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This paper mainly studies the problem of metasurfaces between different mediums. Despite recent
advances on metasurfaces, there has been a critical limitation that wave manipulation between two dif-
ferent mediums is theoretically impossible with general approaches since full transmission and desired
phase shift cannot be achieved simultaneously. In order to get over this theoretical issue, we propose
an asymmetric metasurface that can manipulate waves between two different mediums. By introducing
the asymmetry, achieving both full transmission and desired phase shift simultaneously is theoretically
enabled. From theoretical approaches, an actual continuum metasurface is designed and applied to vari-
ous wave manipulations between two different mediums. We expect that the proposed metasurface can be
applied to various applications in the area of ultrasonics and vibrations.
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I. INTRODUCTION

Recently, wave physics has been largely broadened by
metamaterials, artificial materials consisting of subwave-
length unit cells, owing to their various extraordinary wave
characteristics such as negative parameters or refractive
index. However, metamaterials have a critical drawback in
that a large size is required due to periodicities. To over-
come this limitation, metasurfaces have attracted much
attention in various fields such as electromagnetics [1–6],
acoustics [7–11], and elasticity [12–20]. A metasurface is
a thin surface consisting of subwavelength unit cells, in
which the unit cells are designed to provide proper phase
shifts with zero reflection. By arranging unit cells with
the desired phase shifts, the metasurface enables wave
manipulation based on the generalized Snell’s law [1]. In
fact, metasurfaces have successfully manipulated reflected
[8,10,11,13] or refracted [5,7,12,15,16,19,20] waves to
achieve various wave phenomena such as focusing [2,6,
14,17,18], cloaking [4,9], and holography [3,11]. Since
various wave manipulations are possible with a thin sur-
face, metasurfaces are expected to break through various
limitations and enrich the current knowledge of wave
physics.

However, despite active research, previous attempts
with acoustic or elastic metasurfaces have mainly focused
on the homogeneous case where a metasurface is installed
between the same wave medium. Recently, Lee et al. [19]
reported that if a metasurface were to be located between
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different wave mediums, the previous studies could not
be applied at all. In general, to achieve wave manipula-
tion with a metasurface, each metasurface unit should be
designed to satisfy two conditions: full transmission and
the desired phase shift. This has been well achieved in
the homogeneous case. However, Lee et al. [19] showed
that for the inhomogeneous case where there are differ-
ent wave mediums on each side of the metasurface, the
two conditions are coupled so that they cannot be satis-
fied simultaneously in general. Thus, wave manipulation
between two different mediums is impossible. Because of
this limitation, Lee et al. [19] combined two types of meta-
surface to tailor waves between two different mediums:
one as the phase shifter and the other as the impedance
matcher. Unfortunately, this was not a clear solution for the
inhomogeneous case, and there has still been no research
solving this challenge. Furthermore, most applications in
elastic waves involve multiple mediums [21–23], indi-
cating that this challenge is not only scientifically inter-
esting but also practically important to enable various
innovations.

In this work, we propose a single-unit asymmetric meta-
surface that solves the challenge and manipulates waves
between two different mediums. The key idea of this work
is asymmetry. In general, unit cells of the metasurface are
modeled as a mass-spring system, as shown in Fig. 1(a),
that connects two neighboring mediums. Previously, the
left and right equivalent springs were set to be identical for
simplicity. However, such a symmetric system could not
achieve both full transmission and the desired phase shift,
which are essential in wave manipulation by metasurfaces.
Here, we find that if the equivalent springs are different
on the left and right, as in Fig. 1(b), the full transmission
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FIG. 1. The schematics of
(a) the previous symmetric
metasurface and (b) the pro-
posed asymmetric metasur-
face between two different
mediums.

condition and the desired phase shifts are decoupled so that
the two conditions can be satisfied simultaneously. Thus,
by arranging the asymmetric unit cells with the desired
phase shift, it is now possible to achieve wave manipula-
tion between two different mediums, which was previously
only achievable with double-unit metasurfaces [19].

To validate our idea of an asymmetric metasurface,
actual metasurface unit cells are designed and wave manip-
ulation between two different mediums is numerically
studied. To this end, we adopt the previously proposed
single-unit metasurface [19,20], which has been success-
fully used to manipulate waves in a single-medium case
but could not be used between two different mediums
due to its symmetric configuration. Here, we extend the
single-unit metasurface to have the asymmetry so that it
can be applied between two different mediums. Theoretical
investigations are made to show the equivalence between
the proposed single-unit asymmetric metasurface and the
asymmetric mass-spring system in Fig. 1(b). After the the-
oretical investigation, the actual asymmetric unit cell is
designed by the optimization method. With the designed
unit cells, wave simulations are carried out to validate
that both full transmission and the desired phase shifts are
simultaneously achieved by the idea of asymmetry. Finally,
the feasibility of wave manipulation between two different
mediums is shown with various numerical supports such
as wave refraction, mode coupling, and wave focusing
between two different mediums.

