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Mechanical Control of Nonlinearity in Doubly Clamped MEMS Beam Resonators
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We theoretically clarify the mechanism of the strain-tuning effect for control of the mechanical
nonlinearity in doubly clamped MEMS beam resonators and experimentally demonstrate that nonlinearity
can be effectively suppressed with a preloaded lattice-mismatch strain in the MEMS beam. Mechanical
nonlinearity arises from the hardening- and softening-nonlinearity terms in the Duffing motion equation of
the MEMS beam. By approaching the buckling condition of the MEMS beam, the substantially increased
softening nonlinearity greatly compensates for the hardening nonlinearity, resulting in suppression of the
total nonlinearity. Utilizing this knowledge, we fabricate InxGa1−xAs MEMS beams with a preloaded
lattice-mismatch strain, which is achieved by adding a small amount (x =∼0.4%) of indium to the GaAs
MEMS beam during wafer growth. The buckling condition in the experiment is achieved by carefully
modulating the length of the InxGa1−xAs MEMS beams. As a result, mechanical nonlinearity is largely
modulated from hardening to softening and reaches a quasizero value near the buckling condition,
demonstrating the effectiveness of using lattice mismatch for controlling the mechanical nonlinearity of
MEMS resonators.
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I. INTRODUCTION

Microelectromechanical system (MEMS) resonators
[1–3] are promising candidates for high-sensitivity sens-
ing applications. MEMS resonators can detect small shifts
in the resonance frequency owing to the high-quality (Q)
factors. This property is utilized for the detection of mass
[4–6], spin orientation [7], charge [8–10], temperature
[11,12], and infrared radiation [13,14]. Previously, we
reported using a doubly clamped MEMS beam resonator
as a fast and sensitive bolometer for terahertz (THz) detec-
tion [15,16]. The MEMS beam is heated up owing to the
absorption of THz electromagnetic waves, and the induced
thermal strain shifts the resonance frequency of the MEMS
resonator. In sensing applications with MEMS resonators,
a large linear oscillation amplitude is generally preferable
to reduce the frequency noise and improve the signal-to-
noise ratio [17], which can be achieved by increasing the
driving force. However, with increasing oscillation ampli-
tude, the MEMS resonators commonly enter the nonlinear-
oscillation region because of mechanical nonlinearity,
where hysteretic oscillations and increased frequency noise
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are observed [18,19]. The control of mechanical nonlin-
earity is therefore desirable for achieving the low-noise
operation of MEMS resonators.

Recently, we reported on controlling the mechanical
nonlinearity of MEMS beam resonators through a ther-
mal strain-tuning effect [20]. We observe a significant
reduction in the mechanical nonlinearity near the buckling
point of the MEMS beam. However, the origin of such
thermal strain tuning on mechanical nonlinearity has not
yet been theoretically clarified. Moreover, controlling the
nonlinearity by the thermal effect requires additional heat-
ing of the MEMS beam, which increases the noise and
frequency drift coming from the thermal effect. Thermal
strain is not the only method to buckle the MEMS beam.
It is reported that the buckling condition of the MEMS
beam can be precisely controlled by preloading a lattice-
mismatch strain [21], which can be achieved during the
wafer-growth stage without the requirement for additional
heating. Therefore, the use of a lattice mismatch would be a
promising approach to control the mechanical nonlinearity
of the MEMS beam resonators.

