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Here, we show that space-time modulations provide an exciting route to realize complex nonreciprocal
couplings, and, in particular, the elusive axion response. We develop an analytical formalism to homog-
enize anisotropic space-time crystals in the long wavelength limit. It is found that space-time crystals
with suitable glide-rotation symmetry can have a giant axion-type response, several orders of magnitude
larger than in natural materials. The nonreciprocal axion response may have interesting applications in
optics, for example, in electromagnetic isolation, and in addition may enable exciting forms of light-wave

interactions.
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I. INTRODUCTION

With the rise of metamaterials, the “toolbox” of avail-
able electromagnetic responses was greatly expanded in
the past two decades. Today, the principles that guide the
design of media with rather exotic properties, e.g., a dou-
ble negative permittivity and permeability [1], extreme
anisotropy [2], hyperbolic isofrequency contours [3,4],
topological systems immune to backscattering relying on
a duality symmetry [5—7], and others, are well understood.
There is however a rather peculiar class of materials for
which limited progress has been achieved. That is the class
of media with an axion or Tellegen coupling [8—12]. In its
simpler isotropic version, such materials are characterized
by a constitutive relation of the form:

K K
D=¢psE+ ~H, B= —E + yuouH (1)
C C

where « is the Tellegen parameter. Here, E is the electric
field, H is the magnetic field, D is the electric displace-
ment, and B is the magnetic induction field. The axion
medium is nonreciprocal, but different from typical non-
reciprocal gyrotropic materials (e.g., ferrites and other iron
garnets), the nonreciprocity does not necessarily require an
external bias and may be anchored in a spontaneous time-
symmetry breaking [11], e.g., due to antiferromagnetism
[12—14].

Remarkably the electromagnetic response of an isotropic
Tellegen medium can be linked through a duality transfor-
mation to the response of conventional dielectrics [9,15].
Therefore, the dispersion of waves in Tellegen materials

*filipa.prudencio@Ix.it.pt

2331-7019/23/19(2)/024031(13)

024031-1

is in some cases indistinguishable from the dispersion in
conventional structures [9,10,12]. This property has led
to some scientific debate on the physical viability of the
axion response [16—22]. Today, this debate is settled, and
it is widely accepted that axion-type responses can emerge
spontaneously—albeit extremely weak—in nature in some
antiferromagnetic materials [13], and most notably in elec-
tronic topological insulators [14,23—25]. Furthermore, the
elusive axion response is interesting also from a concep-
tual point of view due to its connections with high-energy
physics. It was suggested by Wilczek that “axions” may
provide an explanation for dark matter [26].

As mentioned previously, the Tellegen parameter « of
naturally available materials is usually negligibly small.
For example, for Cr,Os3 it is on the order of 107 [13].
Due to this reason, the signature of Tellegen-induced elec-
tromagnetic phenomena is rather faint, and can be ignored
for all practical purposes. Tellegen materials can be, in
principle, synthesized artificially. A proposal relying on
a gyrotropic magnetic particle is reported in Ref. [27]. A
related idea relying on an electrically biased gyrotropic
particle [28] is described in Ref. [29].

Recently, the time modulation of the material parame-
ters has opened up opportunities in the design of different
classes of metamaterials [30-39]. For example, since the
time modulation breaks the Lorentz reciprocity in electro-
magnetism, it has been shown that time-varying material
responses can be used to realize unidirectional guides and
isolators, multifunctional nonreciprocal metasurfaces, and
others, without an external magnetic bias [30-—37]. More-
over, rather remarkably, time-modulated photonic crystals
can be used as a platform to synthesize exotic metama-
terial responses [40—43]. In particular, it was shown in
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Ref. [43] that space-time crystals with a traveling wave-
type space-time modulation behave in many ways as a
synthetic moving medium. In such systems the permittiv-
ity and permeability depend on the space-time coordinates
as ¢ = e(z — vt) and u = u(z — vf), with v the modula-
tion speed. This type of modulation leads to a synthetic
Fresnel drag effect such that the electromagnetic waves
are dragged by the synthetic motion of the medium, in the
same manner as they would be dragged by a moving mate-
rial body [41]. Moreover, in the long wavelength limit, the
space-time crystal can be described using effective param-
eters, which reproduce the well-known moving medium
coupling [41,43,44]. The velocity of the equivalent mov-
ing medium is different from the modulation velocity v,
and, curiously, its sign may also differ from the sign of v.

In view of these developments, it is natural to won-
der if it may be possible to implement the axion coupling
using a space-time modulated crystal. Here, using homog-
enization theory and full-wave simulations, we demon-
strate that, indeed, space-time modulated systems offer a
unique opportunity to realize a metamaterial with a giant
axion-type response.

The paper is organized as follows. In Sec. II, we extend
the homogenization theory of Ref. [43] to anisotropic
space-time crystals with a traveling wave-type space-time
modulation. Based on symmetry considerations, we pro-
pose a general solution to design an effective medium that
behaves as a moving-Tellegen medium for propagation
along the direction of the modulation velocity. In particu-
lar, we present a simple solution to implement the synthetic
axion response. In Sec. I1I, we present a detailed study of
the effective response of the synthetic axion material. In
addition, we illustrate the impact of the synthetic axion
coupling by studying the reflection of a plane wave at an
interface between air and the effective material. It is shown
that the space-time modulation can result in a giant rota-
tion of polarization of the incident wave. Finally, Sec. IV
summarizes the main conclusions.