This paper is organized as follows. First, the theoreti-
cal background of the existing symmetric metasurface is
introduced to show the single-unit symmetric system can-
not achieve wave manipulation under full transmission.
Then, it is analytically shown that the asymmetric mass-
spring system can satisfy both objectives. After that, the
relation between the asymmetric system and the equiva-
lent system is derived. Based on the relationship between
them, the actual system is designed by optimizing the
design parameters. Finally, the designed units and metasur-
face are validated through numerical analysis. In addition
to the results, various applications using the proposed
metasurface are introduced.

II. THEORETICAL BACKGROUND OF
ASYMMETRIC METASURFACES

Prior to introducing the proposed asymmetric idea, it is
worth reviewing why symmetric metasurfaces have limi-
tations [19]. In wave manipulation by metasurfaces, it is
essential to achieve unit cells with both full transmission
and the desired phase shifts. However, previous symmetric
metasurfaces could not achieve both conditions simulta-
neously so that they could not be applied to the wave
manipulation between two different mediums. We explain
why the symmetric metasurfaces cannot achieve both con-
ditions. In addition, the idea of the asymmetric metasurface
is theoretically explained.

A. Theoretical limitation of symmetric metasurfaces

Figure 2 plots the mass-spring system of the symmet-
ric metasurface between two different mediums. Here, the
longitudinal wave is considered. For theoretical inves-
tigation, incident, reflected, and transmitted waves are
described with the transfer matrix [24,25]. Considering the
physics at the left and right boundaries of the mediums, the
displacement and force at the boundaries are written as,
for x ≤ 0,

u = (A1e−ik1x + B1eik1x)eiωt, (1)

f = (−iωZ1A1e−ik1x + iωZ1B1eik1x)eiωt, (2)

and for x ≥ d,

u = A2e−ik2(x−d)eiωt, (3)

f = −iωZ2A2e−ik2(x−d)eiωt. (4)

Here, the time-harmonic assumption is applied, so dis-
placements are described with angular frequency ω and
time t. A1, B1, and A2 are the amplitudes of displace-
ment for each incident, reflected, and transmitted wave
respectively. Since wave mediums at x = 0 and x = d
are different, the impedance Z and wave number k are
independently defined, denoted by the subscripts 1 and 2,
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FIG. 2. Symmetric mass-spring system between two different
mediums.

respectively. It is worth noting that the force at each bound-
ary is obtained from the concept of mechanical impedance
f = Z ∂u/∂t. From these expressions, the displacement
and force at the boundaries x = 0 and x = d are expressed
in matrix form as(

uo
fo

)
= M1

(
A1
B1

)
eiωt,

(
ud
fd

)
= M2

(
A2
0

)
eiωt, (5)

where

Mn =
(

1 1
−iωZn iωZn

)
. (6)

Now, let us focus on the mass-spring system connecting
the two boundaries. From the mass-spring system, the fol-
lowing equations can be derived using the effective mass
meff and the effective spring coefficient αeff:

−ω2meffu = αeff(uo + ud − 2u),

fo = αeff(uo − u),

fd = αeff(u − ud).

(7)

These equations can be summarized as

ud = αeff − ω2meff

αeff
uo + 2αeff − ω2meff

αeff
2 fo, (8)

fd = −ω2meffuo + αeff − ω2meff

αeff
fo, (9)

or, in the matrix form,
(

ud
fd

)
= T

(
uo
fo

)
,

T =
(

T11 T12
T21 T22

)
=

⎛
⎜⎜⎝

αeff − ω2meff

αeff

2αeff − ω2meff

αeff
2

−ω2meff
αeff − ω2meff

αeff

⎞
⎟⎟⎠.

(10)

Finally, substituting Eqs. (5) and (6) into Eq. (10), the
relation among the amplitudes of displacement can be

described,
(

A2
0

)
= M−1

2 TM1

(
A1
B1

)
= S

(
A1
B1

)
. (11)

Equation (11) can be rewritten by using the inverse
matrix, S−1,

(
A1
B1

)
= S−1

(
A2
0

)
. (12)

From Eq. (12), the transmission and reflection coefficients
are derived as

T = A2

A1
= 2iωZ1

T21 − ω2Z1Z2T12 + iω(Z2 + Z1)T11
, (13)

R = B1

A1
= −T21 + ω2Z1Z2T12 + iω(Z2 − Z1)T11

T21 − ω2Z1Z2T12 + iω(Z2 + Z1)T11
. (14)

In the full transmission condition, the incident wave energy
should be fully transmitted. In other words, the reflected
energy should be equal to zero, so the magnitude of the
reflection coefficient should be also zero. From Eq. (14),
the magnitude can be derived as

|R| =
√

(T21 + ω2Z1Z2T12)
2 + ω2(Z2 − Z1)

2T11
2

(T21 − ω2Z1Z2T12)
2 + ω2(Z2 + Z1)