Here, we clarify the mechanism of the strain-tuning
effect on the control of mechanical nonlinearity in dou-
bly clamped MEMS beam resonators, and then demon-
strate that nonlinearity can be effectively suppressed with
a preloaded lattice-mismatch strain in the MEMS beam.
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The nonlinearity of the MEMS beam arises from the cubic
(hardening) and quadratic (softening) nonlinearity terms in
the Duffing motion equation. With strain tuning, nonlinear-
ity can be well suppressed when approaching the buckling
condition of the MEMS beam. This is because the steep
increase in softening nonlinearity near the buckling condi-
tion greatly compensates for hardening nonlinearity, result-
ing in the suppression of total nonlinearity. Utilizing this
knowledge, we fabricate InxGa1−xAs MEMS beams with
a preloaded lattice-mismatch strain, which is achieved by
adding a small amount (x = ∼0.4%) of indium to the GaAs
MEMS beam during wafer growth. The buckling condi-
tion in the experiment is achieved by carefully modulating
the length of the InxGa1−xAs MEMS beams. We estimate
the total nonlinearity in the MEMS beam by measuring
its resonance-frequency shift as a function of oscillation
amplitude. As a result, nonlinearity is largely modulated
from hardening to softening as L increases and reaches a
quasizero value near the buckling condition, demonstrating
the effectiveness of using lattice mismatch for controlling
the mechanical nonlinearity of MEMS resonators. Fur-
thermore, we introduce the effective nonlinearity, Y(α ,β),
to reproduce the total nonlinearity in the MEMS beam,
which intuitively shows the effect of hardening and soft-
ening nonlinearities on the total nonlinearity, allowing one
to understand the origin of the nonlinearity change.

II. EQUATION OF MOTION

The Duffing equation, with quadratic and cubic nonlin-
earities, is commonly utilized for studying the nonlinear-
resonance behavior of MEMS resonators [22–26]. For an
initially straight doubly clamped MEMS beam resonator
with length L, the motion equation of its transverse vibra-
tions is approximately described by the Euler-Bernoulli
equation as [23]

ρS
∂2X
∂t2

= −EI
∂4X
∂u4 + T

∂2X
∂u2 (1)

with the following boundary conditions:

X |u=0,L = 0 and
∂X
∂u

∣
∣
∣
∣
u=0,L

= 0, (2)

where X (u,t) is the transverse displacement from equilib-
rium; u is the coordinate along the length of the beam; t is
the timescale; ρ is the density; E is the Young’s modu-
lus; L is the beam length; S and I denote the cross-section
area and the moment of inertia, respectively (S = bh and
I = bh3/12 for beams with rectangular cross sections, with
b and h being the width and thickness of the MEMS beam,
respectively); T is the tension in the MEMS beam, which
is composed of its inherent tension, T0 (positive for a ten-
sile force and negative for a compressive force), and the

additional tension, �T, coming from extension of the beam
length (�L) in the vibration.

Here, we consider only the first bending mode of the
MEMS beam, where mechanical nonlinearity is affected
by internal strain the most. We assume that the transverse
displacement of the MEMS beam can be expressed as the
product of the mode profile function, φ(u), and the central
displacement of the beam, x(t), as

X (u, t) = φ(u)x(t). (3)

Then, we can obtain a Duffing equation of motion for the
MEMS beam [23]:

ẍ +
[

EI
ρS

∫

(φuu)2du
∫

φ2du
+ T0

ρS

∫

(φu)2du
φ2

∫

du

]

x

+
[

E
2ρL

(∫

(φu)2du
)2

∫

φ2du

]

x3 = 0, (4)

where φu = ∂φ/∂u and φuu = ∂2φ/∂u2. As seen in
Eq. (4), the cubic nonlinearity coefficient is α =
(E/2ρL)

((∫

(φu)2du
)2

/
∫

φ2du
)

> 0, which gives a hard-
ening nonlinearity [22,27].