II. HOMOGENIZATION OF ANISOTROPIC
SPACE-TIME SYSTEMS

We consider a generic one-dimensional space-time crys-
tal with constitutive relations of the type

D(x,y,z,t) = goe(z — vt) - E(x,y,z,1),
B(xayaz’ ZL) = /-’LO//_L(Z - Ut) ' H(X,y,Z, t) (2’)

The material parameters vary both in space and in time, but
are constant for space-time points such that z/ =z — vt =
const., v being the modulation speed. This is known as
a traveling wave modulation, and different aspects of it
have been studied by several authors in recent years
[34,35,41-43] (for earlier works see Refs. [45,46]). Here,
we suppose that the permittivity and the permeability

are anisotropic and described by real-valued symmetric
periodic tensors of the type:

Ex &y O Mxx My O
=&y & 0|, W=y Ky 0], 3
0 E 0 Hzz

with £(z') =&’ +a) and a(Z") = a(z' +a) periodic
functions with a spatial period a (see Fig. 1). Time-
dependent anisotropic materials can enable rather peculiar
electromagnetic phenomena [47,48].

Due to the assumed structure of & and i [Eq. (3)], the
directions that diagonalize each of the tensors (loosely
referred to “optical axes”) are such that (i) two optical
axes are in the x-o-y plane and (ii) the third optical axis
is along z. Recently, it has been shown that by changing
continuously the optical axes it is possible to realize an
Archimedes screw for light [42]. In contrast, in the present
work the optical axes are fixed, i.e., independent of space
and time. However, the permittivity and permeability ten-
sors in general may not share the same optical axes in the
x-0-y plane [see Fig. 2(a)]. The angular offset between the
permeability and permittivity optical axes is denoted by 6.
It is shown in Sec. I1I that a nontrivial 9 is the key to unlock
the axion response.

For future reference, we introduce a 4 x 4 matrix that
describes the transverse material response of the space-
time crystal:

M, (Z) = (302”3 /'?(?MZL ) with (4a)
- (ex(@) ey(@)
e (sxy @) ey (z’))’ and
— (@) peyE)
L= (uxy(zv uyy(z’)) (4)

A. General homogenization theory

The homogenization of the space-time crystal is done
using the same strategy as in Ref. [43]. First, we use
a Galilean coordinate transformation (r' =r — vt = 1)
to switch to a frame (the “co-moving frame”) where the
material parameters become independent of time. Then,
the crystal response is homogenized in the co-moving
frame. Finally, we use the inverse Galilean transforma-
tion to determine the effective response in the original
“laboratory” frame.
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FIG. 1. Anisotropic space-time crystal formed by two layers with material tensors &4, 14 and &z, i5. (a) Representation of the
material parameters in a space-time diagram. (b) Sketch of the stratified crystal in real space with the arrow indicating how the
material parameters vary in time. The modulation speed is v = vz.

To begin with, we write Maxwell’s equations in the lab ~ which is related to the unprimed material matrix as [see

frame in the following compact manner: Appendix A, Eq. (A8)]:
0 iV x13a) (E)_ .9 (D M =M [lg6+V-M]"', with
(—iV xlis 0 )(H) = \B)r G o I
_ 03,3 v X 13,3
R(=iv) V= (—V X13x3  03x3 /)° ©
D\ [&(z— vot) 0 (E

B/ 0 w(z — vof) H In the above, v = vZ is the modulation speed.
E It is shown in Appendix B that the standard homoge-
= M(z — vgt) - ( ) . (5b)  nization approach for stratified structures can be readily
generalized to anisotropic space-time crystals. The effec-

The structure of the above equations is preserved under tive material matrix in the lab frame M,y links the spatially

a Galilean transformation (or more generally under a  averaged fields as follows: <<D> ) = M, - <<E> ) For

Lorentz transformation). Therefore, the fields in the co- . . . (B) . (H) g
microscopic” electric and magnetic responses as in Eq.

. . o E . D’ . . .
moving frame satisfy N(—iV’')- <H’> =i(d/01) (B’) (3), the effective material response is such that

. ! , E' , . . - —
with B)= M'(Z) - ") Here, M'(Z’) is the (time- M, = (é?loﬁf %Si )’ with (7a)
independent) material matrix in the co-moving frame, clef  Mollef

(a) y/\ b)) mee=== 1"---:.-_-‘7----1'-'----
= Optical axes of E(z) 4r b ef, L H
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FIG. 2. (a) Optical axes of the permittivity and permeability tensors, £(z) and i(z), respectively. The offset angle is denoted by 6.
(b) Parameters of the effective moving-Tellegen medium, &er, | , [er, 1 , Kef, Ecr, as a function of the angle 6, for e =6, &, =2, ) =3
and p, = 1. An effective moving medium is obtained for 6 = 0,90°, 180°, whereas for 6 = 45°,135° (dashed vertical grid lines) a
pure axion response is achieved. The modulation speed is v = 0.2¢.
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Eefpx  Eefxy 0
Eof = Eefxy Sefyy 0 )
Eefzz
Mefxx ,uef,xy
et = Mef,xy Nvefyy (7b)
0 Mef,zz
. _7 Eef,xx Sefxy 0
Eef = Lot = sefyx %‘efyy 0 (7c)
0 0 o0

The general formula for the effective material parameters
is given in Appendix B [Egs. (B4) and (B5)]. The effective
parameters eer., and (.., can be expressed in terms of
e(2') and p_.(z') as

1 [ 1 !
Cofz = | — / dz| and
’ ajo €z (Z/)

1 1 !
Mefzz = _/ ; dz . (8)
aJo Mzz(z )

Note that .., and fief.- are independent of the modulation
speed. Indeed, in the long wavelength limit, the response of
the crystal along the z direction (parallel to the modulation
speed) is effectively decoupled from the response of the
material in the x-o-y plane (see Appendix A).

