wave vector in the

semiconductor substrate. For the GaSb substrate (εGaSb =
15.7), the best fit of this function to the measurement data
is achieved using the substrate thickness d = 0.44 mm and
Rd = 530 �. Likewise, for the GaAs substrate (εGaAs =
12.8), we obtain d = 0.62 mm, with Rd completely absent
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(no shunting conductive layer). The thickness values
determined from the Fabry-Pérot fits agree to good accu-
racy with those measured on the same samples directly
with a mechanical gauge.

Having accurately determined the Fabry-Pérot reso-
nance frequencies, we can proceed to find the phase. The
simplest way to find the phase shift �φ introduced by the
2DES at B = 0 T is to measure the wave phase φ as a
function of the perpendicular magnetic field [Fig. 2(a)].
When the applied magnetic field grows strong, ωcτ =
(eB/m∗)τ � 1 and ωc � ω, it quenches the 2D plasma
motion leading to the infinite 2DES impedance Z2DES.
Indeed, the Drude conductivity in the presence of the
magnetic field is

1
Z2DES

= σxx = nse2τ

m∗
1 + iωτ

(1 + iωτ)2 + ω2
cτ

2 .

Clearly, at the infinite Z2DES, the two-dimensional layer
makes no contribution to φ. Therefore, the phase shift can
be determined as �φ = φ(5 T) − φ(0 T). As an example,
Fig. 2(a) displays the phase as a function of the mag-
netic field at fN=1 = 90 GHz. The phase saturates at B =
0.5 T, demonstrating the full range of the phase shift of
�φN=1 = 49◦.

In Fig. 2(b), we show the dependence of 1/ tan �φ on
the Fabry-Pérot resonance frequency fN , measured for the
InAs 2DES. The data (red dots) are well fitted by a linear
curve (red line). Thus, the obtained linear dependence is
consistent with Eq. (3). It should be noted that the pres-
ence of the parallel conductive layer slightly modifies this
formula [26]:

m∗ = Z0

2ωN

nse2

tan �φ
t0. (5)

From the slope of the measured dependence, we unam-
biguously determine the effective mass of the electrons:
m∗

InAs = (0.0352 ± 0.0008)m0. This result agrees well with
the values reported in the literature [7,30–32].

It should be noted that the proposed technique also
works with samples that allow for in-situ density variation,
say, with a metallic semitransparent gate. In this case, the
tunability of the 2DES is accomplished by sweeping the
gate voltage at B = 0 T [20]. The effect of the gate will
be taken into account by the factor t0 in Eq. (5), which
can be determined directly from the amplitude of Fabry-
Pérot resonances. However, it is more practical to quench
the 2D plasma motion by the magnetic field because this
approach does not need contacts with the 2DES and gate.
In addition, thin semitransparent gates are very fragile and
degrade quickly.

We test our method for the electric-field vector of the
incident wave directed along different crystallographic
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FIG. 2. (a) Phase of the electromagnetic wave passed through
the 2DES φ plotted as a function of the magnetic field.
(b) 1/ tan �φ versus the frequency fN measured for the 2DESs
in InAs/AlSb (red dots) and GaAs/(Al, Ga)As (black circles) het-
erostructures. (c) Mass ellipsoid in the InAs 2DES measured by
rotating the electric field vector. The polar diagram is displayed
in the measurement units of m∗

InAs = 0.0352m0.

directions. Then, the observed phase shift, �φ, is deter-
mined by the inertia of the electrons moving in the direc-
tion of the driving electric field. We conduct a series
of experiments on the InAs 2DES sample. In each set
of measurements, the electric field vector of the electro-
magnetic radiation at the interferometer input is pointed
at a certain angle α with respect to the [110] crystallo-
graphic direction. As a result, we collect the data at α =
0◦, 22◦, 45◦, 67◦, 90◦, 112◦, 135◦, 157◦, and 180◦, obtaining
the mass ellipsoid shown in Fig. 2(c). In this case, the
polar plot corresponds to the measurement units of m∗

InAs =
0.0352m0. As expected, it represents a circle, reflecting the
C∞ symmetry of the � point in the Brillouin zone of InAs.

For the sake of comparison, Fig. 2(b) includes the plot
of 1/ tan �φ versus fN measured for the GaAs 2DES with
the electron density ns2 = 1.30 × 1012 cm−2. Using the
same method, we find m∗

GaAs = (0.074 ± 0.001)m0, which
is in accordance with the CR spectroscopy studies of the
same sample (see Supplemental Material [26]). Notably,
this value is slightly larger than the band-edge mass in
GaAs, m∗

b = 0.0665m0. Presumably, the discrepancy is due
to the nonparabolicity of the electron conduction band
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occurring at such high 2D electron densities [33–35].
Indeed, for a GaAs quantum well with the energy of
the ground electric level E1, the effective mass becomes
m∗

GaAs = m∗
b[1 + (2α + β)E1], where α = 0.642 eV−1 and

β = 0.697 eV−1 are the main nonparabolic and anisotropic
terms, respectively, in the GaAs conduction band [34].
For a 20-nm quantum well with an electron density of
ns2 = 1.30 × 1012 cm−2, E1 ≈ 50 meV, one finds m∗

GaAs =
0.073m0, which agrees well with the experimental value.

In addition, we investigate the same InAs/AlSb het-
erostructure sample using the CR spectroscopy approach.
Figure 3(a) shows the transmission through the sample ver-
sus the applied magnetic field, measured at f = 90, 260,
and 430 GHz. A well-resolved CR is observed at both
polarizations of the magnetic field. Notably, the measure-
ment frequencies are selected to match the frequencies
of the Fabry-Pérot modes, so that the substrate has no
effect on the CR position [36,37]. The resultant CR mag-
netodispersion displayed in Fig. 3(b) is well described by
the linear dependency ωc = eB/m∗

c with m∗
c = (0.0363 ±
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FIG. 3. (a) The magnetic-field sweep of the transmission
recorded for the InAs 2DES at the radiation frequencies f = 90,
260, and 430 GHz. (b) Dependence of the CR resonant frequency
on the applied magnetic field.

0.0007)m0. Thus, the values of the effective mass measured
by the interferometric and CR spectroscopy methods are in
good agreement.

It is important to note that the basic Eq. (3) is applica-
ble only if ωτ � 1, when the resistivity, R, of the 2DES
impedance is small. In fact, detailed analysis [26] shows
that taking into account the dissipation in a 2DES leads
to an extra factor in (3) of the order of (1 + 1/(ωτ)2). In
our case of a 2DES in the InAs/AlSb heterostructure, at
T = 5 K and f = 300 GHz, ωτ ≈ 40. Therefore, the effect
of ωτ in our experiments is negligible.

In conclusion, we develop an interferometric method
for the direct measurement of the effective mass in two-
dimensional systems. It is noninvasive and does not require
any sample processing. The given experimental approach
is validated by way of measuring a high-quality 2DES
in InAs/AlSb and GaAs/(Al, Ga)As nanostructures. The
resultant values of the effective mass m∗

InAs = (0.0352 ±
0.0008)m0 at ns1 = 7.44 × 1011 cm−2 and m∗

GaAs =
(0.074 ± 0.001)m0 at ns2 = 1.30 × 1012 cm−2 are in good
agreement with previous research. The proposed technique
has prospects in exploring the energy spectrum in various
solid-state systems.
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