Next, we consider a MEMS beam with an initial center
deflection of x0. When a compressive strain, ε, is intro-
duced into the beam, the center deflection increases to
xT, as schematically shown in Fig. 1(a). The steady-state
equation under this condition is expressed as

EI(xT − x0)

∫

(φuu)2du + T0xT

∫

(φu)2du = 0, (5)

from which we can derive xT as a function of the initial
center deflection, x0, and inherent tension, T0:

xT = EI
∫

(φuu)2du

EI
∫

(φuu)2du + T0
∫

(φu)2du
x0. (6)

Here, the inherent tension, T0 = ESεr, is different from
the induced compressive load, T = ESε, since part of the
compressive strain, ε, is released by the increased center
deflection. The residual strain, εr, is expressed as

εr = ε − (xT
2 − x0

2)

2L

∫

(φu)2du. (7)

The beam length extends when it differs from its equilib-
rium position in the oscillation with an additional displace-
ment, x, as

�L = (x + xT)
2 − xT

2

2

∫ L

0
du

(
∂φ

∂u

)2

= x2 + 2xTx
2

∫ L

0
du

(
∂φ

∂u

)2

, (8)
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(a) (b)

(c) (d)

FIG. 1. (a) Schematic diagram of a MEMS beam with an initial center deflection in the steady state and oscillatory state. When the
center deflection increases from x0 to xT, the MEMS beam has a new equilibrium position for the oscillation. (b) Calculated center
deflection, xT/h (left y axis), and quadratic nonlinearity coefficient, β (right y axis), as a function of compressive strain (ε/εcr) at various
initial center deflections (x0/h = 0, 0.05, 0.1, 0.15, 0.2). x0 and xT are normalized by the thickness (h) of the MEMS beam, and ε is
normalized by the buckling critical strain, εcr, of the MEMS beam. This figure is adapted from Fig. 2(b) of Ref. [20]. (c) Calculated
residual strain (εr/εcr) as a function of compressive strain (ε/εcr) at various initial center deflections. (d) Calculated resonance frequency
(f/f0) as a function of ε/εcr at various initial center deflections; frequency is normalized by the natural frequency (f0) without ε. Buckling
points are marked by geometric shapes of different colors. This figure is adapted from Fig. 2(a) of Ref. [20].

�L gives an additional tension, �T = ES�L/L, to the
MEMS beam. With a total tension of T = T0+�T, the
motion equation of the MEMS beam becomes

ẍ +
[

EI
ρS

∫

(φuu)2du
∫

φ2du
+ T0

ρS

∫

(φu)2du
∫

φ2du

+ x2
T

E
ρL

(∫

(φu)2du
)2

∫

φ2du

]

,

x +
[

E
2ρL

(∫

(φu)2du
)2

∫

φ2du

]

x3 +
[

3xTE
2ρL

(∫

(φu)2du
)2

∫

φ2du

]

x2 = 0. (9)

Compared with Eq. (4), by considering an initial cen-
ter deflection, an additional quadratic nonlinear term,

β = (3xTE/2ρL)
((∫

(φu)2du
)2

/
∫

φ2du
)

= 3xTα, arises.
As we discussed in a previous publication [20], the
quadratic nonlinear term always gives a softening non-
linearity to the MEMS resonator, which compensates for
the cubic hardening nonlinearity and leads to the suppres-
sion of total nonlinearity. Furthermore, the quadratic term
is proportional to the center deflection, xT, indicating that
nonlinearity can be suppressed by precisely controlling xT.

From Eq. (9), we can see that both the resonance fre-
quency and nonlinearity terms are affected by the mode
shape, φ(u). For the first bending mode of a curved MEMS
beam, φ(u) is usually approximated as [28]

φ(u) = 1
2

(

1 − cos
2π

L
u
)

. (10)
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By substituting Eq. (10) into Eq. (9), we can express the
resonance frequency, ω2

0, and nonlinearity terms as

ω2
0 = EI

ρS
16π4

3L4 + T0

ρS
4π2

3L2 + x2
T

E
ρ

2π4

3L4 ,

α = Eπ4

3ρL4 ,

β = Eπ4

ρL4 xT = 3xTα.