Since the response in the x-o0-y plane is decoupled from
the response along the z direction, it is possible to write the
remaining effective parameters in terms of M, [Eq. (4)].
To this end, it is convenient to introduce the 4 x 4 matrix

—_ 1_
£08efl  LEefl
Mef,Lz(l_e e ) ©9)

;{ef,i HoMef, |
Eefxy m _ [ Mefxx  Mefxy
£l =
Eefyy T Mefxy  Mefyy ’
= = £ N .
and £, = (Cop )| = (Ee o Sebuy ) are 2 x 2 matrices

Sef,yx %—ef,yy
that determine the effective response of the space-time

_ &
where &) = efxx
Eefxy

_ _{ &1(Z)cos?0 + &5(z')sin’0
8160 = ([81(2’) — £5(2)]cos 6 sin 6
(kG0

ML(Za ZL) - ( 0 MZ(Z/)> .

crystal in the x-0-y plane [Eq. (7)]. Using Egs. (B4) and
(B5) one may show that
Mg = Meg) - [lgxa —vo - Mep 17!

, with  (10a)

1 [ _
Moy = o [ dMLE)  [aes 00 - ML)
0
(10b)
_ (022 J oo (0 —1
a_(_J 02X2>,w1thJ_(l 0). (10c)

Note that Mes ,M'er,M ,0 are all 4 x 4 real-valued
matrices. In general, the effective response in the lab
frame is bianisotropic so that the magnetoelectric ten-
sors &, Cer are nontrivial. Analogous to Ref. [43], it can
be shown that a nontrivial bianisotropic response can
occur only when both the permittivity and permeabil-
ity tensors are simultaneously modulated in space and in
time.

B. Glide-rotation symmetry

Next, we show that by enforcing the invariance of the
space-time crystal under a particular glide symmetry, it is
possible to reduce drastically the complexity of the effec-
tive response. The glide symmetry ensures that the material
response is invariant under continuous rotations about the z
axis, i.e., independent of the field polarization in the x-o-y
plane.

It is convenient to write the transverse permittivity and
permeability tensors [Eq. (4)] as a function of its eigen-
values. As shown in Fig. 2(a), it is supposed without loss
of generality that the principal axes of the permeablhty
are aligned with the x and y directions: Ui} =X, a; =¥.
The principal axes of the permittivity tensor €, €, are
tilted by 6 with respect to the axes of the permeability.
These properties imply that 7, (z,7) = u;(zHu; @ a; +
na(zNy @ Uy and £, (z,1) = &1(z)e; @ & + &2(ZN&x ® &,
with z/ =z — vt and uy, uy (e1,82) the eigenvalues of
the permeability (permittivity). The two tensors can be
explicitly written in the x-0-y coordinate system as

Let us now suppose that eigenvalues of each material tensor are linked as follows:

£(Z) =€ < - g) w22 = (Z’ — g)‘

[e1(z') — &2(2')]cos 6 sin O
£1(z)sin?0 + &,(z')cos?6 ) (11a)
(11b)
) (12)
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In such a case, the microscopic (transverse) material
matrix M [Eq. (4a)] is invariant under a rotation of 90°
about the z axis followed by a translation by half lattice
constant:

N o JT 02><2 ’ a J 02><2
MJ_(Z) - <02><2 JT ) .MJ_ <Z B E) .<02><2 J ’
(13)

with the 90°-rotation matrix introduced in Sec. III A. We
refer to this transformation symmetry as a glide-rotation
symmetry (see Ref. [49] for an overview of glide symme-
tries). Evidently, the effective medium theory must pre-
serve the glide-rotation symmetry. As the homogenized
response is independent of the space-time coordinates, it
follows that

_ JT 02><2 J 02><2
MJ_,ef - <02><2 JT ) : MJ_,ef' (OZXZ J . (14)

Substituting now Eq. (9) into the above formula, it is
found that the enforced symmetry implies that e, =
Jr. Eef 1l - J, HefL = Jr Hef,L - J, and é—ef,J_ =J". Sef,J_ ’
J. Since &ef 1, e, are symmetric tensors they must be
scalars: &1 = €er,1 11 and fter; = et 11. On the other
hand, the magnetoelectric tensors are determined by two
scalar parameters .r, &.r such that §eﬁ | = Kefl ) — &cpd and
é‘ef,J_ = (Sef,J_)T = kel L + &erd. Note that ker = Sxvef =
Eyer and &er = &, of = —&)xor. Furthermore, the global
effective material response [Eq. (7a)] is described by ten-
sors such that

(15a)
Tt = Uer LX@ X+ T ®F) + UerZ ® Z, (15b)
gcz (ZeﬂL)TZKef(IA‘@’A‘"Fy@y) — &gz x 1. (15¢)

g_ef = gef,J_GZ ® 5\( + 5’ ® y) + €ef,zzi ® i’

The above equations show that the homogenized material
response is invariant under arbitrary rotations about the z
axis. Clearly, the effective material matrix Me¢ is always
symmetric and real valued and thereby the response is Her-
mitian in the long wavelength limit. Evidently, the first
piece of the magnetoelectric tensors is a symmetric tensor
that provides the axion (Tellegen) piece [50]. The axion
response is isotropic in the x-o-y plane, and vanishes along
the z direction. On the other hand, the second term of
¢ provides an antisymmetric moving-medium piece [50].
Both terms originate nonreciprocity in the long wavelength
limit. A material with k.r % 0 and & £ 0 is known as a
moving-Tellegen medium. In the next subsection, we pro-
vide explicit formulas for all the effective parameters for a
two-phase system and show how by tuning the angle 6 it
is possible to control the relative strength of k¢ and &t.