2T11
2

. (15)

Previously, the metasurface was inserted between same
medium so that Z1 = Z2. However, in this case, the wave
medium is not same so that Z2 − Z1 is nonzero. Accord-
ingly, the full transmission condition is expressed as

T11 = 0, T21 + ω2Z1Z2T12 = 0. (16)

Substituting the elements of the transfer matrix from
Eq. (10) into the full transmission conditions Eq. (16), the
following relations are derived [19]:

meff =
√

Z1Z2/ω, αeff = ω
√

Z1Z2. (17)

Again, substituting Eqs. (10) and (17) into Eq. (13), the
transmission coefficient can be rewritten as [19]

T = ∓i

√
Z1

Z2
. (18)

Equation (18) indicates that the transmission coefficient is
always purely imaginary if full transmission is achieved.
In other words, under full transmission, only the phase
shifts of π/2 or 3π/2 are possible, and to achieve other
phase shifts, full transmission should be abandoned. Since
both full transmission and various phase shifts are essential
to manipulate waves with metasurfaces, Eq. (18) clearly
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shows that it is impossible to manipulate waves between
two different mediums with the previously considered
metasurfaces.

Note that in Eq. (18), although the reflection is zero, the
magnitude of the transmission coefficient, |T|, is not equal
to 1. This is because the transmission coefficient is defined
by the ratio of the amplitude, not by the wave energy. Since
the wave mediums are different, the wave amplitudes are
also different for some amount of the energy, resulting in
the transmission coefficient being different from 1.

B. Asymmetric mass-spring system

Previously, it was shown that wave manipulation
between two different mediums is impossible with the pre-
viously studied symmetric metasurfaces. In this section,
the asymmetric mass-spring system that can overcome
the limitation is theoretically studied. Figure 3 plots the
asymmetric mass-spring system that has effective spring
coefficients αeff and βeff to connect two different mediums.
As in the previous approach, the transfer matrix is derived.
From the equation of motion, the displacement and force
at the boundary x = d are expressed as

meff
∂2u
∂t2

= αeff(uo − u) + βeff(ud − u), (19)

ud = βeff − ω2meff

βeff
uo + αeff + βeff − ω2meff

αeffβeff
fo, (20)

fd = −ω2meffuo + αeff − ω2meff

αeff
fo. (21)

Then, the transfer matrix for the asymmetric system can
be derived as

(
ud

fd

)
=

⎛
⎜⎜⎝

βeff − ω2meff

βeff

αeff + βeff − ω2meff

αeffβeff

−ω2meff
αeff − ω2meff

αeff

⎞
⎟⎟⎠

×
(

uo

fo

)
= T∗

(
uo

fo

)
, (22)

FIG. 3. Asymmetric mass-spring system between two different
mediums.

T∗ =

⎛
⎜⎜⎝

βeff − ω2meff

βeff

αeff + βeff − ω2meff

αeffβeff

−ω2meff
αeff − ω2meff

αeff

⎞
⎟⎟⎠ . (23)

Comparing Eq. (23) with the transfer matrix of the sym-
metric system in Eq. (10), one can clearly observe that
the diagonal terms T∗

11 and T∗
22 are no longer the same

due to the asymmetry. Accordingly, the transmission and
reflection coefficients are derived differently as

T = A2

A1
= 2iωZ1

T∗
21−ω2Z1Z2T∗

12+iω(Z2T∗
11+Z1T∗

22)
, (24)

R = B1

A1
= −T∗

21+ω2Z1Z2T∗
12+iω(Z2T∗

11−Z1T∗
22)

T∗
21−ω2Z1Z2T∗

12+iω(Z2T∗
11+Z1T∗

22)
. (25)

From Eq. (25), the full transmission condition can be
derived by considering the zero-reflection case, as

|R| =
√√√√ (T∗

21+ω2Z1Z2T∗
12)

2 + ω2(Z2T∗
11−Z1T∗

22)
2

(T∗
21−ω2Z1Z2T∗

12)
2 + ω2(Z2T∗

11+Z1T∗
22)

2
= 0.

(26)

As a result, the full transmission conditions for the asym-
metric system can be derived,

Z2T∗
11 = Z1T∗

22,

T∗
21+ω2Z1Z2T∗

12 = 0.
(27)

Substituting Eq. (27) into Eq. (24) and using the fact that
det T∗ = 1, the transmission coefficient can be rewritten as

T = 2ωZ1

ω(Z2T∗
11+Z1T∗

22) + i(ω2Z1Z2T∗
12−T∗

21)

= 2ωZ1

2ωZ1T∗
22 + 2ωZ1i(ωZ2T∗

12)

= 1
T∗

22 + iωZ2T∗
12

= T∗
22−iωZ2T∗

12

T∗
22

2 + ω2Z2
2T∗

12
2

= Z1

Z2
T∗

22−iωZ1T∗
12

= T∗
11−iωZ1T∗

12. (28)