(11)

By using Eq. (10), Eqs. (6) and (7) can also be simplified
as

xT = 1
1 − (εr/εcr)

x0, (12)

and

εr = ε − (xT
2 − x0

2)
π2

4L2 . (13)

III. NUMERICAL ANALYSIS RESULTS

Numerical analysis is performed for the MEMS beam
resonators with dimensions of 100 (L) × 30 (b) × 1 μm3

(h) and with E = 85.9 GPa and ρ = 5307 kg/m3 applied for
the Young’s modulus and density of the GaAs material,
respectively. The left y axis of Fig. 1(b) plots the normal-
ized center deflection, xT/h, as a function of compressive
strain, ε/εcr, calculated for various initial center deflec-
tions, x0/h. Here, εcr = (π2/3)(h2/L2) is Euler’s buckling
critical strain of the MEMS beam. As seen, in the case of
x0 = 0, the center deflection, xT, remains zero before buck-
ling (ε/εcr < 1), and starts to increase with the compres-
sive strain following xT = (2L(ε − εcr)/π) after buckling
(ε/εcr ≥ 1). However, in the case of x0 > 0, xT is given by
the initial deflection, x0, as well as the compressive strain,
ε, as derived from Eqs. (6) and (7). Under this condi-
tion, xT increases with ε, even when ε < εcr. This can be
understood by the fact that the beam with an initial center
deflection tends to bend more when a compressive strain
is applied. The residual strain, εr, in the MEMS beam is
plotted as a function of ε/εcr in Fig. 1(c) with various xT/h.
When x0 = 0, εr increases with ε in a 1 : 1 ratio until ε = εcr,
and then εr remains at εcr instead of continuing to increase
with ε. On the other hand, when x0 > 0, εr increases with
ε but never reaches εcr. This is because the increased cen-
ter deflection from x0 to xT releases part of the compressive
strain, thus, εr is always smaller than ε and εcr when x0 > 0.

Furthermore, the increased center deflection changes the
resonance frequency of the MEMS resonator. Figure 1(d)
shows the normalized resonance frequency, f/f0, as a func-
tion of ε/εcr calculated for various x0/h. When x0/h = 0, the
frequency drops to zero at ε/εcr = 1 and then increases from
zero to higher values because the MEMS beam enters the

buckling regime [29]. When x0/h > 0, the frequency levels
off instead of dropping to zero, and the steep frequency
change also gradually disappears as x0 increases, which
is not conducive to achieving high sensitivity [15]. Please
note that, as x0 increases, the lowest resonance frequency
that can be achieved by strain tuning increases, and the
buckling point shifts to a lower strain (ε/εcr < 1), as indi-
cated by the marks in Fig. 1(d). Here, we define the point
where the frequency polarity changes in each curve as the
buckling point (buckling condition), and its corresponding
strain is called buckling strain. As shown in Fig. 1(d), the
buckling strains for x0/h = 0–0.20 are ε/εcr= 1, 0.85, 0.72,
0.65, and 0.59.

From Eq. (11), we know that the cubic nonlinearity coef-
ficient, α, is not affected by the compressive strain, but the
quadratic nonlinearity coefficient, β, is proportional to xT.
We therefore plot the calculated β as a function of ε/εc
on the right y axis of Fig. 1(b). As seen, for the cases
of x0 > 0, β generally increases with increased compres-
sive strain, and the increase in β becomes steeper when
the value of ε/εcr approaches the buckling strain. Since
β gives a softening nonlinearity, such a steep increase
in quadratic (softening) nonlinearity is expected to dra-
matically compensate for cubic (hardening) nonlinearity,
resulting in modulating total nonlinearity significantly.