In summary, the glide-rotation symmetry [Eq. (12)]
ensures that the effective response is independent of the

field polarization in the x-o0-y plane (see also the next sub-
section), and that the global response is coincident with
that of a moving-Tellegen medium.

C. Two-phase space-time crystal

The glide-rotation symmetry constraint [Eq. (12)] can
be implemented with a two-phase crystal such that the
unit cell is formed by two layers 4 and B of identical
thickness d = a/2 (see Fig. 1). The layer B is identical to
layer 4 apart from a 90° rotation about the z axis. This
means that &, g = Jr. €14-J and i) 5= JT. ITAWER }
These formulas can be written explicitly as a function of
the permittivity and permeability components in the x-o0-y
coordinate system

€11 €12 [ €22 —€12
g2 &) ., —€12 & ) s

M1 M2 _( #2  —Hn
M2 fM22) oy —ni2 M) s

where the subscripts “mat. 4” and “mat. B” indicate if
the permittivity and permeability components are calcu-
lated for material A or for material B, respectively. Clearly,
the material parameters of layer 4 determine the entire
geometry of the space-time crystal.

Substituting the above material parameters in Eq. (10)
one obtains after some manipulations the following analyt-
ical expressions for the effective parameters of the resulting
a moving Tellegen bianisotropic material:

(16)

bl = 11 + &2 — (811622 — €1,) (11 + 122)V?
’ 2 — (1/2)(e11 + £22) (11 + p22)v?
pit 4 m2 — (o — wh) (e + 22)v?
2 —(1/2)(e11 + €22) (11 + po2)v?

Mef, 1 =
(17a)
(e11 — &) 12 — (11 — H22)€12
Kef =V 5 and
2 —(1/2)(e11 + &22) (11 + )V
b= — (1/2)(e11 — €22) (11 — p22) + 2e12 /012
¢ 2 — (1/2)(e11 + €22) (11 + pa2)v?

(17b)

In the above formulas, all the permittivity and permeabil-
ity elements are evaluated for layer 4. Using Eq. (11) the
effective parameters can also be written in terms of the
eigenvalues of the permittivity and permeability tensors
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FIG. 3.
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v/c

(a) Refractive index n.r seen by the waves propagating along the +z direction (solid line) and by the waves propagating along

the —z direction (dashed line) as a function of the angle 6, for ¢; = 6, &, = 2, u; = 3, and u, = 1, and modulation speed v = 0.2¢.
(b) Similar to (a) but for different modulation speeds. The vertical axis gives the shift of ner with respect to ner calculated for 6 = 45°.
(c) Equivalent refractive index ner of an effective axion medium (6 = 45°) as a function of the modulation speed v calculated with
(i) the slopes of the exact dispersion diagram of the space-time crystal in the long wavelength limit (solid line), and (ii) the effective

medium theory (dashed line).

and of the 6 angle as follows:

&1+ & — e162(1y + p2)v?

e = s
T2 (1/2) (61 + £2) (1 + pa)v?
w1+ pa — pipa(er + &2)v?
Hef, L = 3 (183)
2—(1/2)(e1 + &2) (1 + p2)v
v (&1 — &) (1 — po)sin 20
Kef = —— 5 and
22— (1/2)(e1 + &) (1 + p2)v
— - 20
£ = v (&1 — &) (1 — H2)cos (18b)

22— (1/2)(e1 + £2) (1 + pa)v?’

Again, the eigenvalues of the permittivity and of the
permeability are evaluated for layer 4. Interestingly, the
transverse effective permittivity and permeability are inde-
pendent of the angle 0. Furthermore, «Z% + &2 is also
independent of 6. However, the relative strength of the
axion and moving couplings is evidently controlled by the
angle 26.

Figure 2(b) shows the effective parameters gef | , lef 1,
Kef, e @s a function of €, for a modulation speed v =
0.2¢ in the subluminal regime. We choose a high contrast
between the permittivity and permeability eigenvalues to
make more evident the impact of the space-time modula-
tion. As seen, when the optical axes of the permittivity and
permeability tensors are aligned, i.e., 6 = 0,90°, 180° the
axion parameter vanishes, ks = 0, resulting in an effective
moving medium [41,43,44]. On the other hand, in agree-
ment with Eq. (18b), it is possible to obtain a pure axion
response by choosing 6 = 45°,135° so that & = 0.