In Eq. (28), it can be seen that the transmission coefficient
has both real and imaginary values, while in the symmetric
system the transmission coefficient was purely imaginary
so that only the phase shifts of π/2 or 3π/2 were possi-
ble. From Eq. (28), the magnitude and phase shift can be
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obtained as

|T| =
√

T∗
11

2 + ω2Z1
2T∗

12
2

=
√

Z1

Z2
T∗

11T∗
22+ω2Z1Z2T∗

12
Z1

Z2
T∗

12 =
√

Z1

Z2
, (29)

φ = sin−1
(

− ωmeff√
Z1Z2

)
. (30)

Comparing Eqs. (29) and (30) with the previous results, the
magnitude of the transmission coefficient is the same as in
the previous symmetric case. This is obvious since both are
calculated under the full transmission condition. However,
unlike the previous symmetric case, various phase shifts
can be derived by adjusting meff, as shown in Eq. (30). This
indicates that the asymmetric system is not affected by the
limitation and both the full transmission and the desired
phase shifts can be achieved simultaneously.

Finally, these equations are rearranged to figure out the
required effective parameters. To achieve the desired phase
shift φ under full transmission, the effective parameters are
derived as a function of the phase shift. From Eq. (28), the
following equation is derived:

T = |T|cos φ + i|T|sin φ = T∗
11−iωZ1T∗

12. (31)

From the imaginary value in Eq. (31), the effective mass is
derived as

|T|sin φ = −ωZ1T∗
12 = T∗

21

ωZ2
= −ωmeff

Z2
, (32)

or simply,

meff = −
√

Z1Z2

ω
sin φ. (33)

Also, from the real value in Eq. (31), the following rela-
tionship can be derived:

|T|cos φ = T∗
11 = βeff − ω2meff

βeff
, (34)

βeff = − ω
√

Z1Z2

1 − √
(Z1/Z2)cos φ

sin φ. (35)

Furthermore, by using the full transmission condition in
Eq. (27),

|T|cos φ = T∗
11 = Z1

Z2
T∗

22 = Z1

Z2

αeff − ω2meff

αeff
, (36)

αeff = − ω
√

Z1Z2

1 − √
(Z2/Z1)cos φ

sin φ. (37)

To manipulate waves with metasurfaces, various phase
shifts φ from 0 to 2π are required. From Eqs. (32)–(37),

it can be seen that the effective parameters should also
be varied from negative to positive values to achieve the
phase shifts from 0 to 2π . In conclusion, if a metasurface
unit is designed to have asymmetry and effective parame-
ters varying from negative to positive values, wave manip-
ulation between different mediums becomes possible.

In Eqs. (32)–(37), it can be seen that the effective
parameters have singular points. For instance, if φ is 0 or
π all effective parameters become zero, which is physi-
cally impossible. Also, if φ is a certain value satisfying
cos φ = √

Z1/Z2 (when Z2 > Z1), effective spring coeffi-
cients become infinite in value. Fortunately, this issue is
easily avoided by replacing the singular phase shifts with
slightly deviated values. For instance, the singular phase
shifts φ = π can be realized with a small deviation of
0.013 rad, as will be shown in the numerical simulations
in this paper.

It is worth noting that the idea of the asymmetric unit
cell is in fact related to Willis coupling metamaterials.

(a)

(b)

FIG. 4. Schematics of (a) the proposed asymmetric metasur-
face and (b) equivalent mass-spring system.
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Willis coupling is induced from geometrical asymme-
try, which causes changes in phenomena on the bound-
ary. From Willis coupling, the diagonal components of
the transfer matrix become different. Likewise, in this
research, the asymmetric elastic couplings result in the
difference between diagonal components of the transfer
matrix. The difference in diagonal components changes the
full transmission condition, so full transmission and the
desired phase shift can be achieved simultaneously.

III. ACTUAL UNIT DESIGN FOR AN
ASYMMETRIC METASURFACE

The theoretical investigations shown in the previous
section are summarized as follows. First, to achieve
wave manipulation between two different mediums, the
metasurface should be equivalent to the asymmetric sys-
tem consisting of two different equivalent springs. In addi-
tion, each unit should be properly designed so that its
equivalent parameters vary from negative to positive val-
ues. To achieve these goals, the single-unit metasurface
[20] is adopted and modified. As shown in Fig. 4(a), the
metasurface unit consists of a horizontal resonator and a
pair of vertical resonators. Under the incident longitudi-
nal wave, the horizontal resonator is known to tune the
effective mass from negative to positive values. On the
other hand, the vertical resonator pair exhibits large ver-
tical motion, providing an effective spring coefficient from
negative to positive values [20]. In addition, each resonator
in this research is designed asymmetrically to achieve the
asymmetry, the key to wave manipulation between two
different mediums.