To show the strain-tuning effect on the suppression
of frequency shift, here, we take the case of the initial
center deflection of x0/h = 0.1 as an example. Regard-
ing other cases of initial center deflection, please see
the Supplemental Material [30]. Figure 2 plots the nor-
malized resonance frequency, f/f0, as a function of the
oscillation amplitude, as calculated for various ε/εcr in
the case of x0/h = 0.1. As seen, when the compressive
strain is small, the resonance-frequency shift to the higher-
frequency side with increasing oscillation amplitude, and
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FIG. 2. Calculated resonance frequency (f/f0) as a function
of oscillation amplitude at various ε/εcr values; initial center
deflection is x0/h = 0.1. Frequency is normalized by the natural
frequency, f0, without oscillation.
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the nonlinearity does not change significantly, indicating
that the hardening cubic nonlinearity dominates the total
nonlinearity. However, as compressive strain approaches
buckling strain (ε/εcr= 0.72), the positive frequency shift
is significantly reduced, owing to the enhanced quadratic
softening nonlinearity, and the frequency shift reaches a
minimum at ε/εcr = 0.66. When the compressive strain
exceeds ε/εcr = 0.66, the resonance-frequency shift to the
lower-frequency side, indicating that the total nonlinear-
ity is tuned to softening under this condition. We therefore
conclude that the nonlinearity of the MEMS beam can be
well suppressed by approaching the buckling condition of
the MEMS beam.

In addition, we also find that, although nonlinearity
can be controlled by increasing x0 without applying com-
pressive strain, a large x0 will reduce the responsivity
of the MEMS resonator (see the Supplemental Material
for more details [30]), which is not preferable for high-
sensitivity sensing applications [15]. Thus, in this work, we
try to suppress x0 to a very small value (x0/h =∼0.01) to
achieve both a large responsivity and a small nonlinearity
by approaching the buckling condition.

IV. EXPERIMENTAL SETUP AND RESULTS

The electrothermal effect [20] and lattice mismatch [21]
are proposed to induce strain in MEMS beam resonators.
Since the electrothermal effect may induce some additional
noise during heating, we demonstrate nonlinearity control
of MEMS beam resonators using the compressive strain
induced by lattice mismatch in this work. We grow an
InxGa1−xAs/(Al, Ga)As heterostructure on a GaAs sub-
strate, the structure of which is schematically shown in
Fig. 3(a). Owing to the lattice mismatch between InAs
and GaAs, there is compressive strain preloaded into the
InxGa1−xAs layer, as given by [21]

εl =
(

aInAs

aGaAs
− 1

)

x, (14)

where αInAs and αGaAs are the lattice constants of InAs and
GaAs, respectively, and x represents the content of indium
in InxGa1−xAs. After growing a 100-nm-thick GaAs buffer
layer and a 2-μm-thick Al0.7Ga0.3As sacrificial layer on a
GaAs substrate, the beam layer is formed by depositing a
GaAs/Al0.3Ga0.7As superlattice buffer layer and a 1-μm-
thick In0.004Ga0.996As layer. Here, the superlattice buffer
layer is used to ensure the homogenous growth of the beam
layer in the wafer growth by MBE [31]. Then, we form
a two-dimensional electron-gas (2DEG) layer by growing
an 80-nm-thick n+Al0.3Ga0.7As layer and a 10-nm-thick
undoped GaAs capping layer. Figure 3(b) shows the
schematic structure of the fabricated doubly clamped
MEMS beam. The suspended beam is formed by selec-
tively etching the sacrificial layer with diluted hydrofluoric

acid (HF). The mesa layer and two top NiCr gates (12 nm)
on both ends of the beam form two piezoelectric capac-
itors, C1 and C2, together with the 2DEG layer. A micro-
scope image of the MEMS resonators is shown in Fig. 3(c).
We drive the beam into oscillation by applying an ac volt-
age (VD) to one of the piezoelectric capacitors and then
measure the beam oscillation by a laser Doppler vibrome-
ter and a lock-in amplifier with a built-in phase-locked loop
(PLL). In addition, we deposit a 12-nm-thick NiCr layer
on the middle part of the beam as a heater for calibrating
the thermal response. All the measurements are performed
under vacuum (∼10−4 Torr) at room temperature.