Figure 3(a) depicts the refractive index seen by the
waves propagating along the 4z direction (solid line) and
by the waves propagating along the —z direction (dashed
line) as a function of the angle 6. Due to the invariance of
the response under continuous rotations about the z axis,
the refractive index is independent of the wave polarization

for all 6. However, the refractive indices of counterprop-
agating waves are typically different, originating thereby
a synthetic Fresnel drag in agreement with earlier works
[41,43]. Interestingly, for a pure axion (§ = 45°,135°) the
refractive indices become identical and there is no Fresnel
drag. The difference between the two refractive indices is
maximized for & = 0°,90°, which correspond to an ideal
synthetic moving medium (k¢r = 0). Figure 3(b) shows a
study similar to that of Fig. 3(a), but for different mod-
ulation speeds. As seen, the asymmetry between the two
refractive indices is enhanced for larger values of v.

The refractive indices depicted in Figs. 3(a) and 3(b) are
determined using the homogenization theory [Eq. (18)].
Notably, the homogenization result agrees exactly with
the result obtained from the slopes of the dispersion of
the Bloch modes of the space-time crystal near the point
(w = 0,k, = 0) (see Appendix C). This property is illus-
trated in Fig. 3(c) for the particular case of a pure axion
response (§ = 45°) and is further discussed in Sec. I11.

In summary, the key ingredients required to have the
(transverse-isotropic) axion response are the glide-rotation
symmetry and an offset angle 6 = 45° between the opti-
cal axes of the permittivity and permeability. In particular,
a nontrivial axion response requires permittivity and per-
meability tensors with an anisotropic response in the x-o-y
plane.

III. THE SYNTHETIC AXION MEDIUM

Next, we investigate in detail the properties of the syn-
thetic axion medium. Thus, in the rest of the paper the
offset angle is fixed at & = 45°. In such a case, the effec-
tive medium [Eq. (15)] describes a uniaxial axion material
such that Sef = Cef,J_ = Kef()’i ® X+ )A’ ® 5’)

In practice, a time-varying anisotropic permittivity can
be implemented using an array of dipoles loaded with var-
actors, analogous to Ref. [51]. In our case, each unit cell
should contain two dipoles, let us say aligned along the x
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FIG. 4.
plots, )y = 4 and puyy =2 and v/c = 0.2.

and y directions. By changing the capacitance of the varac-
tors in time, the polarizability of the dipoles also changes
in time, so that the permittivity of the material may be
assumed of the form € =1+ x (DX R X+ x,, (HY VY.
Note that the permittivity optical axes are fixed, only the
eigenvalues change in time. For the magnetic permeability,
we need a similar strategy (using magnetic dipoles instead
of electric dipoles), but the optical axes of the permeability
should be rotated by 45° with respect to the optical axes of
the permittivity.

It is convenient to write the eigenvalues of the permit-
tivity and permeability tensors, €1, &, and w1, u,, of layer
A as follows:

e1 = ey (1 +6),
M1 = MM(I + 8/;),

& =ey(l —46)

19
pa = pp (1 —38,). (9

The parameters &,,8, determine the strength of the
anisotropy of the electric and magnetic responses, respec-
tively. The effective material parameters of the synthetic
axion medium [Eq. (18) with & = 45°] can be written as

1+ ey ppv? (82 — 1)
1 — eppprv?
1+ eprpnv® (87 — 1)
1 — eprpupv? '
EMMUMY
Kef = —SSSMW.

Eef, L = &M

(20)

Mef, 1L = UM

Equation (20) confirms that a nontrivial axion response
requires that both the permittivity and permeability are
anisotropic, i.e., §; # 0 and §,, # 0. If either §, =0 or
8, = 0, the effective response becomes reciprocal. Note
that when §, = 0 the permittivity of the two-phase crystal
is uniform (i.e., there is no space-time modulation of the
permittivity) due to the assumed glide-rotation symmetry.

(b) 0.5F

0.1}

0.0: : ‘ ; ‘ J
00 01 02 03 04 05
0,

&

(a) Density plot of the axion parameter . as a function of &, 8,. (b) Angle of rotation 6z as a function of §,,5,. In both

It is relevant to underline that even though the refractive
index of the effective axion medium is polarization inde-
pendent, each of the material phases is birefringent and
reciprocal when on its own. Specifically, in the absence of
time modulations, the velocity of the wave in layer 4 for
propagation along the +z direction depends on the polar-
ization. The wave velocities for the two eigenpolarizations
in material A4 are (the same result is obtained for layer B):

viﬁso _ 1
c 2 2 2 2‘
ety 1 £ /37 + 62 — 520

Thus, the subluminal range for the space-time modulation
is determined by

@)

aniso

0 < fv] <vi™,

(subluminal range). (22)
On the other hand, the superluminal range is defined by
the interval |v| > v®°_ In this work, we focus on the sub-
luminal regime wherein the space-time crystal response is
bounded and free of instabilities (there are no exponen-
tially growing in time natural modes).

Equation (20) shows that the axion k. parameter is
proportional to both &, and §,, which determine both
the anisotropy and the modulation strength. Thus, |«.t]
increases always with |5 and |8, |. This property is illus-
trated in Fig. 4(a), for &y = 4 and ), = 2 and for a fixed
modulation speed v/c = 0.2. For the range of §, and 4,
in the plot, the space-time crystal is always operated in
the subluminal regime. For large §, and §,, the sublu-
minal threshold (vi“i”) approaches the modulation speed
(v/c = 0.2), and the axion response is greatly enhanced.
For example, for §; = §,, = 0.5 the effective medium has a
giant nonreciprocal axion response with «.r & —0.59. The
corresponding effective (transverse) permittivity and per-
meability are g¢r 1 ~ 4.47 and per | ~ 2.24, respectively.
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(a) 3

0.0
vic

-0.5

-1.0

FIG. 5.