To check whether the proposed metasurface unit is
equivalent to the asymmetric system shown in Fig. 3, the

FIG. 5. Simulation setting used for the metasurface unit design
with detailed geometry.

equivalent parameters are theoretically derived. To this
end, the actual structure in Fig. 4(a) is converted to the
mass-spring system shown in Fig. 4(b). Here, since the
unit configuration is asymmetric, the springs on the left
of the mass are different from the springs on the right of
the mass in Fig. 4(b). Note that K1, K2, K∗

1 , and K∗
2 are the

matrices containing the spring constants for each axis a, b,
d, e, and the coupled spring constants c and f. From the
mass-spring system shown in Fig. 4(b), the equation of
motion for each mass is given as

− m1ω
2u1 = α(uo − u1) + β(ud − u1),

− m2ω
2u2 = a(uo − u2) + d(ud − u2) − (c − f )v2,

− m2ω
2v2 = −(b + e)v2 + c(uo − u2) − f (ud − u2),

− m2ω
2u3 = a(uo − u3) + d(ud − u3) + (c − f )v3,

− m2ω
2v3 = −(b + e)v3 − c(uo − u3) + f (ud − u3).

(38)

From Eq. (38), u1 is the horizontal displacement for mass m1, u2 is the one for upper mass m2, and u3 is the one for
bottom mass m2. v is the vertical displacement for each mass. From these equations, each displacement is expressed
in terms of uo and ud as follows:

u1 = αuo + βud

α + β − m1ω2 ,

u2 = u3 = (b + e − m2ω
2)(auo + dud) − (c − f )(cuo − f ud)

(a + d − m2ω2)[(b + e − m2ω2) − (c − f )2]
,

v2 = −v3 = (a + d − m2ω
2)(cuo − f ud) − (c − f )(auo + dud)

(a + d − m2ω2)[(b + e − m2ω2) − (c − f )2]
. (39)
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On the other hand, from the equations of motion, the boundary forces at x = 0 and x = d are derived as

fo = α(u1 − uo) + a(u2 − uo) + a(u3 − uo) + 2cv2 = αu1 + 2au2 + 2cv2 − (α + 2a)uo,

fd = β(ud − u1) + d(ud − u2) + d(ud − u3) + 2f v2 = −βu1 − 2du2 + 2f v2 + (β + 2d)ud. (40)

Substituting Eq. (39) into Eq. (40), the boundary forces are derived in terms of uo and ud,

fo = X1uo + X3ud,

fd = −X3uo − X2ud,
(41)

where

X1 = α2

α + β − m1ω2 + 2[a2(b + e − m2ω
2) + c2(a + d − m2ω

2) − 2ac(c − f )]
(a + d − m2ω2)(b + e − m2ω2) − (c − f )2 − (α + 2a),

X2 = β2

α + β − m1ω2 + 2[d2(b + e − m2ω
2) + f 2(a + d − m2ω

2) − 2df (c − f )]
(a + d − m2ω2)(b + e − m2ω2) − (c − f )2 − (β + 2d),

X3 = αβ

α + β − m1ω2 + 2[ad(b + e − m2ω
2) − cf (a + d − m2ω

2) + (af − cd)(c − f )]
(a + d − m2ω2)(b + e − m2ω2) − (c − f )2 .

(42)

As a result, the transfer matrix of the equivalent system can be described as

T∗ = 1
X3

(−X1 1
X1X2 − X3

2 −X2

)
. (43)

From Eq. (43), the effective parameters are derived by
using the relationship between the elements of the trans-
fer matrix and the effective parameters derived from the
correspondence to Eq. (23),

T∗
21 = −ω2meff = X1X2 − X3

2

X3
, meff = −X1X2 − X3

2

ω2X3
,

T∗
22 = αeff − ω2meff

αeff
= −X2

X3
, αeff = −X1X2 − X3

2

X2 + X3
,

T∗
11 = βeff − ω2meff

βeff
= −X1

X3
, βeff = −X1X2 − X3

2

X1 + X3
.

(44)

In Eq. (44), it can be seen that αeff is not same as βeff. This
indicates that the asymmetric unit shown in Fig. 4(a) is
equivalent to the asymmetric mass-spring system shown in
Fig. 3. Also, from Eq. (42), it can be seen that the denomi-
nators in X1, X2, and X3 have zero values around the reso-
nance frequencies of the horizontal or vertical resonators,
ω = (α + β)/m1, (a + d)/m2, or (b + e)/m2, indicating
that X1, X2, and X3 may vary from negative to positive
values. Accordingly, the effective parameters in Eq. (44)
are also tunable from negative to positive values. In con-
clusion, the theoretical results in Eq. (44) show that the
two requirements, the asymmetry and the tunability from
negative to positive values, are satisfied with the proposed
asymmetric metasurface unit. Thus, with the asymmetric

TABLE I. Actual design parameters for units of the proposed asymmetric metasurface, which are described in Fig. 5.