Since the nonlinearity is expected to be significantly
modulated near the buckling point of the MEMS beam and
the buckling point is close to ε/εcr = 1 for a small x0 [see
Fig. 1(d)], the lattice-mismatch strain, εl, must be close
to εcr. However, it is difficult to grow many InxGa1−xAs
wafers with various indium concentrations. Since εcr is
a function of beam length, L [εcr = (π2/3)(h2/L2)], in
this work, we realize the buckling condition by varying
the length of the MEMS beams to make εcr approach the
fixed εl, and thus, modulate the nonlinearity. We fabri-
cate In0.004Ga0.996As MEMS beam resonators with various
beam lengths, L = 51–111 μm, and measure the reso-
nance frequency with a driving voltage of VD = 20 mV.
Figure 4(a) shows the resonance frequency (lines, the-
oretical calculation; dots, experimental results) of the
In0.004Ga0.996As beams as a function of L. As seen, the
measured resonance frequency reasonably agrees with that
of theoretical calculations at x0/h = 0.01, indicating that
the initial center deflection is about 10 nm for the present
MEMS beam resonators, which may come from plastic
deformation during the fabrication process. Furthermore,
the frequency polarity changes at L = 103 μm, which is
regarded as the buckling point, and a small nonlinearity
(i.e., small resonance-frequency shift) is expected to be
observed near this point.

To estimate the mechanical nonlinearity of the MEMS
beams and compare it with the theoretical calculation
results, we drive the MEMS resonator at different ampli-
tudes and measure the resonance frequencies (f ). The
MEMS resonator is driven at a self-sustained oscillation
mode at various driving voltages (VD = 10–400 mV) by
using a PLL. Figure 4(b) plots the calculated resonance-
frequency shift (�f = f − f0) as a function of oscillation
amplitude at various L (97–105 μm). As seen in Fig. 4(b),
for a small oscillation amplitude (∼100 nm), with the beam
length varying from 97 to 105 μm, �f is first reduced and
reaches a minimum at L = 101 μm, and then shifts to the
negative side, indicating that the nonlinearity is tuned from
hardening to softening. However, at the large oscillation-
amplitude range (�200 nm), the resonance frequencies of
L > 101 μm shift to higher frequency again. This result
indicates that the nonlinearity at small amplitudes is soft-
ening but hardening at large amplitudes, which can be
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(a) (b)

(c)

FIG. 3. (a) Wafer structure used for fabricating the In0.004Ga0.996As MEMS beam resonators. (b) Schematic structure of the fabri-
cated doubly clamped MEMS beam. Mesa layer and two top gates (NiCr = 12 nm) on both ends of the beam form two piezoelectric
capacitors, C1 and C2, together with the 2DEG layer. 12-nm-thick NiCr layer is deposited as a heater for calibrating the thermal
response. (c) Microscope image of the fabricated MEMS beam resonator. An ac voltage is applied to one of the piezoelectric capaci-
tors to drive the resonator, and the induced mechanical oscillation is measured by a laser Doppler vibrometer and a lock-in amplifier
with a built-in PLL.

understood by the fact that the hardening nonlinearity is
cubic, but the softening nonlinearity is quadratic. Since
the orders of the two nonlinearities are different, the total
nonlinearity depends on the oscillation amplitude.

Figure 4(c) shows the measured resonance-frequency
shift (�f ) of In0.004Ga0.996As samples as a function of the
oscillation amplitude with various L. As seen, �f changes
from positive to negative as the beam length increases,
indicating the nonlinearity is tuned from hardening to soft-
ening. For a small oscillation-amplitude range (0–100 nm),
�f reaches a minimum at L = 101 μm, which is consistent
with the theoretical calculations in Fig. 4(b). Moreover, �f
does not change significantly from L = 51 μm to L = 97 μm
but is rapidly tuned near the buckling point. This is because
the increase in the quadratic nonlinearity coefficient, β,
becomes steeper near the buckling condition. The above
results demonstrate that the MEMS resonator exhibits a
small nonlinearity by approaching the buckling condition
of the MEMS beam.