(b) —EX?‘lCl
10F — — Effective Theory
U
—10¢ 90°
a0
20 H | | | |
-02 -0.1 0.0 0.1 0.2
vic

(a) Effective parameters of the synthetic axion medium as a function of the normalized modulation speed. The dashed lines

mark transitions between the subluminal range (pink-shaded region), the transluminal range (gray-shaded regions) and the superluminal
range (unshaded regions). (b) Offset angle ¢ between the magnetic and electric fields (see the inset) in the synthetic axion medium as
a function of the modulation speed v. In both plots, ey = 4, py = 2 and 6, = §,, = 0.5.

Figure 5(a) shows the effective parameters of the syn-
thetic axion medium as a function of the modulation speed
v. As seen, for a nontrivial modulation speed the axion
parameter becomes nonzero. Even for very moderate mod-
ulation speeds the axion parameter can be several orders
of magnitude larger than what is observed in any natural
material. In the subluminal range (pink shaded region), the
sign of the axion parameter is locked to the sign of the
modulation speed. The axion parameter flips sign in the
transluminal region (vi“is" < |v| < v0isoy,

In agreement with Fig. 3(a), the effective refractive
index seen by a wave propagating in the synthetic axion
medium is independent of the wave polarization and of the
propagation (+z or —z) direction: ner = y/&ef, 1 Mlef, 1 — Kezf.
One of the peculiar properties of the effective isotropic
axion response is that the (instantaneous) electric and mag-
netic fields are not orthogonal, different from conventional

dielectrics [8]. The offset angle ¢ with respect to 90° [see
the inset of Fig. 5(b)] is given by

Figure 5(b) depicts ¢ as a function of the modulation speed
for the same structural parameters as before. As seen, for
a velocity near the subluminal threshold (v/c = 0.2) the
offset angle can be as large as ¢ ~ —11°. The effective
medium prediction of ¢ agrees very precisely with the
calculation of ¢ based on the spatial averaging of the long-
wavelength Bloch mode fields of the space-time crystal.
The Bloch modes are numerically determined as explained
in Appendix C.

Furthermore, as shown in Fig. 3(c), there is an excellent
agreement between the effective refractive index ne¢ calcu-
lated with the homogenization theory (dashed line) and the
refractive index extracted from the slope of the space-time
crystal dispersion in the lab frame in the long wavelength
limit (solid line). This is further illustrated in Fig. 6(a),
which depicts the exact band diagram of the space-time
crystal for v/c = 0.2. The dashed lines represent the dis-
persion predicted by homogenization theory and match
precisely the exact band structure for wa/c < 1, where a
is the lattice period. As previously mentioned, the slopes
are symmetric in respect to &, i.e., w(k;) = w(—*k;), due

¢ = arcsin (L) . (23)  to the isotropic response of the axion material. It should
A Eef L Mef, L be noted that away from the long wavelength limit the
(b) 12 o g (c) 2.0p
1.0' N,
150N
0.8 o'
24 o6 LN
¢ 0.4} —v=0c ¢ \‘\
= =0.05¢ 0.5¢ X ]
0.2F =—v=0.1c ] /\/
0.0% s Y R
-3 -2 -1 0 1 2 3 -3 -2 -1 o0 1 2 3

FIG. 6.

(a) Band diagram in the laboratory frame of a space-time crystal with the parameters eyy = 4, uy = 2, 6, = 8,, = 0.5 and

v/c = 0.2. (b) Evolution of the band diagram in laboratory frame for the same material parameters as in (a) and different modulations
speeds. (c) Similar to (a) but calculated in the Galilean co-moving frame. The dashed black lines in (a),(c) represent the effective

medium dispersion.
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r J
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FIG. 7. Angle of polarization rotation ¢ for an air-synthetic

axion medium interface, as a function of the modulation speed
v. The parameters of the space-time crystal are ey = 4, uy =
2, and §, = 8, = 0.5. The angle ¢r determines the rotation of
the reflected field with respect to the incident linearly polarized
electric field.

condition w (k;) = w(—*k;) is violated and the nonreciproc-
ity of the space-time crystal is evident in the band diagram.
Figure 6(b) shows the evolution of the band diagram as the
velocity is increased from v = 0 (red lines) up tov/c = 0.2
(green lines). As seen, a larger v results in a more pro-
nounced spectral asymmetry and in the increase of the
density of states at low frequencies. For completeness, we
also show the dispersion band diagram of the space-time
crystal in the Galilean co-moving frame [Fig. 6(c)]. In the
co-moving frame, the wave dispersion is asymmetric with
respect to k, even in the long wavelength limit.

In order to illustrate how the axion coupling can tai-
lor the light-matter interactions in the space-time crystal,
we consider a simple scattering problem, where a nor-
mally incident linearly polarized plane wave propagating
in air (z < 0) illuminates the synthetic axion medium
(z > 0) (see the inset of Fig. 7). The wave scattering is
characterized using the effective medium model.

As is well known [8], under the described conditions
the reflected wave is also linearly polarized, but the elec-
tric field of the reflected wave is rotated by some angle ¢p
with respect to the incident field. The rotation of polariza-
tion of the reflected wave is a clear fingerprint of the axion
response, and it is only possible due the nonreciprocity of
the effective medium.