Design parameters

Unit h1(mm) h2(mm) b11(mm) b12(mm) θ11(deg) θ12(deg) b21(mm) b22(mm) θ21(deg) θ22(deg)

1 6.000 2.345 1.057 5.000 30.39 40.00 2.000 1.305 2.09 44.10
2 2.933 3.782 5.000 1.181 44.76 45.00 2.000 2.000 44.05 0.57
3 5.166 2.224 1.480 7.515 44.69 43.77 1.931 1.103 25.50 45.00
4 3.140 3.596 7.168 7.871 38.70 34.73 1.779 1.992 43.41 19.70
5 5.995 6.000 5.522 1.281 24.17 43.71 6.268 1.918 41.94 44.90
6 4.736 2.100 9.977 6.337 43.67 25.05 1.976 1.943 15.44 44.13
7 4.704 5.945 9.561 8.818 42.42 34.47 1.149 1.306 28.97 19.62
8 3.083 2.383 1.081 9.200 42.17 43.98 1.326 1.666 28.48 23.97
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FIG. 6. Results of numerical simulation for each designed
metasurface unit.

units, wave manipulation between two different mediums
is possible.

IV. NUMERICAL VALIDATIONS

To validate whether the proposed metasurface unit can
manipulate wave between two different mediums, sev-
eral wave manipulation examples are numerically inves-
tigated. Here, aluminum plates with thicknesses of 1 and
3 mm are considered as the different wave mediums. Note
that although the material properties are same, the wave
impedance is different if the thicknesses of the plates
are different, as shown in Ref. [19]. In all simulations,
the longitudinal wave (more specifically, the lowest-order
symmetric Rayleigh-Lamb wave mode [26]) with the fre-
quency of 50 kHz is considered.

First, wave steering, which redirects the transmitted
wave along the desired angle, is considered. To achieve

TABLE II. Transmission coefficient and phase shift for each
unit cell: Tideal = 0.5774.

Objective phase
shift φideal(rad)

Designed phase
shift φ(rad)

Designed
transmission

T/Tideal

0 −0.0447π 0.9927
0.25π 0.2623π 0.9960
0.50π 0.5280π 0.9997
0.75π 0.8094π 0.9952
1.00π 0.9598π 0.9998
1.25π 1.2504π 0.9958
1.50π 1.4989π 0.9990
1.75π 1.7809π 0.9991

wave steering, eight metasurface units are considered to
achieve the phase shift at every π/4 from 0 to 2π rad (the
corresponding phase gradient is 12.5π rad/m). Figure 5
plots the simulation setting to design the asymmetric meta-
surface units with the desired phase shifts with full trans-
mission. To design actual continuum units corresponding
to the desired phase shifts, the following design variables
are chosen: the height of each mass, h1 and h2, and the
variables to change the beam of each resonator, b11, b12,
b21, b22, θ11, θ12, θ21, and θ22 in Fig. 5. In the metasur-
face unit design, one may use Eqs. (42) and (44), but it
is extremely complicated and inaccurate to use the theo-
retical equations due to the continuum nature. Thus, we
adopt the well-known particle swarm optimization (PSO)
algorithm [27] to achieve the desired design variables. The
PSO algorithm is one of the most widely used heuristic
and iterative optimization methods, and it has advantages
in solving complex problems. In the PSO algorithm, a set
of design variables is considered as a particle that has its
own velocity and inertia. Initially, particles are randomly
distributed throughout the design space that is spanned by
design variables. For each particle, the calculation of an
objective function is carried out, and the lowest value of
the function among the particles becomes a personal best,

(a) (b)

FIG. 7. (a) Simulation setting for the wave-steering metasurface and (b) longitudinal wave plot as the simulation result.
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(a) (b)

FIG. 8. Results of numerical simulation with the incident angles of (a) 10°, (b) 15°.

which also becomes a global best value and location. In the
next iteration, the locations of each particle are randomly
updated based on their own velocity and inertia. Then, the
value of the function at each updated location is calculated
again, and a personal best is determined again. At that time,
if the personal best value is smaller than the global value,
the global value is replaced with the personal best value,
and if not, the global best is maintained. Through itera-
tions, the global best approaches the best solution, which
provides the desired metasurface unit design. As a result of
the PSO algorithm, the designed variables for the desired
phase shift and almost full transmission are summarized
in Table I. Also, the numerical results of each unit of the
metasurface are shown in Fig. 6, and the resulting trans-
mission coefficients and phase shifts are listed in Table II.
The largest error in the transmission coefficients is smaller
than 1% (Tmin = 0.993Tideal), and the largest error in phase
shifts is smaller than 8%.