It is found that the calculated �f agrees with exper-
imental data nicely for small- and moderate-amplitude
ranges (0–200 nm). However, at larger amplitudes
(>200 nm), there is a notable discrepancy between cal-
culated �f [Fig. 4(b)] and measurement data [Fig. 4(c)].
Such a discrepancy may be owing to the fluctuation of

the beam lengths (L). In Fig. 4(c), the beam length, L,
is a designed value. The actual beam length, however,
may be slightly shorter or longer owing to random fabri-
cation errors, which give different experimental �f from
the calculation results. Furthermore, the theoretical model
shown in this research is based on an approximation of
the cubic nonlinearity of the MEMS beam [see Eq. (4) in
Ref. [23] ]. However, the higher-order nonlinearities (e.g.,
5th, 7th. . . ) also exist and may contribute to discrepancies
between experiments and calculations at very large oscilla-
tion amplitudes. Nevertheless, the trend of the nonlinearity
changes with beam length is well shown in both numerical
and experimental results.

At a large oscillation amplitude, the polarity change
of �f predicted by the numerical result is observed.
Figure 4(d) plots a magnification of the measured �f -
amplitude curve for the MEMS beam with L = 103 μm,
together with the numerical �f -amplitude curve for
L = 104 μm, where the resonance frequency first decreases
at small amplitudes but levels off and then increases at
large amplitudes, as indicated by the red arrows. As seen,
the experimental result for L = 103 μm shows good agree-
ment with the numerical result for L = 104 μm, indicating
that the actual beam length of this sample is probably
closer to 104 μm rather than the designed 103 μm. It should

024025-6



MECHANICAL CONTROL OF NONLINEARITY. . . PHYS. REV. APPLIED 19, 024025 (2023)

(a) (b)

(c) (d)

FIG. 4. (a) Resonance frequency (lines, theoretical calculations; dots, experimental results) of the In0.004Ga0.996As beams as a func-
tion of L. (b) Calculated resonance-frequency shifts (�f ) as a function of oscillation amplitude at various L (97–105 μm). (c) Measured
resonance-frequency shifts (�f ) of In0.004Ga0.996As samples with various L. (d) Magnification of the measured �f -amplitude curve
for the MEMS beam with L = 103 μm (dots), together with the numerical �f -a curves for L = 104 μm (line). Red arrows show the
change in resonant frequency. At the zero-dispersion point (red dot), there is an extremum of frequency with zero slope, and hence,
frequency is locally independent of amplitude.

be noted that the boundary condition where the nonlinear-
ity changes polarity [shown by the red dot in Fig. 4(d)]
is given a zero-dispersion point [32,33], where the reso-
nance frequency is locally independent of the amplitude
(dω/dE = 0). Thus, at this point, the amplitude fluctua-
tion does not induce additional frequency noise, which
is similar to the linear oscillation regime, but its oscilla-
tion amplitude is much larger than the linear oscillation
amplitude without the preloaded lattice-mismatch strain.
Therefore, the zero-dispersion point is very promising for
low-noise sensing applications.

To intuitively show the effects of α and β on the total
nonlinearity (YT) of the MEMS beam, we estimate YT by
fitting the equation described in Ref. [34]:

f = f0(1 + YTA2), (15)

where f and f0 are the measured resonance frequency
and the natural resonance frequency without oscillation,
respectively, and A is the oscillation amplitude. The fitting
is performed over a small oscillation-amplitude range of
approximately 0–50 nm, with data shown in Fig. 4(c). The
results are shown by dots in Fig. 5(a). As seen, YT keeps a
stable value when the beam length is small (L � 100 µm),

and quickly drops to a negative value when approaching
the buckling condition (L = 103 μm). When L exceeds
about 108 μm, YT rises from the negative value (|YT|
decreases).