For an air-axion material interface the polarization rota-
tion angle is given by [8]

o et > . (24)

@r = arctan (
Eef, 1 — Mef, L

It can be shown that ¢ is independent of the axion-
material slab thickness. Note that when g.r ;| = pter; the
angle is not defined because in that case the reflection coef-
ficient vanishes (not shown). Figure 7 depicts the rotation

angle ¢r as a function of the modulation speed v. When
v/c = 0.2 the angle can be as large as ¢p ~ —27.76°,
resulting in a strongly nonreciprocal scattering rooted in
the synthetic axion response.

The angle of rotation g may be written explicitly in
terms of ey, iar, 8¢, 6, [Eq. (20)] as

@p = arctan

_2558;1,8MMMU
ev — iy + en v [ (1 — 82) — ep(1 =811
(25)

A density plot of ¢z as a function of &, §,, is shown in
Fig. 4(b). Similar to the axion parameter, the magnitude
of ¢r increases monotonically with |6,| and [5,|. In the
absence of a space-time modulation, i.e., for |§;| = [§,| =
0, the effective response is reciprocal and the axion param-
eter vanishes [Fig. 4(a)]; accordingly, in this case the angle
of rotation also vanishes, ¢ = 0. For completeness, we
point out that the combination of a chiral response with an
axion-type response can be used to design one-way devices
and optical isolators [12].

IV. CONCLUSIONS

In summary, it was demonstrated that space-time mod-
ulations provide an exciting path to sculpt the nonrecip-
rocal response in the long wavelength limit. In particular,
the type of anisotropy of the underlying photonic crys-
tal (without time modulation) determines the symmetry of
the effective magnetoelectric tensor of the metamaterial.
While for isotropic materials the effective response reduces
always to that of a moving medium, crystals made of
anisotropic materials offer increased design flexibility and,
in particular, may allow probing rather unique nonrecipro-
cal couplings. Here, it is shown that when the space-time
crystal has glide-rotation symmetry its effective response
in the x-0-y plane becomes independent of the wave
polarization, and the effective material behaves as uniax-
ial moving-Tellegen medium. The relative strength of the
axion and moving medium effective parameters depends
on the angle 6 between the optical axes of the permittivity
and permeability tensors. It is shown that for a two-phase
space-time crystal an offset angle 6 = 45° results in an
ideal (uniaxial) synthetic axion response in the long wave-
length limit. The synthetic axion-coupling enables a giant
nonreciprocal polarization rotation in reflection mode,
which can be exploited to realize nonreciprocal mirrors and
related devices. Hence, our work unveils a different physi-
cal mechanism and an exciting opportunity to implement
the elusive Tellegen-medium response using space-time
modulations. It is envisioned that systems with a synthetic
axion coupling may offer unique opportunities to sculpt
and control nonreciprocal light-matter interactions.
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APPENDIX A: MATERIAL MATRIX
TRANSFORMATION

A Lorentz transformation of coordinates preserves the
structure of Maxwell’s equations provided the fields are
transformed as (the primed frame moves with speed v with

respect to the lab frame; y=1/,/1 — v%/c? is the Lorentz
factor) [52]

Eh =EH, Bh ZBH’ (Ala)

, 1
E, =yE,+vxB), BJ_Z)/(BJ_—(?VXE),
(Alb)

and

i| = DH’ Hh = H||, (A2a)

1
D/J_:y<DJ~+C_ZVXH>’ H/J_:)/(HL—VXD)

(A2b)

Here || and L represent the field components parallel and
perpendicular to the velocity. The same relations can be
written in vector notation as

E' _ V1L+ﬁ||®ﬁH 0 E
H/ - 0 )/ll-{-l,\l”@flu H

A
0 yvx 1\ (D
+ (—yv x 1 0 ) <B> (Ala)
\%
D\ _1 0 yvx 1) (E
B) 2 \—yvxl 0 H
v
+ vl +1) ® 0 D
0 )/ll+ﬁ|| ®l’\l‘| B
A
(A3b)

with1l, = l—lAlH ®ﬁ||.

Suppose now that in the lab frame,

D@,y,z,t) \ _ Ex,y,z,0)
<B(x,y,z, 3] ) =M(x,y.2.0 - (H(x,y,z, ?) ) (Ad)

Then, from Eq. (A3) it follows that in the co-moving
frame:

E/ / / / E
H/ :[A+VM(x,y>Z>tj)](H)’

/ (AS)
i — )

Hence, the constitutive relations in the co-moving frame
are

D/ 1 _ E/
R R

So that the equivalent material matrix is given by

M’:|:1V+A~Mi|-[A+V-M]_1. (A7)

2
In the Lorentz transformation the parameter “c” can be
regarded as a free parameter not necessarily linked to the
speed of light in vacuum 1/,/gq/io. The standard Lorentz
transformation with ¢ = 1/,/€ojo simply ensures that the
vacuum response stays invariant under the coordinate
transformation.

The case of Galilean transformation corresponds

to taking the limit c¢— oo. In this limit,

A=1v=_ % V1) 4nd thereb

=bV=l_yx1 o ) andatheredy
M=M-[1+V-M]"L. (A8)

It can be shown (details omitted for conciseness) that
the effective material response in the lab frame obtained
using a Galilean transformation is exactly the same as the
response obtained with the Lorentz transformation.