Based on the designed metasurface units, actual wave
simulations are performed. The simulation setting is shown
in Fig. 7(a). Here, 40 metasurface units are placed between
two 0.6 × 0.8 m2 aluminum plates with thicknesses of 1

and 3 mm. To eliminate any undesired reflections, a per-
fectly matched layer (PML) is placed around the plates.
A 0.3-m-long S0 wave line source is placed in the 1-
mm-thick aluminum plate. Figure 7(b) plots the wave
simulation result. As can be seen in Fig. 7(b), the nor-
mally incident longitudinal wave is successfully refracted
as desired. The numerically calculated refraction angle is
42.0°, which agrees well with the theoretically predicted
angle of 42.4° from the generalized Snell’s law. Also, in
Fig. 7(b), the wave displacements at the left and right
sides of the wave source are almost the same, indicating
that there is almost no reflection from the metasurface.
As a result, it is validated that the proposed asymmetric
metasurface can manipulate waves with full transmission
between two different mediums, which was impossible
with the previous approaches.

To check whether the proposed asymmetric metasurface
is still valid in the obliquely incident case, numerical simu-
lations are repeated with various incident angles. Figures 8
and 9 plot various wave simulation results with the various
incident angles. Note that if the incident angle becomes
larger than 19°, wave steering is no longer possible since

(a) (b) (c)

FIG. 9. Results of numerical simulation with the incident angles of (a) −10°, (b) −20°, (c) −30°, respectively.
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(a)

(b)

(c)

(d)

FIG. 10. Results of numerical simulation for the transmodal metasurface with the incident angles of (a) −10°, (b) 0, (c) 10°, (d) 20°,
respectively.
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a surface wave is formed and diffraction dominates. As
can be seen in Figs. 8 and 9, although the metasurface is
designed under the normally incident wave, wave steering
is still possible for the obliquely incident case. Also, it can
be clearly seen that there is almost no reflection from the
metasurface. The numerically calculated refraction angles
are 11.8°, 20.4°, 30.4°, 55.2°, and 65.8° for incident angles
of −30°, −20°, −10°, 10°, and 15°, which agree well with
the theoretical generalized Snell’s law predictions of 10.0°,
19.4°, 30.0°, 58.0°, and 68.9°, respectively. From the sim-
ulation results, it can be seen that the wave manipulation
between two different mediums is sufficiently robust that it
can cover a broad range of incident angles.

To further validate the proposed metasurface, other
applications are also investigated. First, the transmodal
metasurface [13,28], which fully converts the incident lon-
gitudinal wave into the refracted shear wave is studied. In
previous studies, it was shown that if the metasurface is
designed to have a very large phase gradient so that the
refracted longitudinal wave becomes a surface wave while
the refracted shear wave forms a propagating wave, the
incident longitudinal wave is totally converted to a shear
wave for various incident angles. To achieve the trans-
modal metasurface between two different mediums, the
metasurface units in Table I are reconsidered. However,
only the metasurface units for the phase shifts of 0.25π ,
0.75π , 1.25π , and 1.75π rad are chosen to double the
phase gradient as 25 rad/m. With this large phase gradient,
the transmodal metasurface is expected to operate for inci-
dent angles from −20.4° to 22.3°. To check whether the
transmodal metasurface is achieved between two different
mediums, the wave simulation in Fig. 7(a) is repeated with
the four units and the various incident angles of −10°, 0,
10°, and 20°.

Figure 10 plots the wave simulation results. Note that the
same simulation results are plotted twice in Fig. 10—one
for the longitudinal wave only and the other for the shear
wave only. From the left-hand figures in Fig. 10 (where

only the longitudinal wave is plotted), it can be seen
that only the incident waves are plotted. This indicates
that there are almost no reflected or refracted longitudi-
nal waves. On the other hand, the shear wave plot in
Fig. 10 shows that shear waves are refracted with angles
of 43.2°, 51.1°, 60.8°, and 73.9°, which are almost same
as the theoretical predictions of 42.8°, 51.3°, 61.2°, and
78.1°, respectively. As a result, it can be concluded that
the incident longitudinal wave is almost converted to a
refracted shear wave, with almost no reflection. It is worth
emphasizing that, according to classical elastic wave the-
ory, such total mode conversion is only possible along
a certain incident angle, while the designed transmodal
metasurface provides total mode conversion for a broad
range of incident angles.

Next, let us consider beam focusing [17,18] between
two different mediums. To achieve beam focusing, the
following phase shifts are required:

φ = kt

(√
l2 + y2 − l

)
, (45)

where kt is the wave number in the transmitted region and
l is the desired focal length, which is set to be 0.15 m.
Here, we repeat the PSO-based design to fit the desired
phase shifts with full transmission. Figure 11(a) plots the
required phase shifts (red line) and the designed phase
shifts (blue circles) achieved by the PSO algorithm. Note
that the minimum transmission for all designed units is
0.573 (= 0.99 Tideal), indicating that almost full transmis-
sion is also achieved. Figure 11(b) is the numerical simula-
tion of the beam focusing between two different mediums.
Here, the simulation setting is same as in Fig. 7(a), while
the metasurface units are replaced with the redesigned
units. Also, to ensure plane-wave incidence, the longitu-
dinal line source is enlarged to 0.8 m. As can be clearly
seen in Fig. 11(b), the longitudinal wave is well focused
around the expected focal point located at 0.15 m from

(a) (b)

FIG. 11. (a) The phase profile and (b) numerical simulation result of the wave-focusing metasurface.
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(a) (b)

FIG. 12. (a) The phase profile and (b) numerical simulation result of the self-bending beam with the proposed metasurface.

the metasurface, validating that the beam focusing between
two different mediums is achieved.