To understand the origin of the nonlinearity change, we
calculate the effective nonlinearity, Y(α ,β), by using the
cubic (α) and quadratic (β) nonlinearity coefficients and,
following the equation described in Ref. [35]:

Y(α,β) = 3
8

α

ω2
0

− 5
12

β2

ω4
0

, (16)

where ω0 = 2π f0. In addition, to quantitatively understand
how α and β affect the effective nonlinearity, we also cal-
culate Y(α) = (3/8)(α/ω2

0) and Y(β) = −(5/12)(β2/ω4
0).

The calculated Y(α ,β), Y(α), and Y(α ,β) are shown by the
black, blue, and red curves, respectively, in Fig. 5(a). The
values of α and β used for this calculation are shown
as the solid and dashed curves in Fig. 5(b). As seen in
Fig. 5(a), calculated Y(α ,β) reasonably agrees with exper-
imental YT. When L is small (L < 100 um), Y(α ,β) and Y(α)

have the same traces, indicating the nonlinearity is dom-
inated by the α term under this condition. The MEMS
beam thus exhibits hardening nonlinearity. Furthermore,

024025-7
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(a) (b)

FIG. 5. (a) Estimated total nonlinearity, YT, and calculated effective nonlinearity coefficient, Y(α ,β ), as well as its two terms, Y(α) and
Y(β), as a function of L. YT is estimated by linear fitting, using data at an oscillation-amplitude range of approximately 0–50 nm in
Fig. 4(c). (b) Calculated cubic nonlinearity coefficient, α, and quadratic nonlinearity coefficient, β, as a function of L.

we can see that Y(α) does not change much with increasing
L before reaching the buckling condition. This is because,
although α decreases with L, as shown in Fig. 5(b), ω0 also
decreases with L [see Fig. 4(a)], giving a stable Y(α) and,
furthermore, a stable Y(α ,β) (β is very small in this case).
However, Y(α ,β) changes its trend to be the same as Y(β)

when approaching the buckling condition, indicating the
nonlinearity is dominated by the β term from this point.
As a result, Y(α ,β) quickly drops to a negative value, owing
to the large increase in β [see Fig. 5(b)]; a quasizero non-
linearity is thereby achieved near the buckling condition.
Moreover, there is a reversal of polarity in Y(α ,β) when
L exceeds about 105 μm, which is because ω0 starts to
increase with the further increase in L [(see Fig. 4(a)].

Note that there is a small difference in the lengths where
YT and Y(α ,β) achieve the minimum value. This is proba-
bly because the experimental beam lengths may be slightly
different from the designed values, or the control of indium
composition is not perfect (x in InxGa1−xAs) during wafer
growth, and the buckling condition is very sensitive to the
beam length and actual x. However, the main feature of
the experimental nonlinearity (YT) is well reproduced by
the numerically calculated nonlinearity (Y(α ,β)).

V. CONCLUSION

We clarify the mechanism of the strain-tuning effect on
mechanical nonlinearity in doubly clamped GaAs MEMS
beam resonators and demonstrate that mechanical nonlin-
earity can be greatly suppressed by preloading a lattice-
mismatch strain in the MEMS beam. The nonlinearity of
the MEMS beam arises from the hardening- and softening-
nonlinearity terms in the Duffing equation. By approaching
the buckling condition of the MEMS beam, the soften-
ing nonlinearity greatly compensates for the hardening
nonlinearity, and the total nonlinearity is thus suppressed.
Utilizing this knowledge, we fabricate InxGa1−xAs MEMS

beams working near the buckling condition and measure
the frequency shift as a function of oscillation amplitude.
As a result, the frequency shift of the MEMS resonator
is well suppressed near the buckling condition, and a
zero-dispersion operation point is achieved, which is very
promising for low-noise sensing applications with MEMS
resonators. The demonstrated approach provides a promis-
ing path to suppress the nonlinearity of the MEMS beam
and enables the low-noise operation of MEMS resonators.
Furthermore, the use of effective nonlinearity to reproduce
total nonlinearity intuitively shows the effect of harden-
ing and softening nonlinearities on the total nonlinearity,
allowing one to understand the origin of the nonlinearity
change.
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