Let us now suppose that the permittivity and permeabil-
ity tensors in the laboratory frame have the structure shown
in Eq. (3). Then, M’ determined by Eq. (A8) is of the form

=/ 1

M = <ﬁ°§ M%) with (A9a)

< 0

€ &y O (B My O
E=ley &, O, w=|uy w, 0]

0 0 Ezz 0 0 Mezz

(A9b)

IR ol 8 A9
S - é— - 6)( 6}1 O ( C)

Note that M’ is a symmetric real-valued matrix and thereby
is diagonalizable. Clearly, two of the eigenvectors of M’
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are of the type (Z O)T and (0 i)T. The other four

eigenvectors are of the type (uE uH)T with ug, uy some
vectors in the x-o0-y plane, i.e., perpendicular to the direc-
tion of the modulation speed. This means that the response
of the crystal along the z’ direction (parallel to the modu-
lation speed) is effectively decoupled from the response of
the material in the x-0-y plane.

APPENDIX B: HOMOGENIZATION IN THE LONG
WAVELENGTH LIMIT

The effective medium theory links the spatially averaged
fields in the co-moving frame as

()=« (i)

Here, (...) denotes the operation of spatial averaging. For
a periodic structure the averaging is defined as

(BI)

1 a
()= /0 i f (), (B2a)

a

with a the lattice constant. As is well known, due to the
structure of Maxwell’s equations, for stratified systems
such that M’ = M'(z) the tangential field components
E.H, ie., E,E},H, Hj, can be assumed constant in the
long wavelength limit (id; = @’ — 0). This means that

E =(E), E =(E)

H = (i), H)=(H).
(B3a)

Similarly, the normal components of the fields D, B are
also constant in the long wavelength limit:

D.=(D.), B.=(B.). (B3b)

Taking into account that the microscopic fields are
/ /
linked by G;,) =M()- (E,) with M'(zZ) =M -

[1 4V -M]~! having the structure shown in Eq. (A9), it
is clear from Eq. (B3) that the effective material response
is of the type:

() ) o
= {en) (o) 0 |
N
() (1) o
W= () (o) 0 [ (B4D)
0 0 o
&) (&) o
(B4c)

e ) o

Note that the material parameters that determine the
response in the x-o-y plane are simply averaged in space,
whereas the material parameters in the direction of the
modulation speed (z) are determined by the average of the
inverse function.

The effective response in the lab frame can be found
with an inverse Galilean transformation [compare with Eq.
(A8)]:

M = M- [1 —V-M,] " (B5)
It can be easily shown that the inverse Galilean transfor-
mation preserves the structure shown in Eq. (B4), so that
one obtains Eq. (7) of the main text.

APPENDIX C: BAND STRUCTURE OF THE
SPACE-TIME CRYSTAL

In this Appendix, we explain how the exact band struc-
ture of the space-time crystal is calculated. For simplicity,
we restrict our attention to waves propagating along the
z direction, i.e., along the direction of the modulation
speed. In that case, Maxwell’s equations in the Galilean
co-moving frame can be written as

d E\ .0 [we .n (EL
IEU . (Hl) = lﬁ |:ML(Z) . (H,l , (Cla)

M () =ML (Z)  [laxs +vo -ML(E)]".  (Clb)

In the above o is defined as in Eq. (10), M (z") is given
by Eq. (4), and B/, = (E, E,)" and W, = (H, H))"
are the transverse fields in the co-moving frame. It should
be noted that M, () is formed by the elements of M'(z’)

[Eq. (A8)] that determine the response of the crystal to a
transverse excitation.
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Let us find the Bloch mode solutions of Eq. (C1) with
i(0/0f) = o' the oscillation frequency and 4, the Bloch
wave number in the Galilean co-moving frame. We con-
sider the case of a two-phase space-time crystal [Fig. 1].
In each homogeneous region of space, Eq. (C1) is equiva-

I I
lent to (d/dz") <I]::I’l> = —iw'o - M/ - (ﬁ%) It was taken
1 1

into account that 2 = 14,.4. This equation can be formally
integrated as

E\ @)\ _ Y, .\ (E 2
(Hi(Z’)) = exp (—io/ (@ —z)o - M) - (Hi(z(é)),
(C2a)

where exp(...) stands for the exponential of a matrix.
Hence, for a two-phase crystal with layers 4 and B of
identical thickness (half-lattice constant, @/2) one can
write

E'\ (zj + a)
H' (zy + a)
wa , w'a ,
= exp —io M, 5 ) -exp —io \7 SN
(EL @)
H\ (o))"

Here, M’ ; is the (transverse) material matrix for
layer i=A, B. Imposing the Bloch mode condition,

E;_ (z(’2 +a) _ pikza E;_ (z(’/))
H' (z5 + a) H', (z)
equation:

wa , wa ,
det | exp —170~ML,B - exXp —170~ML,A

- e[]‘JZ”14X4) — 0, (C4)

(©3)

), one obtains the secular

whose solutions determine the dispersion ' vs. k. of the
crystal in the Galilean co-moving frame. Note that for
a fixed o, the solutions for k. are such that ¢’ is
an ecigenvalue of the matrix exp (—i(w'a/2)o - M/, ) -
exp (—i(w'a/2)o - M/, ). The dispersion in the lab frame
w VS. k, can be found from the dispersion in the co-moving
frame using w = o' + klv and k; = k..
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