Finally, the self-bending beam [17,29,30] between two
different mediums is considered. The self-bending beam
indicates that the transmitted waves are guided along the
desired trajectory. The phase shifts required to achieve the
self-bending beam is calculated by the Legendre transform
method [17,30]. Here, the following curve is considered as
the desired trajectory, and the phase shifts are calculated
based on it:

f (x) = 1.5x3 − 4x2 + 2.5x − 0.4. (46)

The red line in Fig. 12(a) plots the required phase shifts to
achieve the self-bending beam with the desired trajectory.
Again, the phase shifts are achieved by the PSO algorithm.
The achieved phase shifts, with the minimum transmis-
sion of 0.560 (= 0.97 Tideal), are plotted as the blue circles
in Fig. 12(a). The wave simulation result is plotted in
Fig. 12(b). The simulation setting is set to be same as
in Fig. 11(b), except that the metasurface is replaced by
the redesigned units. Figure 12(b) clearly shows that the
transmitted waves propagate along the desired trajectory,
plotted as the solid purple line. The simulation results in
Figs. 11(b) and 12(b) strongly support that various wave
manipulations between two different mediums are possible
with the proposed asymmetric metasurface.

V. CONCLUSION

In this paper, the asymmetric metasurface is proposed
as a means of wave manipulation between two differ-
ent mediums. Although there have been various studies
on metasurfaces, the homogeneous case where the wave
medium is same before and after the metasurface has usu-
ally been studied. Here, we theoretically show that these
previous approaches for the homogeneous case have a lim-
itation in that they cannot be applied to the inhomogeneous

case where the metasurface is placed between two different
mediums. It is shown that it is impossible to achieve both
full transmission and desired phase shifts between two dif-
ferent mediums simultaneously if the general mass-spring
system is considered. However, we find that by intro-
ducing asymmetry, one can break through the limitation
and achieve both full transmission and the desired phase
shifts even when the metasurface is between two differ-
ent mediums. In other words, wave manipulation between
two different mediums is possible if asymmetry is intro-
duced into the metasurface. This becomes possible due to
the difference in the diagonal components of the trans-
fer matrix. From geometrical asymmetry, the difference
in diagonal terms occurs and changes the full transmis-
sion condition. As a result, various phase shifts for wave
manipulation become achievable. To realize the asymme-
try, we propose an asymmetric metasurface consisting of
asymmetric horizontal and vertical resonators. With the
proposed metasurface, wave steering between two different
mediums is numerically investigated. Owing to the asym-
metry, wave steering is successfully achieved, which was
impossible with the previous approaches. In addition, var-
ious wave manipulations, such as total mode conversion,
beam focusing, and self-bending beam, are successfully
achieved between two different mediums.

The main achievement of the paper is summarized as
follows. First, we present the metasurface enabling wave
manipulation between two different mediums. Previous
research on wave manipulation by acoustic and elas-
tic metasurfaces were only valid for the case where the
metasurface is located between identical mediums. Fur-
thermore, recently it was shown that it is theoretically
impossible to apply the previous research to a metasur-
face between different mediums. In contrast, this research
presents a way to solve this theoretical limitation. Also,
this paper provides a possible connection between the two
different fields of metasurfaces and Willis coupling. As
mentioned, the idea of asymmetry is in fact deeply related
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to Willis coupling. We show that Willis coupling (the
geometric asymmetry) enables the metasurface between
two different mediums. In addition, as shown in the var-
ious examples, current research is expected to open the
field of metasurfaces for the inhomogeneous case. Consid-
ering that most of the engineering applications of elastic
waves involve multiple materials, our asymmetric meta-
surface can provide opportunities in various applications
such as nondestructive evaluation or medical ultrasonic
applications where waves are transmitted between different
mediums.

Finally, it is worth mentioning that although our research
mainly considers longitudinal waves, the same idea holds
for shear waves or acoustic cases owing to their physi-
cal similarities. However, current research has a limitation
in that it cannot be applied to the flexural wave case.
As shown in previous research, flexural waves are largely
affected by evanescent waves. For instance, it was shown
that evanescent waves in the metasurface unit cell largely
affect the transmission phenomena so that very high trans-
mission is achievable [31]. In the same manner, there is
a possibility that the evanescent wave provides another
solution for the wave manipulation between two differ-
ent mediums. We would like to leave this topic for any
possible future work here.
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